56 The heat trace asymptotics.

Consider the Laplace-Beltrami operator in 2 C R"

~ (Vi g ).

(56.1)
szl Vg 8%

where ([¢"*(x)]7—,)"" is the matrix tensor, g(z) = (det[¢g’*])™", ¢/*(z) €
C>(Q). Let Gp(z.2,t) be the Dirichlet heat kernel of A, i.e.

(56.2)

©0) ¢
aGD(agtx b) + A(z, D)Gp(z, 20 1) =0 fort >0, z€ Q, 2 € Q,
(56.3) GD(LJ;(O),O) =5z — x(O))7
(56.4) Gz, 79, 1) 0% (0400) = 0.

Denote by Ap the operator A with the zero Dirichlet boundary conditions.
Since Ap is positively definite:

(Apg, ) > Collells, Ve € C2(Q)

the resolvent (Ap+AI)~! is a bounded operator in L*(Q) for A € C\ (—o0,0)
and it depends analytically on A in this region.
As in §47 we can represent G'p(z, 2, t) in the form

1

(56.5)  Gp(x, 2 t) = —/ (A+i(o—ir)) 'o(x — 2 D)= g,

21

where 7 > 0 is arbitrary. We have
(56.6) (A+ XD ' =R+T N1,

where R is the parametrix (c.f. (55.31)) with A(x, D) having the form (56.1)
andordT_,,_y_1 < —m—N —1.

Analogously to §47 one can show that T_,,_n_; is an integral operator
with continuous kernel T, n_1(x,2(?), (o —i7)) analytic in o — it for 7 > 0
and satisfying

(56.7) Tona (2,29, — )| < Clo — ir[ 72,

1



where V; is large if N is large.
We shall compute [, Gp(z,z,t)dx.
Let U; be such that U; N 9Q = (. Then analoguously to (47.20) we have
dx

1 fe’e) ) )
56.8 — Vi (2)R;0(x — )7t
j iPj
Rn 2’/T —00 x:x(o)

_ tii% ( /R n gpj(x)c%(:v)dx) *

where cop1(z) =0 (c.f. §47).
It follows from (47.21) that

1
569) [ e@atis = g [ e Vil

As in §47 the contribution of TN _,,_1(x, z,0 —iT) to the heat trace will be

(56.10) / / Tnemno1 (@, 2,0 — iT)e D dady = Ot ),
QJ -0

where NV, is large.

It remains to find the contribution of the neighborhoods U; such that
U; N o # 0.

If U; is a neighborhood such that U; N 922 # 0 we can introduce in U;
local coordinates (y',y,) = s;(z) for x € U; N Q.

We choose (¥, y,) such that A(x, D) has the following form in (v',y,)
coordinates
(56.11)

Aj(yaDy) =

\/—ay (Fay) J;—Gyk ( 9i(y)g; (y’,yo)a%p),

where g¢;(y) = det([g’;’k];‘,k:l)_l. Such coordinates are called semigeodesic
coordinates.

Note that ([g pk(y O)]pk ,)~! is the Riemannian metric on 9Q N U;.

We consider in y-coordinates
(56.12)

i (s W) (Ryo + Rjn)ei (571 ()0 = 4, 4 = (45, ymo) = s,(='*),

where R;o and Rj; are the same as in (55.3).
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The contribution of Rjy to the heat trace is the same as in (56.8):

(56.13) ~ N ( / nsoJ-(s;l(y))céQ(y)dy) t*,

in particular, the principal term is

en R TIAm

Note that \/g;(y)dy: A ... A dy, is the realization of the differential form
Vg(x)dzy A ... Adzx, in y-coordinates. Therefore

5615 [ el oty = [ oo/l

Now we shall find the contribution of Rj; to the heat trace.
Let Ajo(y, &) = € + 03(y, &, A2), where

(56.14)

n—1
(56.16) oy, € 07) = | D g (W)&E + A

p,r=1

Then Ajy = A;“Aj_, where A;“ =&, +1i0j, A; =&, —io;. The principal part
of ¥ R;1¢; has the form
(56.17)

—;(s; (W) RS (y, Dy) (5(3/71)1"145-81)(% Dy)pi(s™(y))d(y — y(o))) :
where
(5618) R;‘(y7€) — (511 4 in(y,fl, \/X))il,

Ag(;l) <y7 é) = (Aj()(y? é) + /\)717
y© =5;(z), 29 cU;nQ.

Note that
(56.19) u(y) = 'A%V e (s7 (¥ ™))y — y@)
1 / (57 (y ) e tynobn iy =up) ¢
— d¢
(2m)" Jrn &+ 0y, 0,8,VA)
1 (571 (y©))ewmons WO A )¢
= d¢’,
(2m)n—t /R 20;(y/,0, &, \2)
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where we used the Jordan lemma to compute the integral in &,. Again using
the Jordan lemma we get

]. ! 1 o !
(55:7/ LSRR (¢)ag!
R~

Note that (56.19), (56.20) are two ¥do in R""!. Taking the composition of
(56.20) and (56.19) we get modulo lower order terms

(56.20)  py R} (v(y)6(yn)) =

1 pi(s; Ny 0))emumoos ' 08 AD) o (€ A2 iy —y) €'
(27T)n /n 2(7j(y/; 075/, )\5)

Taking y,,0 = ¥, and integrating in ¥, we obtain

(56.21) de’ .

(56.22)

> (55 (v Y ))& U (@0 08 AL 4o (€ A2))
/ ’ dy,.
0

20;(y/,0,€,\2)

w; (s (Y, 0)) e

= +0(073(y,0,€, %)),

L 0G| A
Note that (c.f. (47.10), (47.21))

(56. 23

n 1 / / 1 . . eit(afiT)dO_dé-/
Y Zp, V95 (y,0,8) +i(o — i)

- tznrlong(y O Epg’l‘d . 1 t_nT_l A , O
(27T)n,1 /Rn 1 P g (2ﬁ)n71 g](ya )7

where g;(y',0) = det[g}" (y/,0)]~". Therefore performing the Fourier-Laplace
transform of (56.21) in /\ =i(o —27'), taking v, = yno, ¥ = y, and integrating
in (v, y,) we get that the contribution of the principal term in ¢;R;1¢; to
the heat trace is

_n-1 1 _ —n=1
(56.24)  —t "z m/R_1wj(sj1(9’70))\/9j(y’,0)dyf+O(t 7).

Note that

1 > it(oc—iT
(56.25) g/ / (€ Riopd(y — y' )|,y dydo
— oo i

N/
= (Z Gt + 0<t”2“>) ,

m=0
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where ¢ is defined in (56.24).

To prove (56.25) we make in the left hand side of (56.25) the changes
of variables A = £, ¢ = %, and proceed with all terms of the parametrix
(55.20), (55.28) as we did with the principal term. Combining the contribu-
tions for all neighborhoods U; we get the following result:

Theorem 56.1. The Dirichlet heat trace fQ (z,z,t)dx has the following
assymptotics expansion when t — +0:

N
(56.26) /GD(x,x,t)dx =t7EY et + O 2,
@ k=0
where
1 1
(56.27) co=———Vol (Q), ¢ =———="Vol(00).

(V2m)n ontlrtst

We used that Z Jrno1 0i(s: (Y, 0)\/g;(y', 0)dy’ = Vol (9€2), where Vol 9Q)
is the volume of the mamfold 0(2 with respect to the metric induced by (56.1)

and Y’ is the summation over all j such that U; N 9§ # 0.
Now consider the case of the Laplace-Beltrami operator (56.1) with Neu-
mann boundary condition

(56.28) Z ¢*(x) —uk (Z g (z v (z )) =0,

7,k=0 90

where v(x) = (v1(x), ..., v,(x)) is the outward unit normal to 02 with respect
to the Euclidean metric.

Note that in semi-geodesic coordinates (', y,) (c.f. (56.11)) the Neumann
boundary condition has a simple form

du(y’,0)

(56.29) 5

=0.
The principal term in R;; has the following form (c.f (56.17)):

0 _
(56.30) wj<s;1<y>>R}(6<yn>o;1p'a—%A§o Yoi(s (¥ @)s(y — v,



where Rj,a;l,A§_1) are the same as in (56.17) Analoguously to (56.19)-
(56.22) we get that the contribution of the principal term of the R;; in the
case of the Neumann boundary condition is

1

(56.31) T ———
2n+1ﬂ-T R

(s (0, ) g5 (v, 0)dy + O™,

i.e. it has an opposite sign to (56.24).
A theorem analogous to Theorem 56.1 holds:

Theorem 56.2. Let Gn(x,y,t) be the heat kernel corresponding to the op-
erator (50.1) with the Neumann boundary condition (56.28). Then the heat
trace [, Gn(x,x,t)dx has the asymptotics of the form

N
/ Gn(x,z,t)de =172 (Z dit? + O(th“) 7
@ k=0

where dy = co, dy = —cy (c.f. (56.27)).



