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‘Vero è che in su la proda mi trovai della valle d’abisso dolorosa, che tuono
accoglie d’infiniti guai. Oscura, profunda era e nebulosa tanto, che, per ficcar lo viso
al fondo, io non vi discernera alcuna cosa. “Or discendiam quaggiù nel cieco mondo!”
incominciò il Poeta tutto smorto, “io sarò primo, e tu sarai secondo.” ’

‘ In truth I found myself upon the brink of an abyss, the melancholy valley
containing thundering, unending wailings. That valley, dark and deep and filled with
mist, is such that, though I gazed into its pit, I was unable to discern a thing. “Let
us descend into the blind world now,” the poet, who was deathly pale, began; “I shall
go first and you shall go second.”’

-Dante Alighieri, La Divina Comedia, (Infierno), Canto IV.
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Abstract

We investigate here a one-to-one correspondence between densitised lapse, zero shift gauges in the
3+1 formalism and solutions to the relativistic, irrotational Euler equations. This gives physical
meaning to these gauges. In the case of Minkowski spacetime, we show that for a linear equation
of state with unit sound speed, small perturbations of constant state solutions to the relativistic,
irrotational Euler equations will have a corresponding globally defined densitised lapse, zero shift
gauge. In this same case, we demonstrate the existence of smooth solutions to these equations
that lead to a breakdown in the corresponding gauge in finite time. For general equations of
state with sound speed in the interval (0, 1), we show that the formation of shocks in solutions
to the relativistic, irrotational Euler equations also leads to breakdown in the corresponding
densitised lapse, zero shift gauges. These results describe the validity of this correspondence, with
applications to numerical relativity and boundary analysis of the relativistic Euler equations.
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Chapter 1

Introduction

There are two ways to describe the motion of a fluid: an Eulerian and a Lagrangian picture. An
Eulerian picture is to ascribe fields which vary with time and space in the region of interest and
describe such things as the flow velocity. Informally, it is a ‘sit back and observe’ description and
is useful when the fluid interacts with other fields, such as electromagnetic fields. However it is
difficult to analyse near the boundaries of the fluid as in this prescription, the boundary is a
fluid vacuum or some other interface, such as a fluid-fluid interface, which is itself in motion.
A Lagrangian picture follows along individual fluid elements and the boundary is fixed. This
view is, in a sense, an active description where we move with the fluid. Both formulations are
described by evolution equations for the fluid, either in their Newtonian or relativistic guise.

The Einstein-Euler equations are a set of non-linear coupled PDEs that describe the evolution of
a perfect fluid and that of the surrounding spacetime. A natural question one may ask is if there
exists solutions of these equations for a wide variety of fluids. After all, the system should be
a model for reality. Obtaining well-posedness is a difficult problem. However, if one obtains a
symmetric (or strongly) hyperbolic formulation then well-posedness can be guaranteed, away
from any boundaries, by classical results from hyperbolic PDE theory. Well-posedness also means
that stable numerical methods can be formulated for these problems. This is why symmetric
hyperbolic systems are so sought after from an analysis perspective and have been extensively
studied [10, 11, 18, 26, 30, 32, 65], to name a few. The analysis far from the boundary is more
clearly understood.

For analysis near the boundary, a Lagrangian description is preferred. The first of such symmetric
hyperbolic formulations in Lagrangian coordinates for the Einstein-Euler equations was obtained
by Friedrich [31] using a frame formulation. There are some potential difficulties arising because
of the need to further differentiate quantities to obtain symmetric hyperbolicity. In contrast,
Oliynyk [61] has obtained a symmetric hyperbolic system in Lagrange coordinates that does not
suffer from having higher derivatives.

Oliynyk’s method also gives physical insight into densitised lapse and zero shift gauges that arise
in the 3+1 formulation of the Einstein equations. These gauge choices are typically constructed
for numerical stability and accuracy with little physical ‘meaning.’ It is found that there is a
one-to-one correspondence between these densitised lapse, zero shift gauges and solutions to the
relativistic, irrotational Euler equations. So in principle, if one can solve the relevant equations
then to each densitised lapse, zero shift gauge choice there is associated a fictitious fluid with a
specific equation of state. This ability to generate a wide class of gauge conditions are of interest
in numerical relativity, where these gauges are required to evolve a spacetime into the future.

We will be investigating this one-to-one correspondence between densitised lapse, zero shift
gauges in the 3+1 formalism and solutions to the relativistic, irrotational Euler equations. The
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Chapter 1

transformation from the Eulerian to the Lagrangian coordinate system is constructed by using the
flow of a scaled fluid four-velocity. This fluid four-velocity is obtained by solving the relativistic
Euler equations with an a priori chosen equation of state. This is the purpose of the fictitious
fluid; to set the Lagrangian coordinate system. The fluid is fictitious as it is not a matter source
on the spacetime that evolves with the Einstein equations. In the case of an irrotational fictitious
fluid, the spacetime metric, in the Lagrangian coordinates, is of a densitised lapse, zero shift form,
hence the equivalence between these gauges and solutions to the irrotational Euler equations.

We analyse this equivalence in both directions. The most important direction is going from
the fictitious fluid to the densitised lapse, zero shift gauge, as properties of these gauges have
significance for numerical simulations. Specifically, we are interested in when the four-velocity
of the fictitious fluid will generate a global Lagrangian coordinate system and hence a globally
well-defined densitised lapse, zero shift gauge. Since the map itself is defined using the flow
of a scaled fluid four velocity, it would be necessary for this scaled four-velocity to be both
sufficiently smooth and also generate a global flow. The catch is that a smooth vector field does
not necessarily generate a global flow. If this scaled four-velocity does not generate a global flow,
then the Lagrangian coordinate system will will fail to be globally defined. This will in turn
imply the breakdown of the corresponding densitised lapse, zero shift gauge.

Due to the non-linear nature of the Euler equations, it is extremely difficult to find any global,
smooth solutions that are not trivial. Worse, an unavoidable phenomena arising in many
solutions is that of shock formation. This is characterised by a sharp discontinuity in fundamental
thermodynamical quantities along with a singularity formation in derivatives of the fluid four
velocity. The monumental work of Christodoulou [20] in 2007, showed that in R3, almost all
initial data for the relativistic, irrotational Euler equations in Minkowski space that is smooth,
compactly supported, and a sufficiently small perturbation to a trivial background state, will
launch a solution generating a shock in finite time. Does the formation of a shock in the fluid
four-velocity cause a breakdown of the Lagrangian coordinate system, and thus a breakdown of
the corresponding densitised lapse, zero shift gauge?

The other direction is specifying a densitised lapse, zero shift gauge and deriving an equation of
state for the fictitious fluid. From here, we can specify the most common of these gauge choices
such as the Harmonic slicing and the 1+log slicing. We derive for these gauges an equation of
state for which we can proceed as before by analysing the existence of globally defined solutions to
the irrotational Euler equations, and thus the global well-defined nature of the gauges themselves.

Of course other hyperbolic formulations using densitised lapse and zero shift have been proposed.
Friedrich [30] obtained one of the first such systems, by exploiting the fact that the Bianchi
identities imply that the conformal Weyl tensor satisfies some hyperbolic equations. In another
direction, Fritelli and Reula [33] derived a symmetric hyperbolic system by inserting four free
parameters into the 3+1 equations and obtained systems of equations that these parameters
must obey for symmetric hyperbolicity to be guaranteed. The gauge conditions they found,
that satisfied choices of these parameters, were a gauge choice known as harmonic slicing, but
with a non-zero shift. Extending this multi-parameter idea, Kidder, Scheel and Teukolsky [47]
(KST) introduced twelve free parameters for a total of a 30-variable system and used a similar
densitised lapse as Fritelli and Reula, to obtain a strongly hyperbolic system. They tested their
method on a single black hole simulation with favourable lifetime results. Sarbach and Tiglio [67]
extended the KST formulation to lapse functions of the form N = f(γ, xµ), where γ is the
determinant of the induced three metric. This system was shown to be symmetric hyperbolic.
They also derive another system permitting ‘live’ gauge conditions 1, however this involves 34
variables. We also mention that Nagy, Ortiz and Reula [60] showed that well-posedness with
a densitised lapse depends on the formulation of the Einstein equations one is using. Their

1Gauge conditions satisfying evolution equations.
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Chapter 1 1.1. OUTLINE OF CHAPTERS

method of pseudodifferential reduction provides a simple verification of the strong hyperbolicity
of the BSSN formulation [6,68]. This was an interesting observation as the weak hyperbolicity
of the ADM equations was well known, thus necessitating the need for strongly or symmetric
hyperbolic formulations. The BSSN equations have since become one of the most popular
evolution formulations in numerical relativity.

1.1 Outline of chapters

2. The 3+1 formalism and theory of flows In chapter 2 we discuss the 3+1 formalism in
General relativity with emphasis on the four gauge conditions that arise; one from a scalar
function and three from a vector field. We include a discussion on the densitised lapse, zero
shift gauges and motivate the most common of these such as the Harmonic and Bona-Massò
slicing. We then review some concepts related to the theory of integral curves and flows of
vector fields. Conditions for the existence, uniqueness and global definition of flows is a
major part of this section.

3. Lagrange coordinates for the Einstein-Euler equations Here we begin by considering
the Euler equations of compressible fluids, with specific interest in symmetric hyperbolicity
and and a look at the phenomena of shock formation. The Euler equations are then gener-
alised to the relativistic case where the background spacetime is now pseudo-Riemannian.
We also consider the specification to an irrotational fluid and some fundamental thermo-
dynamics of fluids in general. We then observe a method of symmetrizing the relativistic
Euler equations due independently to Fraundiener [28] and Walton [77]. This formalism is
then used to derive a symmetric hyperbolic Einstein-Euler system in Lagrange coordinates
due to Oliynyk [61]. This sets up a correspondence between solutions to the relativistic
Euler equations and a specific class of gauge conditions in the 3+1 formalism.

4. On the validity of the Lagrange coordinate transformation Chapter 4 is an in depth
consideration of the solvability of the Euler equations and conditions for globally defined
coordinate transformations from the Lagrange to the Eulerian coordinates. Failure for this
map to be globally defined indicates the corresponding gauge conditions attached to those
solutions are also not globally defined. We split the analysis into two parts based on the
value of the sound speed of the fluid. For unit sound speed, we find that there exists some
sufficiently small perturbed solutions to the Euler equations that give rise to a complete
vector field and hence a well-defined coordinate transformation. We also show that there
exists smooth initial data launching a smooth solution for which the flow vector field blows
up in finite time. For sound speeds between zero and one, we use a shock formation result
due to Christodoulou [20] that shows that the gradient of our flow vector field blows up.
This section also involves a general discussion on shock formation for non-linear wave
equations. Finally, we show that these two types of blow up in the flow vector field imply
that the map from Lagrangian to the Eulerian coordinates is singular and thus not a global
diffeomorphism, which shows that the corresponding densitised lapse, zero shift gauges are
also not global.

3



Chapter 2

The 3+1 formalism and theory of
flows

Contents

2.1 Gauge conditions in the 3+1 formalism . . . . . . . . . . . . . . . . . 5

2.1.1 Overview of the 3+1 formalism . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.2 Densitised lapse, zero shift gauges . . . . . . . . . . . . . . . . . . . . . 9

2.2 Preliminaries on flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.1 Integral curves and flows . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.2 Conditions for global flows . . . . . . . . . . . . . . . . . . . . . . . . . 19

In this chapter we set out mostly preliminary material. This begins with a brief introduction
of the 3+1 formalism and most importantly the freely specifiable gauge conditions that arise.
We then review some fundamental concepts on the theory of flows of vector fields, with specific
interest on conditions for existence and uniqueness of classical flows and of complete vector fields.

Notations and conventions

As with anything to do with tensors, indices matter. Throughout, we assume that lower case
Greek indices (α, β, µ, ν, . . .) are spacetime indices that run over 0, 1, 2, 3. Upper case Greek
indices are spatial indices only running over 1, 2, 3. Similarly upper case Latin indices (I, J,K, . . .)
run over 1, 2, 3 and lower case Latin indices over 0, 1, 2, 3. Unfortunately due to necessity,
sometimes we may use lower case Latin indices as spatial indices but this will be clear from
the context or explicitly stated, such as by a summation symbol. Lower case Greek indices will
always be used as spacetime indices. These choices will actually bear relevance beyond being
just labels for numbers. This is the case in §3.4 in Chapter 2, and for the rest of that chapter,
as Latin and Greek indices will be used to differentiate between coordinate and frame indices.
This will be noted in the relevant section when the time comes. We always use the Einstein
summation convention, where repeated indices in a single term imply summation over the full
range of values that index takes. Occasionally, we will use bold symbols, such as g, to represent
tensors independent of a coordinate system.

4



Chapter 2 2.1. GAUGE CONDITIONS IN THE 3+1 FORMALISM

2.1 Gauge conditions in the 3+1 formalism

2.1.1 Overview of the 3+1 formalism

The true power of General Relativity (GR) is its diffeomorphism invariance, which captures the
essence of the geometry of spacetime. The fundamental quantity in the theory is an equivalence
class of metric tensors each related by diffeomorphisms. This invariance under diffeomorphisms
or ‘coordinate transformations’ makes the theory extremely elegant but also difficult.

Most physical theories take the form of an initial value problem where the governing equations
evolve the quantity of interest given some initial data. Since time and space are considered on
an equal footing in the fully four dimensional GR, there is no directly obtainable initial value
description for the Einstein equations due to their non-linear and self-coupled nature. Retaining
full diffeomorphism invariance would not work with an initial value description as there would
not be a unique solution. In order to obtain such a formalism, we need to break this invariance
by imposing gauge conditions that select a representative metric from an equivalence class.

The approach used to decouple space and time to form an initial value problem is known as
the 3+1 formalism. We start with a spacetime (M, g), where M is a four dimensional smooth
manifold and g is a Lorentzian metric on M, so has signature (−,+,+,+). To define a notion
of space evolving through time, we seek to embed an (n− 1)-dimensional hypersurface Σt into
the full n-dimensional spacetime manifold M. In order to cover M, we define a one-parameter
family of hypersurfaces Σt such that the union of all members of the family is exactly M, that is

M =
⋃
t∈R

Σt. (2.1.1)

The hypersurfaces Σt are the image in M of a homeomorphic, injective immersion φ : Σ̂t → Σt,
where Σ̂t is a set of smooth manifolds parametrised by t. Each hypersurface is considered as the
level set of a smooth, regular scalar field t̃ :M→ R, called a time function, such that for all
t ∈ R,

Σt :=
{
p ∈M : t̃(p) = t

}
. (2.1.2)

Regularity of t̃ implies that the hypersurfaces are disjoint. Each hypersurface Σt can be loosely
thought of as a slice of space at a fixed time t, indeed we say that the slices Σt foliate the
spacetime M.

The existence of a smooth foliation is not obvious. It holds if the spacetime is globaly hyperbolic,
which means that the slices Σt are Cauchy hypersurfaces, allowing us to make sense of a notion
of initial value problem. Geroch [35] has shown that for a globally hyperbolic spacetime M,
there exists a continuous time function t̃ such that M is homeomorphic to R× Σt for t̃ = t with
t fixed. The existence of a global differomorphism between M and R× Σt, was more recently
solved by Bernal and Sanchez [7]. Therefore, the existence of a smooth foliation is guaranteed
for a globally hyperbolic spacetime, and we assume M has this property.

With the existence of a smooth time function, the vector ∇µt is normal to each hypersurface1

Σt, and we may define a timelike, future directed, unit normal, n, by

nµ := −N∇µt, (2.1.3)

where ∇ is the covariant derivative associated to the spacetime metric g. The scalar function

N := (−gµν∇µt∇νt)−1/2, (2.1.4)

1Here ‘normal’ is in the sense that for each v ∈ Tp(Σt), vµ∇µt = 0, where we raise and lower spacetime indices
with the spacetime metric g.
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Chapter 2 2.1. GAUGE CONDITIONS IN THE 3+1 FORMALISM

is known as the lapse function and gµν are the components of the spacetime metric g on M.
On each slice, N is strictly positive, since a spacelike foliation implies that the unit normal
vector is timelike. This allows us to consider n as the four-velocity of some observer, known as
the Eulerian observer, whose worldlines are orthogonal to each Σt. In this frame, we have the
interpretation of the lapse function as measuring the difference between the proper time, τ , as
measured by the Eulerian observer and the coordinate time, t, that ticks off each slice of the
foliation. The relationship is given by an infinitesimal change in each quantity δτ = Nδt, which
is a time dilation formula.

For a fixed t ≥ 0, the map φ between the smooth manifolds Σ̂t and M can be used to push-
forward rank-k contravariant tensors and pull-back rank-l covariant tensors. In particular, we
can pull-back the rank-2 covariant metric g on M onto Σ̂t, which defines a new metric on Σ̂t by

∀u,v ∈ Tp(Σ̂), (φ∗g)(u,v) := g(φ∗u, φ∗v). (2.1.5)

We define
γ := φ∗g, (2.1.6)

as the induced metric on Σ̂t. We can identify Σ̂t with its image φ(Σ̂t) = Σt and thus call (2.1.6)
the induced metric on Σt. The induced metric operates on vectors in the tangent space Tp(Σt)
at a point p ∈ Σt, and its action for such vectors coincides with the action of those same vectors
with the metric g. In components,

γij = gij . (2.1.7)

Finally, we take note that since our spacetime metric g is Lorentzian, then the induced metric γ
is Riemannian (positive definite) and hence Σt is spacelike.

Each hypersurface Σt, now thought of as embedded into M, has two notions of curvature
applicable to it. The first is intrinsic curvature, which is measured by the Riemann tensor on Σt.
For a non-degenerate metric, there exists a unique connection on the manifold. Hence for the
metric γ, there exists a unique connection D on Σt such that it is metric compatible

Dγ = 0, (2.1.8)

and torsion free. We can immediately define a Riemann tensor on (Σt,γ) through the commutator
of the connection D. The second notion is that of extrinsic curvature, which is directly due to
the embedding into the larger space and is, roughly, a measure of the variation of the unit normal
n as it traces across the surface of Σt. The extrinsic curvature is a symmetric bilinear form

K : Tp(Σ)× Tp(Σ)→ R,

defined by
K(u,v) := −u.∇vn. (2.1.9)

We can contract using the induced metric to form the extrinsic curvature scalar K := γijKij .
These two notions of curvature play a crucial role in decomposing the intrinsic curvature of the
spacetime manifold M.

Ultimately, we seek to obtain an initial value formulation for the Einstein equations

R4 = 8π

(
T − 1

2
Tg

)
, (2.1.10)

where R4 is the full spacetime Ricci tensor, R4 is the corresponding Ricci scalar and T is the
stress-energy tensor, a matter source. The left superscript (4) indicates that tensor is on the full
spacetime M, for instance, R4 is the Ricci tensor on M for the metric g. To perform a 3+1

6



Chapter 2 2.1. GAUGE CONDITIONS IN THE 3+1 FORMALISM

Table 2.1: Summary of structures on the manifolds Σt and M related to curvature. The Riemann tensor
definitions are valid for all v ∈ Tp(Σ) and for all u ∈ Tp(M), respectively.

Structure Hypersurface Σt Spacetime M
Metric γ g

Connection Dγ = 0 ∇g = 0

Riemann tensor Rklijv
l = [Di, Dj ]v

k, R4 σ
λµνu

λ = [∇µ,∇ν ]uσ,

Ricci tensor Rij = Rkikj R4 µν = R4 σ
µσν

Ricci Scalar R = γijRij R4 = gµν R4 µν

Extrinsic curvature Kij No such object

decomposition, we assume that (M, g) is globally hyperbolic and hence there exists a foliation
(Σt)t∈R of M by a smooth, spacelike family of hypersurfaces.

The decomposition involves projecting onto Σt and onto the independent, one dimensional space
span(n). As (2.1.10) is an equality between rank-2 covariant tensors, there are three unique
projections that can be made. The first is completely onto Σt, which returns back an equation
between rank-2 covariant tensors. The second is a full projection onto the normal direction,
the space spanned by n, obtained by contracting twice with the normal. Finally, we have a
mixed projection, once onto Σt and once onto n. The results of these calculations yield evolution
equations for the induced metric γ and the extrinsic curvature K which are valid in any frame.

We explicitly choose a frame that is adapted to the initial value problem, called a Cauchy adapted
frame. The frame consists of basis vectors {e0, ei}3i=1 which we are free to choose. We also specify
a coordinate system. We take the spatial axes to reside in the hypersurface, that is ei ∈ Tp(Σt)
and choose local coordinates (xα) = (x0 = t, xi). Finally, we choose the frame {eα}4α=0 to be the
natural frame adapted to the coordinates (xα). This implies that

ei := ∂i =
∂

∂xi
, (2.1.11)

and
e0 := ∂t. (2.1.12)

The one-form ∇t is dual to ∂t so ∇t(∂t) = 1. This implies that ∂t Lie drags the hypersurfaces
Σt just as Nn, by the computation

∇t(Nn) = Nnµ∇µt = −NnµN−1nµ = 1. (2.1.13)

The difference between ∂t and Nn is called the shift vector β and

∂t =: Nn+ β. (2.1.14)

Consequently,
∇t(β) = ∇t(∂t)−∇t(Nn) = 1− 1 = 0, (2.1.15)

which implies that β ∈ Tp(Σt), that is, tangent to the slices, and since ∇t = N−1n then n.β = 0.
Therefore (2.1.14) is a 3+1 decomposition of the basis vector ∂t.

As the shift vector is tangent to the foliation, we may express it and its dual in terms of the
spatial basis vectors defined by (2.1.11),

β =: βi∂i, β = βidx
i. (2.1.16)

7



Chapter 2 2.1. GAUGE CONDITIONS IN THE 3+1 FORMALISM

We deduce from (2.1.14) the components of the unit normal and its dual in this basis which are

nα =

(
1

N
,−β

i

N

)
, nα = (−N, 0, 0, 0). (2.1.17)

Finally, with this basis and coordinate system we can write the form of the spacetime metric g.
In the basis (ei), we define the components of the 3-metric by

γ =: γijdx
i ⊗ dxj . (2.1.18)

We raise and lower spatial indices using γij ; for example βi = γijβ
j . The spacetime metric in the

basis (eα) is
g =: gαβdxα ⊗ dxβ, gαβ = g(eα, eβ). (2.1.19)

It is a simple exercise using the definitions and properties of the basis (eα), to show that the
spacetime metric in a Cauchy adapted frame has the components

gαβ =

(
g00 g0j

gi0 gij

)
=

(
−N2 + βkβ

k βj
βi γij

)
, (2.1.20)

or
gµνdxµdxν = −N2dt2 + γij

(
dxi + βidt

) (
dxj + βjdt

)
. (2.1.21)

In the special case of a zero shift, β ≡ 0, the metric reduces to

gµνdxµdxν = −N2dt2 + γijdx
idxj . (2.1.22)

The matrix inverse of (2.1.20) gives the inverse metric components which are

(g−1)αβ =

(
(g−1)00 (g−1)0j

(g−1)i0 (g−1)ij

)
=

(
− 1
N2

βj
N2

βi
N2 γij − βiβj

N2

)
. (2.1.23)

Denoting
g := det(gαβ), γ := det(γij), (2.1.24)

it can be shown that √
−g = N

√
γ, (2.1.25)

which relates the density of the volume form to that of the hypersurfaces with a proportionality
factor from the lapse indicating a measure of the rate of the hypersurface evolution. Note that
the shift vector does not appear.

In the Cauchy adapted frame, the initial value formulation of the Einstein equations (2.1.10) is
the following system for the unknowns (γij ,Kij , N, β

i):(
∂

∂t
− Lβ

)
γij = −2NKij ,(

∂

∂t
− Lβ

)
Kij = −DiDjN +N

{
Rij +KKij − 2KikK

k
j + 4π [(S − E)γij − 2Sij ]

}
R+K2 −KijK

ij = 16πE,

DjK
j
i −DiK = 8πpi.

(2.1.26a)

(2.1.26b)

(2.1.26c)

(2.1.26d)

These are the fundamental equations in the 3+1 formalism and are called the ADM equations,
in honour of Arnowitt, Deser and Misner (1962) [5] and their very closely related Hamiltonian
formulation of general relativity. For a modern exposition of the 3+1 formalism see Gourghlon [37].
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Chapter 2 2.1. GAUGE CONDITIONS IN THE 3+1 FORMALISM

Since it is not completely necessary to define all the terms and operators appearing here, as we
will not require them for the rest of the thesis, we give full definitions in appendix A.

The first two of the ADM equations are evolution equations for the spatial metric and the
extrinsic curvature respectively, while the last two are constraints. Any solution (γij ,Kij , N, β

i)
to (2.1.26a) and (2.1.26b) must satisfy at all times (2.1.26c) and (2.1.26d). However, due to
the Bianchi identities, if these constraints are satisfied for valid initial data, then they will be
satisfied for all times after. We do not view the lapse and shift as ‘solutions’ to the above
equations because there are no time derivatives of these quantities. It is thus considered that
these equations define the dynamical evolution of just the spatial metric γij , from which (2.1.21)
gives the spacetime metric gαβ , and the extrinsic curvature Kij on the hypersurfaces Σt with N
and βi considered as gauge variables that are free to be chosen prior to solving the initial value
problem. For a matter source, that is a non-vanishing energy-momentum tensor T , we must
also add in the equations of motion for the matter, which must be 3+1 decomposed in a similar
fashion.

The process of projecting onto and off the hypersurface yields (2.1.26b), (2.1.26c) and (2.1.26d).
The full projection onto Σt yields (2.1.26b), the full projection onto the normal direction yields
(2.1.26c) and the mixed projection yields (2.1.26d). The evolution equation for the induced
metric is not a result of these three projections of the Einstein equations. It is a computation
purely from the basic geometric construction and for more details consult Gourghlon [37, Ch 3].

2.1.2 Densitised lapse, zero shift gauges

While the induced metric is determined as a solution to the ADM equations, the lapse and
shift are a priori freely specifiable. This freedom has lead to the development of many gauge
conditions that help to yield stable numerical computations. The simplest choice of lapse is

N ≡ 1, (2.1.27)

which is called geodesic slicing, as an observer with four-velocity normal to the hypersurfaces Σt

will, in this case, be travelling along geodesics. Setting the shift to zero simultaneously yields the
set

N = 1, βi = 0, (2.1.28)

which is known as Gaussian normal coordinates (GNC). The metric in this gauge reduces to

ds2 = −dt2 + γijdx
idxj . (2.1.29)

GNC are not used for numerical simulations as they tend to lead to the development of non-
physical singularities. Another choice is known as harmonic slicing which is the requirement
that the time coordinate satisfies

∇µ∇µt = 0. (2.1.30)

The opertor ∇µ∇µ is the Laplace-Beltrami opertor which is equivalent to

1√
−g

∂

∂xµ

(√
−g(g−1)µν

∂t

∂xν

)
= 0. (2.1.31)

Since ∂t
∂xν = δ0

ν , and using (2.1.25) and (g−1)00 = N−2, (g−1)i0 = βiN−2, we obtain

− ∂

∂t

(√
γ

N

)
+

∂

∂xi

(√
γ

N
βi
)

= 0. (2.1.32)
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Chapter 2 2.1. GAUGE CONDITIONS IN THE 3+1 FORMALISM

To proceed further, we require the following equation

∂

∂t
ln(γ1/2) =

1
√
γ

∂
√
γ

∂t
= Diβ

i −NK, (2.1.33)

where K is the trace of the extrinsic curvature and D is the covariant derivative belonging to
the spatial metric. This can be obtained by contracting both sides of (2.1.26a) with γij . Using
(2.1.33) in (2.1.32) yields (

∂

∂t
− Lβ

)
N = −KN2, (2.1.34)

where Lβ is the Lie derivative along β. This is an evolution equation for the lapse, which is solved
concurrently with the ADM equations. Gauge conditions chosen to satisfy evolution equations
are called ‘live gauges’ while a priori specified gauges are ‘algebraic gauges.’ If we now set β ≡ 0,
this reduces to

∂N

∂t
= N

∂ ln γ1/2

∂t
, (2.1.35)

which can be integrated to obtain

N = C(xi)γ
1
2 , (2.1.36)

where C(xi) is an arbitrary function. This is an explicit expression for the lapse and the set

N = C(xi)γ
1
2 , βi = 0, (2.1.37)

is called harmonic slicing. A related set of gauge conditions that have been used for obtaining
symmetric hyperbolic systems [30,47] is

N = eQγν , (2.1.38)

where Q = Q(xµ) is scalar function of the spacetime coordinates and ν a constant. This class
corresponds to the harmonic slicing (2.1.36) when ∂tQ = 0 and ν = 1/2.

A generalisation of the harmonic slicing is the Bona-Massò (BM) slicing family [9], where the
lapse satisfies (

∂

∂t
− Lβ

)
N = −N2a(N)K, (2.1.39)

which should be compared to (2.1.34). Here a is an arbitrary function of the lapse. This family
contains the Harmonic slicing when f ≡ 1. If β ≡ 0, then we have

∂N

∂t
= −N2a(N)K. (2.1.40)

If in addition a ≡ 0, then the lapse is independent of time and hence only dependent on the
spatial coordinates (xi). Setting N = 1 on the initial hypersurface then implies that we obtain
the GNC gauge. The most important choice is a(N) = C/N where C is a positive constant,
which gives

∂N

∂t
= −CNK, (2.1.41)

and using (2.1.33) we find
∂N

∂t
=

∂

∂t

(
ln γC/2

)
. (2.1.42)

This can be easily integrated to obtain

N = A(xi) + ln γC/2, (2.1.43)
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with A an arbitrary function. If the shift is not set to vanish, we have(
∂

∂t
− Lβ

)
N = −2KN, (2.1.44)

where this family of gauge choices is called the 1+log slicing and clearly contains the solution
(2.1.43) obtained above. This name becomes clear since a very successful choice is A ≡ 1 and
C = 2, for which we have the set

N = 1 + ln γ, βi = 0, (2.1.45)

which we refer to as the 1 + log slicing. It has proven particularly effective in simulations of
black hole mergers [12,25] and neutron star-black hole mergers [36]. It has also been shown to
be analytically well-behaved [1] and singularity avoiding [4].

An observation of all the slicings described here suggests a family of gauge conditions:

Definition 2.1 (Densitised lapse, zero shift gauge). The family of gauge conditions

N = f(γ), βi = 0, (2.1.46)

are known as a densitised lapse, zero shift gauge. Here f is an arbitrary function of the determinant
of the spatial metric.

Describing the equivalence of these gauges with solutions to the relativistic Euler equations is
our primary goal.

2.2 Preliminaries on flows

2.2.1 Integral curves and flows

Vector fields are ubiquitous in many applications. For example, electric and magnetic phenomena
are described through the presence of an electric field and a magnetic field. Predicting the
motion of a charged particle through such fields can be obtained by solving the system of
differential equations one finds from imposing Newton’s third law of motion, which states that
the acceleration of the particle is proportional to the electric field by the Lorentz force. This
is a second order system and for non-trivial fields can be especially difficult to solve. While an
analytical expression for the motion may be out of reach, physical intuition tells us that the
particle follows a ‘path’ along the vector field. These paths are called the integral curves of the
vector field and their velocity at any given point is that of the vector field there. This implies
that we should search for solutions γ : I → Rn satisfying

dγ(t, x)

dt
= X(γ(t, x)), γ(0, x) = x0. (2.2.1)

Here X is a smooth vector field on Rn (an electric field, say), I ⊂ R is an interval centred about
0 and x0 ∈ Rn is our starting point of γ.

Example 2.1. A simple example is R2 with coordinates (x, y) and the vector field X = ∂/∂x.
To determine the integral curves we solve the system (2.2.1) which takes the form

dγ1

dt
(t, x, y) = 1,

dγ2

dt
(t, x, y) = 0, γ0 = (x0, y0).

The solution is γ(t, x, y) = (x0 + t, y0) which are lines parallel to the x-axis at a fixed point
y = y0. If X represented an electric field, then a (positively) charged particle would travel along
these integral curves in the plane, which accords with our expectations.
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Chapter 2 2.2. PRELIMINARIES ON FLOWS

In general, we can consider vector fields and their integral curves on arbitrary smooth manifolds
M . This requires a suitable generalization of (2.2.1).

Definition 2.2. A curve γ : I →M is an integral curve of a smooth vector field X, if

γ′(t) = X ◦ γ(t), for all t ∈ I. (2.2.2)

Note that this is an equality between vector fields, and as such it will suffice, for our purposes,
to understand the vector field γ′(t) by its action on smooth functions on M . That is, for
f ∈ C∞(M),

γ′(t)(f) =
d

dt
(f ◦ γ(t)). (2.2.3)

If 0 ∈ I, then the point γ(0) ∈M is defined as the starting point of γ.

The beauty of the definition (2.2.2) is that in the image of a smooth chart (U ⊂M,ϕ) on the
manifold, (2.2.2) reduces to the following system of ordinary differential equations (ODEs) :

dγi(t)

dt
= Xi(γ(t)), (i = 1, . . . , n) (2.2.4)

for all t ∈ I such that ϕ(t) ∈ U , and γi, Xi are the local components of the the integral curve γ
and the vector field X respectively. The existence and uniqueness of integral curves on smooth
manifolds corresponding to a given smooth vector field is equivalent to existence and uniqueness
of solutions to the local expression (2.2.4). Hence results pertaining to autonomous ODEs from
ODE theory can be used to obtain existence and uniqueness of integral curves on manifolds.
These ODE results are described in § 2.2.2. We then obtain the following fundamental theorem
of integral curves:

Theorem 2.1 (Fundamental theorem of integral curves). Let X be a smooth vector field
on a smooth manifold M . For each point p ∈M , there exists an interval I ⊂ R about 0 and an
integral curve γ : I → M such that γ(0) = p. Furthermore, if β : J → M is another integral
curve of X satisfying β(0) = p, then γ(t) = β(t) for all t ∈ I ∩ J .

By proposition 2.9, we infer the existence of a maximal interval I about 0 such that γ : I →M
is an integral curve of X and cannot be extended to be an integral curve on any interval J ⊃ I.
Such an integral curve is called a maximal integral curve. A complete vector field is a smooth
vector field such that all of its integral curves are defined on R. Importantly, not all smooth
vector fields are complete as the following example shows.

Example 2.2. Consider the smooth vector field

X(x, y) = x2 ∂

∂x
,

defined on R. The integral curves of X with starting point γ(0) = x0 satisfy the ODE

dγ(t)

dt
= (γ(t))2, γ(0) = x0. (2.2.5)

This can be easily solved to obtain

γ(t) =
x0

1− tx0
, (2.2.6)

which, for x0 6= 0, cannot be continuously extended past a time t∗ := 1/x0. Therefore the
maximal integral curves are defined on (−∞, 1/x0) except when x0 = 0, where this single integral
curve is defined on R. Then X is not a complete vector field.
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As shown in the previous example, the integral curves are dependent upon the starting point.
This is always the case as (2.2.4) is autonomous. By varying this starting point, we obtain
different integral curves. If we bundle up all the integral curves, we have a family of curves
known as a flow. We have seen that not all vector fields are complete, so we make a distinction
between local and global flows, and this requires the notion of a flow domain.

Definition 2.3. A flow domain is a set D ⊂ R×M that is open and has the property that for
each p ∈M ,

D(p) := {t ∈ R : (t, p) ∈ D}

is an open interval containing 0. For each t ∈ R, we also define

Mt := {p ∈M : (t, p) ∈ D}.

This implies the following equivalences:

p ∈Mt, if and only if t ∈ D(p), if and only if (t, p) ∈ D. (2.2.7)

We are now ready to define the flow of a smooth vector field.

Definition 2.4. The flow of a smooth vector field X on a smooth manifold M is the map

F :D →M, (2.2.8)

(t, p)→ γt(p) (2.2.9)

where γ(t, p) is the unique maximal integral curve2 of X that passes through p ∈ M at t = 0.
We write Ft(x) := F(t, x).

In the image of a chart on the manifold M , we observed that the problem of finding the integral
curve of a smooth vector field starting at a given point on the manifold was equivalent to solving
a system of ODEs relating the local components of the vector field and integral curve. This
precisely carries over to the case of determining the flow of a smooth vector field.

Locally, the flow of a smooth vector field X can be computed by solving the following system of
automous ODEs:

dF it
dt

= Xi(Ft), (i = 1, . . . , n) (2.2.10)

subject to F0(x) = x, where F it and Xi are the local components of the flow Ft and the vector
field X respectively. We say that X is the generator of the flow Ft. Even though X is smooth,
there is no reason to believe that the flow Ft will be defined for all t ∈ R, as the following example
shows.

Example 2.3. Consider the smooth vector field from example 2.1 Then flow equation is

dFt
dt

(x) = (Ft(x))2 (2.2.11)

subject to F0(x) = x. This can be easliy solved to obtain

Ft(x) =
x

1− tx
, (2.2.12)

which, for any fixed x 6= 0, cannot be continuously extended past a time t∗ := 1/x. Therefore the
flow is local. Note that all that has changed here compared to example 2.1 is that we consider a
map composed of all the integral curves starting at a given point.

2The existence and uniqueness of these maximal integral curves is guaranteed by Theorem 2.1.
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The previous example illustrated the failure of a smooth vector field to generate a global flow.
We can extend the notion of a maximal integral curve to a maximal flow map.

Definition 2.5. A maximal flow is a flow that cannot be extended to a larger flow domain. We
say that a vector field is complete if it generates a flow with flow domain D = R×M , and we
call that flow a global flow. Equivalently, a vector field is complete if the flow is globally defined
as a 1-parameter group of diffeomorphisms Ft : R×M →M .

The following theorem asserts that every smooth vector field generates a unique maximal flow
and this flow is locally invertible and satisfies a group law.

Theorem 2.2 (Fundamental theorem of flows). Let X be a smooth vector field on a smooth
manifold M . Then X generates a unique smooth maximal flow Ft : D → M , which has the
following properties:

(i) For each p ∈M , the curve γ(t, p) : D(p) →M is the unique maximal integral curve of X
starting at p.

(ii) If s ∈ D(p), then D(Fs(p)) is the interval D(p) − s := {t− s : t ∈ D(p)}.

(iii) For each t ∈ R, the set Mt is open in M and Ft : Mt → M−t is a diffeomorphism with
inverse F−t.

(iv) F0 = idM

(v) The group law holds: For fixed p ∈Mt and for all s ∈ D(p) and t ∈ D(Fs(p)), then s+t ∈ D(p)

and
Ft(Fs(p)) = Ft+s(p). (2.2.13)

Proof. See Ch 9 of Lee [52].

A direct consequence of (iii) is that if I ×M ∈ D where I is an interval containing 0, then
Ft : Mt → M−t defines a global diffeomorphism φt : M → M . Thus φt represents a global
coordinate transformation. This is a very geometric way to define new coordinates on any
manifold. This transformation takes each point, say at t = 0, and flows them along the integral
curves, starting at that point, for a time t = T , in a smooth manner. If the vector field X is
complete, then D = R× Rn, and hence φt is a diffeomorphism for each t ∈ R. We discuss some
conditions on the vector field that guarantee its completeness in the next section.

The flow equations (2.2.10) are essentially an autonomous system of ODEs. Solutions to these
equations are influenced by special points of the vector field. We call a point p ∈M a singular
point of X if X(p) = 0, and a regular point otherwise. Singular points of a vector field influence
the behaviour of integral curves in a neighbourhood of these points and are responsible for many
interesting properties of the solution. An example of the differences between regular and singular
points are highlighted in the following result.

Lemma 2.3. Let X be a smooth vector field on M and Ft : D →M be the flow generated by X.
If p ∈M is a singular point of X, then D(p) = R and Ft(p) ≡ p, i.e. a constant curve.

Proof. If X(p) = 0, then the constant curve γ(t) ≡ p is an integral curve of X and by uniqueness
and maximality, γ(t) = Ft(p).
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The next result asserts that away from singular points, the vector field is diffeomorphic to a
trivial vector field. Informally, not much happens at regular points.

Theorem 2.4 (Trivialising at a regular point). Let X be a smooth vector field on a smooth
manifold M and p ∈M be a regular point of X. Then there exists smooth coordinates (x̄i) defined
in a neighbourhood of p such that X has the coordinate representation ∂/∂x̄0.

Proof. We write ∂/∂x̄0 as ∂̄0. Let (U,ϕ) be a chart on M centred at p ∈M and suppose that
X(p) 6= 0. Let (xi) be a coordinate system in a neighbourhood of 0 ∈ ψ(U) such that X(0) 6= 0.
Since at least one of the Xi are non-zero, we may assume that

Xn(0) 6= 0,

by, say, relabelling the coordinates if necessary. Let (x̄i) be a coordinate system for U such that
the integral curves of X in this coordinate system have the form

Ft(x̄1, . . . , x̄n−1, x̄n) = (x̄1, . . . , x̄n−1, x̄n + t).

In this system we have from the flow equations

d

dt

∣∣∣∣
t=0

F it (x̄1, . . . , x̄n−1, x̄n) = Xi(F0(x̄)) = Xi(x̄),

while
d

dt

∣∣∣∣
t=0

F it (x̄) =
d

dt

∣∣∣∣
t=0

(x̄1, . . . , x̄n−1, x̄n + t) = δin.

So in the (x̄) coordinates,

X(x̄) = Xi(x̄)
∂

∂x̄i
= δin

∂

∂x̄i
.

To demonstrate the existence of these coordinates, we construct a map φ : φ(U)→ ψ(U) defined
by

(x1, . . . , xn−1, xn) = φ(x̄1, . . . , x̄n−1, x̄n) := Fx̄n(x̄1, . . . , x̄n−1, 0), (2.2.14)

where Fx̄n(x̄1, . . . , x̄n−1, 0) is the unique solution to

dFx̄n(x̄1, . . . , x̄n−1, 0)

dx̄n
= X(Fx̄n(x̄1, . . . , 0)),

F i0(x̄1, . . . , x̄n−1, 0) = x̄i = xi.

The initial condition on the flow here states that the coordinates (xi) and (x̄i) initially coincide,
which can be made by a linear transformation if necessary. Clearly φ is smooth, and we have

∂φi

∂x̄I

∣∣∣∣
xn=0

=
∂

∂x̄I
F i0(x̄1, . . . , x̄n−1, 0)

=
∂x̄i

∂x̄I
= δiI ,

where I = 1, . . . , n− 1 and i = 1, . . . , n. Also

∂φn

∂x̄n

∣∣∣∣
xn=0

= Xn(0) 6= 0, (2.2.15)

by assumption. Then Dφ(xn = 0) = Xn(0) 6= 0, so by the inverse function theorem φ is a local
diffeomorphism, and hence there exists an open neighbourhood V in the flow domain of Ft such
that φ : V → φ(V ) ⊂ U is a diffeomorphism.
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The coordinate transformation introduced in this proof is the key to converting from an Eulerian
description of fluid flow to a Lagrangian description. This fluid idea arises in §3.6 where it is used
to define a coordinate system that trivialises the dynamic four velocity w. The transformation
trivialises the vector field w in the (x̄µ) coordinates so that w̄ = ∂̄0. In general, the integral
curves of w can be horribly complicated in the region away from a singular point. However,
mapping into the new coordinates, the integral curves are simply straight lines parallel to the
x̄0 direction. This is illustrated in Figure 2.1. To demonstrate this procedure, we compute the
coordinate transformation explicitly for a chosen vector field in the following example:

Example 2.4. Consider the vector field in R2,

X = −y ∂
∂x

+ x
∂

∂y
.

The components of the flow F it (x, y), where i = 1, 2, satisfy the differential equations

dF1
t

dt
(x, y) = −F2

t (x, y),
dF2

t

dt
(x, y) = F1

t (x, y), (2.2.16)

subject to
(F1

0 (x, y),F2
0 (x, y)) = (x, y).

We can observe that the flow is global in two ways: The first way is to explicitly integrate these
equations to find the flow

Ft(x, y) = (x cos t− y sin t, x sin t+ y cos t), (2.2.17)

which is clearly well-defined for all t ∈ R. A second way is to observe that a first integral of the
system (2.2.16) can be found by solving

dF1
t

dF2
t

= −F
2
t

F1
t

.

The solutions are
(F1

t (x, y))2 + (F2
t (x, y))2 = C2, (2.2.18)

for any constant C to be determined from the initial data. These level sets are circles in the plane
with radius C and form a compact subset of R2 for each fixed C. The flow is then well-defined
for all t. For a fixed t, the flow corresponds to rotating the entire plane anticlockwise about the
origin through an angle t, and the integral curves are circles about the origin.
Now the only singular point of b is at the origin. Away from the origin, Theorem 2.4 says that
we should be able to find some coordinates (x̄, ȳ) that trivialise b. We define these coordinates
using the flow (2.2.16) as in (2.2.14):

(x, y) = φ(x̄, ȳ) = Fȳ(x̄, 0) = (x̄ cos ȳ, x̄ sin ȳ), (2.2.19)

with the inverse map

(x̄, ȳ) = φ−1(x, y) = (
√
x2 + y2, tan−1(y/x)). (2.2.20)

These new coordinates are in fact just the plane polar coordinates, and it is not difficult to check
that

X(x̄, ȳ) =
∂

∂ȳ
.

So far we have the notion of a flow which is a family of diffeomorphisms on M . Taking the
fluid flow analogy further, there may be regions where the flow mapping concentrates and other
regions which are less concentrated. We can make this more precise by considering the evolution
of the volume of some compact region. We specialise for the rest of this chapter to smooth vector
fields on Rn.
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Figure 2.1: The trivialisation of w by the diffeomorphism φ has the effect of “straightening” the integral
curves in the (x̄µ) coordinates.

Proposition 2.5. Let Ω ⊂ Rn be open, B ⊂ Ω be compact with a C1 boundary and I ⊂ R be an
interval such that 0 ∈ I. If X is a C1 vector field generating a flow Ft, which is well-defined on
Ω for all t ∈ I, then, for all t ∈ I,

d

dt
Vol(Ft(B)) =

∫
Ft(B)

divxX(x) dx. (2.2.21)

Here Vol(B) :=
∫
Rn 1B(x) dx, Ft(B) denotes the image of B under the flow Ft at a given t ∈ I

and divx denotes the divergence operator in the variables x which is defined by

divxX(x) :=
∂Xi

∂xi
(x). (2.2.22)

Proof. Let v ∈ C1
c (Ω) and define

vt(x) := v(Ft(x)).

Then by the chain rule and the flow equation (2.2.10), the t-derivative satisfies

d

dt
vt(x) = (X.∇v)(Ft(x)).

In particular,
d

dt

∣∣∣∣
t=0

vt(x) = (X.∇v)(x),

and hence
d

dt
vt(x) =

d

ds

∣∣∣∣
s=0

vt(Fs(x)) = (X.∇vt)(x).

Integrating over Ω and using Stoke’s formula we find

d

dt

∫
Ω
vt(x) = −

∫
Ω

divX(x)vt(x)dx, (2.2.23)

where the boundary term vanishes since v has compact support in Ω. At this stage we are almost
there if we could insert in place of v the indicator 1B. This can be done through a limiting
argument. An integration in time implies∫

Ω
v(Ft(x))dx−

∫
Ω
v(x) = −

∫ t

0

∫
Ω

divX(x)v(Fs(x))dxds. (2.2.24)
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Now since 1B ∈ L1(Ω), there exists a sequence of functions vn ∈ C1
0(Ω) such that vn → 1B in

L1(Ω) as n→∞. As convergence in L1 implies convergence in mean, we have for each t ∈ I,∫
Ω
vn(Ft(x))dx→

∫
Ω
1B(Ft(x))dx

as n→∞. Likewise,

−
∫ t

0

∫
Ω

divX(x)vn(Fs(x))dxds→ −
∫ t

0

∫
Ω

divX(x)1B(Fs(x))dxds.

Now noting that

Vol(Ft(B)) =

∫
Ω
1B(F−t(x))dx, (2.2.25)

then replacing t by −t in (2.2.24) and using (2.2.23) gives (2.2.21).

This result shows that the expansion and compression of volumes by the flow is controlled by the
divergence of the vector field. If the divergence is negative, then the flow will decrease volumes
and is compressive. If the divergence is positive, then the flow will increase volumes and is
expansive. If the vector field is incompressible, that is divX ≡ 0, then the flow is composed of
volume preserving diffeomorphisms. This is the case for the vector field in example 2.4, where
the flow corresponds to a rotation, which naturally leaves volumes unchanged. Conversely, if the
flow is volume preserving, then the volumes do not change with time so the left hand side of
(2.2.21) vanishes, and therefore the vector field is incompressible.

In Theorem 2.4, we saw that the flow can be used to define a coordinate system. It is therefore
of interest to determine how the determinant of the Jacobian of this transformation behaves.
This is the content of the next result, where we see that the Jacobian determinant is controlled
by the spatial divergence of the vector field.

Proposition 2.6. Let X be a C1 vector field generating the flow Ft, and define the Jacobian
determinant J , by

J(t, x) := det(∇xFt)(x). (2.2.26)

Then
dJ(t, x)

dt
= divxX(Ft(x))J(t, x), (2.2.27)

and thus

J(t, x) = exp

(∫ t

0
divX(Fs(x))ds

)
. (2.2.28)

Furthermore, J(t, x) > 0 and satisfies

exp

(
−
∫ t

0
‖(divX)−(Fs(x))‖L∞ds

)
≤ J(t, x) ≤ exp

(∫ t

0
‖(divX)+(Fs(x))‖L∞ds

)
, (2.2.29)

where for a function f : Rn → R, the positive functions f+, f− : Rn → R are defined as

f+(x) := max
x∈Rn
{f(x), 0}, f−(x) := − min

x∈Rn
{f(x), 0}. (2.2.30)

Proof. From the flow equation we compute, using index notation,

d

dt
(∂iF jt ) = ∂i(X

j(Ft(x))) = ∂iFkt (∂kX
j)(Ft(x)).

18
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For a matrix mapping M(t), we recall the identity

d

dt
detM(t) = Tr

(
M−1(t)

d

dt
M(t)

)
detM(t).

From Theorem 2.2, F−1
t = F−t. Then

dJ(t, x)

dt
=
[
(∂jFkt )−1∂iFkt (∂kX

j)(Ft)
]
J(t, x)

= δkj (∂kX
j)(Ft)J(t, x)

= divX(Ft(x))J(t, x).

This differential equation can be integrated subject to the initial condition

J(0, x) = det(∇xF0(x)) = det(∇xx) = 1,

to obtain (2.2.28). From (2.2.27), we have

dJ(t, x)

dt
=
(
divX)+(Fs(x))− (divX)−(Fs(x)

)
J(t, x) ≤ ‖(divX)+(Fs(x))‖L∞J(t, x), (2.2.31)

and the right hand side of (2.2.29) is obtained using Gronwall’s inequality (B.2). The left hand
side is obtained in a similar manner.

2.2.2 Conditions for global flows

The flow equations form an autonomous system of ordinary differential equations. A general
system of this type can be written as the following Cauchy problem

dγ(t)

dt
= X(γ(t)), γ(t0) = x0, (2.2.32)

where X is a vector field on Rn. A classical solution to (2.2.32) involves an interval t0 ∈ [t1, t2]
and a map γ ∈ C1([t1, t2];Rn). This map is called an integral curve of the vector field X, just as
we saw in the previous section. We see that γ ∈ C1([t0 − ε, t0 + ε];Rn) is a solution to (2.2.32) if
and only if γ ∈ C([t0 − ε, t0 + ε];Rn) is a solution to the integral equation

γ(t, x) = x0 +

∫ t

t0

X(γ(s))ds, for all t ∈ [t0 − ε, t0 + ε]. (2.2.33)

The existence and uniqueness of solutions to (2.2.32) is heavily dependent on regularity assump-
tions of the vector field X. An archetypal example illustrating the failure of uniqueness is the
following.

Example 2.5. Consider on R, the vector field X(x) =
√
|x|, subject to the initial condition

γ(0) = 0. Then the initial value problem

dγ(t)

dt
=
√
|γ(t)|

γ(0) = 0,

has the solution

γa(t) =

{
0 if t ≤ a

1
4(t− a)2 if t ≥ a

for any value a ∈ [0,∞]. Alternatively, γ(t) ≡ 0 is also a solution. It is clear that this solution is
then not unique.
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In this case, the vector field was not smooth and we did not have uniqueness. In example 2.3,
we have non-existence past some time T given by the choice of the initial data. The classical
Picard-Lindelöf theorem provides local existence and uniqueness under the assumption of a
bounded and Lipschitz continuous vector field.

Theorem 2.7 (Picard-Lindelöf Existence and Uniquess: Version 1). Let X be a Lipschitz
continuous vector field on U := B(x0, R) with Lipschitz constant L. Furthermore, suppose that

M := sup
x∈U
‖X(x)‖ <∞. (2.2.34)

Then the initial value problem (2.2.32) has a unique solution γ ∈ C([t0 − ε, t0 + ε];U), for any
0 < ε < min{1/L,R/M}.

Proof. We demonstrate the existence of a unique solution γ ∈ C([t0− ε, t0 + ε];Rn) to the integral
equation

γ(t, x) = x0 +

∫ t

t0

X(γ(s))ds, for all t ∈ [t0 − ε, t0 + ε],

by defining an operator that is a strict contraction on a complete metric space. The Contraction
Mapping Principle will guarantee the existence of a unique fixed point and hence a solution to
the integral equation, which also solves the initial value problem. Set Iε := [t0 − ε, t0 + ε], and
define the operator

T [γ](t) := x0 +

∫ t

t0

X(γ(s))ds.

For our metric space we choose

Y := {γ ∈ C(Iε;Rn) : γ(t0) = x0 and |x− x0| ≤ R}, (2.2.35)

equipped with the norm ‖ · ‖L∞ which is now the norm of uniform convergence as the elements
of Y are continuous functions. It is clear that Y is a closed subset of the complete metric space
C(Iε;Rn) and therefore is itself complete. We show that T : Y → Y is a contraction. Firstly, we
observe that indeed ran(T ) ⊂ Y , because

‖T [γ](t)− x0‖ =

∥∥∥∥∫ t

t0

X(γ(s))ds

∥∥∥∥
≤
∫ t

t0

‖X(γ(s))‖ds

≤M |t− t0|
≤Mε

< M(R/M) = R.

Now for γ1, γ2 ∈ Y and t ∈ Iε, we have

‖T [γ1](t)− T [γ2](t)‖ =

∥∥∥∥∫ t

t0

X(γ1(s))−X(γ2(s))ds

∥∥∥∥
≤
∫ t

t0

‖X(γ1(s))−X(γ2(s))‖ds

≤ L|t− t0|‖γ1 − γ2‖L∞(Iε)

< ‖γ1 − γ2‖L∞(Iε),

since Lε < 1 by assumption. Therefore T is a strict contraction and thus from the Contraction
Mapping Principle, there exists a unique fixed point γ ∈ Y such that T [γ](t) = γ(t) as required.
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There is a drawback to this proof however as it requires two conditions on ε which were

ε ≤ R

M
and ε <

1

L
. (2.2.36)

The extra restriction based on the Lipschitz constant of X does not appear if one uses a direct,
but longer, Picard iteration procedure. This is a consequence of the simple choice of the norm
that was made. A better choice, due to Bielecki [8], is to use a weighted norm

‖γ(t)‖B := sup
t∈Iε

[
e−K|t−t0||γ(t)|

]
, (2.2.37)

where K > 0 is a constant. Using this norm in the proof gives a slightly larger time of existence
as it removes the Lipschitz constant bound in (2.2.36).

Theorem 2.8 (Picard-Lindelöf Existence and Uniquess: Version 2). Let X be a Lipschitz
continuous vector field on U := B(x0, R) with Lipschitz constant L. Furthermore, suppose that

M := sup
x∈U
‖X(x)‖ <∞. (2.2.38)

Then the initial value problem (2.2.32) has a unique solution γ ∈ C([t0 − ε, t0 + ε];U), for
ε = R/M .

Proof. We choose the metric space (Y, ‖ · ‖B) where Y is defined by (2.2.35). Completeness of
this space follows from the equivalence of the norm ‖ · ‖B with the norm of uniform convergence.
We define the operator T as in (2.2.2) and note that the proof that ran(T ) ⊂ Y follows in the
same manner choosing ε = R/M . As for T being a strict contraction, the required estimate
follows when we choose K ≥ L, so that

LR

M
exp

(
−K R

M

)
≤ LR

M
exp

(
−LR
M

)
≤ e−1 < 1, (2.2.39)

as R,M,L > 0. Then there exists a unique fixed point of T as in the previous proof.

This result explains why example 2.5 failed to be unique, because the vector field X was not
Lipschitz continuous. In general, there will be a maximal time of existence for which the initial
value problem admits existence and uniqueness for classical solutions.

Proposition 2.9 (Maximal time of existence). Let Ω ∈ Rn be an open set and X : Ω→ Rn
be locally Lipschitz. Then there exists a maximal, open interval I = (α, β) containing t0 such
that the initial value problem (2.2.32) has a unique solution γ : Ω→ Rn.

Proof. By Theorem 2.8, we have the existence of a unique solution γ(t) =: γ(t; t0, x0) ∈
C(Iε0 ;BR0(x0)). Now limt→t0+ε0 γ(t; t0, x0) = x1 ∈ BR0(x0) ⊂ Ω, so x1 ∈ Ω. Now we apply
Theorem 2.8 to the initial value problem with initial data γ(t1) = x1 on another ball BR1(x1) ⊂ Ω,
to get a unique solution γ(t; t1, x1) with time interval of existence Iε1 = [t1 − ε1, t1 + ε1] around
t1 = t0 + ε0. On the non-empty intersection Iε0 ∩ Iε1 , γ(t; t0, x0) = γ(t; t1, x1) by uniqueness.
Continuing this procedure we obtain a maximal interval of existence I = (α, β) with t0 ∈ I. This
interval is open because if it were not, then we may suppose that I = (α, β]. However, γ(β) ∈ Ω
which implies that we could extend the solution to a larger interval (α, β + δ), which contradicts
the maximality of β. The same argument applies for the backwards direction with α.
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Once we have a maximal interval of existence, we can ask the question of what occurs as we
approach the ends of this interval. The Escape lemma tells us that the solution will eventually
‘cover’ the set Ω. An implication of this result then says that as we approach the endpoints of
the interval, either the limit fails to exist or we have hit the boundary of the open set Ω. In the
case where Ω = Rn, then the limit must not exist.

Lemma 2.10 (Escape Lemma). Suppose Ω ⊂ Rn is open and X : Ω→ Rn is locally Lipschitz.
If γ : I → Rn is a maximal integral curve of X whose domain I = (α, β) has a least upper bound
b, then for any t0 ∈ I, γ([t0, b)) is not contained in any compact subset of Ω. Similarly, if I has
a greatest lower bound a, then then for any t0 ∈ I, γ((a, t0]) is not contained in any compact
subset of Ω. Furthermore, if b <∞, then limt↗β γ(t) does not exist or limt↗β γ(t) ∈ ∂Ω.

Proof. Suppose first that sup I = b. In order to obtain a contradiction, suppose the statement is
false. Then there would exist a compact set K ⊂ Ω such that γ(t) ∈ K for all t ∈ [t0, β). As
X is continuous on the compact set K, it attains a maximum which we denote by M . From
(2.2.33), we obtain for any t1 ≤ t2 < β,

‖γ(t1)− γ(t2)‖ ≤M |t1 − t2|. (2.2.40)

So for any sequence tj ∈ I such that tj ↗ β, then γ(tj) is a Cauchy sequence in K. As K
is closed and γ is continuous then limt↗β γ(t) = x1 exists. Then γ(β) = x1 and hence γ is
continuous on [t0, β]. Now we can apply Theorem 2.8 with the initial condition γ(β) = x1 to
obtain a solution on a larger interval strictly containing [t0, β], and this solution agrees with
γ(t) for all t ∈ [t0, β] by uniqueness. This contradicts the maximality of β. The same argument
applies when considering inf I = a.
As γ escapes every compact subset of Ω, then if limt↗β γ(t) exists, we could extend the solution.
So for the limit to exist, it must lie outside Ω. As γ(t) ∈ Ω for all t ∈ I, then limt↗β γ(t) ∈ ∂Ω.

The Escape lemma gives us a first result on conditions for global existence of flows.

Theorem 2.11 (Bounded Global Existence). If X : Rn → Rn is locally Lipschitz and
globally bounded, then X is a complete vector field.

Proof. As X is locally Lipschitz, by Theorem 2.8 there exists an integral curve γ(t) defined on a
maximal time interval of existence (α, β). The integral expression of the initial value problem
yields the bound

‖γ(t)− x0‖ ≤ |t|‖f(γ(s))‖L∞ ≤M |β|. (2.2.41)

Now if β <∞, the integral curves are confined to the closed ball BM |β|(x0) which is compact.
This contradicts the Escape lemma, so β is not the maximal upper limit for this interval, and in
fact there is no upper limit. This argument also applies to show that α cannot be finite. Hence
X generates a complete flow, so is a complete vector field.

An analogue of the escape lemma is also true for integral curves on smooth manifolds. From
this theorem, we deduce that any vector field X ∈ C1

0(Rn) is complete. This follows as X has
bounded derivatives, so is Lipschitz continuous and is also globally bounded being a continuous
function on the compact set supp(X). This observation is stated below.

Proposition 2.12. A CK0 (Rn) vector field is complete.
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In the proof of Theorem 2.11, we observe that we only needed some bound on γ that depends
only on t, which can then be bounded by the endpoints of a maximal interval of existence. This
boils down to obtaining a suitable bound for the vector field. The local Lipschitz condition gave
us the existence of a unique maximal integral curve while the boundedness gave the required
estimate on the size of the integral curve. We then find from the integral equation that the
integral curves must be bounded within some compact set, which then yields a contradiction.

If we assume a globally Lipschitz vector field instead, then the required bound on X is now a
growth condition and we are able to obtain globally defined integral curves.

Lemma 2.13. Suppose X : Rn → Rn is globally Lipschitz. Then there exists some constant
C > 0 such that

‖X(x)‖ ≤ C(1 + ‖x‖). (2.2.42)

Proof. Let x ∈ Rn and fix x0 ∈ Rn. Then

‖X(x)‖ = ‖X(x)−X(x0) +X(x0)‖
≤ ‖X(x)−X(x0)‖+ ‖X(x0)‖
≤ L‖x− x0‖+ ‖X(x0)‖
≤ C(1 + ‖x‖),

where L is the Lipschitz constant of X.

Theorem 2.14 (Lipschitz Global Existence). If X : Rn → Rn is globally Lipschitz, then X
is a complete vector field.

Proof. As mentioned, it suffices to show that the maximal integral curves are confined to some
compact set, which then yields the required contradiction. The integral equation and Lemma
2.13 imply

‖γ(t)‖ ≤ ‖x0‖+

∫ t

0
C(1 + ‖γ(s)‖)ds.

Now the initial value problem

v(t) = v0 +

∫ t

0
C(1 + v(s))ds, v(0) = v0,

has the solution v(t) = (v0 + 1)eCt − 1, so by the nonlinear Gronwall inequality (B.4),

‖γ(t)‖ ≤ (‖x0‖+ 1)eCt − 1.

This completes the proof.
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In this chapter we discuss the Euler equations of compressible fluid flow and their generalization
to the relativistic case. We find that while some properties such as the formation of shocks and
hyperbolicity carry over to the relativistic case there are some notable differences. These include
the equivalence of mass and energy and the effects a background metric has on solutions for the
relativistic Euler equations. Leading on from this, we examine the specialisation to an irrotational
fluid, where we find that the entire content of the relativistic Euler equations can be reduced
to a single scalar, quasi-linear wave type equation. We then discuss the Frauendiener-Walton
formulation of the relativistic Euler equations which is a symmetric hyperbolic system. This
forms the beginning of a full symmetric hyperbolic formulation of the Einstein-Euler equations
due to Oliynyk [61]. This involves a transformation to a Lagrange description and we find that
there is a one to one correspondence between solutions to the irrotational relativistic Euler
equations and densitised lapse, zero shift gauges in the 3+1 formalism. This process is made
explicit in the final section.

3.1 The non-relativistic Euler equations

There are usually two approximations we make when attempting to model matter: a point
particle or a continuum approximation. When the size of a matter source is negligible compared
to the observational scales, we choose a point particle approach, neglecting any dimensions
of the object. For a large collection of particles, where the interesting dynamics are observed
to take place on scales exceeding that of the particles themselves, it becomes computationally
unmanageable to maintain a micro level model. We then resort to a continuum approximation, a
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macro level, where we instead define bulk or ‘averaged’ properties to describe the matter, such as
a flow velocity which is a bulk motion, number per unit volume, an energy density, a temperature
etc. An important continuum is a fluid, which can be roughly understood as a model where a
small fluid element (a volume) will, in the absence of external forces such as gravity, only interact
with its neighbours. Examples of a fluid include liquids and gases. A perfect fluid is a fluid that
has no shear stresses, only normal stresses, that is any interactions between fluid elements occur
in a direction normal to their interfaces. This is in contrast to viscous fluids where these actions
can take place in any direction at the interface.

In Newtonian mechanics, the equations governing the flow of a perfect fluid, in the absence of
external forces, are the Euler equations

∂ρ

∂t
+ ∂I(ρu

I) = 0, (conservation of mass)

∂(ρuI)

∂t
+ ∂J(ρuIuJ) + ∂Ip = 0, (conservation of momentum)

∂E

∂t
+ ∂I((E + p)uI) = 0, (conservation of energy)

(3.1.1)

where

E = ρe+
1

2
ρu2, (u2 := |u|2) (3.1.2)

is the total energy per unit volume, ρ = ρ(t, x) is the mass density, u = (uI) is the flow velocity,
p is the pressure and e is an internal energy per unit mass. To close the system, we impose
an equation of state of the form p = p(ρ, e) and note that implicitly there are two remaining
thermodynamical quantities, the temperature Θ and the entropy per particle S.

There are two possible domains on which the Euler equations are solved: a fixed domain or a
free boundary domain. A fixed domain is an open, bounded set Ω ∈ Rn, which for simplicity,
has smooth boundary ∂Ω. The regularity of the boundary is a restriction used for the analysis;
non-smooth boundaries, say with corners, are better examined numerically. To ensure that the
fluid does not flow into or out of the boundary, the additional condition

u.n = 0, on ∂Ω× [0, T ], (3.1.3)

is specified, where T > 0 is the time up to which the fluid is considered and n is the outward
facing unit normal to ∂Ω. One can think of a fixed boundary flow informally as akin to ‘flow
in a bucket.’ In the free boundary case, the volume Ω now varies with time, and we write
Ω(t). Similarly, the boundary Γ(t) := ∂Ω(t) is also changing with a normal velocity V(Γ(t)) and
exterior unit normal n(t) to Γ(t). In this case, we are not only required to solve for the fluid
velocity u and pressure p, but also the location and regularity of the free-boundary Γ(t). We
have the additional conditions that must be imposed

p = 0, on Γ(t),

V(Γ(t)) = u.n,

Ω(0) = Ω.

The vanishing of the pressure is the case for a vacuum free-boundary, and the velocity condition
generalises the no flow out/in condition for the case of a fixed domain, by stating that the fluid
cannot outrun and hence escape the moving boundary. A free-boundary problem is more akin to
the motion of a spilt drink. A Lagrangian formulation is particularly useful for free-boundary
problems, as it reduces it to a fixed boundary problem.

If the entropy is constant throughout the flow, we say it is isentropic. Provided we have a
classical solution C1 solution (ρ, uI) for an isentropic flow, the energy equation in (3.1.1) can be
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removed leaving the system
∂ρ

∂t
+ ∂I(ρu

I) = 0,

∂uI

∂t
+ uJ∂Ju

I +
1

ρ
∂Ip = 0,

(3.1.4)

where we have rewritten the momentum equation using the mass conservation equation. In
this case, we assume a barotropic equation of state p = p(ρ). The equations (3.1.4) constitute
a non-linear system of PDEs for the unknowns (ρ, uI). Initial data for (3.1.4) is given by the
quadruple

(u|t=0, ρ|t=0) = (u0, ρ0), (3.1.5)

and an equation of state p = p(ρ). We observe the following property:

Proposition 3.1. For ρ, p′(ρ) > 0, the isentropic, barotropic Euler equations (3.1.4) form a
symmetric hyperbolic system.

Proof. We show that a system equivalent to (3.1.4) and (3.1.5) is symmetric hyperbolic. Multi-
plying the first equation in (3.1.4) by b(ρ) = ρ/p′(ρ) and the second by 1/ρ, we can express the
equations in the form(

b(ρ) 0
0 ρ−1

)
∂

∂t

(
u
ρ

)
= −

(
b(ρ)uI∂I grad

div ρ−1uI∂I

)(
u
ρ

)
.

This is also equivalent to
A0(t, x, v)∂tv = L(t, x, v,∇x)v, (3.1.6)

where

v :=

(
u
ρ

)
, A0(t, x, v) :=

(
b(ρ) 0

0 ρ−1

)
, L(t, x, v,∇x) := −

(
b(ρ)uI∂I grad

div ρ−1uI∂I

)
Note that since ρ, p′(ρ) > 0, we have A0(t, x, v) ≥ cI > 0, where c > 0 is a constant. We can
write the operator L as

L(t, x, v,∇x) = Aj(t, x, v)∂j , (3.1.7)

where each Aj is an (N + 1) × (N + 1) matrix, smooth in its arguments, with entries (Aj)pq

given by

(Aj)pq =


b(ρ)uj p = q ≤ N
ρ−1uj p = q = N

1 p = j, q = N + 1; p = N + 1, q = j

0 otherwise

. (3.1.8)

Immediately we see that for each j, the matrices Aj are symmetric. By these considerations we
therefore conclude that the system

A0
∂v

∂t
= Lv, v|t=0 = v0, (3.1.9)

where v0 := (u0, ρ0)T is symmetric hyperbolic.

This proposition then implies the following local existence and uniqueness result
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Proposition 3.2. Let ρ = ρ0 + ρ̊, where ρ0 > 0 is constant and ρ̊ ∈ Hk(Rn) ∩ L∞(Rn) with
‖ρ̊‖ L∞ < ρ0 and suppose u0 ∈ Hk(Rn). Then there exists a unique solution (u, ρ) to the system
(3.1.4) and (3.1.5) satisfying

(u, ρ) ∈ C(I,Hk(Rn)).

If in addition, (u0, ˚rho) ∈ C∞(Rn), then

(u, ρ) ∈ C(I, C∞(Rn)),

where I is some interval about 0.

Proof. Since we have shown that the isentropic Euler equations are a symmetric hyperbolic system
in the case where ρ > 0, then the stated results follow by standard existence and uniqueness
results for symmetric hyperbolic systems, for instance, see Taylor [74, Ch 16].

The usefulness of this result is unfortunately limited. If the fluid is contained in some bounded
region, that is, Ω is an open, bounded subset of RN , then at the boundary the fluid variables
will vanish. Here the isentropic Euler equations fail to be symmetric hyperbolic. This may be
even worse if there is a point within the domain where the density vanishes, a so called vacuum
point. Then along the vacuum set

Γ := {(t, x) : ρ(t, x) = 0} ∩ {(t, x) : ρ(t, x) > 0},

the Euler equations for compressible flow become degenerate hyperbolic. Furthermore, if we
view the fluid as initially lying in some compact set and then let it evolve, we have vacuum free
boundary problem. Both of these vacuum problems have made it difficult to obtain well-posedness
results for the compressible Euler equations. After much work, only recently [43] has the local
well-posedness in 3D been demonstrated for the compressible Euler equations for a vacuum
boundary Γ. A full survey is out of the scope here, but we refer to the review article [42] for
more. As for the vacuum free boundary problem, there are number of results in 3D [23,53,57,75].

The question of global results is also extremely difficult. In fact, obtaining either global existence
and uniqueness for smooth initial data, or obtaining a blow-up result for smooth data is highly
sought after. This stems from the inherent non-linearities. For example, the equation of motion
(3.1.4) in one spatial dimension is

∂tu+ u∂xu+
1

ρ
∂xp = 0.

Assuming a positive constant pressure and density, the flow field satisfies Burger’s equation

∂tu+ u∂xu = 0, u|t=0 = u0(x). (3.1.10)

A fundamental phenomena of Burger’s equation is finite time shock formation where the initially
regular solutions become discontinuous. The time it takes to reach the first shock is we denote
by T∗ and we say that the solution has a lifespan T∗. More precisely, T∗ is the supremum over
all times t > 0 such that u is a C1 solution to (3.1.10).

Proposition 3.3. Let u0, u
′
0 ∈ L∞(R). Then solutions to (3.1.10) have a lifespan

T∗ =

{
∞ if u′0(α) ≥ 0 for all u
−1

minx∈R u′0(x)
otherwise

. (3.1.11)

Here the prime indicates differentiation with respect to x.
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Proof. By the method of characteristics, the solution u(t, x) is constant along the characteristic
curves x(t;α) satisfying

∂

∂t
x(t;α) = u(t, x(t;α)), x(0;α) = α ∈ R. (3.1.12)

Differentiating both sides of (3.1.10) in x gives

∂t(∂xu) + u∂x(∂xu) = −(∂xu)2,

and defining the new variable y(t) := u(t, x(t;α)), we see that y satisfies

y′(t) = −y2(t), y(0) = u′0(α).

Solving this ODE yields

y(t) =
u′0(α)

1 + tu′0(α)
,

and we see that y(t)↗∞ as t↗ T∗.

This is the defining feature of the formation of a shock:

‖u(T∗, ·)‖L∞ <∞, while ∂xu(t, ·)↗∞

as t↗ T∗. That is, the solution remains bounded, while some derivative blows up.

Example 3.1. The smooth initial data u0(x) = e−x
2

for Burger’s equation develops a shock in
a finite time T∗ =

√
e
2 .

Obtaining sharp conditions for the formation of shocks is an important problem and has
been extensively studied in the context of the classical Euler equations of compressible fluid
flow [14, 15, 21, 24, 51, 58]. Sideris [69] in 1985 gave the first general results of conditions for
singularity formation in 3D polytropic, non-isentropic fluids. He took initial data such that
outside a ball of radius R about the origin , (u, ρ, S)(0, x) are all constant with non-trivial data
within the ball, that is

u(0, x) = ů(x); u(0, x) = ū, for |x| ≥ R
ρ(0, x) = ρ̊(x); ρ(0, x) = ρ̄, for |x| ≥ R
S(0, x) = S̊(x); S(0, x) = S̄, for |x| ≥ R,

along with the polytropic equations of state p = AργeS , A > 0, γ > 1. For such data, he obtained
conditions on the following data dependent quantities

q0(r) :=

∫
|x|>r

|x|−1(|x| − r)2(ρ̊(x)− ρ̄)dx,

q1(r) :=

∫
|x|>r

|x|−3(|x|2 − r2)xiρ̊ů
i(x)dx,

such that a shock forms in a finite time for a C1 solution.

Theorem 3.4 (Sideris, Theorem 3 [69]). Suppose for some 0 < R0 < R, that

q0(r) > 0,

q1(r) ≥ 0,

for all R0 < r < R, and suppose
S̊(x) ≥ S̄.

Then a C1 solution to the compressible Euler equations has a finite lifespan T∗.
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The initial data functions q0 and q1 represent an averaged mass perturbation and radial component
of momentum, respectively. The positivity conditions imply that a shock will form if the fluid is
compressed and outward moving behind the wave front. However, this is as far as the theorem
can go if we want to ask about the precise nature of the breakdown of a C1 solution. Until only
recently has this question been elucidated. In 2013, Christodoulou and Miao [21] obtained a
sharp characterisation of the formation of shocks for a 3D isentropic and irrotational fluid, and a
detailed analysis of the boundary of this maximal development. This work was an expansion
of Christodoulou’s [20] monumental 2007 monograph which provided the analysis in the case
of the relativistic Euler equations. They gave a much deeper analogue to Sideris’ breakdown
theorem 3.4, which is a non-relativistic version of theorem 4.8 in chapter 4. We discuss the
modern methods of Christodoulou [20] and Speck [73] used to study shock formation in more
depth in that same chapter.

3.2 The Relativistic Euler equations

Describing the motion of relativistic fluid bodies is critical for astrophysical applications. Such
systems of interest include accretion of matter onto massive bodies such as a black hole, relativistic
jets from active galactic nuclei, compact objects such as stellar interiors [22] and to model the
early universe in cosmology [13]. These systems can not only be highly relativistic but also
strongly gravitating, thus necessitating the need for a general relativistic description, beyond the
Newtonian compressible Euler equations (3.1.1).

While the relativistic case may share some properties with the non-relativistic case, there are
some important differences. The fluid exists now on a spacetime (M, g) and we replace the flow
3-velocity with a timelike 4-vector uµ, satisfying the normalization condition

gµνu
µuν = uνu

ν = −1, (3.2.1)

where uν := gµνu
µ. We distinguish the proper frame to be an orthonormal comoving reference

frame with u its timelike axis, that is, uµproper = δµ0 . The equations of motion of the fluid are
determined through the conservation of a rank-2 contravariant, symmetric tensor Tµν called the
energy-momentum tensor. For the case of a perfect fluid, it takes the form

Tµν = (ρ+ p)uµuν + pgµν , (3.2.2)

where ρ is the energy density and p is the pressure. In a proper frame, gµν = mµν , and thus the
components of Tµν are

T 00 = ρ, T 0I = 0, T IJ = pδIJ .

While it may seem trivial to state, the assumption of a perfect fluid is entirely summarised by
these components. The ‘no heat conduction’ condition forces the components T 0I = T I0 to vanish
as they represent the flux of energy and momentum densities. Likewise, the vanishing viscosity
condition means that all internal stresses should be normal to a fluid element interface. Then
momentum transfers or stresses will occur along the axes of a local orthonormal frame, implying
T IJ vanishes unless I = J . This statement holds independent of the choice of orthonormal basis
and hence T IJ is a multiple of the identity. We see that the assumption of a perfect fluid leads
to a simple form for the energy momentum tensor.

Since the fluid has mass and hence energy, it can influence the geometry of the spacetime itself.
So we not only have to solve some relativistic generalisation of the Euler equations, but we must
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simultaneously solve the Einstein equations coupled to the fluid. The full General relativistic
description of a perfect fluid is given by

R4 µν = 8π

(
Tµν −

1

2
Tgµν

)
, (Evolution of spacetime) (3.2.3)

∇µTµν = 0. (Evolution of matter) (3.2.4)

The conservation equation (3.2.4) is now a consequence of the Bianchi identities, rather than the
imposition of conservation of energy and momentum in the Special relativistic case. In addition
to these, we also have conservation of the baryon number specified by

∇µ(nuµ) = 0, (3.2.5)

where n is the proper baryon number density or number density if we have only one type of fluid.
We will call the system (3.2.3), (3.2.2) and (3.2.5) the Einstein-Euler equations, and the system
(3.2.2) and (3.2.5) the Euler equations.

A relativistic version of the Euler equations can be derived from the conservation law (3.2.4) by
substitution of (3.2.2). We obtain

∇µTµν = (ρ+ p)uµ∇µuν + gµν∂µp+ uν [∇µ(ρ+ p)uν ] = 0. (3.2.6)

If we contract with uν and with the projection Πµν = gµν + uµuν we deduce

(ρ+ p)∇µuµ + uµ∂µρ = 0, (3.2.7)

(ρ+ p)uµ∇µuν + Πµν∂νp = 0. (3.2.8)

Here Πµν is the induced metric of the hypersurface, Σu formed by the space orthogonal to
the flow vector uµ. The normalization property (3.2.1) allows us to make the decomposition
Tx(M) = Tx(Σu)⊕ span(u). The projector Πµ

ν = δµν +uµuν is then a map from Tx(M) to Tx(Σu).
These are the analogues for the conservation of mass equation and the equation of motion from
the Newtonian Euler equations (3.1.4).

As it stands, the Einstein-Euler system is closed only when we specfiy an equation of state

ρ = ρ(n, S), Θ = Θ(n, S). (3.2.9)

where, in the relativistic case, S is the proper entropy density and the functional relations are
smooth in their variables. The laws of thermodynamics provide additional conditions for the
thermodynamical variables which are

1. ρ, p, n, S, Θ ≥ 0.

2. We have the relations

p = n
∂ρ

∂n

∣∣∣∣
S

− ρ, Θ =
1

n

∂ρ

∂S

∣∣∣∣
S

, (3.2.10)

where |· indicates differentiation with · held constant.

3. The following are satisfied

∂ρ

∂n

∣∣∣∣
S

> 0,
∂p

∂n

∣∣∣∣
S

> 0,
∂p

∂S

∣∣∣∣
n

> 0. (3.2.11)

We define the sound speed s2 by

s2 :=
∂p

∂ρ

∣∣∣∣
S

> 0. (3.2.12)

which is always real for S > 0. Also, whenever n > 0 and S > 0, we have 0 < s < 1.
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An important observation is the following

Lemma 3.5. In a perfect fluid,
uµ∂µS = 0, (3.2.13)

which implies conservation of the entropy density along the integral curves of the flow vectorfield
u.

Proof. By the particle number conservation (3.2.5), we have

∇µuµ = − 1

n
uµ∂µn,

which upon substitution into the conservation of mass-energy equation (3.2.7), yields

uµ∂µρ =
p+ ρ

n
uµ∂µn. (3.2.14)

On the other hand, from the equation of state (3.2.9), the relations (3.2.10), and upon contraction
with uµ, we find

uµ∂µρ =
p+ ρ

n
uµ∂µn+ nΘuµ∂µS. (3.2.15)

Comparing (3.2.14) and (3.2.15) gives the result. We note that (3.2.13) can be viewed as a
transport equation for S, and thus along the integral curves yµ(t, x) of uµ, the entropy is constant
since

∂yµ(τ, x)

∂τ
= uµ(τ, x),

dS

dτ
(τ, y(τ, x)) =

∂yµ(τ, x)

∂τ
∂µS(τ, y(τ, x)) = 0.

For completeness, we restate the relativistic Euler equations which are
uµ∂µS = 0,

(ρ+ p)∇µuµ + uµ∂µρ = 0,

(ρ+ p)uµ∇µuν + Πµν∂νp = 0,

. (3.2.16)

for the triple {p, S, uµ : µ = 0, 1, 2, 3}. If at t = 0, the entropy is constant, then (3.2.13) implies
the entropy is constant along the integral curves of u for t > 0 when u is a C1 solution.

Recall that an isentropic fluid has S constant throughout the portion of the fluid we are
considering. In this case, it is equivalent to take an equation of state of the form p = p(ρ, n).
A barotropic fluid is one for which p is a function of ρ only. Barotropic equations of state are
widely used in astrophysical applications. The two most common are

p = c2
sρ, and p = Kρ1+1/γ , (3.2.17)

where K is a constant and γ ≥ 0. The first of these can be seen as a limit of the second one
for large γ. We refer to these as the linear and polytropic equations of state respectively. We
distinguish from these, two important equations of state:

p = 0, and p =
1

3
ρ. (3.2.18)

The first can be used as a model for a cold, collision-less matter dominated universe. From the
equation of motion in (3.2.16), we have

uµ∇µuν = 0,
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which states that the flow lines are geodesics of the spacetime. This is expected as the fluid
particles are in free-fall. The second of these is used as a model for a radiation dominated
universe or for ultra-relativistic fluids.

There are a number of local existence results to the Einstein-Euler equation in the case of
barotropic fluids. For instance, Rendall [65] obtained existence results adapting a method due
to Makino for handling cases where the proper energy density may vanish. The relativistic
Euler equations become singular in this case, just as in the non-relativistic case. Brauer and
Karp [10] further extended the results of Rendall by allowing weaker assumptions to hold on the
equation of state. For the relativistic Euler equations, more is known. Existence of global weak
solutions in 1D Minkowski spacetime for a linear equation of state was obtained by Smoller and
Temple [70]. This was extended by Ruan and Zhu [66] for more general equations of state. In
2D, Oliynyk [62] obtained existence of solutions for the isentropic relativistic Euler equations
with polytropes, but also in the case of a vacuum boundary. The technique used here is, in some
sense, a precursor to the formalism in the latter parts of this chapter. There are also such results
in 3D with spherical symmetry [41,59].

Attempts to obtain global existence results are ultimately hampered by the non-linearities just as
in the Newtonian case. For some specific equations of state, blow-up results were first obtained
by Rendall [65] and Guo and Tahvildar-Zadeh [38]. Extending the method of Sideris [69] for
the non-relativistic compressible Euler equations, Pan and Smoller [64] show that any smooth
solution launched from smooth, compactly supported initial data (ρ̊, ů), has a finite time of
existence. Their proof is remarkably simple, relying only on some well chosen momentum and
energy integrals, and the fact that smooth solutions launched from compactly supported initial
data will remain compactly supported within the same support. A much more complicated but
far more general work due to Christodoulou [20] in 2007, has described in detail the formation of
shocks to the relativistic Euler equations in 3D for small initial data, with arbitrary equations of
state. His results are sharp enough to give sufficient conditions on the initial data for the shock
forming solutions. We make use of his results in Chapter 4.

3.3 Irrotational fluids

The Euler equations take on a particularly well suited form for analysis when the fluid is
irrotational, a term which we define soon. This form is that of a quasi-linear wave type equation.
We follow Christodoulou [20] by defining the enthalpy per particle

√
σ :=

p+ ρ

n
≥ 0. (3.3.1)

Taking derivatives of (3.3.1) and using (3.2.9) and (3.2.10), we find the relation

d
√
σ =

1

n
dp. (3.3.2)

We first introduce the 1-form
βµ := −

√
σuµ, (3.3.3)

and define the fluid vorticity ω through

ω := dβ, (3.3.4)

or in components by
ωµν = ∂µβν − ∂νβµ. (3.3.5)
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We say that a portion of the fluid is irrotational if the vorticity there vanishes, that is dβ = 0.
Then by the Poincare lemma [17, Ch IV §3], there locally exists a scalar function Φ such that

β = dΦ, βµ = ∂µΦ. (3.3.6)

The condition of irrotation of the fluid is preserved along the flow lines as long as u is a C1

solution. By definition of β (3.3.3) and the normalisation condition (3.2.1), we have the relation
between this fluid potential Φ and the fluid four velocity

σ = −gµν(∇µΦ) (∇νΦ), uµ = − 1√
σ
∂µΦ. (3.3.7)

With an irrotational fluid, the content of the conservation equation (3.2.4) can be written as
a single non-linear wave equation in terms of the potential Φ. We obtain this equation by
introducing the Lagrangian

L = L(σ) = p, (3.3.8)

and using the Euler-Lagrange equations

∇α
(

∂L
∂(∇αΦ)

)
=
∂L
∂Φ

. (3.3.9)

By the chain rule we have
∂L

∂(∇αΦ)
=
∂L
∂σ

∂σ

∂(∇αΦ)
.

and from (3.3.7) and (3.3.2) we obtain

∇α
(
∂L
∂σ
∇αΦ

)
= 0. (3.3.10)

This is a wave type equation for the fluid potential Φ. We can derive an alternative form that
makes explicit the character of the equation and its dependence on the equation of state.

Proposition 3.6. The irrotational flow of a perfect fluid is governed by the quasilinear wave
type equation

(h−1)αβ∇α(∂βΦ) =

[
(g−1)αβ +

(
1− 1

s2

)
uαuβ

]
∇α(∂βΦ) = 0, (3.3.11)

where

(h−1)αβ := (g−1)αβ +

(
1− 1

s2

)
uαuβ (3.3.12)

is the inverse acoustic metric and

hαβ := gαβ + (1− s2)uαuβ (3.3.13)

is the acoustic metric.

Proof. From (3.3.2) and (3.3.8), it follows that

∂L
∂σ

=
n

2
√
σ
, (3.3.14)

which upon substituting into (3.3.10) gives

(g−1)αβ∇α
(
n√
σ
∂βΦ

)
= 0. (3.3.15)
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Expanding this out and multiplying through by
√
σ/n yields

(g−1)αβ∇α(∂βΦ) + (g−1)αβ
∇αn
n

∂βΦ + (g−1)αβ
√
σ∇α(σ−1/2)∂βΦ = 0. (3.3.16)

Consider now the third term which contains the expression
√
σ∇α(σ−1/2). By the chain rule we

have √
σ∇α(σ−1/2) = − 1

2σ
∇ασ.

Now from (3.3.7), we find
∇ασ = −2(g−1)µν∇α(∂µΦ)∂νΦ (3.3.17)

and hence √
σ∇α(σ−1/2) =

1

σ
(g−1)µν∇α(∂µΦ)∂νΦ. (3.3.18)

So the third term in (3.3.16) becomes

(g−1)αβ
√
σ∇α(σ−1/2)∂βΦ = (g−1)αβ(g−1)µν

(
∂βΦ ∂νΦ

σ

)
∇α(∂µΦ)

= (g−1)αβ(g−1)µνuβuν∇α(∂µΦ)

= uαuβ∇α(∂µΦ). (3.3.19)

As for the second term, we have ∇αn = (∂n/∂σ)∇ασ which requires an expression for ∂n/∂σ.
From the definition of the sound speed (3.2.12),

s2 =
∂p

∂ρ
=
∂p

∂σ

∂σ

∂n

∂n

∂ρ
. (3.3.20)

Recognising that ∂p
∂σ = ∂L

∂σ , using (3.2.10) to find ∂n
∂ρ and then (3.3.1) shows that

∂n

∂σ
=

n

2σs2
. (3.3.21)

Using (3.3.17), we find that the second term becomes

(g−1)αβ
∇αn
n

∂βΦ = − 1

s2
uαuβ∇α(∂βΦ). (3.3.22)

Combining this with (3.3.19) in (3.3.16) then gives (3.3.11).

The wave-like nature of (3.3.11) becomes clear when we make use of the Laplace-Beltrami
operator

�gΦ := (g−1)αβ∇α(∇βΦ) =
1√

−det(g)
∂α

(√
−det(g)(g−1)αβ∂βΦ

)
, (3.3.23)

to write

�gΦ +

(
1− 1

s2

)
1

σ
∂αΦ∂βΦ∇α(∂βΦ) = 0. (3.3.24)

In the special case where the sound speed is that of light (s2 = 1) this reduces to the wave
equation in a curved spacetime

�gΦ = 0. (3.3.25)

This curved spacetime wave equations has been extensively studied for example by Choquet-
Bruhat, Christodoulou and Francaviglia [16] where they obtained existence results for a sourced
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version of (3.3.25), where there is some smooth function on the right hand side of (3.3.25). For
an aged but extensive discussion, see Friedlander [29].

For our purposes, we consider Minkowski spacetime with metric mαβ := diag(−1, 1, 1, 1) and
inverse metric (m−1)αβ. The inverse acoustic metric reduces to

(h−1)αβ(∂Φ) = (m−1)αβ +

(
1− 1

s2

)
1

σ
∂αΦ∂βΦ, (3.3.26)

and the irrotational Euler equations become the wave type equation

(h−1)αβ(∂Φ)∂α∂βΦ = 0, (3.3.27)

or equivalently as

�mΦ +

(
1− 1

s2

)
1

σ
∂αΦ∂βΦ∂α∂βΦ = 0, (3.3.28)

where

�m := (m−1)αβ∂α∂β = −∂2
0 +

3∑
I=1

∂2
I ,

is the ordinary flat space wave operator. The linear case (s2 = 1) then reduces to the ordinary
wave equation

�mΦ = 0. (3.3.29)

A wider class of possible Lagrangian densities studied by Christodoulou [20] are

L = L(σ).

We say that a Lagrangian density satisfies the requirement to have a fluid interpretation if

σ,L(σ),
dL
dσ
,
d

dσ

(
L√
σ

)
,
d2L
dσ2

> 0. (3.3.30)

Then in Minkowski space, the Euler-Lagrange equations can be written as

(h−1)αβ∂α∂βΦ = 0,

where
(h−1)αβ := (m−1)αβ − F∂αΦ∂βΦ.

Here F = F (σ) and is defined as

F :=
2

G

dG

dσ
,

where
G(σ) :=

n√
σ
.

The acoustic metric is now
hαβ = mαβ +H∂αΦ∂βΦ,

where

H = H(σ) :=
F

1 + σF
. (3.3.31)

The condition that the sound cone, defined by the four-vectors vα such that hαβv
αvβ = 0, lies

within the light cone, mαβv
αvβ = 0, can be expressed as F > 0. This in turn implies that L is a
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convex function of σ. For the case where L = p, we derive the relativistic Euler equations and
obtain forms for the quantities F,H, dHdσ which are

F (σ) =
1

σ

(
1

s2
− 1

)
,

H(σ) =
1

σ
(1− s2),

dH

dσ
= − 1

σ

[
1− s2

σ
+

n

2s2
√
σ

∂2p

∂ρ2

]
.

We also define
α−2 := −(h−1)00(∂Φ), (3.3.32)

where we α is the lapse function associated to the metric h, not to be confused with N which is
the lapse function associated to an arbitrary metric.

Some distinguished solutions to the relativistic, isentropic, irrotational Euler equations of (3.3.28)
are the constant states

Φ = kαx
α, (3.3.33)

where (kα) are constants, and k is a future directed, time-like four-vector, that is

k2 := −mαβk
αkβ > 0.

These solutions correspond to the fluid variables being constant. So

σ = k2 and
√
σ0 =

ρ0 + p0

n0
= k. (3.3.34)

By re-orienting the coordinates if necessary, we can assume that Φ = kx0 = kt, where x0 = t,
with k0 = k > 0 while the spatial components of k vanish. In the constant states, the acoustic
metric relative to a rectangular coordinate system is

h(∂tΦ = k, ∂1Φ = ∂2Φ = ∂3Φ = 0) = −s2
0dt

2 +
3∑
i=1

(dxi)2, (3.3.35)

where s2
0 is the sound speed in the constant state. From here we introduce one more new

parameter l that appears in the shock formation results. This is defined by

l :=
dH

dσ
(σ = k2), (3.3.36)

where the constant k represents the constant state solutions. The sign of l is impotant. For the
linear and polytropic equations of state, we find

l = −1− c2
s

k4
< 0, (0 < c2

s < 1) (3.3.37)

and

l = − 1

σ

[
1− s2

σ
+

1

2γ
√
σA

γ
γ+1

]
< 0, (3.3.38)

respectively.
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3.4 The Frauendiener-Walton formulation

The key to obtaining a symmetric hyperbolic formulation of the Einstein-Euler system in Lagrange
coordinates is obtaining a symmetric hyperbolic version of the Euler equations. A way to achieve
this is to begin with the independently developed methods of Frauendiener [28] and Walton [77].
They showed that combining the proper energy density ρ with the fluid four velocity uµ into a
single timelike vector wµ allows the isentropic Euler equations to be written in the form

A γ
µν ∇γwν = 0. (3.4.1)

Here the fluid has a given barotropic equation of state p = p(ρ), the vector field wµ is timelike,
w2 := −wµwµ > 0, and

A γ
µν =

(
3 +

1

s2

)
wµwν
w2

wγ + δγνwµ + δγµwν + wγgµν . (3.4.2)

In this formulation, which we refer to as the Euler-Frauendiener-Walton formulation (EFW), the
sound speed s2 is a function of the variable ζ where

ζ =
1

w
=

1√
w2
. (3.4.3)

The connection between the fluid 4-velocity u and the dynamic 4-velocity is

wµ = wuµ, (3.4.4)

which implies that
uµ = ζwµ. (3.4.5)

To calculate the sound speed s2(ζ), we first determine the pressure p = p(ζ) from the implicit
equation

ζ = ζ0Ψ(p(ζ)), (3.4.6)

where

Ψ(p) = exp

(∫ p

p0

dp̃

ρ(p̃) + p̃

)
. (3.4.7)

We can then compute s2 from
1

s2
=

(
ζf ′(ζ)

f(ζ)
− 3

)
, (3.4.8)

where
f(ζ) = ζ3p′(ζ). (3.4.9)

The proper energy density is also given by

ρ =
f(ζ)

ζ2
− p(ζ), (3.4.10)

which can also be written as

ρ =

∫
f(ζ)

ζ3s2(ζ)
dζ, (3.4.11)

using (3.4.9) and (3.4.10). Inserting (3.4.9) into (3.4.10) reveals that ρ is simply the negative of
the Legendre transformation of the pressure p(ζ).

This formulation of the Euler equations is interesting as (3.4.1) is a symmetric hyperbolic system.
As shown by Fraundiener [28], this system is symmetric hyperbolic for all timelike directions
when the sound speed is strictly less than unity, that is s2 < 1.
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We also note that Walton [76] has extended this formulation to the case of a nonisentropic
fluid. This involves a similar procedure of defining a dynamical four-velocity which is the fluid
four-velocity scaled according to the specific enthalpy. While we only consider the isentropic case
here, it may be possible to extend to the non-isentropic case the following results.

In the case of an irrotational flow, the dynamic fluid four-velocity is defined in terms of the
normalised gradient of the fluid potential and the parameter ζ. Now ζ is a function of the
pressure which can be related back through the fluid potential. This then gives an expression for
w solely in terms of ∂Φ1. The results of these calculations are stated in the following lemma.

Lemma 3.7. For an irrotational fluid source, the dynamic velocity 4-vector can be expressed as

wµ =
∂µΦ

m(∂Φ, ∂Φ)
, (3.4.12)

where
m(∂Φ, ∂Φ) := (m−1)µν∂µΦ∂νΦ. (3.4.13)

Also

m(∂Φ, ∂Φ) = −σ =
1

w2
. (3.4.14)

Proof. From (3.4.4), and (3.3.7), we have

wµ = − w√
σ
∂µΦ. (3.4.15)

Now (3.4.3) and (3.4.3) imply that

w2 = ζ−1
0 exp

(
−2

∫ ρ

ρ0

p′(ρ̃)

p(ρ̃) + ρ
dρ̃

)
(3.4.16)

after making the subsitution p = p(ρ) from the equation of state. From the first equation of
(3.2.10), we get

n = n0 exp

(∫ ρ

ρ0

1

p(ρ̃) + ρ
dρ̃

)
,

and thus by (3.3.1), we find

σ = n0(p(ρ) + ρ) exp

(
−2

∫ ρ

ρ0

1

p(ρ̃) + ρ
dρ̃

)
. (3.4.17)

Combining (3.4.16) and (3.4.17) we find

σw2 = ζ−1
0 n0(p(ρ) + ρ) exp

(
−2

∫ ρ

ρ0

p′(ρ̃) + 1

p(ρ̃) + ρ
dρ̃

)
= ζ−1

0 n0(p(ρ) + ρ) exp

(
−2

∫ ρ

ρ0

d

dρ̃
log(p(ρ̃) + ρ̃) dρ̃

)
= 1,

after a judicious choice for the constant ζ0. So then

wµ = − ∂µΦ

(
√
σ)2

=
∂µΦ

m(∂Φ, ∂Φ)
,

since m(∂Φ, ∂Φ) = −σ.

1We use ∂Φ := (∂tΦ,∇xΦ) to denote the spacetime gradient.
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3.5 Symmetric Hyperbolic Einstein-Euler equations

The symmetric hyperbolic Einstein-Euler system in Lagrange coordinates as developed by
Oliynyk [61] provides the link between the lapse functions which controls the slicing of the
spacetime and fictitious fluids with equations of state. In this section, we will discuss this
formulation as it forms the core mathematical backdrop for this project.

For a relativistic fluid we must solve both the Einstein equation (3.2.3) along with the conservation
equation (3.2.4). For the latter we can use the EFW formulation described in §3.4. We choose
coordinates (xµ) that satisfy the harmonic coordinate constraint

gµν Γγµν = 0. (3.5.1)

The Einstein-Euler equations in this gauge not only simplify drastically but also permit a
symmetric hyperbolic form. The Einstein-Euler system in harmonic coordinates with a first
order gravitational field formulation and with the Frauendiener-Walton formulation is

Bαβγ∂γgβµν = −wα
(
Qµν(gτδ, gστδ)− 16π

(
Tµν −

1

2
Tgµν

))
, (3.5.2)

A γ
µν ∇γwµ = 0, (3.5.3)

wγ∂γgγµν = wγgγµν , (3.5.4)

where

gγµν := ∂γgµν , (3.5.5)

Bαβγ := −wαgβγ − uβgαγ + uγgαβ, (3.5.6)

Tµν =

(
ρ

(
1

w

)
+ p

(
1

w

))
wµwν

w2
+ p

(
1

w

)
gµν , (3.5.7)

and Qµν(gτδ, gστδ) is a quadratic function of the derivatives gστδ and is composed of analytic
combinations of (gτδ, gστδ). To complete this symmetric hyperbolic system, one would then
impose some initial data on some spacelike hypersurface Σ, which is discussed further in [61].
Let us also make specific what we mean by a ‘fictitious fluid’ in this context. Since the Einstein
equations are invariant under diffeomorphisms, then we have the freedom to change our coordinate
system. The coordinates chosen in this Lagrangian formulation are adapted to the flow of some
fluid with a specific equation of state. This fluid does not alter the geometry of the spacetime
in any way, that is we do not insert it into the Einstein equations as in (3.2.3). The energy
momentum tensor appearing in (3.5.2) is due to actual matter in the spacetime not this fictitious
fluid. Consequently, the equations of motion for such matter, such as (3.2.4) and any other
additional equations, must also be added to the system (3.5.2) to (3.5.4).

3.6 Lagrange coordinates and the Frame formulation

Lagrange coordinates are typically chosen so as to trivialise the fluid four velocity vector, that is
to have u = uµ∂µ = ∂0. Since a primary variable in the EFW formulation is the vector w related
to the four velocity u by the Lichnerowicz index, we instead find coordinates trivialising this
vector so that w = wµ∂µ = ∂0.

A natural way to define a coordinate system (x̄µ) such that w is trivialised is to ‘straighten out’
the flow of the vector field w. Consider firstly the flow of the vector field w = wµ∂µ given as the

39



Chapter 3 3.6. LAGRANGE COORDINATES AND THE FRAME FORMULATION

unique solution to the initial value problem

d

dτ
Fµτ (xν) = wµ(Fτ (xν)),

Fµ0 = xµ.

A unique flow is guaranteed at least locally by theorem 2.2. The Lagrangian coordinate system
given by the coordinates (x̄µ) is then defined through

(xµ) = φ(x̄µ) := Fx̄0(0, x̄Λ), (3.6.1)

which we recall is the transformation given in the proof of Theorem 2.4. Trivialising along the
flow related variable w agrees with our understanding of Lagrangian coordinates which involves
following along individual fluid elements. In the Eulerian picture the flow lines or integral curves
of the vector field w are, in general, complicated. When we shift to a Lagrangian picture where
we tag along a fluid element, we see these flows ‘straighten out’ or they become trivialised at
least locally. The pullback of w by this diffeomorphism φ shows that the (x̄µ) do in fact trivialise
w since

w̄ := φ∗w = ∂̄0, (3.6.2)

where ∂̄µ = ∂/∂x̄µ. For reference the Jacobian matrix is given by

Jµν := ∂̄νφ
µ, (3.6.3)

and the inverse J̌µν := (Jµν )−1. We then have

w̄µ = J̌µν w
ν ◦ φ,⇒ ∂̄0φ

µ = wµ ◦ φ. (3.6.4)

In the process of converting (3.5.2)-(3.5.4) into this Lagrangian coordinate system, we find that
we have inverse Jacobian matrices from our coordinate transformation embedded within the
equations. It then becomes necessary to know how they will evolve since we must be able to
control them in order to complete the system of equations. This can be done by introducing a
frame field 2

ei = eµi ∂µ, (3.6.5)

where
e0 := w, (3.6.6)

that is eµ0 := wµ and
[e0, eI ] = 0, (3.6.7)

is used to determine {eI}3I=1. Immediately we can define a coframe

θi = θiµdx
µ, (3.6.8)

where θiµe
µ
j = δij . The connection coefficients ω k

i j are defined by

∇eiej = ω k
i jek, (3.6.9)

where ∇ is the Levi-Civita connection associated to the frame metric gij and we also have
connection 1-forms

ωkj = ω k
i jθ

i. (3.6.10)

2The types of indices we use in this chapter are important. Latin indices are frame indices where lower case
(e.g.i, j, k) run over 0 to 3, while upper case (e.g. I, J,K) run over 1 to 3. Greek indices denote coordinate indices,
with lower case (e.g. µ, ν, γ) run over 0 to 3 and upper case (e.g. Λ,Ω) run over 1 to 3.
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We state some other useful relations

ωkj = gklω
l
j = ωikjθ

i, (3.6.11)

gij : = g(ei, ej) = gµνe
µ
i e
ν
j , (3.6.12)

ωikj = gklω
l
i j = g(∇eiej , ek). (3.6.13)

From (3.4.3) and (3.6.6), we have

w2 = −g(e0, e0) = g00 and ζ =

(
1

−g00

) 1
2

. (3.6.14)

A final new function is given by

F (ζ) = F0 exp

(
−
∫ ζ

ζ0

dη

ηs2(η)

)
, (3.6.15)

which satisfies the differential equation

F ′(ζ) = − F (ζ)

ζs2(ζ)
, (3.6.16)

for positive constants F0 and ζ0. The function F plays the crucial role in being the mapping
that controls the relationship between the determinant of the frame 3-metric gIJ and the lapse
function N2 := −g(e0, e0), and thus the ‘densitised lapse part’ of the densitised lapse, zero shift
gauge. The ‘zero shift part’ is enforced by setting an initial zero shift, which propagates uniquely
such that the shift vanishes throughout the evolution.

The next two propositions, which can be found in [61], show that the system containing the
EFW equations (3.4.1) and the evolution of the frame (3.6.7) is equivalent to a single symmetric
hyperbolic system. Furthermore, given initial data which takes the form of a densitised lapse
and zero shift gauge for the frame metric, the frame will satisfy the form of this initial data
throughout its evolution. We restrict our attention only to the interior of the fluid; for results
pertaining to the boundary see [61]. Here Σ is an initial hypersurface such that

Σ := {(0, xI)| (xI) ∈ R3}. (3.6.17)

Proposition 3.8 (Equivalence to EFW part 1). Suppose T > 0, UT = (0, T ) × Σ̂, gµν ∈
C1(UT ), and e0 = w and {eI}3I=1 are C1 solutions of

A γ
µν ∇γwν = 0, (3.6.18)

[e0, eI ] =0, (3.6.19)

on UT , respectively. If the {ei|Σ}3i=0 are linearly independent and satisfy

g(e0, eI)|Σ = 0 and det(g(eI , eJ)|Σ) = F
(

(−g(e0, e0)|Σ)−
1
2

)2
, (3.6.20)

then the frame {ei}3i=0 satisfies

g(e0, eI) = 0 and det(g(eI , eJ)) = F
(

(−g(e0, e0))−
1
2

)2
, (3.6.21)

on UT , and defines a C1 solution of the symmetric hyperbolic system

A γ
νµ ∇γe

µ
l = −2g(e0, e0)θiνδ

0
(iδ

k
j)σ

j
l k , (3.6.22)

e0(σ j
l k) = 0 (3.6.23)
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on UT where the structure coefficients

σ j
l k = θj([el, ek]) = θjλ(eσl ∂σe

λ
k − eσk∂σeλl ) (3.6.24)

and
σ j

0 k = σ j
k 0 = 0. (3.6.25)

Proof. We begin by expressing A γ
νµ in terms of the frame where it has components

Aijk =

(
3 +

1

s2

)
δi0δ

j
0δ
k
0

−g00
+ δi0g

jk + gikδj0 + gijδk0 . (3.6.26)

The connection coefficents can be shown to satisfy

ωkj0 = eµk∇µw
νeγj gνγ , (3.6.27)

which when combined with (3.6.26) show that EFW equations can be written as

Aijkωkj0 = 0. (3.6.28)

Since the connection ωij is torsion free, then from the second Cartan structure equation (see for
instance [17, Ch. V])

[ei, ej ] =
(
ω k
i j − ω k

j i

)
ek, (3.6.29)

and (3.6.19), the evolution equations (3.6.19) are equivalent to

ω0jI = ωIj0. (3.6.30)

From (3.6.26) and (3.6.30), the set of equations (3.6.28) is equivalent to((
3 +

1

s2

)
1

g00
− 3g00

)
ω000 − gIJω0IJ − 2g0J(ω00J + ω0J0) = 0, (3.6.31)

2gI0ω000 + gIJ(ω00J + ω0J0) = 0, (3.6.32)

which is derived by splitting (3.6.28) into equations for when i = 0 and i = I, I = 1, 2, 3. Now as
ω k
i j is a metric connection, then ∇g = 0 which implies

ek(gij) = ωkij + ωkji. (3.6.33)

From this we obtain
e0(g0J) = ω00J + ω0J0, (3.6.34)

which, when used in (3.6.32), gives

gIJe0(g0J) + 2gI0ω000 = 0. (3.6.35)

As a matrix, the frame metric is

(gij) =

(
g00 g0J

gI0 gIJ

)
,

and it has inverse

(gij) =


1

g00 − gL0ǧ
LMg0M

− g0M ǧ
MJ

g00 − gL0ǧ
LMg0M

− g0Lǧ
IL

g00 − gL0ǧ
LMg0M

ǧIJ +
ǧILgL0gM0ǧ

MJ

g00 − gL0ǧ
LMg0M
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where ǧIJ are the components of the inverse matrix of (gIJ). Hitting both sides of (3.6.35) with
(ĝIJ), which is the inverse matrix of (gIJ), we obtain

e0(g0J)−
(

2ω000ǧ
ILǧJI

g00 − gL0ǧLMg0M

)
g0L = 0. (3.6.36)

This system of evolution equations for the components g0J are supplemented, by assumption
(3.6.20), with the vanishing initial data

g0J |Σ = 0,

so it follows that
g0J = 0 onUT , (3.6.37)

which is the zero shift condition of (3.6.21). This can then be used to rewrite (3.6.28) as

1

s2g00
ω000 − gIJω0IJ = 0, (3.6.38)

ωl0J + ωlJ0 = 0.

Now by straightforward computation using previous results, we have

1

2
el[ln(det(gIJ))] = gIJωlIJ ,

1

2
el[ln[F ((−g00)−1/2)2]] =

1

s2g00
ωl00.

Combining the left hand sides of both of these and setting l = 0 gives the evolution equation

e0

(
ln

(
F ((−g00)−1/2)2

det(gIJ)

))
= 0,

but from the initial condition (3.6.20), this implies that

F ((−g00)−1/2)2 = det(gIJ).

Combining the right hand sides instead and considering (3.6.38) shows that these are equivalent
to

Aijkωljk = 0. (3.6.39)

Converting this back into a coordinate basis then gives (3.6.22). It remains to show (3.6.22) to
(3.6.25). From (3.6.7) and the Jacobi identity

[e0, [eI , eJ ]] + [eJ , [e0, eI ]] + [eI , [eJ , e0]] = 0,

we find
[e0, [eI , eJ ]] = 0. (3.6.40)

For h ∈ C∞(UT ), we have by expanding this and using (3.6.29),

e0(σ k
I J )ek(h) + σ k

I J e0(ek(h)) = σ k
I J ek(e0(h)),

where
σ k
i j := ω k

i j − ω k
j i. (3.6.41)

Now (3.6.7) implies that e0 and ek commute, and thus

e0(σ k
I J )ek(h) = 0, for all h ∈ C∞(UT ),
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so that
e0(σ k

I J ) = 0, (3.6.42)

and from (3.6.29) we also find
σ k

0 j = σ k
j 0 = 0, (3.6.43)

which verifies (3.6.23) and (3.6.25). Writing (3.6.28) as

0 = Aijkωkjl +Ai kj (ω j
l k − ω

j
k l),

and using (3.6.26), we find

Ai kj ω
j
l k =

(
3 +

1

s2

)
gj0δ

i
0

−g00
σ j

0 l + σ i
0 l + (δi0δ

k
j + gikgj0)σ j

k l .

Using (3.6.43), this reduces to

Ai kj ω
j
l k = (δi0δ

k
j + gikgj0)σ j

k l . (3.6.44)

Transforming this to a coordinate basis, we obtain

A γ
νµ ∇γe

µ
l = −2g(e0, e0)θiνδ

0
(iδ

k
j)σ

j
l k , (3.6.45)

σ j
l k = θj([el, ek]) = θjλ(eσl ∂σe

λ
k − eσk∂σeλl ). (3.6.46)

on UT

The next proposition provides the equivalence for the opposite direction.

Proposition 3.9 (Equivalence to EFW part 2). Suppose T > 0, UT = (0, T ) × Σ̂, gµν ∈
C1(UT ), and {{ei}3i=0, σ

j
l k} is a C2 solution of (3.6.22)-(3.6.23) that satisfies the initial data

constraints

[e0, eI ]|Σ = 0, g0I |Σ = 0, det(gIJ) = F
(

(−g00|Σ)−
1
2

)2
(3.6.47)

and
σ j
l k |Σ =

(
θj([el, ek])

)
|Σ =

(
θjλ(eσl ∂σe

λ
k − eσk∂σeλl )

)
|Σ. (3.6.48)

Then {ei}3i=0 with w = e0 defines a C2 solution of (3.6.18)-(3.6.19) on UT .

Proof. Follows by uniqueness of C1 solutions to symmetric hyperbolic systems, see [61] for
details.

With the formulation presented for the EFW equations in Propositions 3.8-3.9, we can combine
this with the Einstein-Euler system from §3.5 and then convert to the Lagrange coordinates
using the map φ. This results in the system

B̃αβγJ λmθ̃mγ ∂̄λg̃βµν = −ẽα0
(
Qµν(g̃τδ, g̃στδ)− 16π

(
T̃µν −

1

2
T̃ g̃µν

))
, (3.6.49)

Ã γ
νµ J λmθ̃mγ e

µ
l = −Ã γ

νµ Γ̃µγλẽ
λ
l + 2w̄2θ̃iνδ

0
(iδ

0
k)σ̃

j
l k (3.6.50)

∂̄0g̃γµν = ẽγ0 g̃γµν , (3.6.51)

with
∂̄0σ̃

j
l k = 0, (3.6.52)
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and

B̃αβγ = −ẽα0 g̃βγ − ẽ
β
0 g̃

αγ + ẽγ0 g̃
αβ,

T̃µν =

(
ρ

(
1

w̄

)
+ p

(
1

w̄

))
ẽµ0 ẽ

ν
0

w̄2
+ p

(
1

w̄

)
g̃µν ,

T̃ = g̃µν T̃
µν ,

∂̄0φ = ẽµ0 .

Tildes represent pullbacks under φ of the scalar function components, for example

ẽµj := eµj ◦ φ.

The inverse Jacobian matrix J̌µν is controlled through

J̌µν = J µi θ̃
i
ν , (3.6.53)

which is product of the initial values

J µi := J̌µν |Σeλi |Σ. (3.6.54)

As a matrix, J̌µν has components

(J̌µν ) =

(
1

e00|Σ
0

−1
e00|Σ

eΛ
0 |Σ 13×3

)
. (3.6.55)

Note that this system is undetermined until evolution equations for the matter T̃µν are also given.

An immediate application of the system (3.6.49)-(3.6.52) is to show that Lagrange coordinates
for the vacuum Einstein equations are equivalent to a densitised lapse, zero-shift gauge. This is
precisely the connection that we have sought. Since we are considering the vacuum equations,
T̃µν = 0. The vacuum EFW system is

B̃αβγJ λmθ̃mγ ∂̄λg̃βµν = −ẽα0Qµν(g̃τδ, g̃στδ), (3.6.56)

Ã γ
νµ J λmθ̃mγ e

µ
l = −Ã γ

νµ Γ̃µγλẽ
λ
l + 2w̄2θ̃iνδ

0
(iδ

0
k)σ̃

j
l k (3.6.57)

∂̄0g̃γµν = ẽγ0 g̃γµν , (3.6.58)

∂̄0σ̃
j
l k = 0. (3.6.59)

We impose the following initial data:

(I) The frame metric is initially of a densitised lapse, zero shift form:

g(e0, eI)|Σ = 0 and det(g(eI , eJ)|Σ) = F
(

(−g(e0, e0)|Σ)−
1
2

)2
.

(II) The frame initially satisfies

eµi |Σ = δµi and [e0, eI ]|Σ = 0.

(III) The structure coefficients vanish:
σ̃ j
l k |Σ = 0.

This is in fact a consequence of (II).
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The vanishing of the structure coefficients imply that the Lagrange coordinates are holonomic
and hence the flow of the fluid is irrotational. The initial data (III) states that initially the flow
is irrotational.

The evolution equation (3.6.59) for the structure coefficients subject to the initial data (III)
imply that

σ̃ j
l k = 0, (3.6.60)

which states that the fluid is irrotational for all time. This can be used to simplify (3.6.57). Now
from (3.6.55) and (II), we find that the inverse Jacobian matrix has components

(J̌µν ) = (δµν ),

and using this and (II) in (3.6.53), we obtain

J̌µν = δµi θ̃
i
ν , and ∂̄µφ

ν = δiµẽ
ν
i , (3.6.61)

which gives control of the inverse Jacobian.

The transformation of the metric gµν to the Lagrange coordinates (x̄µ) is

ḡµν = ∂̄µφ
δ g̃δτ ∂̄νφ

τ , (3.6.62)

and using (3.6.61), we find
ḡµν = δiµδ

j
νgij ◦ φ.

The initial data (I) agrees with that of Proposition 3.8, so using this result implies, from (3.6.21),

ḡ0Λ = 0 and F ((−ḡ00)−1/2)2 = det(ḡΛΠ). (3.6.63)

Recall from (2.1.22) that in the case of zero shift, the lapse function satisfies N2 = −g00.
Therefore (2.1.46) implies that the metric ḡ is of a densitised lapse, zero shift form. Furthermore,
this choice of initial data has demonstrated that the densitised lapse, zero shift gauges uniquely
correspond to solutions of the irrotational relativistic Euler equations. Elucidating further this
equivalence is the primary goal of this thesis.

3.7 Connecting gauges to fictitious fluids

The formulation discussed in §3.6 shows that densitised lapse and zero shift gauges are equivalent
to a Lagrange coordinate formulation of the irrotational Euler equations. We make explicit this
process of obtaining lapse from equation of state and vice versa with a number of examples that
have relevance to our studies of the Euler equations.

Example 3.2. We specify a functional form for the sound speed s2 and derive the forms for the
lapse and equation of state. We choose

s2(ζ) = ν, (3.7.1)

where ν > 0 is constant. From (3.6.15), we obtain

F (ζ) =

(
ζ0

ζ

) 1
ν

, (3.7.2)

where we can set without loss of generality F (ζ0) = 1. Now (3.6.14) implies that ζ = 1/N and
(3.6.21) then shows that

N = ζ−1
0 γ

ν
2 , (3.7.3)
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where γ := det(g(eI , eJ)). This is a general densitised lapse condition and when ν = 1, it is a
special case of the zero shift harmonic slicing which we saw in (2.1.37). As for the equation of
state corresponding to this lapse, from (3.4.8) we find f(ζ) which can be used to obtain the
pressure

p(ζ) =
ν

ν + 1

f(ζ0)

ζ2
0

[(
ζ

ζ0

) ν+1
ν

− 1

]
+ p(ζ0). (3.7.4)

Using (3.4.10), we can obtain the proper energy density

ρ(ζ) =
1

ν + 1

f(ζ0)

ζ2
0

[(
ζ

ζ0

) ν+1
ν

+ ν

]
− p(ζ0). (3.7.5)

Combining (3.7.4) and (3.7.5) yields

p(ζ)− p(ζ0) = v(ρ(ζ)− ρ(ζ0)), (3.7.6)

which when put in the form p(ρ) with p(ρ0) = 0 gives

p(ρ) = ν(ρ− ρ0). (3.7.7)

This is a linear barotropic equation of state.

Example 3.3. Here we specify an equation of state p(ρ) and calculate the sound speed s2(ζ)
and the densitised lapse condition. Consider the polytropic equation of state

p = Kρ1+ 1
n , (3.7.8)

where n ≥ 0. As mentioned previously the polytopre is very useful in astrophysical applications.
For example, Neutron stars have n ≈ 0.5− 1, air has n ≈ 1.4, gaseous planets n ≈ 1.5 and main
sequence stars like our sun have n = 3. We begin the process by obtaining p = p(ζ) which can
done by evaluating the Lichnerowicz index

Ψ(p) = exp

(∫ p

p0=0

dp̃

ρ(p̃) + p̃

)
. (3.7.9)

Computing the integral yields

Ψ(p) =
(

1 +K
n
n+1 p

1
n+1

)n+1
, (3.7.10)

and hence from (3.4.6),

p(ζ) =
1

Kn

[(
ζ

ζ0

) 1
n+1

− 1

]n+1

. (3.7.11)

We then obtain f(ζ) using (3.4.9) and differentiate to obtain f ′(ζ) which when substituted into
(3.4.8) eventually yields

s2(ζ) =

(
n+ 1

n

)[(
ζ

ζ0

) 1
n+1

− 1

]
. (3.7.12)

Without loss of generality we can set ζ0 = 1. With the sound speed we can deduce F (ζ) using
(3.6.16) which can then be worked into the following equation of the lapse in terms of the
determinant of the spatial metric

N =

(
1− 1

γ
1

2n

)n+1

. (3.7.13)
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Table 3.1: Further examples of lapse conditions associated to equations of state for a fictitous fluid. Here
W (x) is the Lambert W-function defined as the inverse of the function f(W ) = WeW . There have also
been judicious choices made for the values of ζ0. For the first and third, ζ0 = 1, the second ζ0 = e and the
fourth ζ0 = sinh−1(1).

Sound speed s2(ζ) Lapse condition N(γ) Equation of state p(ρ)
1
ζ

1
1− 1

2
ln γ

exp (W (ρ− 1))− 1

ln ζ exp
(
− 1√

γ

)
ρ ln ρ− ρ

ln ζ
1−ln ζ exp

(
W (− 1√

γ )
)

ρ(p) =
√

2p− p,

tanh ζ
ζ

1
csch−1√γ ρ(p) = cosh−1(p+

√
2)
√

(p+
√

2)2 − 1− p

Example 3.4. In this example, we instead specify the lapse condition and then derive the
functional form for the sound speed. We use the 1+log slicing of (2.1.45) which we recall is

N = 1 + ln γ. (3.7.14)

From (3.6.21), we require

F

(
1

1 + ln γ

)
= γ1/2, (3.7.15)

which implies that

F (ζ) = exp

(
1

2

(
1

ζ
− 1

))
. (3.7.16)

Inserting this expression into (3.6.16) yields an expression for the sound speed

s2(ζ) = 2ζ, (3.7.17)

which is a simple linear dependence. Unfortunately, the pressure and energy density are not as
easily expressible. For instance the pressure is

p(ζ) =
f(ζ0)

ζ3
0

∫ ζ

ζ0

exp

(
1

2ζ0

(
1− ζ0

η

))
dη, (3.7.18)

which can be written in terms of the exponential integral, however there is no clear relationship
between p and ρ in this case.

While these examples illustrate applications to well known equations of state or lapse conditions,
the formalism in fact generates a wide class of slicings with associated equations of state, see
Table 3.1 for more examples.
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On the validity of the Lagrange
coordinate transformation
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In Chapter 3, we discussed the method of Oliynyk [61] to express the Einstein-Euler equations
as a symmetric hyperbolic system. An important consequence of this method is it yields a
one-to-one correspondence between solutions to the isentropic, relativistic, irrotational, Euler
equations and densitised lapse, zero shift gauges in the 3+1 formalism. This correspondence was
demonstrated explicitly in §3.7 of Chapter 3.

The key to this approach was the symmetrization of the relativistic Euler equations using the
EFW formulation and a conversion to Lagrange coordinates. This conversion is obtained by
defining a frame field adapted to the dynamic four-velocity w defined as

wµ = wuµ,

where uµ is the four-velocity of the fictitious fluid which is obtained by solving the isentropic
Euler equations. The flow Fτ (xµ) of w, is computed from the initial value problem{

d
dτF

µ
τ (xν) = wµ(Fτ (xν)),

Fµ0 (xµ) = xµ.
(4.0.1)

The Lagrangian coordinate system, given by the coordinates (x̄µ), is then defined through

(xµ) = φ(x̄µ) := Fx̄0(0, x̄Λ). (4.0.2)

The purpose of setting down an equation of state and finding the fluid four-velocity from the
relativistic Euler equations is to set our coordinates, defined through the flow of the dynamic
four-velocity. The fictitious fluid does not enter as a matter source into the Einstein equations, it
is used simply to fix a coordinate system.
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This method is built on the map φ, from the Lagrange coordinates (x̄µ) to the Eulerian coordinates
(xµ), being a CK diffeomorphism, for some sufficiently large positive integer K. Since the flow
is defined through a non-linear autonomous system (4.0.1), we cannot guarantee the existence
of a globally-defined flow. The incompleteness of w implies that its flow is not globally defined
and hence the corresponding densitised lapse, zero shift gauge is also not globally defined. The
breakdown of a densitised lapse, zero shift gauge, or failure to be globally defined, is what we
study in this chapter.

If the vector field w were smooth, then classical results on the theory of flows as in § 2.2, guarantee
a smooth flow. However, it is relatively easy to find smooth vector fields admitting smooth but
incomplete flows. For completeness, we require more stringent conditions on the vector field
generating the flow.

As w is a scaled version of the fluid four-velocity, and we know that globally defined solutions
to the relativistic Euler equations are rare, then we even have “issues” in the form of the
non-linearity. These “issues” may manifest themselves in the vector field w having a finite-time
blow-up, which we define below.

Definition 4.1. A timelike vector field X ∈ X(R×R3,m) exhibits a finite-time blow-up if there
exists an (t∗, x

i
∗) ∈ R× R3 such that for all ε > 0, there exists an M > 0 satisfying

|t− t∗| < ε⇒ ‖X(t, xi∗)‖m > M. (4.0.3)

Here m is the Minkowski metric and ‖ · ‖m :=
√
−m(·, ·). Such a point (t∗, x

i
∗) we refer to as a

blow-up point for X.

One might notice that the relativistic irrotational Euler equations we solve to set our coordinates
requires some pre-determined metric. This is evident from the covariant derivative operators.
What choice should we make for this ‘background metric’ and spacetime manifold?

(I) We restrict to the spacetime (R4,m) where m is the Minkowski metric, which in a
rectangular coordinate system is mµν = diag(−1, 1, 1, 1).

This reduces the complexity of the Euler equations by removing the connection terms in the
covariant derivatives. In the non-relativistic limit, these equations reduce to the classical Euler
equations for compressible fluid flow. We saw that under some simplifying assumptions the
equation of motion for the Euler equations reduced to Burger’s equation (3.1.10). In Proposition
3.3, we found that solutions to this equation can form shocks in finite time. We expect then that
this behaviour will carry over to the relativistic case in Minkowski spacetime. Indeed, Theorem
4.8 and its corollary, guarantee the formation of shocks in Minkowski space for a class of initial
data.

This generates another ‘issue’ for the dynamic four-velocity as some partial derivative will have a
finite-time blow up point. While perhaps not immediately obvious why this would be an issue,
considering that (4.0.1) does not involve any derivatives of w, the problem occurs as we need to
take derivatives of the flow to compute the Jacobian of the transformation, as in (3.6.3). So the
blow-up of the dynamic four-velocity can also lead to an ill-defined coordinate transformation at
a point, and hence a breakdown in the densitised lapse, zero shift gauge. We consider this in the
following sections.

To summarise these observations, we distinguish the two cases for which the dynamic four-velocity
w may be incomplete which implies the failure of the corresponding densitised lapse, zero shift
gauge to cover R4:
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Case 1: Suppose that on the hypersurface Σ0 := {0} × R3, ∂Φ is timelike, and then for some
t∗ > 0, becomes null1 at a point p∗ := (t∗, x

i
∗). Then from (4.1.3), w blows-up at p∗. In

this case, ∂2Φ, the Hessian of Φ, remains bounded.

Case 2: Suppose that for some (t∗, x
i
∗) where t∗ > 0, a shock forms in the solution Φ to the

relativistic, irrotational Euler equations. Then ∂2Φ blows-up at (t∗, x
i
∗) and hence divw

blows-up at the same point. In this case, Φ and ∂Φ remain bounded.

We note that we could have chosen some other background metric to solve the irrotational
Euler equations with. There are both advantages and disadvantages to such a procedure.
The disadvantage is that the equations we must solve to find the fluid four-velocity are more
complicated than their Minkowski space equivalents. An interesting advantage though is it may
be possible to avoid the formation of shocks which would otherwise occur in solutions obtained
on a Minkowski background spacetime using the same initial data. Heuristically, we can envisage
that if the background metric was expanding proper distances between points, then it could be
possible that this expansion aids the dispersion of the waves just enough so that shocks do not
form. This has been examined recently in the case of a linear equation of state by Speck [72] and
we discuss these results further in § 4.3.

This chapter is concerned with our ability to be able to define globally a Lagrange coordinate
system, and obtain conditions for which this would not occur. This is dependent on the value
of the sound speed, s2. We begin by examining the case where the s2 ≡ 1 and we specialise
here to an irrotational fluid. We study a case when the dynamic four-velocity can be globally
smooth and observe that there exists smooth solutions launched from smooth initial data such
that the dynamic four-velocity blows up in finite time. In § 4.2, we discuss results pertaining to
non-linear hyperbolic equations and briefly describe the study of shock formation in this case.
This leads onto § 4.3, where use a shock formation result due to Christodoulou [20] to deduce
the formation of shocks for small perturbations of constant state initial data solutions. This
constitutes the cases where 0 < s2 < 1. Finally, in § 4.4 we wrap this altogether by describing
“what goes wrong” when a shock forms or there is blow up in the fluid four-vector. We find that
indeed w fails to be complete implying the failure of the Lagrange coordinates and the densitised
lapse, zero shift gauge to cover R4.

4.1 The linear case s2 ≡ 1

The case where s2 ≡ 1 is correponds to an equation of state p(ρ) = ρ and from Example 3.2, to a
lapse function

N = γ
1
2 .

This is the case of harmonic slicing. The irrotational Euler equations entirely reduce to the linear
flat-space wave equation

�mΦ(t, x) = 0, (t, x) ∈ R× R3 (4.1.1)

as we observed in (3.3.29). This motivates our use of the phrase ‘the linear case’ when s2 ≡ 1.
We solve (4.1.1) subject to the initial data

(Φ|t=0, ∂tΦ|t=0) := (Φ̊, Φ̊0), (4.1.2)

and form the dynamic four-velocity

wµ =
∂µΦ

−(∂tΦ)2 +
∑3

i=1(∂iΦ)2
(4.1.3)

1Recall that a four-vector v in (R4,m) is null at a point x ∈ R4 if and only if m(v, v)(x) = 0.
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from lemma 3.7. By choosing suitably regular initial data, shock formation or propagating
discontinuities do not occur. Case 1 corresponding to ∂Φ becoming null at a point in finite time,
and hence causing the blow up of w, can occur even for smooth initial data and is the content
of proposition 4.2. One choice do not allow (Φ̊, Φ̊0) to be compactly supported as such data
will launch a compactly supported solution. Such a solution then leads to blow up in w when
we move outside the support. Conversely, we show that sufficiently small perturbations from a
constant state generate a globally defined flow and hence a globally defined densitised lapse, zero
shift gauge. We begin with the latter. The question of what happens to the flow when we have
blow-up is the content of §4.4.

4.1.1 Global flow for small perturbations

The simplest solution to the wave equation such that we have a well-defined and complete
dynamic four-velocity are the constant state solutions

Φ = kt, (4.1.4)

where k > 0 is constant. Then

wµ = −1

k
δ0
µ, (4.1.5)

and the flow equations take the form{
d
dτF

µ
τ (xν) = − 1

kδ
0
µ,

Fµ0 (xµ) = xµ.
(4.1.6)

This is easily solved and we obtain

Fτ (t, x) =
(
−τ
k

+ t, x
)
. (4.1.7)

Furthermore, we can explicitly compute the map φ defined in (4.0.2) and we find

φ(x̄µ) =

(
− x̄

0

k
, x̄

)
= (x0, xΛ), (4.1.8)

which is clearly a diffeomorphism, and hence the change of coordinates is globally well-defined.
Of course, the calculations were trivial; the usefulness is that this provides an explicit example
illustrating how the Lagrange coordinates are constructed from a solution to the Euler equations.
It also accords with our expectations that a constant state should give a global coordinate
transformation.

Since the gradient of the constant state solutions is a complete vector field, we may expect that
a small perturbation to the constant states will not alter the integral curves significantly. This
would allow us to have complete integral curves for the perturbed vector field in this special case
of equation of state p(ρ) = ρ. Precisely, we assume that the fluid potential is perturbed from a
constant state by a suitably regular perturbation Ψ, such that

Φ = kt+ Ψ. (4.1.9)

As Φ satisfies the wave equation, then so does the perturbation and we have

�mΨ = 0, (Ψ|t=0, ∂tΨ|t=0) := (Ψ̊, Ψ̊0). (4.1.10)

Completeness of ∂Φ and hence a globally well defined harmonic slicing is the content of the
following result.
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Proposition 4.1. Suppose that the perturbation Ψ ∈ CK+1
c (R4) of (4.1.9) solves

�mΨ = 0, (Ψ|t=0, ∂tΨ|t=0) := (Ψ̊, Ψ̊0), (4.1.11)

where Ψ̊ ∈ CK+2
c (R3) and Ψ̊0 ∈ CK+1

c (R3). Then for sufficiently large k = k
(
‖Ψ̊‖HK , ‖Ψ̊0‖HK

)
>

0, w ∈ CK+1(R4)4 and the flow Fτ , generated by w, is in CK+2(R, CK+1(R4)4). Therefore
φ ∈ CK(R4)4 and hence is a CK diffeomorphism.

Proof. We obtain this result in two steps. First we find a uniform in time bound on the solution
Ψ to (4.1.11) in terms of its initial data. This follows from a well-known Sobolev embedding
result. The second part requires suitable bounds on m(∂Φ, ∂Φ) that force its strict negativity for
all times. That is, we choose k large enough such that ∂Φ is timelike everywhere. This implies
the absence of blow-up of w and hence its regularity. We then show that w is complete since it is
sufficiently regular and globally bounded.

We begin with bounding Ψ. Since Ψ̊ ∈ CK+2
c (R3) and Ψ̊0 ∈ CK+1

c (R3) then Ψ̊ ∈ Hs+1(R3) and
Ψ̊0 ∈ Hs(R3) for any s > 5/2. Now we can rewrite (4.1.10) as the following symmetric hyperbolic
system:

∂tΨ̃ = Aj∂jΨ̃, Ψ̃(0) = f, (4.1.12)

where

Ψ̃(t, x) :=


∂tΨ
∂1Ψ
∂2Ψ
∂3Ψ

 , f :=


Ψ̊0

∂1Ψ̊

∂2Ψ̊

∂3Ψ̊

 , (4.1.13)

and {Aj}3j=1 are 4× 4 symmetric matrices with entries

(Aj)pq =

{
1 p = j, q = 4; p = 4, q = j

0 otherwise
. (4.1.14)

From standard theory of symmetric hyperbolic systems, e.g. see Taylor [74], we have the bound

‖Ψ̃(t)‖Hs ≤ ‖Ψ̃(0)‖Hs . (4.1.15)

Using (B.0.2), we find
‖Ψ̃(t)‖L∞ ≤ Cs‖Ψ̃(0)‖Hs , (4.1.16)

for some constant Cs > 0 depending only on s. This provides a uniform bound for the spacetime
gradient of the perturbation Ψ in terms of its initial data. Note that we can assume Ψ̊ ∈ CK+2

c (R3)
and Ψ̊0 ∈ CK+1

c (R3) which will launch a solution Ψ ∈ CK+1
c (R4). Here K is a sufficiently large

integer such that φ is a CK diffeomorphism. In this case, we can allow Ψ to be compactly
supported since Φ will reduce to the constant state outside supp(Ψ). This choice also ensures
that the initial data are both regular and integrable so that the Hs norms converge.

We are now ready to show that if k is sufficiently large, then the dynamic four velocity corre-
sponding to the perturbed state (4.1.9) generates a global flow. To begin, we have from (4.1.10)
and the bound (4.1.16),

m(∂Φ, ∂Φ) = −(k + ∂tΨ)2 +
3∑
i=1

(∂iΨ)2

= −k2 − 2k∂tΨ− (∂tΨ)2 +
3∑
i=1

(∂iΨ)2

≤ −k2 + 2CK‖Ψ̃(0)‖HKk + C2
K‖Ψ̃(0)‖2HK

≤ ((1 +
√

2)M − k)(k − (1−
√

2)M)
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where M := CK‖Ψ̃(0)‖HK . Choose k such that k ≥ (1 +
√

2M) + δ where δ > 0, so that

m(∂Φ, ∂Φ) ≤ −δ2 < 0. (4.1.17)

Then ∂Φ is timelike everywhere and

w =
(k + ∂tΨ,∇xΨ)

m(∂Φ, ∂Φ)
∈ CK+1(R4)4. (4.1.18)

An important observation is that w has no singular points. For if it did, then m(∂Φ, ∂Φ) = 0 at
such a singular point, contradicting (4.1.17). Furthermore, w is bounded in the Euclidean norm
as

‖w‖ =
δij∂iΦ∂jΦ

m(∂Φ, ∂Φ)2

≤ (k +M)2

m(∂Φ, ∂Φ)2

≤ 4k2

δ4
<∞.

By Theorem 2.11, we conclude that w is a complete vector field and thus φ is a CK diffeomorphism.

4.1.2 Blow-up with smooth initial data

As a slight converse to the case of global flows for small perturbations from a constant state
as above, we show here that there exists smooth initial data (Φ̊, Φ̊0) such that the dynamic
four-velocity is well-defined initially and then develops a singularity in finite time. The vector
field ∂Φ we construct appears to be a small perturbation from the constant state, however the
perturbation is a little larger than the constant state.
In spherical symmetry, the 3 + 1 wave equation (4.1.1) reduces to a 1 + 1 non-linear, second order
PDE in terms of the variables (t, r), where r is the standard radial coordinate. This conversion
yields

∂2Φ

∂t2
=
∂2Φ

∂r2
+

2

r

∂Φ

∂r
. (4.1.19)

Making the change of variables Φ̂ = rΦ, we find the ordinary 1+1 wave equation

∂2Φ̂

∂t2
=
∂2Φ̂

∂r2
, (4.1.20)

valid on the quarter plane {(t, r) ∈ R2 : 0 < r <∞, t ≥ 0}, with initial data (Φ̂|t=0, ∂tΦ̂|t=0) :=
(rΦ̊, rΦ̊0). By the D’Alembert formula, we can solve (4.1.20) and then revert back to a solution
to (4.1.19). A small technicality is that we need to consider an odd extension of the initial data
since (4.1.20) is over the quarter plane. The solution is then

Φ(t, r) =

{
(r+t)Φ̊(r+t)+(r−t)Φ̊(r−t)

2r + 1
2r

∫ r+t
r−t sΦ̊0ds for r > t

(r+t)Φ̊(r+t)−(t−r)Φ̊(t−r)
2r + 1

2r

∫ t+r
t−r sΦ̊0ds for r < t

. (4.1.21)

All that is required is to choose initial data and evaluate these terms to obtain the full solution.

Proposition 4.2. There exists smooth initial data (Φ̊, Φ̊0) to (4.1.1) launching a smooth solution
Φ such that on the hypersurface Σ0, ∂Φ is everywhere timelike and there exists a t∗ > 0 such
that ∂Φ becomes spacelike. Then w blows up in finite time t∗.

54



Chapter 4 4.1. THE LINEAR CASE S2 ≡ 1

Proof. Consider the case of spherical symmetry with the smooth initial data

(Φ̊, Φ̊0) =

(
0, k + πh

sin(r)

r

)
, (4.1.22)

where µh < k < h are constants, and µ := −π sin(rmin)
rmin

≈ 0.683, where rmin ≈ 4.493 is the value
of the global minimum of the function π sin(x)/x. Then evaluating (4.1.21), we find

Φ(t, r) = kt+ πh
sin(r)

r
sin(t), for all r ≥ 0, t > 0, (4.1.23)

which is clearly smooth. The spacetime gradient is

∂Φ(t, r) =

(
k + πh

sin(r)

r
cos(t), πh

xi
r

(
r cos(r)− sin(r)

r2

)
sin(t)

)
, (4.1.24)

with the Minkowski spacetime norm

m(∂Φ, ∂Φ) = −
(
k + πh

sin(r)

r
cos(t)

)2

+ π2h2 (r cos(r)− sin(r))2

r4
sin2(t), (4.1.25)

where we have made use of

3∑
i=1

(∂iΦ)2 =

3∑
i=1

(
xi

r
∂rΦ

)2

= (∂rΦ)2.

We see that at t = 0,

∂Φ(0, r) =

(
k + πh

sin(r)

r
, 0

)
6= 0,

m(∂Φ, ∂Φ)(0, r) = −
(
k + πh

sin(r)

r

)2

< 0,

since µh < k < h. So ∂Φ is initially timelike. At the point (t, r) = (π/2, π),

∂Φ(π/2, π) =

(
k, πh

xi(r = π)

π2

)
6= 0,

m(∂Φ, ∂Φ)(π/2, π) = −k2 +
π2h2

π2
= −k2 + h2 > 0.

As m(∂Φ, ∂Φ)(t, r) is continuous on the rectangle [0, π/2] × [0, π], then by the intermediate
value theorem for functions in the plane, there exists some (t∗, r∗), with t∗ > 0 such that
m(∂Φ, ∂Φ)(t∗, r∗) = 0. There is also blow up at the origin since µh < k < h, then there exists
t > 0, such that k + πh cos(t) = 0, so w0(t, 0) = −(k + πh cos(t))−1 blows up.

4.1.3 A word on the case where s2 ≡ 0

The case where s2 ≡ 0 is unsurprisingly the simplest case. The vanishing of the sound speed
everywhere implies that the pressure must be constant, and thus independent of the energy
density ρ. In this case, the equation of motion (3.2.8) for the components of the fluid four-velocity
reduces to

uµ∇µuv = 0.

This implies that the flow lines of the fluid are geodesics of the spacetime, since this states that
u satisfies the geodesic equation. In Minkowski spacetime, the geodesics are straight lines. So
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the vector field u is smooth. Now since w = Cu, where C is some constant, the flow lines of u
are smoothly equivalent to the flow lines of w, so w is complete as u is complete. It is then clear
that the map between the Eulerian and Lagrangian coordinates is a diffeomorphism, as this map
is a simple linear transformation. This choice of sound speed corresponds to a constant lapse
function. By suitable normalisation, we may assume that N = 1. We recognise this as geodesic
slicing, since the shift vector is zero, and the lapse-shift pair (N, β) = (1, 0) are Gaussian normal
coordinates. Clearly the GNC gauge is globally well-defined and this is verified by the global
flow of solutions in Minkowski spacetime of the Euler equations when s2 ≡ 0.

In the case of a geodesically incomplete spacetime, solutions to (4.1.3) are not globally defined.
This would lead to a failure of the Lagrange coordinates to cover all of the spacetime. A simple
example is the Schwarschild spacetime, which is geodesically incomplete due to the black hole
singularity.

4.2 Shock formation for non-linear wave equations

The study of shock formation in three dimensional relativistic fluids is complex. This is in part
due to the question of what, exactly, is the cause of the shock formation. For the Burger’s
equation from example 3.3, the shock formation was a result of characteristics crossing, thus
leading to a multi-valued solution at the point of crossing. However, shocks can form in other
ways such as discontinuities in the vorticity [46]. Vorticity is typically induced at the boundaries
of a domain. The analysis in this case requires suitable bounds for the vorticity, which is a
difficult problem.

Specifying an irrotational fluid removes the presence of the vorticity. The question still remains
if the crossing of characteristics is the only way for a shock to form in such a fluid. This was
answered in the positive by the ground breaking works of Alinhac [2] and Christodoulou [20].

The study of shock formation in the case of the Euler equations motivated the need to study
non-linear wave equations. We saw in § 3.3 that the Euler equations for an irrotational fluid
where completely described by a Lagrangian L(∂Φ), for which the Euler-Lagrange equations are

∂α

{
∂L(∂Φ)

∂(∂αΦ)

}
= 0. (4.2.1)

Expanding relative to rectangular coordinates, gives

(g−1)αβ(∂Φ)∂α∂βΦ = 0, (4.2.2)

where (g−1)αβ(∂Φ) is a symmetric, non-degenerate quadratic form that depends smoothly on
∂Φ. For our choice of Lagrangian, L(σ) = p,

(g−1)αβ = (h−1)αβ, (4.2.3)

where hαβ is the acoustic metric of (3.3.13). A natural extension of the wave equation (4.2.2) is
to introduce a non-linearity through a function N = N (Φ, ∂Φ) which is smoothly dependent on
(Φ, ∂Φ) and satisfies N = O(|∂Φ|2) small (Φ, ∂Φ). So the more general equation is

(g−1)αβ(∂Φ)∂α∂βΦ = N (Φ, ∂Φ). (4.2.4)

One can go further and consider a system of equations for the unknowns {ΦI}NI=1 satisfying

(g−1)αβ(Φ, ∂Φ)∂α∂βΦI = N I(Φ, ∂Φ). (4.2.5)
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These systems of wave equations do in fact appear in applications. The first proofs of local
in time existence for the vacuum Einstein equations by Choquet-Bruhat [27] employed the
harmonic coordinates (recall (3.5.1)), which allowed her to reduce the vacuum Einstien equation
R(∂g, g) = 0 into a system of non-linear wave equations, schematically taking the form

(g−1)αβ∂α∂βgµν = Nµν(g, ∂g), (4.2.6)

where the non-linearities Nµν(g, ∂g) are quadratic in ∂g. Classical results give local well-posedness
for very similar quasi-linear wave equations, which can be extended in the case of a system.

Theorem 4.3. (See Wang [78]) Consider the following Cauchy problem:

∂2
t Φ− gjk(Φ, ∂Φ)∂j∂kΦ = N (Φ, ∂Φ), (4.2.7)

Φ(0, ·) = Φ̊, ∂tΦ(0, ·) = Φ̊0, (4.2.8)

where gjk,N are C∞ functions, N (0, 0) = 0 and the gjk satisfy an ellipticity condition:

C0(u,v)|ζ|2 ≤ gjk(u,v)ζjζk ≤ C1(u,v)|ζ|2, (4.2.9)

where C0(u,v) and C1(u,v) are positive continuous functions of u and v and ζ ∈ Rn. Then if
(Φ̊, Φ̊0) ∈ Hs+1 ×Hs for s > n

2 + 1, there exists a T > 0 such that this Cauchy problem has a
unique solution Φ ∈ C2([0, T ]× Rn); moreover

u ∈ L∞([0, T ];Hs+1) ∩ Lip([0, T ];Hs).

Global existence for non-linear wave equations with small initial data is heavily dependent on
the number of spatial dimensions and on the structure of the non-linearity N . For the followin
Cauchy problem on R1+n,

�Φ(t, x) = N (∂Φ(t, x)), (t, x) ∈ [0,∞)× R3 (4.2.10)

Φ(0, ·) = εΦ̊, ∂tΦ(0, ·) = εΦ̊0, (4.2.11)

where N : R1+n → R is C∞ and N (0) = 0, DN (0) = 0, with ε a sufficiently small constant,
global smooth solutions can be guaranteed only when n ≥ 4. A precise statement is

Theorem 4.4. Let n ≥ 4, and Φ̊, Φ̊0 ∈ C∞c (Rn). Then there exists an ε0 > 0 such that (4.2.10),
(4.2.11) has a unique solution Φ ∈ C∞([0,∞)× Rn) whenever ε ≤ ε0.

The value of ε0 depends on the initial data (Φ̊, Φ̊0), which are fixed. This is known as a small
data global existence result as global existence holds for all ε sufficiently small. The proof of this
result replaces the classical methods of taking rectangular derivatives and using energy estimates
and Sobolev embeddings, such as L∞ ↪→ Hs, with spacetime estimates derived using a set of
invariant vector fields. One can derive uniform decay estimates to solutions of the ordinary

wave equation �mΦ = 0 of the form ‖Φ(t, x)‖L∞ . (1 + t)−
n−1

2 . These decay estimates would
be extremely useful for the non-linear case, however, conventional methods do not yield sharp
enough decay estimates. Enter the use of the invariant vector fields. These vector fields are the
generators of the transformations in Minkowski spacetime and are

∂t, ∂1, . . . , ∂n, (Translations)

Ωij = xj∂i − xi∂j , (Spatial rotations)

Ω0i = t∂i + xi∂t, (Boosts)

L0 = t∂t +

n∑
i=1

xi∂i, (Dilations)
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for 1 ≤ i, j ≤ n. There are a total of (n+1)(n+2)
2 + 1 vector fields which are enumerated by

Γ = (Γ0, . . . ,Γm), where m = (n+1)(n+2)
2 , and a multi-index notation is used Γα := Γα0

0 · · ·Γαmm .
The key observation is that these vector fields commute well with the operator � since

[�, ∂i] = 0, [�,Ωij ] = 0, [�, L0] = 2�,

and any partial derivative ∂α can be expressed as a linear combination of the vector fields Γα.
The main estimate that is used within the proof is the Klainerman-Sobolev inequality

Theorem 4.5 (Klainerman-Sobolev Inequality [49]). Let u ∈ C∞([0,∞) × Rn) which
vanishes for |x| large. Then there exists a constant C such that for all t > 0, x ∈ Rn,

(1 + t+ |x|)
n−1

2 (1 + |t− |x||)
1
2 ‖Φ(t, ·)‖L∞ ≤ C

∑
|α|≤n+1

2

‖ΓαΦ(t, ·)‖L2 . (4.2.12)

The Klainerman-Sobolev inequality gives a much finer estimate than the following obtainable
from the Sobolev inequality

‖Φ(t, ·)‖L∞ ≤ C
∑

|α|≤n+1
2

‖ΓαΦ(t, ·)‖L2 ,

and also immediately generalized the results of John [45] who obtained similar decay estimates
valid for specific directional derivatives. The proof uses a bootstrap argument and the need for
n ≥ 4 arises to ensure the convergence of the integral∫ ∞

0

ds

(1 + s)(n−1)/2
. (4.2.13)

Convergence of this integral implies that physically in four or more dimensions, dispersion
phenomena are sufficiently strong enough for global existence to hold for small initial data with
a quadratic non-linearity. In the case where n = 1, 2, or 3, the global existence fails in general
and there is a lifespan Tε with the lower bounds

Tε ≥


ec/ε, if n = 3,

c/ε2, if n = 2,

c/ε, if n = 1,

. (4.2.14)

In these low dimensional cases, the divergence of the integral (4.2.13) prevents the method of
proof from obtaining a global result.

For n > 3 and odd, Christodolou [19] obtained a similar result as Theorem 4.4 using a conformal
approach. He considered a wider class of quaslinear sysems of equations{

�mΦI = N I(Φ, ∂Φ, ∂2Φ), in [0,∞)× Rn (I = 1 . . . , N)

(Φ|t=0, ∂tΦ|t=0) = (εΦ̊, εΦ̊0), ε > 0,
(4.2.15)

where Φ̊ = (Φ̊1, . . . , Φ̊N ), Φ̊0 = (Φ̊1
0, . . . , Φ̊

N
0 ) and N I(u, v, w) = (N 1, . . . ,NN ) are C∞ in all

arguments, linear in w and N I(0, 0, 0) = 0, DN I(0, 0, 0) = 0. Under a conformal mapping from
R1+n to the cylinder R× Sn, (4.2.15) becomes a quasilinear quasi-diagonal hyperbolic system on
R× Sn for which local in time existence is guaranteed by standard results. This local existence
on the cylinder then becomes global existence in R1+n upon mapping back across. This method
is independent to the vector field method of Klainerman discussed above.
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The structure of the non-linearity plays the major role for small-data global existence of solutions
in low dimensions. In 1981, John [44] showed that nontrivial initially smooth solutions to

�mΦ =

{
−(∂tΦ)2,

−(∂tΦ)∂2Φ
, (Φ|t=0, ∂tΦ|t=0) = (Φ̊, Φ̊0), in [0,∞)× R3 (4.2.16)

blow up in finite time, however the nature of the blow up was unknown at this time. In contrast,
a model example proposed by Nirenberg [48] does admit global solutions.

Example 4.1 (Nirenberg’s example). Consider the Cauchy problem

�Φ = (∂tΦ)2 −
3∑
i=1

(∂iΦ)2, on [0,∞)× R3 (4.2.17)

Φ(0, x) = εΦ̊(x), ∂tΦ(0, x) = εΦ̊0(x), (4.2.18)

where Φ̊, Φ̊0 ∈ C∞c (R3) and ε > 0 is sufficiently small. Then Ψ(t, x) := 1− e−Φ(t,x), satisfies the
linear wave equation

�Ψ = 0, (4.2.19)

Φ(0, ·) = 1− e−εΦ̊, ∂tΦ(0, ·) = εΦ̊0e
−εΦ̊. (4.2.20)

Since this is the linear wave equation with smooth initial data, there exists a unique, smooth,
global solution Ψ. The transformation is invertible and we have

Φ(t, x) = − log(1−Ψ(t, x)),

which is well defined when |Ψ| < 1, and Φ as defined solves (4.2.17) and (4.2.18). If we can
ensure that

‖Ψ(t, ·)‖L∞ < 1, for all t ≥ 0, (4.2.21)

then Φ will exist globally. By decay estimates for the wave equation, Ψ satisfies

‖Ψ(t, ·)‖L∞ ≤
A(Ψ|t=0,∇xΨ|t=0, ∂tΨ|t=0)

1 + t
, (4.2.22)

where A depends linearly on the initial data and its partial derivatives. Taking ε sufficiently
small, we can ensure that (4.2.21) holds.

Is it then possible to obtain structural conditions on the non-linearity N such that global existence
holds? Yes, the test for such structures is known as the (classic) null condition introduced by
Klainerman [50] and Christodoulou [19]. The null condition is a test on the quadratic part of the
non-linearity N I to the Cauchy problem{

�mΦI = N I(Φ, ∂Φ), in [0,∞)× R3 (I = 1 . . . , N)

(Φ|t=0, ∂tΦ|t=0) = (εΦ̊, εΦ̊0), ε > 0,
(4.2.23)

where Φ̊ = (Φ̊1, . . . , Φ̊N ), Φ̊0 = (Φ̊1
0, . . . , Φ̊

N
0 ) are C∞0 (R3), and N I = (N 1, . . . ,NN ) are C∞. For

a general non-linear term, we define the quadratic part of N I , defined on RN around 0, as

QN (z) :=
∑
|α|=2

1

α!
∂αN (0)zα, for all z ∈ RN . (4.2.24)

Then the classic null condition is
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Definition 4.2 (Classic null condition [50], [19]). The non-linearity N I = (N 1, . . . ,NN ) in
(4.2.23) satisfies the classic null condition if:

(i) N vanishes to second order at the origin,

N (0) = 0, DN (0) = 0, (4.2.25)

where D denotes the Jacobian.

(ii) The quadratic part of each N I around 0 has the form

QN I (∂Φ) =
N∑

J,K=1

3∑
µ,ν=0

aµνJK∂µΦJ∂νΦK , (4.2.26)

where the aµνJK are constants, satisfying for all J,K = 1, . . . , N ,µ, ν = 0, . . . , 3,

3∑
µ,ν=0

aµνJKζµζν = 0, (4.2.27)

for all ζ ∈ R1+3 such that mµνζµζν = 0. We call such ζ null covectors.

The simplest example of a non-linearity satisfying the classic null condition is that from Nirenberg’s
example (4.2.17). In this case, we are only dealing with a scalar equation and the constants
aµν are the components of the inverse Minkowski metric, for which null covectors automatically
satisfy (4.2.27) by definition. The following theorem asserts systems (4.2.23) satisfying the classic
null condition with sufficiently small, smooth initial data admit unique global smooth solutions.
It was proved by Klainerman [50] using the vector field method, and by Christodoulou [19] using
a conformal approach.

Theorem 4.6 (Klainerman [50], Christodoulou [19],n ≡ 3). Assume N satisfies the classic null
condition of Definition 4.2. Then there exists ε0 = ε0(Φ̊, Φ̊0) > 0 such that (4.2.23) has a unique
global, smooth solution provided ε < ε0.

As remarkable as this result is, it unfortunately cannot cover all types of non-linearities. We
have already noted that the class of equations due to John in (4.2.16) blow up in finite time,
and these non-linearities fail the classic null condition. Further work by John [44] considered
equations of the form

�mΦ(t, x) = −a2(∂tΦ)4Φ(t, x), a(0) = 0, a′(0) 6= 0, (t, x) ∈ [0,∞)× R3 (4.2.28)

The condition on the derivative of a guarantees that the classic null condition fails for these
non-linearities.2 For this class, John showed that in spherical symmetry with smooth compactly
supported initial data, some second derivatives of Φ blow up while Φ and ∂Φ remain bounded.
The blow up in this case is due to the formation of shocks. The classic null condition also fails
for the important physical problem of the vacuum Einstein equations in harmonic coordinates,
as given by (4.2.6).

This prompted Lindblad and Rodnianski [54] to extend the notion to a weak null condition. The
realisation is that wave equations with non-linearities satisfying the classic null condition require
solutions to have a certain amount of decay which is of the order εt−1. This decay rate is the same
as for linear wave equations, and this is specifically what the classic null condition is designed to

2The nonlinearities do not satisfy (i) of definition 4.2.
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detect. However, equations such as �mΦ = Φ4Φ, have weaker decaying solutions, of the order
εt−1+cε where c > 0, but still admit global solutions. The weak null condition involves systems
of wave equations and is tested by considering global solutions of a correspoding asymptotic
system. Some examples of systems satisfying the weak null condition are

�Φ1 = 0, �Φ2 = (∂tΦ1)2,

for which the decay is Φ2 ∼ εt−1 log |t|, the previously mentioned equation

�mΦ = Φ4Φ,

and the Einstein vacuum equations in harmonic coordinates. Lindblad and Rodnianski [55]
were then able to demonstrate global existence results for the Einstein vacuum equations in
harmonic coordinates using their notion of weak null condition. Another type of null condition
was introduced by Georgiev [34] known as the strong null condition, who used it to obtain global
existence of small solutions to non-linear Klein-Gordon equations. There is a wide literature on
other sorts of extensions of the classic, weak and strong null conditions and application of them
far beyond what we can cover here.

This brings us to the considerations of shock formation for non-linear wave equations that do not
satisfy any type of null condition. The types of equations studied here include those derivable
from a Lagrangian with a fluid analogy which are (4.2.1) and were studied in extreme detail by
Christodoulou [20], the equations of Alinhac [3]

(g−1)αβ(∂Φ)∂α∂βΦ = 0, (g−1)αβ(∂Φ) = mαβ + (g−1)αβPert(∂Φ), (g−1)αβPert(0) = 0, (4.2.29)

and covariant wave equations

�g(Φ)Φ := (g−1)αβ(Φ)∇α∂βΦ = 0, (4.2.30)

characterised by Speck [73]. A key idea in the analysis of shock formation is that of renormalization.
This is done by converting to a new coordinate system, with heavy geometrical motivations,
that is tailor made to ‘detect’ the shock forming. In this coordinate system, the solutions are
perfectly regular. The shock occurs due to the Jacobian determinant of the transformation going
to zero. The most basic example to motivate this idea for more complicated non-linear equations
is Burger’s equation.

Example 4.2. We return to Burger’s equation

∂tΨ + Ψ∂xΨ = 0, Ψ|t=0 = Ψ̊(x). (4.2.31)

and recall that the characteristics x(t;u) are defined as solutions to

dx(t;u)

dt
= Ψ(t, x(t;u)), x(0;u) = u. (4.2.32)

If we define new geometric coordinates (t, u), then in these coordinates, Burger’s equation
becomes

∂Ψ(t, u)

∂t
= 0.

Thus Ψ(t, u) = Ψ̊(u), which is smooth whenever Ψ̊ is smooth. As alluded to, the shock formation
is due to the Jacobian determinant of the transformation map (t, u) → (t, x(t;u)) vanishing
somewhere. The determinant satsifies

det J =
1

∂xu
. (4.2.33)
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We define the inverse foliation density for Burger’s equation as µ := 1/∂xu which conveniently is
det J . Here µ is a measure of the density of the characteristics at a given spacetime point (t, x).
Shock formation occurs when µ→ 0. For Burger’s equation, this is exactly when det J → 0. We
can also derive an evolution equation for µ which is

∂µ

∂t
=
∂Ψ

∂u
= Φ̊′(u), (4.2.34)

and finally, we observe directly the blow up in ∂xΨ along the shock, µ→ 0, since

∂Ψ

∂x
=

1

µ

∂Ψ

∂u
. (4.2.35)

These geometric coordinates are defined in an analogous manner as the case of Burger’s equation
for the more general cases of (4.2.2),(4.2.29) and (4.2.30). This requires a generalisation of the
quantity u which was defined in the previous example. This extension is known as the eikonal
function u, which is a solution to

(h−1)αβ(∂Φ)∂αu∂βu = 0, (4.2.36)

with ∂tu > 0 and the initial condition u|t=0 = 1 − r. Note that this equation depends on our
solution Φ. In practice, (4.2.36) must be solved alongside (3.3.11). For the constant states we
have u = 1 − r + s0t, and more complex solutions to (4.2.36) can be viewed as perturbations
of this constant state solution. The eikonal equation (4.2.36) states that the level sets, defined
as Cu′ := {(t, x) ∈ R4 : 0 ≤ t, u(t, x) = u′}, of u are outgoing null hypersurfaces relative to the
acoustic metric h. Similarly, the truncated level sets Ctu′ are defined as

Ctu′ := {(t′, x) ∈ R4 : 0 ≤ t′ ≤ t, u(t′, x) = u′},

along with the spatial hypersurface and the levelled spatial hypersurfaces (constant time slices)

Σt := {(t′, x) ∈ R4 : t′ = t}

Σu′
t := {(t′, x) ∈ R4 : t′ = t, 0 ≤ u(t′, x) ≤ u′}.

The wave fronts St,u are then the intersections of the truncated level sets of u and the constant
time slices of u

St,u′ := Ctu′ ∩ Σu′
t := {(t′, x) ∈ R4 : t′ = t, u(t′, x) = u′},

and the spacetime region where the dynamics take place is

Mt,u′ := ∪u∈[0,u′]Ctu′ ∩ {(t, x) ∈ R4 : t < t′}.

These regions are depicted in Figure 4.1. The characteristics hypersurfaces Cu of the eikonal
function are one of the main geometric structures used in the analysis. The density of the packing
of the leaves Cu are a measure of the possible formation of a shock. Detailed proofs of shock
formation deeply analyse and use the properties of the eikonal function.

A measure of this density of leaves is the foliation density defined as

1

µ
:= −(h−1)αβ∂αt ∂βu, (4.2.37)

which is a scalar function on the spacetime. Shock formation corresponds to blow up in the
foliation density or equivalently, vanishing of µ. This agrees with the heuristic principle that
when the shock front is reached, the density of characteristics becomes infinite due to crossing.
In this case, the level sets Cu cross, which is a first indication of the need of an eikonal function.
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Figure 4.1: Spacetime regions. The trivial initial data is set generates the constant state solutions,
while within Σu0 , non-trivial, compactly supported, perturbations to the trivial data are set, generating a
non-trivial solution propagating through the region Mt,u.

For regions of spacetime with a constant state solution, µ−1 = s−1
0 , which is strictly positive

so no shocks form. The geometric coordinates are (t, u, θ1, θ2), where (θ1, θ2) are angular
coordinates on the spheres St,u. Once again in analogy to example 4.2, the Jacobian determinant
of the transformation from the geometric coordinates (t, u, θ1, θ2) to rectangular coordinates
(t, x1, x2, x3) can be shown to be proportional to µ, with some factors due to the induced metrics
on the spheres St,u and hypersurfaces Σt. This indicates that the vanishing of µ somewhere
causes the transformation back from geometric to rectangular coordinates to become singular
there.

Although the singularity is renormalizable by passing to the geometric coordinates, the derivatives
do not share this property. This is one of the main difficulties in proofs of shock formation. It is
important to instead work with quantities that are rescaled by µ, so that there is no singularity
as µ tends to zero for these terms. The non-linear wave equation is then re-expressed in this
rescaled frame along with the eikonal equation, and from here certain estimates allows one to
prove a sharp classical lifespan theorem, detailing the breakdown of a solution in finite time.
Obtaining these theorems are the major part of the proofs of shock formation.

An illustration that captures many of the key ideas and methods of the proofs of shock formation by
Christodoulou [20] and Speck [73] is that presented by Hozegel et. al. [40] in their comprehensive
review on the previously mentioned shock theorems. This example is one of John’s forms of
(4.2.28), namely

�mΦ = −∂tΦ4Φ, (4.2.38)

which in spherical symmetry becomes

∂2
t (rΦ) = (1 + ∂tΦ)∂2

r (rΦ). (4.2.39)

Since we expect that shock formation corresponds to blow-up of a second derivative of Φ, while
Φ and its gradient remains bounded, we consider instead Ψ := ∂tΦ which satisfies

− ∂2
t (rΨ) + (1 + Ψ)∂2

r (rΨ) = −r (∂tΨ)2

1 + Ψ
. (4.2.40)

The goal now is to show that some first derivative of Ψ blows up in finite time while Ψ remains
bounded. We supplement (4.2.40) with the spherically symmetric initial data

Ψ(0, r) := Ψ̊(r), ∂tΨ(0, r) := Ψ̊(r). (4.2.41)
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We suppose that the initial data (Ψ̊, ∂tΨ̊) is compactly supported in the closed ball of unit radius
about the origin and set U0 ∈ [0, 1).

Just as the introduction of the commuting vector fields helps in deriving fine properties of
the solutions of the linear wave equation, many vector fields are used in order to get the fine
estimates required to detect the formation of a shock. In the example we are considering the
first vectorfields we use are the characteristic vectorfields

L := ∂t +
√

1 + Ψ∂r, L := ∂t −
√

1 + Ψ∂r. (4.2.42)

These are analogous to the characteristic vector fields of the operator �m, which are

LFlat := ∂t + ∂r, LFlat := ∂t − ∂r,

The vector field LFlat lies along the future pointing null cones of Minkowksi spacetime, while
LFlat is perpendicular to LFlat and pointing into the interior of the null cone. A similar geometric
description holds for L and L except the null cone is replaced by the characteristics Cu.

The eikonal function is the solution to the PDE

Lu(t, r) = ∂tu+
√

1 + Ψ∂ru = 0, u(0, r) := 1− r, (4.2.43)

which differs from that as would be given by (4.2.36). The reason for this is that in this special
case, (4.2.40) can be solved using the method of characteristics. For non-spherically symmetric
situations, the full eikonal equation (4.2.36) must be used. Recall that the level sets of u are Cu.
All the interesting dynamics take place within the spacetime region Mt,U0 .

To continue with the geometric setup, we recall the foliation density from (4.2.63), which in this
case is

µ−1 := ∂tu(t, r) = −
√

1 + Ψ∂ru, (4.2.44)

using (4.2.43). The shock formation corresponds to the crossing of the leaves Cu and hence
the vanishing of the foliation density, µ → 0. The geometric coordinates are (t, u) and is a
well-defined coordinate system provided that µ is positive. In the geometric coordinates, we have

L =
∂

∂t

∣∣∣∣
u

, µLu = 2, (4.2.45)

where the latter expression can be derived by using L = L− 2
√

1 + Ψ∂r. The next step in the
analysis is to re-express (4.2.40) using the vector fields L and L. After some work, we find the
two equivalent expressions

LL(rΨ) =
1

4

r

(1 + Ψ)

[
(LΨ)2 + 3(LΨ)(LΨ)

]
− 1

2

1√
1 + Ψ

Ψ(LΨ), (4.2.46)

LL(rΨ) =
1

4

r

(1 + Ψ)

[
(LΨ)2 + 3(LΨ)(LΨ)

]
− 1

2

1√
1 + Ψ

Ψ(LΨ). (4.2.47)

As is discussed in [40], the terms (LΨ)2 and (LΨ)2 fail the classic null condition. Of these
terms, (LΨ)2 is expected to decay faster than (LΨ)2 due to an analogy with the following decay
estimates for the linear wave equation, which can be derived using the Klainerman-Sobolev
inequality (4.2.12)3,

(1 + t+ r)
n+1

2 (1 + |t− r|)
1
2 ‖LFlat(∂Ψ)(t, x)‖L∞ ≤ C

∑
|α|≤n+1

2

‖∂ΓαΦ(t, ·)‖L2 , (4.2.48)

(1 + t+ r)
n−1

2 (1 + |t− r|)
3
2 ‖LFlat(∂Ψ)(t, x)‖L∞ ≤ C

∑
|α|≤n−1

2

‖∂ΓαΦ(t, ·)‖L2 . (4.2.49)

3In the wave zone r ≈ t, which implies the terms (1 + |t− r|) are not important.
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These are known as ‘peeling estimates ’ and show that the decay of solutions to the wave equation
is not uniform. The term 1

4
r

(1+Ψ)(LΨ)2 is thus the dangerous one and in fact is responsible

for the shock formation. The remaining terms 1
2

1√
1+Ψ

Ψ(LΨ) and 1
2

1√
1+Ψ

Ψ(LΨ) turn out to be

negligible error terms.

The conversion to geometric coordinates has revealed the presence of the dangerous term (LΨ)2.
Christodoulou’s idea (applied to this problem) is to rescale the vector field L in the transversal
direction Cu by µ. The huge advantage to this procedure is that the term (LΨ)2 vanishes from
(4.2.46) and (4.2.47) when expressed in the rescaled frame. This renormalization is a direct
analogue to the renormalization of Burger’s equation we saw in example 4.2. In the scaled
(t, u) coordinates, the equations are regular. The shock arises when µ → 0 as the Jacobian
determinant of the transformation from the scaled geometric coordinates (t, u) to the (t, r)
coordinates vanishes. We define the rescaled vector field

Ľ := µL, (4.2.50)

and after some more work, (4.2.46) and (4.2.47) are re-expressed as

LĽ(rΨ) =
1

2

r

(1 + Ψ)
(LΨ)(ĽΨ)− 1

2

µ√
1 + Ψ

ΨLΨ, (4.2.51)

ĽL(rΨ) =
1

4

r

(1 + Ψ)

[
µ(LΨ)2 + 3(LΨ)(L̂Ψ)

]
+

1

2

1√
1 + Ψ

ΨĽΨ, (4.2.52)

along with a transport equation for the foliation density

Lµ = −1

4

1

(1 + Ψ)
(µLΨ + ĽΨ). (4.2.53)

The goal now is to use the scaled equations to obtain global existence results and related estimates
which will fail if µ vanishes. Also, whenever µ vanishes, the estimates imply that some derivatives
of Ψ blow-up. This is the content of a sharp classical lifespan theorem. The next stage is to
show that these results will imply that the term (LΨ)2 indeed drives the blow-up and that µ will
vanish in a finite time by analysing the transport equation (4.2.53).

The lifespan of the solution is denoted by T∗;U0 , which will depend on the size of U0, and is
defined as the supremum over times t > 0, such that (4.2.40) has a C2 solution in Mt,U0 .

Theorem 4.7 (Sharp classical lifespan theorem for radially symmetric solutions to
(4.2.38) [40]). Consider the initial value problem

−∂2
t (rΨ) + (1 + Ψ)∂2

r (rΨ) = −r (∂tΨ)2

1 + Ψ
, (4.2.54)

(Ψ|t=0, ∂tΨ|t=0) := (Ψ̊(r), Ψ̊(r)), (4.2.55)

where the spherically symmetric initial data (Ψ̊(r), Ψ̊(r)) is supported in {r ≤ 1}. Let

ε̊ := ‖Ψ̊‖C2 + ‖Ψ̊0‖C1 , (4.2.56)

and U0 ∈ [0, 1). Then there exists a constant ε0 > 0 such that if ε̊ ≤ ε0, then we have the following
conclusions. The outgoing classical lifespan T∗;U0 is characterized by

T∗;U0 = sup{t > 0 | inf
Σ
U0
t

µ > 0}. (4.2.57)

In addition there exists a constant C > 0 such that

T∗;U0 > exp

(
1

Cε̊

)
. (4.2.58)
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Furthermore, there exists a constant c > 0 such that at any point with µ < 1/4, we have

Lµ ≤ −c 1

(1 + t) log(e+ t)
, (4.2.59)

and

|ĽΨ| ≥ c 1

(1 + t) log(e+ t)
. (4.2.60)

It follows from (4.2.60) that LΨ blows up like µ−1 wherever µ vanishes.

We will not give the proof here, but refer the reader to [40, Prop. 1.3] for full details. The idea
is based on a bootstrap argument with the estimates derived by integration along the integral
curves of L to obtain estimates on Ψ alone. A corollary of this result then states that the blow-up
is precisely due to shock formation and this is precisely because µ has vanished somewhere on
ΣT∗;U0

. For technical reasons, the initial data begins at a time t = −1/2.

Corollary 4.7.1 (Shock formation for rescaled data [40]). Let (Ψ̌, Ψ̌0) ∈ C2 × C1 be
nontrivial spherically symmetric initial data on Σ−1/2 supported on {r ≤ 1/2}. Let (Ψ̊ :=

Ψ|Σ0 , Ψ̊0 := ∂tΨ|Σ0) denote the data induced on Σ0 by the solution Ψ. Choosing some U0 ∈ (0, 1),
such that if we rescale the initial data to be (λΨ̌, λΨ̌0) for sufficiently small λ > 0, then
(Ψ̊(r), Ψ̊(r)) is small enough so that Theorem 4.7 applies. Then Ψ has a lifespan T∗;U0 <∞, due
to the vanishing of µ in finite time, signalling the formation of a shock.

Extending these results to fully three dimensional problems is the next step that Christodoulou [20]
and Speck [73] have tackled. The spherically symmetric case can be handled using the method of
characteristics but this is not possible for general 3D cases. A basic observation of the difference
is that the assumption of spherical symmetry reduces the problem to 1+1 dimensions, cutting
the number of independent coordinate directions in half over the more general 3+1 case. In fact,
in the 3+1 case, the angular parts of quantities can also contribute to shock formation as they
contain components which are transverse to the hypersurfaces Cu. These components will be the
ones that can cause blow up.

The foundations of the general proofs however still follow similarly to the spherically symmetric
case where the major portion of the work is to obtain a sharp classical lifespan theorem analogous
to Theorem 4.7. The idea is to use an eikonal function, that satisfies (4.2.36) which is re-stated
below,

(h−1)αβ(∂Φ)∂αu∂βu = 0, (4.2.61)

to set up the geometry of the problem, and re-express the equation of interest in the geometric
coordinates (t, r, θ1, θ2) which will be in terms of a group of vector fields forming a frame
throughout Mt,u. This frame will include vector fields akin to L and L which are transverse to
and orthogonal to the level sets Cu. The vector field

L̂µ := −(h−1)µν∂νu, (4.2.62)

is a null geodesic vectorfield with respect to the acoustical coordinates and its integral curves are
the characteristics of the level sets Cu. The inverse foliation density µ is defined as

1

µ
:= −(h−1)αβ∂αt ∂βu, (4.2.63)

and we rescale L̂ by defining
L := µL̂. (4.2.64)
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The rescaled vector field frame is {L, T,X1, X2}, which in the acoustical coordinates is

L =
∂

∂t
, T :=

∂

∂u
+ Θ, X1 :=

∂

∂θ1
, X2 :=

∂

∂θ2
, (4.2.65)

where Θ is ‘small’ vector field that is tangent to the spheres St,u.

The non-linear PDE of interest is written in terms of the rescaled frame and supplemented with
the eikonal equation and the non-linear transport equation that µ will satisfy. The dangerous
slowly decaying terms in the PDE will vanish in the rescaled frame and the objective is to
obtain peeling estimates, analogous to those of the linear wave equation (4.2.49) and (4.2.48),
using energy methods. However degeneracy of some of derivatives as µ vanishes complicates
this process. The biggest technical issue arises in obtaining these energy estimates, as one must
commute the vectorfields many times with the equation of interest4 and derivatives are lost in
the process.

As a final remark, we mention a fundamental quantity called the future null condition failure
factor (+)ℵ used by Speck [73] in his shock formation theorems for the covariant wave equation

�g(Ψ)Ψ = 0. (4.2.66)

This quantity is defined as
(+)ℵ := Gαβ(Ψ = 0)LαFlatL

β
Flat, (4.2.67)

where we recall that LFlat := ∂t + ∂r and the constants Gαβ(Ψ = 0) are defined as

Gαβ(Ψ = 0) :=
d

dΨ

∣∣∣∣
Ψ=0

gαβ(Ψ). (4.2.68)

The future null condition failure factor is the coefficient of the dangerous, slow decaying term
that arises when (4.2.66) is expanded in the geometric frame. It then is also a measure of the
failure of the classic null condition to hold, since if (+)ℵ ≡ 0, there would be no dangerous term,
the classic null condition would hold and Theorem 4.6 would apply to give small-data global
existence. Therefore shock formation corresponds to (+)ℵ 6≡ 0, which is in turn a condition on
the metric g. The analogue of this quantity for Christodoulou’s methods is l, which was defined
back in (3.3.36). When l ≡ 0, Theorem 4.6 gives small-data global existence to (3.3).

4.3 Shock formation theorem and the case 0 < s2 < 1

The sharp classical lifespan theorem of Christodoulou [20, Theorem 13.1] asserts that in the
geometric coordinates, the maximal classical solution extends smoothly to the boundary of the
maximal development. However, the boundary contains a singular part where µ vanishes. The
rectangular coordinates extend smoothly past this development except in the singular region.
Here the Jacobian determinant corresponding to the transformation from geometric to rectangular
coordinates vanishes. The solution is differentiable on the boundary except only continuous at
the singular parts. Christodoulou then proceeds to obtain conditions on the initial data that
guarantee the formation of a shock along with an upper bound on the maximal time of existence
t∗ of the solution. These conditions were then generalised for the case of the non-isentropic Euler
equations with initial data launching irrotational solutions. This is the content of the Theorem
4.8, except we only consider an isentropic fluid. Lastly, we mention that the sharp classical
lifespan theorem of Speck [73, Theorem 21.1.1] settles fully that the only way for a shock to form
is if µ goes to zero somewhere.

4This is the origin of the large factor N seen in Theorem 4.8.
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Theorem 4.8 (Small data shock formation [20]). Let (p̊, ůµ : µ = 0, 1, 2, 3) be initial data
for the relativistic Euler equations (3.2.16) in Minkowski spacetime, gµν = mµν = diag(−1, 1, 1, 1)
such that:
Outside the unit sphere B1(0) on Σ0 = R3 × {0}, the data coincide with those of a constant state

p̊ = p0, ů
µ = δµ0 . (4.3.1)

Outside the sphere B1−U0, 0 < U0 ≤ 1/2, the initial data is irrotational and isentropic. This
corresponds to initial data (Φ|t=0, ∂tΦ|t=0) := (Φ̊, Φ̊0) for the nonlinear wave equation (3.3.27)
outside B1−U0, where ∂µΦ = −

√
σuµ. Outside B1, the initial data correspond with those of a

constant state

Φ = kt, k =
√
σ0 =

ρ0 + p0

n0
> 0. (4.3.2)

That is, the initial data are a small pertubation from those of the non-zero constant state solutions
and the perturbation are compactly supported in B1. Let Br ⊂ R3 be the solid ball of radius r,
2/3 ≤ r < 1 centered at the origin of the hypersurface Σ0 := {x ∈ R4 : x0 = t = 0} and denote
by ∂Br its boundary. Let the initial data (p̊− p0, ů

i) belong to the Sobolev space HN (Σ0) where
N is a sufficiently large integer5. Let

DN := ‖p̊− p0‖HN (Σ0) +

3∑
i=1

‖ůi‖HN (Σ0) (4.3.3)

denote the ‘size’ of the initial data and let

SB1�Br := ‖p̊− p0‖H1(B1�Br) +

3∑
i=1

‖ůi‖H1(B1�Br) (4.3.4)

denote the size of the data within the non-empty annular region B1�Br. Also, define the surface
and volume initial data measure

Q(r) :=

∫
∂Br

r
{
n−1

0 (p̊− p0) + s0n
−1
0 (ρ0 + p0)̊uiN̂i

}
dS (4.3.5)

+

∫
B1�Br

{
2n−1

0 (p̊− p0) + s0n
−1
0 (ρ0 + p0)̊uiN̂i

}
d3x (4.3.6)

where r :=
√∑3

i=1(xi)2 is the standard radial coordinate on R3, dS is the standard 2-dimensional

surface measure, d3x is the ordinary flat volume form on R3 and N̂i are the components of the
outward unit normal to ∂Br. Here s0 is the sound speed in the surrounding constant state. Recall
the constant l from (3.3.36) is defined by

l :=
dH

dσ
(σ = k2). (4.3.7)

Then there exists a large integer N , a large constant C > 0 and a small constant ε > 0 such that
if

DN ≤ ε, (4.3.8)

and

if l > 0 and : Q(r) ≤ −C
√
DN

{√
DN +

√
1− r

}
SB1�Br < 0 : for some r ∈ [2/3, 1) (4.3.9)

or if l < 0 and : Q(r) ≥ C
√
DN

{√
DN +

√
1− r

}
SB1�Br > 0 : for some r ∈ [2/3, 1),

(4.3.10)

5No exact value was given by Christodoulou [20] however the shock formation results of Speck [73] require
N ≈ 25 to close the arguments.
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then the initial data launch a solution forming a shock within a maximal time of existence t∗(r)
satisfying

t∗(r) = exp

(
C ′(1− r)
k3|l||Q(r)|

)
, (4.3.11)

where C ′ is some positive constant.

The shock formation manifests itself in the blow-up of a second derivative of Φ, while at this
blow-up point, both Φ and (∂Φ) remain bounded. Note that if l = 0, then t∗(r) =∞ and hence
the solution is globally defined. This only occurs in the case of the exceptional Lagrangian

L(σ) = 1−
√

1− σ. (4.3.12)

which is ruled out of the theorem. A further remark is the presence of the background solutions.
Perturbations about the non-zero constant states are easier to analyse than vacuum states
Φ ≡ 0. This is because the Euler equations become degenerate at a vacuum fluid boundary as
we discussed in Chapter 3.

From Theorem (4.8), we deduce the existence of shock forming solutions to the irrotational,
isentropic, relativistic Euler equations for a general equation of state. This implies that the
dynamic velocity vector w forms a singularity in finite-time. We note however that these
conditions on the initial data for shock formation are not sharp. This means that there exists
some initial data for which the conditions (4.3.9) and (4.3.10) cannot be verified. For instance,
any initial data satisfying l > 0 cannot have p̊ − p0 > 0 and ůi ≡ 0, since we cannot have
Q(r) > 0.

Corollary 4.8.1 (Shock formation when 0 < s2 < 1). There exists initial data (p̊, Φ̊, Φ̊0) to
the non-linear wave equation (3.3.27) that launch solutions forming a shock in a finite time t∗ as
given by (4.3.11). Furthermore, the divergence of the dynamic 4-velocity, w, corresponding to
this solution Φ, blows-up in finite time.

Proof. We first choose some initial data (p̊′, Φ̊′, Φ̊′0) or equivalently (p̊′, ů′i), such that for this
data

Q′(r) := Q(r; p̊′, ů′i) > 0.

Indeed, such data exists, since we could take, for example, initial data such that p̊′ − p0 > 0
and ůi ≡ 0 for all i = 1, 2, 3. We are assuming that l < 0 which is the case for the linear and
polytropic equations of state as was shown in (3.3.37) and (3.3.38). If l > 0, then we instead
choose initial data such that p̊′ − p0 < 0, and the following arguments follow through. Now let
λ > 0 and define the rescaled data (p̊, ůi) such that

(p̊− p0, ů
i) := λ(p̊′ − p0, ů

′i). (4.3.13)

Then we have Q(r) = λQ′(r), SB1�Br = λS ′B1�Br and DN = λD′N , which implies that for fixed

r, the left hand side of (4.3.10) scales linearly in λ while the right hand side scales like λ3/2. So
by choosing λ sufficiently small, we see that the inequality holds for the data (p̊− p0, ů

i), and
hence shock formation is guaranteed by Theorem (4.8), with a maximal time of existence given
by (4.3.11). Finally, since the shock formation manifests in the blow up of some first derivative
of u, then some second derivative of Φ blows up. Then from (3.4.12), we see that this causes
some first derivative of w to blow-up in finite time.

This corollary implies that for general equations of state with 0 < s2 < 1, the relativistic
irrotational Euler equations in Minkowski space are unstable under perturbations of the initial
data. This means that the solution does not depend continuously on the initial data, since a small
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perturbation from a constant state, which is itself globally defined, can lead to only a locally
defined solution due to blow-up from the formation of a shock. The blow-up in the divergence of
the dynamic four velocity will imply, from the results of the next section, the breakdown of a
wide class of densitised lapse, zero shift gauges.

As the relativistic Euler equations model a fluid in a general geometry, not just flat Minkwoski
spacetime, through the appearance of the metric tensor, then it begs the question if shocks or
instabilities still occur in other spacetimes. In an expanding universe, we might expect that this
expansion will aid the dispersion of the solution which will inhibit the formation of shocks. In
this direction, Speck [72] has demonstrated that for an expanding universe metric of the form

g = −dt2 + e2Ω(t)
3∑
i=1

(dxi)2, (4.3.14)

under some integrability assumptions on the scale factor Ω(t), with a linear equation of state
p = s2ρ, homogeneous and isotropic solutions are stable under small perturbations on the initial
data for 0 ≤ s2 < 1/3. However, shock formation occurs in the radiation case of s2 = 1/3. This
is demonstrated elegantly by re-expressing the metric (4.3.14) as a conformal transformation of
the Minkowski metric. Then one can show the well known property that the Euler equations
(3.2.4) are conformally invariant for this very special case of p = 1/3ρ, meaning that solutions to
the Euler equations for (4.3.14) imply corresponding solutions in Minkowski spacetime and vice
versa. With this result, shock formation follows by Theorem 4.8. In the case where Ω(t) ∼ Ht
where H > 0 is constant, then global stability, for the full Einstein-Euler system is attained for
0 ≤ s2 ≤ 1/3 as shown by many authors [39,56,63,71]. So the suppression of singularity forming
solutions is heavily dependent on the underlying spacetime.

4.4 Breakdown of Lagrange coordinate transformation

We have found that the dynamic four velocity w exhibits two types of breakdown in its smoothness.
In the linear case, we can find smooth initial data such that w becomes unbounded at a finite
point in R4. If there were no such singularities, then completeness would be guaranteed provided
that the initial data is sufficiently smooth and w is either bounded or has bounded derivatives.
On the other hand, for the case where 0 < s2 < 1, there exists a large class of initial data to the
irrotational Euler equations that launch solutions forming shocks in finite time. This implied
that some partial derivative of w will blow up in finite time. These types of blow-up will be
shown to imply that the map φ from the Lagrangian to the Eulerian coordinates fails to be a
diffeomorphism, and hence the corresponding densitised lapse, zero shift gauge does not cover
R4.

We assume here that w is regular enough away from the points where it or its divergence blows
up, so as to justify the following. This can be arranged provided the initial data to the Euler
equations has the appropriate regularity6. We recall the two cases of blow-up below:

Case 1: Suppose that on the hypersurface Σ0 := {0} × R3, ∂Φ is timelike, and then for some
t∗ > 0, becomes null at a point p∗ := (t∗, x

i
∗). Then from (4.1.3), w blows-up at p∗. In this

case, ∂2Φ, the Hessian of Φ, remains bounded.

Case 2: Suppose that for some (t∗, x
i
∗) where t∗ > 0, a shock forms in the solution Φ to the

relativistic, irrotational Euler equations. Then ∂2Φ blows-up at (t∗, x
i
∗) and hence divw

blows-up at the same point. In this case, Φ and ∂Φ remain bounded.

6Here we use ‘smooth’ to mean of ‘sufficient regularity.’
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Proposition 4.9. If either case 1 or case 2 above occur, then the map from the Lagrangian to
the Eulerian coordinates is not a diffeomorphism.

Proof. Consider first the case where div w blows-up. That is, there exists a point p∗ := (T∗, x∗) ∈
R4 such that

(div w)(t, x∗)↗∞, as t→ T∗. (4.4.1)

We note that there may be more than one point where (4.4.1) occurs, however it will suffice
to only consider a single such point. This unboundedness implies that w fails to be globally
Lipschitz on R4. On any open set not containing p∗, w will be locally Lipschitz, so by Proposition
2.9, there exists a maximal, open interval I = (α, β) such that w generates a unique, smooth flow.
We can in fact choose the open set to be R4/{p∗}. Let γ : I → R4 be a maximal integral curve
of w. If β =∞, then this integral curve is forward, well-defined and if in addition, α = −∞ it
is backwards well-defined so in fact I = R. Then the flow Fτ is globally defined on R4/{p∗},
which misses the whole of R4. Assume instead then that β is finite. By the Escape lemma,
either limτ↗β γ(t) does not exist or limτ↗β γ(τ) ∈ {p∗}. Suppose that the limit does not exist.
Then the flow of w is not global and therefore φ is not a diffeomorphism. So assume that
limτ↗β γ(τ) = p∗. Since w is smooth on R4/{p∗}, then the Jacobian determinant of the flow
map satisfies, from (2.2.28),

J(τ, x) = exp

(∫ τ

0
div w(Fs(x))ds

)
. (4.4.2)

Now by (4.4.1),
W (s) := (div w)(Fs(x)) 6∈ L1((0, β)),

so as we pass to the limit τ ↗ β in (4.4.2), the Jacobian determinant blows up, indicating that
the flow Fτ is not defined at p∗. Hence φ is not globally defined and thus not a difeomorphism.

Assume now that we are in case 1, where ∂φ remains bounded but becomes null at some points,
causing w become unbounded. This will occur along the set

S := {(t, x) ∈ R4 : m(∂Φ, ∂Φ)(t, x) = 0},

that is along the zeros of m(∂Φ, ∂Φ). Since m(∂Φ, ∂Φ) is continuous, S is closed. Choose Ω = Sc,
which is clearly open. Then on Ω, w is locally Lipschitz so admits maximal integral curves starting
at points in Ω. If all the integral curves are defined on R, then on Ω we have a well-defined flow
Fτ . However, since we cannot ensure the existence or uniqueness of integral curves on S, then
we have failed to cover the whole of R4, so φ cannot be a global diffeomorphism. Assume then
that there exists an integral curve γ that is not defined on all of R. By time reversal if necessary,
we can assume that γ is maximally defined on (α, β) with β finite. By the Escape lemma, either
limτ↗β γ(t) does not exist or limτ↗β γ(τ) ∈ S. If the limit does not exist, then φ cannot be a
diffeomorphism. Likewise for the latter case, since even though we have continuity of the integral
curve at some point in S, to define φ we need to take derivatives. As w is not differentiable on
S, then a limiting procedure as in the case of blow up in the divergence, reveals that J is not
invertible over S. This prevents φ from being diffeomorphism.

In either case of blow up in w or in div w, the mapping φ from the Lagrangian to the Eulerian
coordinates fails to be a diffeomorphism. If the flow of w was complete, then φ would be a
diffeomorphism and in the Lagrange coordinates (x̄µ), w = ∂̄0. So the integral curves in the
Lagrange coordinates are straight lines parallel to the x̄0 direction, and cover all of R4. In the
blow-up cases, we are then left with only trivialising w locally, as the integral curves in the (x̄µ)
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coordinates will not all be defined on R. Therefore, in Minkowsi spacetime (R4,m), almost all
non-trivial solutions of the relativistic irrotational Euler equations with an arbitrary equation of
state will have a corresponding densitised lapse, zero shift gauge that is not globally defined.
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Conclusion

In this thesis, we have studied the one-to-one correspondence between solutions to the isentropic
relativistic irrotational Euler equations and densitised lapse, zero shift gauges in the 3+1 formalism
of general relativity. This connection manifests when transforming the Einstein-Fraundiener-
Walton equations in vacuum into Lagrange coordinates specified by the motion of a fictitious
fluid with a specific equation of state. The global existence of a densitised lapse, zero shift gauge
depends on the global existence of the Lagrange coordinates and hence the global existence of
solutions to the relativistic, irrotational Euler equations with equation of state corresponding
to the specified gauge. Specifically, the Lagrange coordinate system is defined by the flow of
the dynamic four velocity w, which is a scaled version of the fluid four-velocity u. Restricting
to Minkowski spacetime in R4, we examined the global existence of solutions to the relativistic
irrotational Euler equations by splitting the analysis into considering equations of state with
sound speeds of the following cases:

s2 ≡ 1: This is the case of a linear equation of state p(ρ) = ρ and corresponds to harmonic
slicing. The relativistic, irrotational Euler equations reduce to the ordinary linear wave equation.
We found that for sufficiently small perturbations from a constant state solution, the Lagrange
coordinate system is globally well-defined and hence the densitised lapse, zero shift gauge is
also globally defined. In contrast, we provide an example where smooth initial data launches
an initially smooth and timelike fluid four-velocity which goes null in a finite time. This cause
the dynamic four-velocity to blow-up at this point. We showed that this type of blow-up in w
implies the failure of the Lagrange coordinates to cover all of R4 and hence the densitised lapse,
zero shift gauge is not globally defined.

0 < s2 < 1: In this case we considered arbitrary equations of state that satisfied this range
for the sound speed and hence arbitrary corresponding densitised lapse, zero shift gauges. Here
the relativistic, irrotational Euler equations take the form of a quasilinear wave-type equation
and obtaining non-trivial (non-constant state) solutions is far more difficult than the linear
case s2 ≡ 1. We used a shock formation theorem due to Christodoulou to show that for initial
data corresponding to constant state solutions that are smoothly perturbed within a unit ball,
the solutions launched by this initial data always develop a shock in finite time. This implied
the blow-up of the divergence of w while w itself remains finite. We then showed that this
type of blow-up in w causes the Jacobian determinant of the transformation to the Lagrangian
coordinates to vanish at the shock formation point. Therefore the Lagrange coordinates and the
corresponding densitised lapse, zero shift gauge corresponding to the specified equation of state
are not globally defined.

s2 ≡ 0: This is the case of constant pressure independent of the energy density ρ. The Euler
equations reduce to the geodesic equation and since Minkowski spacetime is geodesically complete,
the fluid four-velocity is globally well-defined. This implies that the Lagrange coordinates are
also globally well-defined.

The restriction to Minkowski spacetime allowed us to study in generality the case of sound
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speeds in the interval (0, 1). We noted that we are free however to choose a different background
spacetime to solve the relativistic, irrotational Euler equations on. This however is very much on
a case-by-case basis for a chosen equation of state as no general theory exists for such equations.
In the case of an expanding metric on the manifold with boundary [1,∞)× R3, we noted that
the results of Speck [72] showed that for linear equations of state

p = s2ρ, (0 ≤ s2 < 1/3) (4.4.3)

solutions to the relativistic Euler equations are globally future stable. The critical case of c2
s = 1/3

however is not due to the development of finite-time shocks. It remains to be seen how changing
the background spacetime may affect the existence of globally well-defined Lagrange coordinates
and hence densitised lapse, zero shift gauges.

These results show that while in principle we can construct a wide class of densitised lapse, zero
shift gauges adapted to fictious fluids, for almost all equations of state, this correspondence is
not globally well-defined. Therefore, care must be taken when utilising these densitised lapse,
zero shift gauges in applications and also the Lagrangian coordinate system introduced.
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Appendix A

Operators and terms appearing in
the ADM equations

For completeness, we list here the full equations for operators appearing in (2.1.26a)-(2.1.26d):

DiDjN :=
∂2N

∂xi∂xj
− Γkij

∂N

∂xk
, (A.0.1)

DjK
j
i :=

∂K j
i

∂xj
+ ΓjjkK

k
i − ΓkjiK

j
k , (A.0.2)

DiK :=
∂K

∂xi
, (A.0.3)

Lβγij :=
∂βi
∂xj

+
∂βj
∂xi
− 2Γkijβk, (A.0.4)

LβKij := βk
∂Kij

∂xk
+Kkj

∂βk

∂xi
+Kik

∂βk

∂xj
, (A.0.5)

Rij :=
∂Γkij
∂xk

−
∂Γkik
∂xj

+ ΓkijΓ
l
kl − ΓlikΓ

k
lj , (A.0.6)

R := γijRij , (A.0.7)

Γkij :=
1

2
γkl
(
∂γlj
∂xi

+
∂γil
∂xj
− ∂γij
∂xl

)
. (A.0.8)

For a non-vanishing matter distribution, we need to decompose the stress-energy tensor. For this
we write

Tµν = Sµν + nµpν + pµnµ + Enµnν , (A.0.9)

where

E := nµnνTµν

pα := −TµνPµα nν ,
Sαβ := PµαP

ν
β Tµν ,

S := γijSij = gµνSµν ,

T := gµνTµν = S − E,

which is 3+1 decomposition of the energy-momentum tensor. The projection operator P νβ is
defined as

P νβ = δνβ + nαnβ, (A.0.10)

and plays the role of projecting vectors from Tp(M) to Tp(Σt).
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Appendix B

Useful Inequalities

We state here some useful inequalities, the first of which is a well-known Sobolev embedding
theorem and the remaining few are progressively more general Gronwall type inequalities.

Theorem B.1. If u ∈ Hs(Rn) for s > n/2, then

Hs(Rn) ↪→ L∞(Rn). (B.0.1)

That is, there exists a constant Cs,n > 0, depending only only on s and n, such that

‖u‖L∞ ≤ Cs,n‖u‖Hs . (B.0.2)

Proof. We use the Fourier transform characterisation of the Sobolev spaces Hs(Rn). As u = F−1û,
where F−1 is the inverse Fourier transform operator, then by the Riemmann-Lebesgue lemma,

‖u‖L∞ ≤ C‖û‖L1 .

So it suffices to show that
‖û‖L1 ≤ C‖u‖Hs .

We have

‖û‖L1 =

∫
Rn
|û|dx =

∫
Rn
〈ξ〉s|û|〈ξ〉−sdx

≤ ‖〈ξ〉|û|‖L2‖〈ξ〉−s‖L2

≤ Cs,n‖u‖Hs ,

where 〈ξ〉s := (1 + |ξ|2)s/2 and ‖〈ξ〉−s‖L2 converges if 2n > s.

Lemma B.2 (Gronwall’s differential inequality). Let η(·) be a non-negative, absolutely
continuous function on [0, T ] which satisfies for a.e. t the differential inequality

η′(t) ≤ φ(t)η(t) + ψ(t), (B.0.3)

where φ and ψ are non-negative and in L1([0, T ]). Then

η(t) ≤ e
∫ s
0 φ(s)ds

[
η(0) +

∫ t

0
ψ(s)ds

]
, (B.0.4)

for all 0 ≤ t ≤ T .
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Lemma B.3 (Gronwall’s integral inequality). Suppose that u(t) ≥ 0 and ϕ(t) ≥ 0 are
continuous, real-valued functions defined on the interval 0 ≤ t ≤ T and u0 ≥ 0 is a non-negative
constant. If u satisfies the inequality

u(t) ≤ u0 +

∫ t

0
ϕ(s)u(s)ds, t ∈ [0, T ] (B.0.5)

then

u(t) ≤ u0 exp

(∫ t

0
ϕ(s)ds

)
, t ∈ [0, T ]. (B.0.6)

If u0 = 0, then u(t) ≡ 0 on [0, T ].

Lemma B.4 (Nonlinear Gronwall integral inequality). Suppose that f(t, u) is a Lipschitz
continuous and monotone increasing in u. Suppose that u0 ≤ v0 are constants. Let u(t) ∈ C([0, T ])
such that

u(t) ≤ u0 +

∫ t

0
f(s, u(s))ds, t ∈ [0, T ] (B.0.7)

and let v(t) be a solution of

dv

dt
= f(t, v),

v(0) = v0.

Then
u(t) ≤ v(t), t ∈ [0, T ]. (B.0.8)
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