
Part VII

The elliptic boundary value
problems and parametrices.

52 Pseudodifferential operators on a mani-

fold.

Let M be a n-dimentional C∞ manifold. This means that M is a topolig-
ical space such that any point x0 ∈ M has a neighborhood U0 that is
homeomorphic to a neighborhood B0 ⊂ Rn. Let y = s0(x) be the map
of U0 onto B0. We shall call y = (y1, ..., yn) local coordinates in U0. If
Uj and Uk are two neighborhoods in M such that Uj ∩ Uk 6= ∅ and if
y(j) = sj(x), y

(k) = sk(x) are local coordinates in Uj and Uk respectively,
then y(j) = sjk(y

(k)) = sj(s
−1
k (y(k))) is the map of s−1

k (Uj ∩ Uk) ⊂ Rn onto
sj(Uj ∩ Uk) ∈ Rn.

The manifold is called C∞ manifold if sjk(y
(k)) ∈ C∞ and the Jacobian

det
Dsjk(y(k))

Dy(k) 6= 0. We shall assume in this section that M is compact. A

function ϕ(x) on M is called C∞ function if ϕ(s−1
j (yj)) ∈ C∞ for any neigh-

borhood Uj.
By the definition the vector bundle V onM is a topological space with the

following properties: There exists a continuous projection p of V onto M and
for each x0 ∈M there is a neighborhood U0 such that the preimage p−1(U0)
is homeomorphic to U0 × Rm for some m ≥ 1: Φ0(p

−1(U0)) = U0 × Rm.
Moreover, if Uj and Uk are two such neihghborhoods, Uj ∩ Uk 6= ∅ and Φj

and Φk are corresponding maps on Uj ×Rm and Uk ×Rm respectively, then
for any (x, ξ) ∈ (Uj ∩ Uk)×Rm we have

(52.1) (y, η) = ΦjΦ
−1
k (x, ξ),

where y = x, η = cjk(x)ξ, where cjk(x) is a linear invertible map in Rm.
Matrices cjk(x) are called the transition matrices of the bundle V . If one
uses local coordinates y(j) = sj(x), x ∈ Uj, and y(k) = sk(x), x ∈ Uk, then
we get a map of s−1

k (Uj ∩ Uk)×Rm onto s−1
j (Uj ∩ Uk)×Rm of the form

(52.2) y(j) = sjk(y
(k)), η(j) = ĉjk((y

(k))η(k),
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where sjk(y
(k)) = sj(s

−1
k (y(k))), ĉjk(y

(k)) = cjk(s
−1
k (y(k)) ∈ C∞. We call

p−1(x0) = ξx the fiber at point x ∈ M and we shall write the elements of V
in the form (x, ξx).

An example of a vector bundle is the cotangent bundle T ∗(M), where
m = n and the transition matrices ĉjk(y

(k)) (c.f. §45) have the form

(52.3) ĉjk(y
(k)) =

((
Dsjk(yk)

Dy(k)

)T
)−1

.

Since M is assumed to be compact there exists a finite cover of M by neigh-
borhood Uj, 1 ≤ j ≤ N .

Let {ϕj(x), Uj}N
j=1 be a partition of unity, i.e supp ϕj ⊂ Uj,

∑N
j=1 ϕj = 1

on M and ϕj ∈ C∞(M). For any u(x) ∈ C∞(M) we introduce a Sobolev
norm

(52.4) ‖u‖2
s =

N∑
j=1

‖ϕj(s
−1
j (y(j)))u(s−1

j (y(j)))‖2
s,

where ‖ϕj(s
−1
j (y(j)))u(s−1

j (y(j)))‖s is the norm in Hs(R
n).

We denote by Hs(M) the closure of C∞(M) in the norm (52.4). It is easy
to prove (c.f. §13) that if we take another partition of unity and another set
of local coordinates we get a norm equivalent to (52.4). We say that a linear
operator T has an order ≤ α if

(52.5) ‖Tu‖s ≤ C‖u‖s+α, u ∈ C∞(M),

for any s ∈ R.
We say that A is a pseudodifferential operator (ψdo) on M if the following

two conditions hold:

a) If ψ(x) ∈ C∞(M), ϕ(x) ∈ C∞(M) and supp ψ∩ supp ϕ = ∅ then ψAϕ
is an operator of order −∞.

b) If supp ϕ(x) and supp ψ(x) belong to the same neighborhood U0 then
for any N

ψAϕu =
N∑

j=0

ψA(j)ϕu+ ψTαN−1ϕu,

where ord Tα ≤ α − N − 1 and A(j) are ψdo operators in local coor-
dinates y(0) = s−1

0 (x), x ∈ U . We assume that the symbol of A(j) is
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A(j)(y(0), η(0))(1 − χ(η(0)) in local coordinates, A(j)(y(0), η(0)) is homo-
geneous in η(0) of degree α − j and C∞ when η(0) 6= 0. We shall call
A(j)(y(0), η(0)) the principal symbol of A in local coordinates in U0.

Now we shall define the principal symbol of ψdo on M . If U1 ∩ U2 6= ∅
and if A

(0)
p , p = 1, 2, are principal symbols of A in Up, p = 1, 2, then we have

(c.f. §45):

ψ1(s
−1
1 (y(1))A

(0)
1 (y(1), ξ(1))ϕ1(s

−1
1 (y(1)))

= ψ2(s
−1
2 (y(2))A

(0)
2 (y(2), ξ(2))ϕ2(s

−1
2 (y(2)))

in U1 ∩ U2, where

y(2) = s12(y
(1)), ξ(2) =

((
Ds12(y

(1))

Dy(1)

)T
)−1

ξ(1), s12(y
(1)) = s2(s

−1
1 (y(1))).

Therefore operatorA(0) determines a functionA0(x, ξx) on T ∗0 (M) = {(x, ξx) ∈
T ∗(M), ξx 6= 0}. The symbol A

(0)
j (y(j), ξ(j)) is the realization of this function

in local coordinates in Uj.
We shall call A(0)(x, ξx) the principal symbol of ψdo on M . Note that

A(0)(x, ξx) is homogeneous in ξx of degree α. Vice versa, given such A(0)(x, ξx)
we can costruct a ψdo on M whose principal symbol is A(0)(x, ξx). Operator

A has the form Au =
∑N

j=1 ψjA
(0)
j ϕju, where A

(0)
j is a ψdo in Rn with symbol

A
(0)
j (y(j), ξ(j))(1−χ(ξ(j)), A

(0)
j (y(j), ξ(j)) is the realization of A(0)(x, ξx) in the

local system of coordinates y(j) in Uj, ψj(x) ∈ C∞
0 (Uj), supp (1 − ψj) ∩

supp ϕj = ∅,
∑N

j=1 ϕj = 1.
It follows from Theorems 40.1, 40.2 and §45 that A is an operator of order

α. Also ifA andB are two ψdo with principal symbolsA(0)(x, ξx), B
(0)(x, ξx),

degξx
A(0) = α, degξx

B(0) = β then

AB = C + T,

where ord T ≤ α+β−1 and C is a ψdo with the principal symbol C(0)(x, ξx) =
A(0)(x, ξx)B

(0)(x, ξx).

Theorem 52.1. Let A be elliptic ψdo on M , i.e. A(0)(x, ξx) 6= 0, ∀(x, ξx) ∈
T ∗0 (M). Then A is a Fredholm operator from Hs(M) to Hs−α(M) for ∀s.
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Proof: Denote by R the ψdo with the principal symbol R(0)(x, ξx) =
(A(0)(x, ξx))

−1. Then AR = I + T (1), RA = I + T (2) where ord T (p) ≤
−1, p = 1, 2.

It follows from §42 that any operator of negative order is compact in
Hs(M) for ∀s. Therefore R is the left and the right regularizer of A and
therefore A is Fredholm.

53 Boundary value problem for the elliptic

operators in the half-space.

Let Rn
+ = {(x′, xn) : xn > 0, x′ ∈ Rn−1}. Let A0(ξ

′, ξn) be a homogeneous
polynomial of degree m. A0 is elliptic if A0(ξ

′, ξn) 6= 0 for all (ξ′, ξn) 6= (0, 0).
Assuming that A0(0,+1) = 1 we have A0(ξ

′, ξn) = Πm
j=1(ξn − λj(ξ

′)), where
degξ′ λj(ξ

′) = 1 and =λj(ξ
′) 6= 0 when ξ′ 6= 0. Denote

A+(ξ′, ξn) = Π
m+

j=1(ξn − λ+
j (ξ′)),(53.1)

A−(ξ′, ξn) = Π
m−
j=1(ξn − λ−j (ξ′)),

where =λ+
j (ξ′)) > 0, 1 ≤ j ≤ m+, =λ−j (ξ′)) < 0, 1 ≤ j ≤ m−, m+ +m− =

m. Note that λ± are continuous in ξ′, ξ′ 6= 0. If n ≥ 3 then =λ+
j (ξ′) > 0 for all

ξ′ ∈ Rn−1\{0} since Rn−1\{0} is connected. Therefore m+ (and analogously
m−) does not depend on ξ′. Since A0(−ξ′,−ξn) = (−1)mA0(ξ

′, ξn) we have
that λ+

j (−ξ′) = −λ+
j (ξ′) = λ−k(j)(ξ

′) for some k(j). Therefore m+ = m−
and m = m+ + m− is even. If n = 2 this is not always true. For example,
A0(ξ1, ξ2) = ξ1 + iξ2 is an elliptic polynomial. We shall assume in this and
the following sections that degA0(ξ) is even also when n = 2 , and that
m+ = m− = m

2
.

Since A0(ξ
′, ξn) vanishes when (ξ′, ξn) = (0, 0) we replace it by Â0(ξ

′, ξn) =
A0((1 + |ξ|) ξ′

|ξ| , ξn).

Note that Â0(ξ
′, ξn)−A0(ξ

′, ξ) = A1(ξ
′, ξn) where ord A1(ξ) ≤ m− 1 and

C1(1 + |ξ|)m ≤ |Â0(ξ)| ≤ C2(1 + |ξ|)m. Also fo any homogeneous function
C(ξ′, ξn) we shall denote by Ĉ(ξ′, ξn) = C((1 + |ξ′|) ξ′

|ξ′| , ξn).

Let Bj0(ξ
′, ξn) be homogeneous polynomials of degree mj and let

B̂j0(ξ
′ξn) = Bj0((1 + |ξ′|) ξ

′

|ξ′|
, ξn).
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We consider the following boundary value problem in Rn
+:

(53.2) Â0(D
′, Dn)u(x′, xn) = f(x′, xn), xn > 0,

(53.3) B̂j0(D
′, Dn) u(x′, xn)|xn=0 = gj(x

′), 1 ≤ j ≤ m+ =
m

2
,

where f ∈ Hs−m(Rn
+), gj(x

′) ∈ Hs−mj− 1
2
(Rn−1), s > max1≤j≤m+(mj − 1

2
).

We will look for the solution u ∈ Hs(R
n
+). Denote

H(s) = Hs−m(Rn
+)× Π

m+

j=1Hs−mj− 1
2
(Rn−1).

Operator A0u = (Â0u, B̂j0 u|xn=0 , 1 ≤ j ≤ m+) is bounded from Hs(R
n
+) to

H(s).
We shall find the conditions when A is invertible.
Let lf ∈ Hs−m(Rn) be an extension of f(x′, xn) such that

‖lf‖s−m ≤ C‖f‖+
s−m,

where ‖f‖+
s−m is the norm in Hs−m(Rn

+) (c.f. §33). Denote

(53.4) u0(x) = F−1 l̃f(ξ)

Â0(ξ′, ξn)
.

Then Â0(D
′, Dn)u0 = f in Rn

+. Denote

v(x) = u(x)− u0(x).

Then v(x) satisfies

(53.5) Â0(D
′, Dn)v(x′, xn) = 0, xn > 0,

(53.6) B̂j0(D
′, Dn) v(x′, xn)|xn=0 = hj(x

′), 1 ≤ j ≤ m+,

where hj(x
′) = gj(x

′) − B̂j0 u0|xn=0 ∈ Hs−mj− 1
2
(Rn−1). Performing the

Fourier transform in x′ we get

(53.7) Â0(ξ
′, Dn)ṽ(ξ′, xn) = 0,
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(53.8) B̂j0(ξ
′, Dn) ṽ(ξ′, xn)|xn=0 = h̃j(ξ

′).

Note that (53.7), (53.8) is the boundary value problem on R1
+ for the ordinary

differential equation. The general solution of (53.7) belonging to Hs(R+) has
the form
(53.9)

ṽ(ξ′, xn) =
1

2π

∫ ∞

−∞

∑m+

k=1 ck(ξ
′)ξk−1

n eixnξn

Â+(ξ′, ξn)
dξn =

∫
γ+

m+∑
k=1

zk−1ck(ξ
′)eixnz

Â+(ξ′, z)
dz,

where γ+ is a closed simple contour in =z > 0 enclosing all zeros of Â+(ξ′, z)
(c.f. the Jordan Lemma). If ξ′ is such that all λ+

j (ξ′) are simple roots,
1 ≤ j ≤ m+ = m

2
, then computing (53.9) by the residues we get

ṽ(ξ′, xn) =

m+∑
j=1

cj1(ξ
′)eixnλ̂+

J (ξ′),

where λ̂+
j (ξ′) = λ+

j ((1 + |ξ′|) ξ′

|ξ′|). Substituting (53.9) into (53.8) we get the

following linear system for ck(ξ
′):

(53.10)

m+∑
k=1

b̂jk(ξ
′)ck(ξ

′) = h̃j(ξ
′), 1 ≤ j ≤ m+,

where

(53.11) bjk(ξ
′) =

1

2πi

∫
γ+

Bj0(ξ
′, z)zk−1

A+(ξ′, z)
dz,

b̂jk(ξ
′) = bjk((1 + |ξ′|) ξ′

|ξ′|). Note that bjk(ξ
′) are homogeneous functions of

degree mj + k −m+.
We shall assume that

(53.12) det[djk(ξ
′)]

m+

j,k=1 6= 0, ∀ξ′ 6= 0.

Let [dkj(ξ
′)]

m+

k,j=1 be the matrix inverse to [bjk(ξ
′)]

m+

j,k=1. Then

(53.13) ck(ξ
′) =

m+∑
j=1

d̂kj(ξ
′)h̃j(ξ

′), 1 ≤ k ≤ m+,
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and (53.9), (53.13) give the unique solution of the boundary value problem
(53.7), (53.8). Note that degξ′ dkj(ξ) = −m− k −mj. We have

(53.14) ‖v‖+
s ≤ C

m+∑
j=1

[hj]s−mj− 1
2
,

where [hj]t is the norm in Ht(R
n−1). To prove (53.14) choose N ≥ s, N is

an integer. Note that ΛN
− (ξ′, z) = (z + i|ξ′|)N has zeros only outside of the

contour γ+.
We have

ṽ(ξ′, xn) =

∫
γ+

m+∑
k=1

(z + i(|ξ′|+ 1))Nzk−1ck(ξ
′)eixnz

Λ̂N
− (ξ′, z)Â+(ξ′, z)

dz.

Denote by pk(ξ
′, z) the remainder of the division of ΛN

− (ξ′, z)zk−1 by A+(ξ, z).
Note that pk(ξ, z) is homogeneous in (ξ, z) of degree N + k − 1 − m+ and
pk(ξ, z) is a polynomial in z of degree ≤ m+ − 1:

(53.15) ΛN
− (ξ′, z)zk−1 = qk(ξ

′, z)A+(ξ′, z) + pk(ξ
′, z),

where qk is a polynomials in z. Note that∫
γ+

q̂k(ξ
′, z)ck(ξ

′)eixnz

Λ̂N
− (ξ′, z)

dz = 0

since Λ̂N
− (ξ′, z) has no poles inside γ+. Using he Jordan lemma we get for

xn > 0

(53.16) ṽ(ξ′, xn) =

m+∑
k=1

∫ ∞

−∞

p̂k(ξ
′, ξn)ck(ξ

′)eixnξn

Λ̂N
− (ξ′, ξn)Â+(ξ′, ξn)

dξn.

Extend ṽ(ξ′, xn) for xn < 0 by the right-hand side of (53.16) and perform the
Fourier transform in xn. We get

(‖v‖+
s )2 ≤ C

m+∑
k=1

∫
Rn

(1 + |ξ′|+ |ξn|)2s|q̂k(ξ′, ξn)|2|ck(ξ′)|2

|Λ̂N
− (ξ′, ξn)|2|Â+(ξ′, ξn)|2

dξ′dξn.

Making the change of variables ξn = (1+ |ξ′|)ηn and taking into account that
N ≥ s, we get

(53.17) (‖v‖+
s )2 ≤ C

m+∑
k=1

∫
Rn−1

(1 + |ξ′|)2s−2m++2k−1|ck(ξ′)|2dξ′.
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Since degξ′ dkj(ξ
′) = m+ − k −mj we get (53.14) from (53.17) and (53.13).

Therefore u = u0(x
′, xn) + v(x′, xn) where u0 is given by (53.4) is the unique

solution in Hs(R
n
+) of the boundary value problem (53.2)(53.3) and the fol-

lowing estimate holds

‖u‖+
s ≤ C‖f‖+

s−m + C

m+∑
j=1

[gk(x
′)]s−mj− 1

2
,

where s > max1≤j≤m+(mj + 1
2
). Denote by R0 the bounded operator from

Hs to Hs(R
n
+) given by u = u0(x

′, x0) + v(x′, xn), xn > 0. We proved the
following theorem:

Theorem 53.1. Let s > max1≤j≤m(mj + 1
2
). Suppose the condition (53.12)

is satisfied. Then R0 is the inverse to the operator A0:

A0R0 + I1, R0A0 = I2,

where I1 is the identity operator in H(s) and I2 is the identity operator in
Hs(R

n
+).
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