55 The parametrix for the elliptic boundary
value problems.

We shall construct the parametrix for the boundary value problem (54.1),
(54.2) using the partition of unity {¢;,U;} in Q. When U; N 9Q = () we
construct the parametrix as in §41.

If U; N0 # O we introduce a local system of coordinates (y,y,) in
U; (cf. §54). Let A;(v',yn, D', Dy), Bjx(y',yn, D', D;) be the operators
A(z, D), B(z, D) in y-coordinates in R". Consider the boundary value prob-
lem in RY:

(551) Aj(y/7y7h Dl? Dn)u(ylvyn) = f(ylv yn)a yn > 07

(552) Bjk;(y/, Yn, Dla Dn)u(y/7yn)|yn:0 = gk(y,)v 1 S k S moy.

Let [ f be an arbitrary extension of f to R". Denote by R,y the parametrix
for Aju = [f in R™ constructed in §41. We shall look for the parametrix of
(55.1), (55.2) in the form

(553) U = Rjolf+Rj1(h1,...,hm+),
where
(55.4) hi(z") = g, — p'BjrRjol f,

and R;; is the parametrix of the boundary value problem

(55.5) A yn, D', Dy)u(a’, z,) =0, (v, ys) € RY,

(55.6) Bty Yns D', Do) u(y' yn) lya=0 = hie(y), 1<k <my.

Now we shall construct R;;. For the simplicity of the notations we shall drop
the subscript j in (55.5), (55.6) and replace (v, y,) by (2/, x,).
Let Ay, Byo be the principal parts of A(x', x,,,&,&,), Be(2', x,, &, ).
Having in mind the applications in §56 we shall assume that ®Aq(x, &, &,) >
0 when (¢',&,) # (0,0).



Let A > 0. We shal consider A\ as part of the principal symbol, i.e.
Az, &, &) = Ao+ A+ Ay, where ord Ay < m — 1. Let Ay(z,0,+1) =1 and
let

(65.7)  Ao(@,€,6) + A = Ay (@, &M, &) A (2.8, A7, &)
be the factorization of Ag + A, i.e.
A+(£U, 5/7 )‘%7571) - H;’S—l(fn - O-;r(xa 5/7 A%))a

A (.8 A7, 6,) =TT (€ — 0 (2, €/, A),

where S0 > 0, So; < 0, aj-[ (x,¢&, )ﬁ) are homogeneous functions of
(&, ) of degree 1.

We shall call the symbol C*(z, ¢, A, &) a plus-symbol if C*(z, ¢, Am L&)
is analytic in &, for ¢, < 0, C*(x, ¢, )\%,fn) is C* in all variables and is
homogeneous in (¢, A, &n). Analogously C~(z, &', A, &,) is a minus-symbol
if it is analytic in £, for 3¢, > 0, smooth and homogeneous. For example, A
and A;! are plus-symbols and A, A~' are minus-symbol. We shall consider
in this section only symbols that are rational functions in &, having no poles
when &, is real.

Any such symbol C(z,¢, A, &¢,) that decays when &, — oo can be
uniquely represented in the form

(55.8) Oz, & \m, &) = CF(w, &/, A, &,) + C~ (2,6, A, £,),

where C* is a plus-symbol and C_ is a minus-symbol.
The uniqueness follows from the Liouville’s theorem.
The existence follows from the explicit formulas

(55.9) ct =1, ¢- =T11"C,
where )
[ Oz, & A )
¢ = i/ S AT ) g
o) e =m0

(c.f. Example 5.1)

We can compute the integral IITC' using the residues of C(z, &, Am, 1,)
in the half-plane 37, > 0. Analoguously II"C can be computed by using
residues of C(z, &', )\#,nn) in the half-plane S7, < 0.
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We shall call 1do plus-operators, or minus-operators, if their symbols are
plus-symbols, or minus symbols, respectively.

Remark 55.1 The main property of plus and minus operators is the
following;: o o

If C* is a plus-operator and supp uy C R then supp Ctuy C RT.
Analogously if C~ is a minus-operator and supp u_ C R"™ then supp C~u_ C
R™.

The proof of these properties is the same as the proof of Lemma 46.2.

Therefore if Ct € S* then C* is a bounded operator from Hy (R") to

I?Is_a (R™). Note that if C~ € S* then p;C~lu is independent of the exten-
sion [u where p, is the restriction to R'}: If [;u and lyu are two extensions
then [;u—lyu = u_ has support in R” and therefore p, C~u_ = 0. Therefore
pC~lu defines a bounded operator from H,(R"}) to H,_(R").

Let A® be the minus-operator with the symbol

A(€,6)) = (gnm/w +Afn) |

Since p; A% lu does not depend of the extension we have that the norm |ju||} =
inf ||lu||s is equivalent to the norm [|A® lu||o. O

For any N we shall construct plus-operators with symbols R; (x,&, A &n),
deg R} = —m, —p, and the minus-operators with symbols A (z, ¢, )\%,fn),
deg Ay =my —p, 0<p< N, such that

(55.10)
N N
1 1
Az, D', Dy) Y Rz, D' s, D) = > A (2, D', Xin, D) + T —v-1,
p=0 p=0
(55.11) 1T —n—1tllos < Cllullm —15-n, Vs,

Since A is a differential operator the product A(x, D)R}(x, D', A D,,) has
the form

(55.12) A(z, D)R} = i By(x, D),

j=0



where

(55.13) Bop(,€) = (Ao(w,€) + MRz, A, &),
B 1 8’“A(x,§) X '
Bjp(x,8) = k:jga—kaxR; + A, Ry, j= 1,

and  A(z,§) = Ao(z,&) + A+ ZAj(x,f), ord A; =m — j.

J=1

Taking the product of A and Z;V:o R} and collecting symbols of same degree
of homogeneity in (¢, )\i,én) we get

(55.14) (Ao(,€) + N RE (2, €' A, £,) = Ac (a, €, A, &),

(55.15)
(Ao(x,€) + N R (2,6, A7, &,) + T, €' A, &) = A (2,07, &,), p>1,

where T}, depends on R;r, 0<j<p—1:

(55.16) T,= Y Bj.

JHr=p

Note that degT), = m, — p.
It follows from (55.14) that

(55.17) Rf = ANz, & 2w, &), Ay = A_(2,6, A7, &,).

To solve (55.15) multiply it by A~" and use decomposition (55.6)
ATV, =TT AT, + - AT,

Therefore we get

(55.18) ALRF+TTTATIT, = ATVA) — 117 AT,

Since the decomposition (55.6) is unique we obtain

(55.19) Ry =—A\IITAT'T,, A5 =AT1IAZ'T, Vp>1.
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Note that the degree of homogeneity in (&', Aim ,&n) decreases when p increases
but the decay in &, of R is O( m++1) for all p. Also T,,,, —n—1 is a ¥do with

symbol (55.16) when p = N + 1 Therefore the estimate (55.11) holds.
We shall look for the parametrix of (55.5) in the form

N m4
(55.20)  wy =Y Rf(x, D\ Am, D) er(@)d™ (), @, > 0.
p=0 k=1

Let p; be the the restriction operator to R . Since

ZA Z 2 )o*DYy =

=1

we get
my
(55.21) A(x,D)uy = Tm+,N,1(Z cr(2)6% V() for z, > 0.
k=1
Note that
m4 my
(5522) [T, v (S D) < O3 (AN
k=1 k=1

where A’ = (|¢'|2 +1)2.

To prove (55.22) note that the symbol Tm+,N,1(:c,£’,)\%,§n)§’fb_1 is a
rationall function of &,. Take M > s, where M is an integer. Then
Ay(ﬁ’,fn)Tm+_N_1fﬁfl = Pu(¢,&) + re(€, &), where Py is a polynomial
in &, and ri(&',&,) = O(gin) Note that p, A* M P (cpd) = 0 since A> M Py is
a minus-symbol. Denoting vy = T}, —n—1(cx0*~V) we get
(55.23)

lollE < A2 vllo = A AM g lg = [[AZ My (2, D', Ave, D) (k) o

Now repeating the proof of Theorem 40.1 we get (55.22). O
Substitute (55.20) into the boundary conditions (55.6). Let p’ be the

restriction operator to x, = 0. Let D(:v,ﬁ’,)\i,ﬁn) be a symbol ratio-

nal in &, D = O(gin) Then p'D(c(2")d(xy,)) = lim,, 1o D(cd(z,)) =

d(z', D', \w ey (2'), where

1 1
(55.24) d= —/ D(:U/,O,f,,)\m,fn)dfn,
21 Sy
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vy is a closed contour in J&, > 0. This follows from the Jordan lemma.
We shal denote I1'D = % fw Dd§,,. Note that I'D, =0 if D, = O(é%)
and D, is a plus-symbol. We have !

(55.25) P'B;(#,,0, D', Dy)ug(x) = bi(2!, D', Aiw )ep(2),
where uj, = RTDF1(¢pd), RT = Z;V:O Rr,
(55.26) bin(x', & Am) = I By(a,0,&, A7, &), 1< 4.k <mo,

and Bjy, is the symbol of the composition of B; and RTDF!.

Let bjgo(2', €, )\Th) be the principal part of b;;. Since the boundary value
problem (55.1), (55.2) is elliptic we have det [|bjro(2', & )75, # 0, V(2', &), &, & #
0 (c.f. (53.12)). Therefore as in §41 we can construct a matrix pseudodiffer-
ential operator [dy;(z, D', A )] such that

(5527) [bjk][dkp] =1+ [tjp], ord tir < —N, 1< 73,k<m,.
Therefore (55.20), where

m+
(55.28) cu(@') =Y diy(a', D/ Ay, 1<k <my,
p=1

is the parametrix of the boundary value problem (55.5), (55.6). Restoring
the subscript j in (55.5), (55.6) we shall denote this parametrix by R;;. Then
(55.3), (55.4) is the parametrix of boundary value problem (55.1), (55.2), in
the local coordinates in U;, when U;NOSY # (). We have (c.f. (55.22), (55.27))

(5529) p+AjRj1(h1, ceey her) = T_N<h1, ceey her),

(55.30)  p'BjeRji (b, hn, ) = b+ T By, b ), 1< k< my,

where ord T"®) < =N, ord T_y < —N.

Now construct the parametrix of the boundary value problem (54.1),
(54.2). Let {¢;,U,} be a partition of unity, ¢;(x) € C§°(U;) and supp (1 —
;) Nsupp @; = 0.

Denote F' = (f(x), g1(2'), ..., gm, (2")). We look for the parametrix in the
form

(55.31) RF =Y 1;R;p,F.
J
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When supp U; NI = () we assume that R; is the parametrix for Au = ¢; f
in R". When U; N0 # () we use a local system of coordinates in U;, and R;
is the parametrix for (55.1), (55.2) in these local coordinates, i.e. R; has the
form (55.3), (55.4). If U; N 92 = O then A(x, D)R; = I +T_x. Therefore

ARy f = VAR f + [A 05| R05f = @i f + Ui T-nwif + [A, 5] R, f,

where [A, 1] is the commutator of A and ;. Since ¢; = 1 in a neighborhood
of supp ¢; we have that ord [A, ¢;]R;p; = —oo by the pseudo-local property
of ©do. Therefore AY;R;p;f = @, f + Tg)vf, ord ng, < —N. It U; is
such that U; N 9Q # 0 then R; = Rjo + Rj;. For R;y we have as above
AjYiRijop; F = o f + Tg{,f in the local system of coordinates. Note that
R has the pseudo-locality property in the tangential variables (yi, ..., Yn—1)-
Therefore ord [A;, ¢;|Rjp;F = T_oF. Using (55.29), (55.30) we get

(55.32) paARF = f +T_yF,

(55.33) poaBRF = g, + TM F,

where ord Ty < —N, ord TE’;), < —N.



