54 Elliptic boundary value problems in a smooth
bounded domain.

Let € be a bounded domain with smooth boundary 9€2. Consider the bound-
ary value problem

(54.1) A(z, D)u(z) = f(x), x€Q,

(54.2) Bj(z, D)u(r)loa = g;j(z), 2'€0Q, 1<j<my,

where A(x,0) is an elliptic operator of order m = 2m,, Bj(x, D) are differ-
ential operators of order m;, 1 <j <my.

Denote by Ay(z, D), Bjo(x, D) the principal terms of A(x, D), Bj(x, D), 1 <
j < my. We have Ag(z,£) #0, Vo € Q, & #0.

Denote by H (s (£2) the space of the right-hand sides of (54.1), (54.2):
(54.3)

m 1
Hey = Ho(Q) x IG5 H

_1(09),  where s> 15127>7<1+(mj - 5)

The operator Au = (A(x, D)ulq, Bjulpn,1 < j < my) is bounded from
H,(92) to H5(€2). We shall study the condition for the operator A to be
Fredholm.

Let 2y € Q and let Uy be a neighborhood of zg, such that Uy N 9 = (.
Let $(z) € C3°(Uy), [$(x)] < 1

Lemma 54.1. For any € > 0 there exists Uy such that
(54.4) (@) A(x, D)u = ¢(x)(Ag(xo, D) + K + T)u,
where Ag(wo, D) = 34—, ar(0) D*, Ap(x0,€) = Aoz, (1 + ’f‘)é_\);
(54.5) K ullsm < Celfulls,
ordT <m —1.
Proof: Let ¢ (x) € C§°(Uy), supp (1 — 91 (z)) Nsupp ¢ (z) = 0. Let

(54.6) Ku= Y A" (z)(ak(x) — ar(z)) A" D,
|k|=m



where A(D) is a 1do with symbol A(€) = (1 + |¢[?)z.
Let € = max, j [¢1(2)] |ar(x) — ag(xo)]-
We have

(54.7)  |[Kullsom < > Clltrr (@) (ax(x) — ar(x0)) A" D¥ullo
|k|=m
< Ce Y AT Drully < Cheluls.

|k|=m

We used in (54.7) that ||¢ () (ax(z) — ax(zo))vollo < €l|v]o-

Commuting A*~™ and ¢, (x) (ax(z)—ax(z0)) we get that T = ¢q(z)(A(x, D)—
Ag(z9, D) — K) has order < m — 1, where thy(z) € C(Up), supp (1 — th3) N
supp 1 = 0. O

Take any zy € 0N and let U; be a neighborhood of zy. Introduce in U
a local system of coordinates y = si(x) such that y, = 0 is the equation of

orNUy, y, > 0 when x € Uy and (y),0) = s(zg). Let A(l)(y,n),Bj(l)(y,n)
be the symbols of A(z, D), B;j(x, D) in y-coordinates. Denote by AWM the
operator

AWy = (A(l)(ya Dy)u(y)|yn > 0, B](-l)(i% Dy)u|yn:0,1§j§m+)

and A[()l), B](.(l)) are the principal parts of AM), Bfl). Let /lél) be the operator

A(()l) when the coefficients are ”frozen” at the point (yg,0) and £’ is replaced
by (1+1¢']) g Let

e = max{ [y (Wlal” (v, yn) — al” (o, O, 111 (5, 0)[1B4}) (3, 0) — b (3. 01},

where ¢ (z) € C°(Uy), ¥1(y) = 1 near (y;,0), a,(:),bﬁ) are coefficients of

A(()l), B](.(l)). The maximum is taken over all y and k and j.
Denote by ¥ (y) a C§°(Up) function such that supp ¢ Nsupp (1 —v4) = 0.

Lemma 54.2. For any € > 0 one can choose Uy and ¢ (y) € C§°(Uy) such
that

(54.8) Y(y)AVu = (y) (A + K, +Ty),

where ||| Kyul|| ) < Cellulls, ord Ty < ord AS — 1.



Here ||| K ul||(s) is the norm in H ).

The proof of Lemma 54.2 is the same as the proof of Lemma 54.1 with
two adjustments:

1) We use A*™(€) = (&, +i(1 + |€'|2)2)*™ instead of A>"™(¢) = (1 +
£[2)2)"2" in the definition of K; (c.f. (54.6)). Operator A*™(D’, D,) has
the property that p. A" lju = py A ™ lou, where p, is the restriction to the
half-space y,, > 0 and lyu, l;u are two arbitrary extensions of u from R} to
R™.

The proof of this property is similar to the proof of Lemma 46.2: Since
liu—lyu = 0 for y, < 0 we get that A (lyu—Ilyu) = 0 for y, < 0. Therefore
the norm in H,_,,(R") is equivalent to |[pLAZ"™lul|o (c.f. §55).

2) The second adjustment is the use of (A')*™™ = (1+ |f'|2)¥ instead

of A*™™(&) = (1 + |€>)"2" when dealing with ¥(y/, O)Bj(l)(y’, 0, D)uly, —o-

Theorem 54.3. Assume that A(x, D) is elliptic in Q. Assume that for any
xo € ON) the condition (53.12) is satisfied for A(()l). Suppose s > maxi<j<m, (M;+
$). Then operator A is Fredholm operator from H,(2) to H (). The fol-
lowing estimate holds:

1
Jully < CUIfFIE,, + Z gils— my—3 T ull¥), Vs> mjax(mj + 5)

Proof: Let zy be any interior point of ). Denote by Ry the pseudo-
differential operator with symbol (Ag (o, €))~*. It follows from Lemma 54.1
that ¢ (z)A(z, D)u = p(Ag(zo, D) + K + T). Therefore o(z)A(x, D)Ry =
(I + KRy +TRy). We choose € > 0 in Lemma 54.1 such that ||| K Ryl|| <1
where ||| K Ryl|| is the norm of the operator K Ry in Hs_,,(R™). Then we have

(54.9) Y(x)A(z, D)Ro(I + KRy) ™' = (I + 1Y),

where T} = TRy(I + KRy)™*, ord T} < —1.
Consider now an arbitrarypoint x; € 02. It follows from Lemma 54.2
that the representation (54.8) holds. By Theorem 53.1 there exists R(®) such

that .,4 = I. Choose U; in Lemma 54.2 such that |||K; R®||| < 1. Then
(54.10) YARO(I + KyRO™ = (I +1T1),

where T} = TRO(I + KR! ord Ty < —1. Therefore we have an open
cover of € by neighborhoods of the form Uy when zy & 00 and by neighbor-
hoods of the form U; when zy € 9Q. Choose a finite subcover {U;}7_, and
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let ¢;(z), ¢;(x) € C§(U;), be the corresponding partition of unity. Denote
by R the following operator bounded from H ) to H,(2):

N
(54.11) RF = ;Rjp;F,

=1

where = (f, 1, 9m,) € M), 05 = (05, 0'0i00, - D'Pim. ), ()
C§°(U;), supp ¢;Nsupp (1—1;) = 0 and R; has a form RO([—i—KRO) (c.f.
(54.9)) in the case when U; N 92 = () and R has a form RO(I + K, R©)~
(c.f. (54.10)) in the local coordinates in U; When U; N0 # (). We have

L= m

ARF = Azwj Rjp;F = ZwJAJrA) i F

where ord A; < ord A — 1. Since ¥;AR; = 9;({ + T}),ord T; < —1 and

since ©;¢; = p; we get
ARF = F +TF,

where T' = > . (¢;Tjp; + AjRjp;, ord T < —1. Since ord T < —1 the
operator T' is compact (c.f. §42). Therefore R is the right regularizer of A.
Analogously, we can construct the left regularizer in the form:

N
(54.12) ROF =" ;R\ F,

where ¢;(z), 1¥;(z) are the same as in (54.11), R(l) has the form (I+KR0)_1R0

in the case U;NOY = 0 (c.f. (54.9)), and R(l) has the form (I+ K;R(©)~1R©
in the case of U; N 0N # 0. We get

M Ay = Z ¢]R(O)¢JAU = Z o R 1)@/)] 0 4 K; +1Tj).
Since @Z)]( + K;) = (.,450) + K;); + Tj1, where ord Tj; < ord A — 1, and
since R; )(Aéo K;) = I we get
(54.13) RYAu = u+ TWu,
where ord 71 < —1, i.e. TM is compact.
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Since A has the right and the left regularizers it is Fredholm.

Remark 54.1 Theorem 54.3 was proven under the assumption that the
condition (53.12) is satisfied for each xy € 0 in some local system of co-
ordinates near zo. We shall call the boundary conditions (54.2) that satisfy
(53.12) for all 5 € 09 the elliptic boundary conditions. The condition
(53.12) is also called Shapiro-Lopatinsky condition, or the coercivity condi-
tion. We shall show now that if (53.12) is satisfied at z¢ € 0€) in some local
system of coordinates y = s(x) then it is satisfied in any other local system
of coordinates y(l) = sW(2).

Denote by y = t(y) the transformation yV = t(y) = sV (s7(y)).

Let D;y be the Jacobi matrix. Since yT(}) = t,(3/,0) = 0 we have that

Atn(y, 1
ta(;/k 0 _ 0, 1<k<n-—1 Let y(O) = s(xy), yé) = s (zg). Denote by

[bj(y', 0)] 1 the matrix [(D[t)_%)> ] - 1f Ao(y, €), Bjo(y, §) are the principal
symbols of A(z, D), Bj(x, D) in y-coordinates and AO (y,n),BJ(O)(y,n) are
the principal symbols in y"-coordinates then (c.f. §45)

(54.14) AP (t(y), [brl€) = Ao(y,€), B (t(y), bjl€) = Bjo(y. €).

We have

(54.15) Zb]k New, 1<j<n-—1,

n

k=1

Analogously to (53.1) we have
A€, 6) = I (6 - A (49, €)),
ALY ) = T (0 = My ),

where S\; > 0, S\j; > 0. Therefore

Ay, €) = T (ban (v )& +ankék LDV (y)e),



where V' is the (n — 1) x (n — 1) matrix in (54.15). Analogously to (53.11)
we have

dzM)

1 1 -
L Bio (s ', 20) ()
2mi ).,

54.17 b (y W ) = —
( ) ik (y n ) Ag_l) (y(()l), 77/’ Z(l))

Making the change of variables 2 = b,z + 32771 by, 7/ = V€', we get
that
1
b, (5 VE) = banbin(y . €).

Therefore the condition (53.12) is satisfied in y™ = s((z) ccordinates if it
is satisfied in y = s(x) coordinates.

Now we shall give a more invariant description of the condition (53.12).

For any ' € 0X2 denote by n(z’) the unit interior normal to 092 at ’.
Let €. be the subdomain of €2 consisting of points 2’ + x,n(z’) where 0 <
x, < g, ie. . is diffeomorphic to 02 x [0,¢). In a neighborhood U, of
' € 09 we introduce local coordinates (v, y,), where y, = z, and 3/ are
local coordinates in Uy N OS2, Operators A(z, D), B;(x, D) have the principal
terms Ao(Y', Yn, Dy, Dy,.), Bijo(Y', Yn, Dy, D,,,) in these local coordinates. Let
(y™M, y,,) be another local system of coordinates in Uy, o' € Uy, where y,, = z,
and y( are local coordinates in U; N 0S2. We have

yW=4(y) and vy, =y,.

The principal symbols of A(x, D), Bj(z, D) in (y,y,) and (¢/,y,) coordi-
nates are related by formula (54.14) where t(y) = (¢ (v'),yn), and (54.16)
reduces to 1, = &,. Therefore operators A(z, D), Bj(z, D) determined a
family of symbols Ao(y',§,/,0,&n), Bjo(y', €y, 0,8n), 1 < j < my depending
smoothly on (y',§},) € Ty (092).

Consider the family of boundary value problems on the half-line 3, > 0
depending smoothly on (y',7,) € T5(99)

(54.18) Ao, 1,0, Dy, Ju(yn) =0, yn >0,

(54.19) By, 0, Dy, )ulyn)ly,=0 = h;0, h; € C, 1< j <my.

The condition (53.12), Vzy € 0f, i.e. the condition that the boundary
value problem (54.1), (54.2) is elliptic, is equivalent to the condition that the
boundary value problem (54.18), (54.19) in Ls(Ry) has a unique solution.
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Note that the kernel of Ag(y',7],,0, Dy, ) in Ly(R') is m, -dimensional for any
(¥, m,,) € Tg(0€2) and the number of boundary conditions (54.19) is also m.
Therefore the solvability of (54.18), (54.19) is equivalent to the uniqueness
in Lo(Ry) of the solution of (54.18), (54.19), with h; =0, 1 < j <m,.



