
56 The heat trace asymptotics.

Consider the Laplace-Beltrami operator in Ω ⊂ Rn

(56.1) A(x,D)u = −
n∑

j,k=1

1√
g(x)

∂

∂xj

(√
g(x)gjk(x)

∂u

∂xk

)
,

where ([gjk(x)]nj,k=1)
−1 is the matrix tensor, g(x) = (det[gjk])−1, gjk(x) ∈

C∞(Ω). Let GD(x.x(0), t) be the Dirichlet heat kernel of A, i.e.

(56.2)

∂GD(x, x(0), t)

∂t
+ A(x,D)GD(x, x(0), t) = 0 for t > 0, x ∈ Ω, x(0) ∈ Ω,

GD(x, x(0), 0) = δ(x− x(0)),(56.3)

GD(x, x(0), t)|∂Ω×(0,+∞) = 0.(56.4)

Denote by AD the operator A with the zero Dirichlet boundary conditions.
Since AD is positively definite:

(ADϕ, ϕ) ≥ C0‖ϕ‖2
0, ∀ϕ ∈ C∞

0 (Ω)

the resolvent (AD +λI)−1 is a bounded operator in L2(Ω) for λ ∈ C\(−∞, 0)
and it depends analytically on λ in this region.

As in §47 we can represent GD(x, x(0), t) in the form

(56.5) GD(x, x(0), t) =
1

2π

∫ ∞

−∞
(A+ i(σ − iτ))−1δ(x− x(0))eit(σ−iτ)dσ,

where τ > 0 is arbitrary. We have

(56.6) (A+ λI)−1 = R+ T−m−N−1,

where R is the parametrix (c.f. (55.31)) with A(x,D) having the form (56.1)
and ord T−m−N−1 ≤ −m−N − 1.

Analogously to §47 one can show that T−m−N−1 is an integral operator
with continuous kernel T−m−N−1(x, x

(0), (σ− iτ)) analytic in σ− iτ for τ > 0
and satisfying

(56.7) |T−m−N−1(x, x
(0), σ − iτ)| ≤ C|σ − iτ |−N1−2,
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where N1 is large if N is large.
We shall compute

∫
Ω
GD(x, x, t)dx.

Let Uj be such that Uj ∩ ∂Ω = ∅. Then analoguously to (47.20) we have∫
Rn

(
1

2π

∫ ∞

−∞
ψj(x)Rjϕjδ(x− x(0))eit(σ−iτ)dt

)∣∣∣∣
x=x(0)

dx(56.8)

=
1

t
n
2

N ′
1∑

k=0

(∫
Rn

ϕj(x)c2k(x)dx

)
tk,

where c2k+1(x) = 0 (c.f. §47).
It follows from (47.21) that

(56.9)

∫
Rn

ϕj(x)c0(x)dx =
1

(2
√
π)n

∫
Rn

ϕj(x)
√
g(x)dx.

As in §47 the contribution of T−N−m−1(x, x, σ− iτ) to the heat trace will be

(56.10)

∫
Ω

∫ ∞

−∞
TN−m−N−1(x, x, σ − iτ)eit(σ−iτ)dσdx = O(t

N1
m ),

where N1 is large.
It remains to find the contribution of the neighborhoods Uj such that

Uj ∩ ∂Ω 6= ∅.
If Uj is a neighborhood such that Uj ∩ ∂Ω 6= 0 we can introduce in Uj

local coordinates (y′, yn) = sj(x) for x ∈ Uj ∩ Ω.
We choose (y′, yn) such that A(x,D) has the following form in (y′, yn)

coordinates
(56.11)

Aj(y,Dy) = − 1√
gj(y)

∂

∂yn

(√
gj(y)

∂

∂yn

)
−

n−1∑
k,p=1

1√
gj(y)

∂

∂yk

(√
gj(y)g

pk
j (y′, y0)

∂

∂yp

)
,

where gj(y) = det([gpk
j ]np,k=1)

−1. Such coordinates are called semigeodesic
coordinates.

Note that ([gpk
j (y′, 0)]n−1

p,k=1)
−1 is the Riemannian metric on ∂Ω ∩ Uj.

We consider in y-coordinates
(56.12)
ψj(s

−1
j (y))(Rj0 +Rj1)ϕj(s

−1
j (y′))δ(y − y(0)), y(0) = (y′0, yn0) = sj(x

(0)),

where Rj0 and Rj1 are the same as in (55.3).

2



The contribution of Rj0 to the heat trace is the same as in (56.8):

(56.13)
1

t
n
2

N ′∑
k=s0

(∫
Rn

ϕj(s
−1
j (y))c

(j)
2k (y)dy

)
tk,

in particular, the principal term is

(56.14)
1

t
n
2

1

(2
√
π)n

∫
Rn

ϕj(s
−1
j (y))

√
gj(y)dy.

Note that
√
gj(y)dy1 ∧ ... ∧ dyn is the realization of the differential form√

g(x)dx1 ∧ ... ∧ dxn in y-coordinates. Therefore

(56.15)

∫
Rn

ϕj(s
−1
j (y))

√
gj(y)dy =

∫
Ω

ϕj(x)
√
g(x)dx.

Now we shall find the contribution of Rj1 to the heat trace.

Let Aj0(y, ξ) = ξ2
n + σ2

j (y, ξ
′, λ

1
2 ), where

(56.16) σj(y, ξ
′, λ

1
2 ) =

√√√√ n−1∑
p,r=1

gpr
j (y)ξpξr + λ.

Then Aj0 = A+
j A

−
j , where A+

j = ξn + iσj, A
−
j = ξn− iσj. The principal part

of ψjRj1ϕj has the form
(56.17)

−ψj(s
−1
j (y)R+

j (y,Dy)
(
δ(yn)p′A

(−1)
j0 (y,Dy)ϕj(s

−1(y(0)))δ(y − y(0))
)
,

where

R+
j (y, ξ) = (ξn + iσj(y, ξ

′,
√
λ))−1,(56.18)

A
(−1)
j0 (y, ξ) = (Aj0(y, ξ) + λ)−1,

y(0) = sj(x
(0)), x(0) ∈ Uj ∩ Ω.

Note that

v(y′) = p′A
(−1)
j0 ϕj(s

−1
j (y(0)))δ(y − y(0))(56.19)

=
1

(2π)n

∫
Rn

ϕj(s
−1
j (y(0))e−iyn0ξn+i(y′−y′0)·ξ′

ξ2
n + σ2

j (y
′, 0, ξ′,

√
λ)

dξ

=
1

(2π)n−1

∫
Rn−1

ϕj(s
−1
j (y(0)))e−yn0σj(y

′,0,ξ′,λ
1
2 )+i(y′−y′0)·ξ′

2σj(y′, 0, ξ′, λ
1
2 )

dξ′,
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where we used the Jordan lemma to compute the integral in ξn. Again using
the Jordan lemma we get

(56.20) p+R
+
j (v(y′)δ(yn)) =

1

(2π)n−1

∫
Rn−1

e−ynσj(y,ξ′,λ
1
2 )+iy′·ξ′ ṽ(ξ′)dξ′.

Note that (56.19), (56.20) are two ψdo in Rn−1. Taking the composition of
(56.20) and (56.19) we get modulo lower order terms

(56.21)
1

(2π)n

∫
Rn

+

ϕj(s
−1
j (y(0)))e−yn0σj(y

′,0,ξ′,λ
1
2 )−ynσj(y,ξ′,λ

1
2 +i(y′−y′0)·ξ′

2σj(y′, 0, ξ′, λ
1
2 )

dξ′.

Taking yn0 = yn and integrating in yn we obtain∫ ∞

0

ϕj(s
−1
j (y′, yn))e−yn(σj(y

′,0,ξ′,λ
1
2 )+σj(y,yn,ξ′,λ

1
2 ))

2σj(y′, 0, ξ′, λ
1
2 )

dyn.(56.22)

=
ϕ−1

j (s−1(y′, 0))

4(
∑n−1

p,r=1 g
pr
j (y′, 0)ξpξn + λ)

+O(σ−3
j (y′, 0, ξ′, λ

1
2 )).

Note that (c.f. (47.10), (47.21))

(56.23)

1

(2π)n−1

∫
Rn−1

1

2π

∫ ∞

−∞

1∑n−1
p,r=1 g

pr
j (y′, 0, ξ′) + i(σ − iτ)

eit(σ−iτ)dσdξ′

=
1

(2π)n−1

∫
Rn−1

e−t
Pn−1

p,r=0 gpr
j (y′,0)ξpξrdξ =

1

(2
√
π)n−1

t−
n−1

2

√
gj(y′, 0),

where gj(y
′, 0) = det[gpr

j (y′, 0)]−1. Therefore performing the Fourier-Laplace
transform of (56.21) in λ = i(σ−iτ), taking yn = yn0, y

′ = y′0 and integrating
in (y′, yn) we get that the contribution of the principal term in ψjRj1ϕj to
the heat trace is

(56.24) −t−
n−1

2
1

2n+1π
n−1

2

∫
Rn−1

ϕj(s
−1
j (y′, 0))

√
gj(y′, 0)dy′ +O(t−

n−1
2 ).

Note that

1

2π

∫ ∞

−∞

∫
Rn

+

(eit(σ−iτ)ψjRj1ϕj1δ(y − y(0))|y=y(0)dydσ(56.25)

= t−
n−1

2

(
N ′∑

m=0

c′kt
k
2 +O(t

N′+1
2 )

)
,
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where c′0 is defined in (56.24).
To prove (56.25) we make in the left hand side of (56.25) the changes

of variables λ = µ
t
, ξ′ = η′√

t
, and proceed with all terms of the parametrix

(55.20), (55.28) as we did with the principal term. Combining the contribu-
tions for all neighborhoods Uj we get the following result:

Theorem 56.1. The Dirichlet heat trace
∫

Ω
Gp(x, x, t)dx has the following

assymptotics expansion when t→ +0:

(56.26)

∫
Ω

GD(x, x, t)dx = t−
n
2

N∑
k=0

ckt
k
2 +O(t

N+1−n
2 ),

where

(56.27) c0 =
1

(
√

2π)n
Vol (Ω), c1 = − 1

2n+1π
n−1

2

Vol (∂Ω).

We used that
∑′

j

∫
Rn−1 ϕj(s

−1
j (y′, 0)

√
gj(y′, 0)dy′ = Vol (∂Ω), where Vol ∂Ω)

is the volume of the manifold ∂Ω with respect to the metric induced by (56.1)
and

∑′ is the summation over all j such that Uj ∩ ∂Ω 6= ∅.
Now consider the case of the Laplace-Beltrami operator (56.1) with Neu-

mann boundary condition

(56.28)
n∑

j,k=0

gjk(x)
∂u

∂xj

νk(x)

(
n∑

p,r=1

gpr(x)νp(x)νr(x)

)− 1
2

∣∣∣∣∣∣
∂Ω

= 0,

where ν(x) = (ν1(x), ..., νn(x)) is the outward unit normal to ∂Ω with respect
to the Euclidean metric.

Note that in semi-geodesic coordinates (y′, yn) (c.f. (56.11)) the Neumann
boundary condition has a simple form

(56.29)
∂u(y′, 0)

∂yn

= 0.

The principal term in Rj1 has the following form (c.f (56.17)):

(56.30) ψj(s
−1
j (y))R+

j (δ(yn)σ−1
j p′

∂

∂yn

A
(−1)
j0 ϕj(s

−1(y(0)))δ(y − y(0)),
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where R+
j , σ

−1
j , A

(−1)
j are the same as in (56.17) Analoguously to (56.19)-

(56.22) we get that the contribution of the principal term of the Rj1 in the
case of the Neumann boundary condition is

(56.31) t−
n
2

1

2n+1π
n−1

2

∫
Rn

ϕj(s
−1
j (y′, 0))

√
gj(y′, 0)dy′ +O(t−

n−2
2 ),

i.e. it has an opposite sign to (56.24).
A theorem analogous to Theorem 56.1 holds:

Theorem 56.2. Let GN(x, y, t) be the heat kernel corresponding to the op-
erator (56.1) with the Neumann boundary condition (56.28). Then the heat
trace

∫
Ω
GN(x, x, t)dx has the asymptotics of the form

∫
Ω

GN(x, x, t)dx = t−
n
2

(
N∑

k=0

dkt
k
2 +O(t

N+1
2

)
,

where d0 = c0, d1 = −c1 (c.f. (56.27)).
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