
54 Elliptic boundary value problems in a smooth

bounded domain.

Let Ω be a bounded domain with smooth boundary ∂Ω. Consider the bound-
ary value problem

(54.1) A(x,D)u(x) = f(x), x ∈ Ω,

(54.2) Bj(x,D)u(x)|∂Ω = gj(x
′), x′ ∈ ∂Ω, 1 ≤ j ≤ m+,

where A(x, 0) is an elliptic operator of order m = 2m+, Bj(x,D) are differ-
ential operators of order mj, 1 ≤ j ≤ m+.

Denote byA0(x,D), Bj0(x,D) the principal terms ofA(x,D), Bj(x,D), 1 ≤
j ≤ m+. We have A0(x, ξ) 6= 0, ∀x ∈ Ω, ξ 6= 0.

Denote by H(s)(Ω) the space of the right-hand sides of (54.1), (54.2):
(54.3)

H(s) = Hs−m(Ω)× Π
m+

j=1Hs−mj− 1
2
(∂Ω), where s > max

1≤j≤m+

(mj +
1

2
).

The operator Au = (A(x,D)u|Ω, Bju|∂Ω, 1 ≤ j ≤ m+) is bounded from
Hs(Ω) to H(s)(Ω). We shall study the condition for the operator A to be
Fredholm.

Let x0 ∈ Ω and let U0 be a neighborhood of x0, such that U0 ∩ ∂Ω = ∅.
Let ψ(x) ∈ C∞

0 (U0), |ψ(x)| ≤ 1.

Lemma 54.1. For any ε > 0 there exists U0 such that

(54.4) ψ(x)A(x,D)u = ψ(x)(Â0(x0, D) +K + T )u,

where A0(x0, D) =
∑

|k|=m ak(x0)D
k, Â0(x0, ξ) = A0(x, (1 + |ξ|) ξ

|ξ|),

(54.5) ‖Ku‖s−m ≤ Cε‖u‖s,

ord T ≤ m− 1.

Proof: Let ψ1(x) ∈ C∞
0 (U0), supp (1− ψ1(x)) ∩ supp ψ(x) = ∅. Let

(54.6) Ku =
∑
|k|=m

Λ−(s−m)ψ1(x)(ak(x)− ak(x0))Λ
(s−m)Dku,
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where Λ(D) is a ψdo with symbol Λ(ξ) = (1 + |ξ|2) 1
2 .

Let ε = maxx,k |ψ1(x)| |ak(x)− ak(x0)|.
We have

‖Ku‖s−m ≤
∑
|k|=m

C‖ψ1(x)(ak(x)− ak(x0))Λ
s−mD̂ku‖0(54.7)

≤ Cε
∑
|k|=m

‖Λs−mDku‖0 ≤ C1ε‖u‖s.

We used in (54.7) that ||ψ1(x)(ak(x)− ak(x0))v0||0 ≤ ε‖v‖0.
Commuting Λs−m and ψ1(x)(ak(x)−ak(x0)) we get that T = ψ2(x)(A(x,D)−

Â0(x0, D)−K) has order ≤ m− 1, where ψ2(x) ∈ C∞
0 (U0), supp (1− ψ2)∩

supp ψ1 = ∅.
Take any x0 ∈ ∂Ω and let U1 be a neighborhood of x0. Introduce in U1

a local system of coordinates y = s1(x) such that yn = 0 is the equation of

∂Ω ∩ U1, yn ≥ 0 when x ∈ U1 and (y′0, 0) = s(x0). Let A(1)(y, η), B
(1)
j (y, η)

be the symbols of A(x,D), Bj(x,D) in y-coordinates. Denote by A(1) the
operator

A(1)u = (A(1)(y,Dy)u(y)|yn > 0, B
(1)
j (y,Dy)u|yn=0,1≤j≤m+)

and A
(1)
0 , B

(1)
j0 are the principal parts of A(1), B

(1)
1 . Let Â(1)

0 be the operator

A(1)
0 when the coefficients are ”frozen” at the point (y′0, 0) and ξ′ is replaced

by (1 + |ξ′|) ξ′

|ξ′| . Let

ε = max{|ψ1(y)||a(1)
k (y′, yn)− a

(1)
k (y′0, 0)|, |ψ1(y

′, 0)||b(1)jk (y′, 0)− b
(1)
jk (y′0, 0)|},

where ψ1(x) ∈ C∞
0 (U1), ψ1(y) = 1 near (y′0, 0), a

(1)
k , b

(1)
jk are coefficients of

A
(1)
0 , B

(1)
j0 . The maximum is taken over all y and k and j.

Denote by ψ(y) a C∞
0 (U0) function such that supp ψ∩ supp (1−ψ1) = ∅.

Lemma 54.2. For any ε > 0 one can choose U1 and ψ1(y) ∈ C∞
0 (U1) such

that

(54.8) ψ(y)A(1)u = ψ(y)(Â(1)
0 +K1 + T1),

where ‖|K1u|‖(s) ≤ Cε‖u‖s, ord T1 ≤ ord Â(1)
0 − 1.
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Here ‖|K1u‖|(s) is the norm in H(s).
The proof of Lemma 54.2 is the same as the proof of Lemma 54.1 with

two adjustments:
1) We use Λs−m

− (ξ) = (ξn + i(1 + |ξ′|2) 1
2 )s−m instead of Λs−m(ξ) = (1 +

|ξ|2) 1
2 )

s−m
2 in the definition of K1 (c.f. (54.6)). Operator Λs−m

− (D′, Dn) has
the property that p+Λs−m

− l1u = p+Λs−m
− l2u, where p+ is the restriction to the

half-space yn > 0 and l1u, l2u are two arbitrary extensions of u from Rn
+ to

Rn.
The proof of this property is similar to the proof of Lemma 46.2: Since

l1u− l2u = 0 for yn < 0 we get that Λs−m
− (l1u− l2u) = 0 for yn < 0. Therefore

the norm in Hs−m(Rn
+) is equivalent to ‖p+Λs−m

− lu‖0 (c.f. §55).

2) The second adjustment is the use of (Λ′)s−mj = (1 + |ξ′|2)
s−mj

2 instead

of Λs−m(ξ) = (1 + |ξ|2) s−m
2 when dealing with ψ(y′, 0)B

(1)
j (y′, 0, D)u|yn=0.

Theorem 54.3. Assume that A(x,D) is elliptic in Ω. Assume that for any

x0 ∈ ∂Ω the condition (53.12) is satisfied for Â(1)
0 . Suppose s > max1≤j≤m+(mj+

1
2
). Then operator A is Fredholm operator from Hs(Ω) to H(s)(Ω). The fol-

lowing estimate holds:

‖u‖+
s ≤ C(‖f‖+

s−m +

m+∑
j=1

[gj]s−mj− 1
2

+ ‖u‖+
s−1), ∀s > max

j
(mj +

1

2
).

Proof: Let x0 be any interior point of Ω. Denote by R0 the pseudo-
differential operator with symbol (Â0(x0, ξ))

−1. It follows from Lemma 54.1
that ψ(x)A(x,D)u = ψ(Â0(x0, D) + K + T ). Therefore ψ(x)A(x,D)R0 =
ψ(I +KR0 + TR0). We choose ε > 0 in Lemma 54.1 such that ‖|KR0‖| < 1
where ‖|KR0‖| is the norm of the operator KR0 in Hs−m(Rn). Then we have

(54.9) ψ(x)A(x,D)R0(I +KR0)
−1 = ψ(I + T1),

where T1 = TR0(I +KR0)
−1, ord T1 ≤ −1.

Consider now an arbitrarypoint x1 ∈ ∂Ω. It follows from Lemma 54.2
that the representation (54.8) holds. By Theorem 53.1 there exists R(0) such

that Â(0)
0 R(0) = I. Choose U1 in Lemma 54.2 such that ‖|K1R

(0)‖| < 1. Then

(54.10) ψAR(0)(I +K1R
(0))−1 = ψ(I + T1),

where T1 = TR(0)(I +K1R
(0))−1, ord T1 ≤ −1. Therefore we have an open

cover of Ω by neighborhoods of the form U0 when x0 6∈ ∂Ω and by neighbor-
hoods of the form U1 when x0 ∈ ∂Ω. Choose a finite subcover {Uj}N

j=1 and
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let ϕj(x), ϕj(x) ∈ C∞
0 (Uj), be the corresponding partition of unity. Denote

by R the following operator bounded from H(s) to Hs(Ω):

(54.11) RF =
N∑

j=1

ψjRjϕjF,

where F = (f, g1, .., gm+) ∈ H(s), ϕjF = (ϕj, p
′ϕjg1, ..., p

′ϕjgm+), ψj(x) ∈
C∞

0 (Uj), supp ϕj ∩ supp (1−ψj) = ∅ and Rj has a form R0(I+KR0)
−1 (c.f.

(54.9)) in the case when Uj ∩ ∂Ω = ∅ and Rj has a form R(0)(I +K1R
(0))−1

(c.f. (54.10)) in the local coordinates in Uj when Uj ∩ ∂Ω 6= ∅. We have

ARF = A
N∑

j=1

ψjRjϕjF =
N∑

j=1

(ψjA+Aj)RjϕjF,

where ord Aj ≤ ord A − 1. Since ψjARj = ψj(I + Tj), ord Tj ≤ −1 and
since ψjϕj = ϕj we get

ARF = F + TF,

where T =
∑

j(ψjTjϕj + AjRjϕj, ord T ≤ −1. Since ord T ≤ −1 the
operator T is compact (c.f. §42). Therefore R is the right regularizer of A.
Analogously, we can construct the left regularizer in the form:

(54.12) R(1)F =
N∑

j=1

ϕjR
(1)
j ψjF,

where ϕj(x), ψj(x) are the same as in (54.11), R
(1)
j has the form (I+KR0)

−1R0

in the case Uj∩∂Ω = ∅ (c.f. (54.9)), and R
(1)
j has the form (I+K1R

(0))−1R(0)

in the case of Uj ∩ ∂Ω 6= ∅. We get

R(1)Au =
N∑

j=1

ϕjR
(0)
j ψjAu =

N∑
j=1

ϕjR
(1)
j ψj(A(0)

j +Kj + Tj).

Since ψj(A(0)
j +Kj) = (A(0)

j +Kj)ψj + Tj1, where ord Tj1 ≤ ord A− 1, and

since R
(1)
j (A(0)

j +Kj) = I we get

(54.13) R(1)Au = u+ T (1)u,

where ord T (1) ≤ −1, i.e. T (1) is compact.
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Since A has the right and the left regularizers it is Fredholm.
Remark 54.1 Theorem 54.3 was proven under the assumption that the

condition (53.12) is satisfied for each x0 ∈ ∂Ω in some local system of co-
ordinates near x0. We shall call the boundary conditions (54.2) that satisfy
(53.12) for all x0 ∈ ∂Ω the elliptic boundary conditions. The condition
(53.12) is also called Shapiro-Lopatinsky condition, or the coercivity condi-
tion. We shall show now that if (53.12) is satisfied at x0 ∈ ∂Ω in some local
system of coordinates y = s(x) then it is satisfied in any other local system
of coordinates y(1) = s(1)(x).

Denote by y(1) = t(y) the transformation y(1) = t(y) = s(1)(s−1(y)).

Let Dt(y)
Dy

be the Jacobi matrix. Since y
(1)
n = tn(y′, 0) = 0 we have that

∂tn(y′,0)
∂yk

= 0, 1 ≤ k ≤ n − 1. Let y(0) = s(x0), y
(1)
0 = s(1)(x0). Denote by

[bjk(y
′, 0)]nj,k=1 the matrix

[(
Dt(y)
Dy

)∗]−1

. If A0(y, ξ), Bj0(y, ξ) are the principal

symbols of A(x,D), Bj(x,D) in y-coordinates and A
(1)
0 (ŷ, η), B

(1)
j0 (ŷ, η) are

the principal symbols in y(1)-coordinates then (c.f. §45)

(54.14) A
(1)
0 (t(y), [bjk]ξ) = A0(y, ξ), B

(1)
j0 (t(y), [bjk]ξ) = Bj0(y, ξ).

We have

(54.15) ηj =
n−1∑
k=1

bjk(y
(0))ξk, 1 ≤ j ≤ n− 1,

(54.16) ηn =
n∑

k=1

bnk(y
(0))ξk, where bnn(y(0)) > 0.

Analogously to (53.1) we have

A+(y(0), ξ′, ξn) = Π
m+

j=1(ξn − λ+
j (y(0), ξ′)),

A
(1)
+ (y(1), η′, ηn) = Π

m+

j=1(ηn − λ+
j1(y

(1), η′)),

where =λj > 0, =λj1 > 0. Therefore

A+(y′, ξ) = Π
m+

j=1(bnn(y(0))ξn +
n−1∑
k=1

bnkξk − λ+
j1(y

(1), b′(y(0))ξ′)),

5



where b′ is the (n − 1) × (n − 1) matrix in (54.15). Analogously to (53.11)
we have

(54.17) b
(1)
jk (y(1), η′) =

1

2πi

∫
γ+

B
(1)
j0 (y

(1)
0 , η′, z(1))(z(1))k−1

A
(1)
+ (y

(1)
0 , η′, z(1))

dz(1)

Making the change of variables z(1) = bnnz +
∑n−1

k=1 bnkξk, η
′ = b′ξ′, we get

that
b
(1)
jk (y(1), b′ξ′) ≡ bnnbjk(y

(0), ξ′).

Therefore the condition (53.12) is satisfied in y(1) = s(1)(x) ccordinates if it
is satisfied in y = s(x) coordinates.

Now we shall give a more invariant description of the condition (53.12).
For any x′ ∈ ∂Ω denote by n(x′) the unit interior normal to ∂Ω at x′.

Let Ωε be the subdomain of Ω consisting of points x′ + xnn(x′) where 0 ≤
xn < ε, i.e. Ωε is diffeomorphic to ∂Ω × [0, ε). In a neighborhood U0 of
x′ ∈ ∂Ω we introduce local coordinates (y′, yn), where yn = xn and y′ are
local coordinates in U0∩∂Ω. Operators A(x,D), Bj(x,D) have the principal
terms A0(y

′, yn, Dy′ , Dyn), Bj0(y
′, yn, Dy′ , Dyn) in these local coordinates. Let

(y(1), yn) be another local system of coordinates in U1, x
′ ∈ U1, where yn = xn

and y(1) are local coordinates in U1 ∩ ∂Ω. We have

y(1) = t′(y′) and y′n = yn.

The principal symbols of A(x,D), Bj(x,D) in (y(1), yn) and (y′, yn) coordi-
nates are related by formula (54.14) where t(y) = (t′(y′), yn), and (54.16)
reduces to ηn = ξn. Therefore operators A(x,D), Bj(x,D) determined a
family of symbols A0(y

′, ξ′y′ , 0, ξn), Bj0(y
′, ξy′ , 0, ξn), 1 ≤ j ≤ m+ depending

smoothly on (y′, ξ′y′) ∈ T ∗
0 (∂Ω).

Consider the family of boundary value problems on the half-line yn > 0
depending smoothly on (y′, η′y) ∈ T ∗

0 (∂Ω)

(54.18) A0(y
′, η′y′ , 0, Dyn)u(yn) = 0, yn > 0,

(54.19) Bj0(y
′, η′y′ , 0, Dyn)u(yn)|yn=0 = hj0, hj ∈ C, 1 ≤ j ≤ m+.

The condition (53.12), ∀x0 ∈ ∂Ω, i.e. the condition that the boundary
value problem (54.1), (54.2) is elliptic, is equivalent to the condition that the
boundary value problem (54.18), (54.19) in L2(R+) has a unique solution.
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Note that the kernel of A0(y
′, η′y′ , 0, Dyn) in L2(R

1) is m+-dimensional for any
(y′, η′y′) ∈ T ∗

0 (∂Ω) and the number of boundary conditions (54.19) is also m+.
Therefore the solvability of (54.18), (54.19) is equivalent to the uniqueness
in L2(R+) of the solution of (54.18), (54.19), with hj = 0, 1 ≤ j ≤ m+.
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