Part VII
The elliptic boundary value
problems and parametrices.

52 Pseudodifferential operators on a mani-
fold.

Let M be a n-dimentional C'*° manifold. This means that M is a topolig-
ical space such that any point xy € M has a neighborhood U, that is
homeomorphic to a neighborhood By C R". Let y = so(z) be the map
of Uy onto By. We shall call y = (yi,...,yn) local coordinates in Uj. If
U; and Uy are two neighborhoods in M such that U; N Uy # 0 and if
Yy = s;(z), y® = si(z) are local coordinates in U; and Uy respectively,
then y) = s;,(y®) = s;(s;, " (y*)) is the map of s;'(U; N U;,) C R™ onto
s;(U; NUL) € R™

The manifold is called C*° manifold if s;;(y*)) € C= and the Jacobian

det DSB’;(&()M) # 0. We shall assume in this section that M is compact. A
function () on M is called C> function if ¢(s; ' (y7)) € C* for any neigh-
borhood Uj;.

By the definition the vector bundle V on M is a topological space with the
following properties: There exists a continuous projection p of V' onto M and
for each ¥y € M there is a neighborhood Uy such that the preimage p~!(Uy)
is homeomorphic to Uy x R™ for some m > 1: ®y(p~1(Uy)) = Uy x R™.
Moreover, if U; and Uy are two such neihghborhoods, U; N Uy, # () and @,
and @, are corresponding maps on U; x R™ and U;, x R™ respectively, then
for any (z,€) € (U; NU;) x R™ we have

(52.1) (1) = ;0 (),
where y = x,n = c¢jp(x)§, where cji(z) is a linear invertible map in R™.
Matrices c¢ji(x) are called the transition matrices of the bundle V. If one

uses local coordinates y'¥) = s;(z), = € Uj, and y®) = si(z), z € Uy, then
we get a map of s, (U; N Ux) x R™ onto s; ' (U; N Ug) x R™ of the form

(52‘2) y(j) — Sjk(y(k))a 77(j) — éjk:((y(k))n(k),
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whete s;x(y®) = s;(s71(5™)), (™) = calspi ™) € O, We call
p~H(zy) = & the fiber at point x € M and we shall write the elements of V/
in the form (z,&,).

An example of a vector bundle is the cotangent bundle T%(M), where
m = n and the transition matrices ¢;;(y*)) (c.f. §45) have the form

(52.3) sy = ((—Dfijfg’“)) ) -

Since M is assumed to be compact there exists a finite cover of M by neigh-
borhood U;,1 < j < N.

Let {;(z), U;}, be a partition of unity, i.e supp ¢; C Uj, Zjvzl p; =1
on M and ¢p; € C®°(M). For any u(z) € C*°(M) we introduce a Sobolev
norm

(52.4) ulls = Z oy (s (y)ulsy (W 9)IIE,

where ||gpj(s}l(y(j)))u(sj_l(y(j)))||5 is the norm in H (R").

We denote by Hs(M) the closure of C*°(M) in the norm (52.4). It is easy
to prove (c.f. §13) that if we take another partition of unity and another set
of local coordinates we get a norm equivalent to (52.4). We say that a linear
operator T has an order < « if

(52.5) ITully < Cllullsras u € C%(M),

for any s € R.
We say that A is a pseudodifferential operator (1)do) on M if the following
two conditions hold:

a) If p(x) € C°(M), p(x) € C°(M) and supp ¢ Nsupp ¢ = () then Y Ap
is an operator of order —oo.

b) If supp ¢(x) and supp ¥ (x) belong to the same neighborhood Uy then
for any N

N
YApu = YAV ou + YTy 1pu,
=0

where ord T, < a — N — 1 and AY) are 1do operators in local coor-
dinates y® = sy'(z),r € U. We assume that the symbol of AY) is
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AW (5O O (1 — x(n®) in local coordinates, A(j (y©, 7)Y is homo-
geneous in 77(0 of degree a — j and C* when 7(®) # 0. We shall call
AW (3 p©) the principal symbol of A in local coordinates in Uj.

Now we shall define the principal symbol of ¥do on M. If Uy N Uy # ()
and if Ap ,p = 1,2, are principal symbols of A in U,,p = 1,2, then we have
(c.f. §45):

i M)A . €D (7 1)

= o535 (yP) AL (¥, €P)pa (57 (y?))
in U; N Uy, where

-1
Dspa(yM)\ " -
y? =sp@y), ¥ = ((% W, sia(y™) = salsi ' (y™)).

Therefore operator A determines a function Ag(x, &) on Ty (M) = {(z, &) €

T*(M),&, # 0}. The symbol A ( ), £0)) is the realization of this function
in local coordinates in U;.

We shall call A(O)(:L’,éx) the principal symbol of ¥do on M. Note that
AO)(z, &,) is homogeneous in &, of degree a. Vice versa, given such A©®) (x, &,)
we can costruct a ¢do on M Whose principal symbol is A0 (z,¢,). Operator
A has the form Au = Z] 1 % %u where A is a ¢do in R™ with symbol
AE-O) (y9), £9) (1 — (€W, AE-O)( ), €)Y is the realization of A©)(x,&,) in the
local system of coordinates y) in U;, ¥;(z) € C(U;), supp (1 — ;) N
supp @; =0, S0 ¢ = 1.

It follows from Theorems 40.1, 40.2 and §45 that A is an operator of order
a. Alsoif A and B are two ¥do with principal symbols A (z, £,), BO (x,&,),
dege, A©) = o, deg, B = {3 then

AB=C+T,

where ord T' < a+4—1 and C'is a ¢do with the principal symbol C(z, £,) =
O, &) B (2, &)-

Theorem 52.1. Let A be elliptic 1pdo on M, i.e. A (z,&,) #0, ¥(z,&,) €
Ts(M). Then A is a Fredholm operator from Hs(M) to Hs_o(M) for Vs.



Proof: Denote by R the vdo with the principal symbol R (x,¢,) =
(AO(z,€,))7 . Then AR = [ +TW, RA = I +T?® where ord T® <
1, p=1,2.

It follows from §42 that any operator of negative order is compact in
H (M) for Vs. Therefore R is the left and the right regularizer of A and
therefore A is Fredholm.

53 Boundary value problem for the elliptic
operators in the half-space.

Let R? = {(2/,2,) : &, > 0,2’ € R"'}. Let Ay(¢,&,) be a homogeneous
polynomial of degree m. Ay is elliptic if Ay(¢’,&,) # 0 for all (¢/,¢,) # (0,0).
Assuming that Ag(0,+1) = 1 we have Ay(', &) = 7L, (& — A;(€')), where
dege Aj(¢') = 1 and SA;(£') # 0 when &' # 0. Denote

(53.1) A (€, €)= IE (6 — AT(E)),
A*(flafn) = H;n:il(gn - A;(é));

where IA(€)) >0, 1 <j<my, SA/()) <0, 1<j<m_, my+m_=
m. Note that A* are continuous in &', & # 0. If n > 3 then I\ (¢') > 0 for all
¢ € R"'\{0} since R""'\ {0} is connected. Therefore m, (and analogously
m_) does not depend on ¢'. Since Ag(—¢', —=&,) = (—1)™Ao(¢',&,) we have
that Af (=€) = —AJ(§) = Ay;)(€) for some k(j). Therefore m, = m_
and m = m, +m_ is even. If n = 2 this is not always true. For example,
Ap(&1,&2) = & + i&s is an elliptic polynomial. We shall assume in this and
the following sections that deg Ay(§) is even also when n = 2 | and that
my =m_=1%.

Since Ao(g’, €,) vanishes when (¢',€,) = (0, 0) we replace it by Ay(€',&,) =
A1+ IED G &)

Note that Ay(&,&,) — Ag(&,€) = A(€,€,) where ord Ay (£) < m—1 and
Cr(1 + &)™ < |Ag(6)] < Cy(1 + [§)™. Also fo any homogeneous function

(&', €,) we shall denote by C(&,&,) = C((1+1¢/]) &7, &n)-
Let Bjo(¢',€,) be homogeneous polynomials of degree m; and let

/

Bjo(€'€,) = Bjo((1 + |5'|>m,5n>.



We consider the following boundary value problem in R :

~

(53.2) Ao(D', Dy)u(x x,) = f(2',2,), x>0,

~

_ m
(53.3) Bjo(D', Dy) u(a', x,)], _o=g;(z'), 1<j<my = =

where f € H,_,,(RY), g;(2') € H

oyt (R*7Y), s > maxijem, (m; —

We will look for the solution v € H (R ). Denote

).

N[

Hisy = Hom(RE) X T H, 1 (R,

-3
Operator Agu = (Agu, Bjg ul, _o,1 < j < my)is bounded from H (R'}) to
Hs)-

We shall find the conditions when A is invertible.

Let If € Hy—,,,(R™) be an extension of f(z',x,) such that

12flls—m < CFIZm

where || f]|{_,, is the norm in H,_,,(R?%) (c.f. §33). Denote
l
(53.4) ug(r) = F1——>2— /(&)

Then Ay(D’, D,,)uy = f in R”™. Denote
v(x) = u(x) — up(x).
Then v(z) satisfies

(53.5) Ao(D', Dy)v(2 2) =0, a2, >0,

(53.6) Bjo(D', Dy) (@', wn)l,, o = hy(2), 1<j<my,

z5,=0 J

where h;(z') = g;(z') — Bjo uol, _o € Hsfmr%(R”_l). Performing the
Fourier transform in 2’ we get

(53.7) Ao(¢, Dy)o(¢ 2y) = 0,



(53.8) Bjo(€', D) 0(€ x|, o = hy(€).

Note that (53.7), (53.8) is the boundary value problem on R} for the ordinary
differential equation. The general solution of (53.7) belonging to Hs(R, ) has
the form
(53.9)

Tk

_ S cp(€)ER e ix"g"d _ Sz _1Ck(f/)em"zd
o' 7e) %/ deey /Z Ae )

where 7 is a closed simple contour in Sz > 0 enclosing all zeros of A, (£, z)
(c.f. the Jordan Lemma). If & is such that all )\;r(ﬁ’) are simple roots,
1 <j <my =7, then computing (53.9) by the residues we get

M

~ iz S+ et
A€ ) = 3 epu(€)eo M),

J=1

where 5\+(£’) =\ ((1+ |£’\) e ) Substituting (53.9) into (53.8) we get the
following linear system for ¢ (&'):

(53.10) D b)) = hi(€), 1< <my,
k=1
where
1 B. ! k—1
(53.11) bin(€) = 2—m/ %dz,
Y+ )

bir(€) = bjn((1 + |§’|)%) Note that b;(&’) are homogeneous functions of
degree m; + k —my.

We shall assume that
(53.12) det[d;r (& )]]k L #0, V& #0.

Let [dy;(&')];;—1 be the matrix inverse to [b;x(¢')]7%_,. Then

(53.13) ({) = dej(f')ﬁj(fl% 1<k <my,



and (53.9), (53.13) give the unique solution of the boundary value problem
(53.7), (53.8). Note that degg dy;(§) = —m — k —m;. We have

(53.14) MH<O§) Hoemy-1

where [h;]; is the norm in Ht(Rnfl). To prove (53.14) choose N > s, N is
an integer. Note that AN (¢, 2) = (2 + i|¢'|)Y has zeros only outside of the

contour ;.
We have

B(Ex / (z +i(€]+ D)V e (et
T+ k=1 AN 5,7 )A+(€,7Z)
Denote by pi (&', ) the remainder of the division of AN (&', 2)2¥ by A, (€, 2).

Note that px(&, z) is homogeneous in (£, z) of degree N +k — 1 — m  and
pr(&, 2) is a polynomial in z of degree < m, — 1:

(53.15) AY(E,2)2 7 = g€ 2)As (€, 2) + pi(€ ),
where ¢ is a polynomials in z. Note that
/ (€, 2)er(E)er™s
T+ AJX(§,7 Z)

since AN (&', z) has no poles inside v,. Using he Jordan lemma we get for
T, >0

1xnén
T

Extend v(¢’, z,,) for x,, < 0 by the right-hand side of (53.16) and perform the
Fourier transform in x,,. We get

(1 + 1] + €)% ]a (€, £) Plex(€)]?
() <CZ/ AN(E &I, (€60

Making the change of variables &, = (1+|¢'|)n, and taking into account that
N > s, we get

de'de,.

5317)  (el) <cZ [ I e e
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Since degg di;(§') = my — k —m; we get (53.14) from (53.17) and (53.13).
Therefore u = ug(2', x,) + v(2’, x,) where ug is given by (53.4) is the unique
solution in Hy(R") of the boundary value problem (53.2)(53.3) and the fol-
lowing estimate holds

m4
lull} < CIAEm +C D Lok N m,-3
j=1

where s > maxi<j<m, (m; + %) Denote by R, the bounded operator from
Hs to Hy(R%) given by u = uo(2', zo) + v(2', x,), x, > 0. We proved the

following theorem:

Theorem 53.1. Let s > max;<j<m(m; + 3). Suppose the condition (53.12)
is satisfied. Then Ry is the inverse to the operator Ay:

AoRo+ 1, RoAo = I,

where Iy 1s the identity operator in He and Iy is the identity operator in

H,(R").



