49 The finite domain of dependence prop-
erty.

We shall study now the finite domain of dependence and the finite domain
of influence properties of the solutions to the hyperbolic equations. We shall
give here only an estimate of the domains of influence and dependence.

Theorem 49.1. Let fi(x,t) and uy(z,t) be the same as in Theorem 48.1.
Suppose supp fi(x,t) C Bpiagli—to|, Vt > —to, where Bp = {z : |z| <
R}, to > 0. There exists a > ag such that supp uy(x,t) C Bpryajtte,| for
Vit > —1y.

Proof: Consider the cone
(49.1) K= {|z]> < a®(t +to)?, t> —to,

where to > 0 and a® > a3 is large. Since a > ag supp f, is contained in K.
We shall define a one-to-one map

(49.2) (Y, y0) = s(z,1)

of K onto the half-space yo > —t5, y € R" such that s(x,t) € C*™ when
(z,t) # (0, —to) and the Jacobi matrix 2% has a norm close to I, i.e.

D(z,t)
H D(ya yO)

(49.3) e

-1 H < Ca,
where « is small.

_To describe explicitly the map (49.2) choose spherical coordinates (7,9, w)
in K, where

w=-"—e85" r=/|z]2+ (t+1)2,

cos ) =

, nggz—a, a = cot a.
VIaP + (t +10)? 2

Analogously we introduce spherical coordinates in the half-space yy > —to, y €

R™

d:%’“:ﬂW+%+M%
ly|

cost) = ,
VY12 + (yo + to)?

0<¢<

| X
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The change of coordinates (49.2) has the following form in spherical coordi-
nates:

(49.4) W=w, r'=r Y= 1.

D(yvyo)
D(z,t)

of variables (49.2). Then H(z,t,D,, D;) has the form Fl(y,yo,Dy,DyO) =

H(s Yy, 90), (%é’;’;’)))T(Dy,DyO)) (c.f. §45). We assume that H(z,t, D,, D;)

is independent of (z,t) when |z|* + ¢ > R?, and is strictly hyperbolic with
respect to o, i.e. Hy(z,t,&,0) = 0 has m distinct real roots oy(x,t,§), 1 <
k < m, for all z,t,§ # 0. Note that if we change slightly (z,t¢) and if we
make a linear change of variables (¢, 0’) = A(&, o), where matrix A is close
to the identity, then the new polynomial will be still strictly hyperbolic with
respect to o’. Therefore ﬁo(y,yo, D,, D,,) will be strictly hyperbolic with
respect to Dy, .
Consider the equation

Therefore is close to the identity when « is small. Make change

~ ~

(495) H(y7y07Dy7DyO)w+(yvg0) = f-i-(yvyO)

in the half-space yo < T, y € R", where f+(y, Yo) is the image of f (z,t) 6[01073
(R"™!) under the map (49.2). Note that supp fi N(—o0,T] is compact since
a > ag. We look for

w-i-(yayO) € Hm,S—I(Rn X (_OO7T))7 @D+(y7yo) =0 for Yo < _tO-

It follows from Theorem 48.1 (c.f. Remark 46.2 ) that such W (y,yo) exists
and is unique. Since supp f; C K there exists € > 0 small and such that
supp f1(y,y0) C {yo > —to + ¢,y € R"}. By the uniqueness @, (y, yo) also
equal to zero when yy < —tg+ . Denote by X, and Y7 the preimages of the
planes yo = —t+¢ and yo = T under the map (49.2). Let Q.7 be the domain
between Y. and ¥r. Denote by w(z,t) the preimage of w, (y,y) restricted
to the strip —tg+¢e < yo < T, y € R™. Then w(z,t) satisfies the equation
Hw = f(z,t) in Q.r and has zero Cauchy data on .. Denote by w, (z,t)
the extension of w(z,t) by zero below .. Then

(49.6) H(z,t, Dy, Di)wy(z,t) = fi(z,t) for (x,t) € Q o,

where (z,t) € Q_or if (2,t) is below Xr.
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Compare w, (z,t) with uy(z,t) that solves H(x,t, D,, Dy)uy = fi(z,t)
in R"*!. Let T} be such that the plane t = T} is below X7, ie. t = T}
is contained in Q_ r. Then by the uniqueness part of Theorem 48.1 (c.f.
Remark 46.2) we have that uy = wy(z,t) for ¢ < Ty. Therefore u, (x,t) =0
for a?|z]* > (t + to)?, t < T, where a > 0 is large. Since we can choose
T (and consequently Ty) arbitrary large we prove that u, = 0 for a?|z|*> >
|t + to]?, Yt > —to.
O

Corollary 49.2 (The domain of influence). Let G(z,y,t,t") be the forward
Green function of the Cauchy problem, i.e.

(49.7) H(x,t,D., D)G(x,y,t,t') =0 for t>t zeR",
OkG(z,y,t,t)

otk
o tG(x,y, t,t)

otm—1k

=0, 0<k<m-—2,
t=t’

=0(x —vy).

t=t’

We shall use Theorem 49.1 to show that supp G(z,y,t,t) C K%t/ where
K, v is the cone {(z,t) : [z — y|* < a®(t — ¢')*,t > t'} when a? is large.
Therefore the cone K, is the domain of influence of the point (y,t).

Let h(z,t) = (t(_ktl)f);lé(x —y) for t >t and let

(49.8) GY(z,t) = G(z,y,t,t') — h(z,t) for t >t

We have
HGW =g, t>¢,

where g = —Hh. Note that G has zero initial data when ¢t = ¢’. Denote
G$) =GW fort > t, GSFI) =0 for t < t’. Analogously let g, = g for t >t/
and g, = 0 for ¢t < t’. Note that supp g, = {(x,t) :z =y, t >t'} and g €
Hy(R™) where s < —% —m. By the Theorem 48.1 there exists G$) that
satisfies HGSrl) = g, in R"*L, GS:) =0fort <t and e‘”GS}) € Hy s 1 (R™)
for 7 > 0 large. It is enough to prove that supp G’(j) C K, . Consider the
cone Ky y 4, t+1t9 > 0, to > 0is arbitrary. Then K, contains the support
of g4 for any to > 0. By the Theorem 49.1 K, 14, D supp Ggrl)(x,t) if a is
large and since ¢, is arbitrary we get that K, D supp Ggrl)(x, t). O



Corollary 49.3 (The domain of dependence). Let u(x,t) be a smooth so-
lution of Cauchy problem (48.1), (48.2) in Rr. Denote by G*(x,y,t,t') the
backward Green function, i.e.

(49.9)  H*(x,t,D,, Dy)G*(z,y,t,t') =0 for t<t zeR"
ORG*(z,y,t, 1)

otk
O G (x,y, t, 1)

otm—1k

where H* is the adjoint to H.

=0, 0<k<m-—2,

t=t’

Analogously to the proof of Theorem 49.1 and Corollary 49.2 we get
that supp G*(z,y,t,t') is contained in the cone F;t, = {(z,t) : |z —y|* <
a*(t —t')?, t < t'}. Integrating by parts in Ry we get

(Hu,G*(z,y,t,T))r, = (u, H*G*)RT — i[u(x,T),DfL’lG(:c,y,T, 7))

OFu(x,0) .
(49.10) — Z { o O, 0, D2)G"(@,,0,T)]
where ( , )g, is the L%inner product in Ry, [, | is the L%inner product in

R", Cy(x,0,D,) are differential operators of order < m — k. Therefore we
have

(49.11) " Puly, T) = (f(2,), G* (2, y,4,T)) ry
+Z ), C(z,0, D,)G*(,y,0,T)).

Since supp G* C K, ;- the solution u(y,t) depends on the values of f(x,) in

K, 7N Ry and of the values of gi(x), 0 <k <m—1,in K, ;N {t = 0}. Note

that for each ¢ the domains of influence and dependence are bounded.

50 Propagation of singularities for the hyper-
bolic equations.

Consider one-to-one map

(50.1) B =a(,8), £={(9)



of R" x (R"\ {0}) to R" x (R™\ {0}) where &(z,£) is homogeneous in
¢ of degree zero, {(w,&) is homogeneous in { of degree one: deg, Z(z,§) =

~ ~

0, deg&(x,€) =1, #(x,§),&(x, ) are C*(R™ x (R™\ {0})) functions. The
transformation (50.1) is called canonical if it preserves the differential form
Z?:l dl’j A dgj, ie.

(50.2) D diy Adé, = dwy A déy,
k=1 k=1

where i,é are given by (50.1). We shall give some examples of canonical
transformations.
The first example is

(503) P =alw), é-= ((DD”)) e

where & = a(z) is a diffeomorphism.
To check that (50.3) is a canonical transformations we shall show that

> Gday =) & diy.
P =1

We have di = 2% 4. Therefore & - di = € - 260 dy = (B¢)" €. do = € - da

Dx Dx
since £ = (B—Z)Té. It is clear that & - dox = é-di" implies d¢ A dx = dé A dx
sincwe d* = 0. A A
Let S(z,§) € C*(R" x (R"\ {0})), S(x,§) is homogeneous in § of

degree one, and det% £0, Vo € R", £ € R" \ {0}. Define the map

(2,€) — (2, €) by formulas

08(x,)

(50.4) €= B

Assuming that the map (z,§) — (gé,é ) is a diffeomorphism we shall show
that it is a canonical transform. The function S(z, ) is called the generating
function of this canonical transformation.

We have a2 2
df/\dx:( ~dr + — dé)mzx
Jx 0&0x




and

dé A di = dE A (a?s@,g)dx L 8@ ) .

o3 e d¢

Note that %dm Adr = 0 and dé A %dé = (0. Therefore dé ANdr =
dé N dx.

O

The following example of a canonical transformation will be used in this
section.

Let y = (z,20), n = (§,&), where (z,§) € R" x R", 2y € R,{ € R.

Let Py(y,n) be a homogeneous in 7 symbol, deg, P(y,n) = m. We assume

that P(y,n) € C* when n # 0, P(y,n) is real-valued and %ﬁl”") # 0 when

P(y,n) =0, n#0.
Such symbols F, will be called the symbols of real principal type.

The bicharacteristics of Py(y,n) is the solution of the system

dy _ 9Po(y(s),n(s))

(50.5) o o , y(0) =y,
;i_z _ _3Po(y(83;ﬂ7(3))7 n(o) — 777 s c R
Note that
%P()(y(S)?n(s)) _ 8P0(y(;;,77(3))% N BPo(y(asg,n(S)) jll_z 0,

when y(s),n(s) are the solution of (50.5), i.e. Po(y(s),n(s)) = const along a
bicharacteristics. If the initial value (y,n) of (50.5) are such that Py(y,n) =0

then Py(y(s),n(s)) =0.
In this case the bicharacteristics is called the null-bicharacteristics.

We shall show that the map

(50.6) 9 =1(s,y,m),
n=1(s9,7)



is a canonical transformation for each s € R. We have

(50.7) d%(dz? N dij) = <d%) A diy +dg A d%
= PR A6) g gy 000D
on dy
= (g;];;dg + a;;odﬁ) A di — dij A @2—;0@ + g;gZdﬁ) =0,
since PP, ) 9P, )
gp Wi =0, i ndiy = 0.

Therefore dn(s) A dy(s) is independent of s, i.e. dij(s) A dy(s) = dn A dy.
[
Let P(y,n) = Yig Prly, m)(1 — x(n)) + PY*D(y,n), where Py(y,n) are
homogeneous and smooth when n # 0, deg, P.(y,n) = m—k, N is arbitrary,
Py(y,n) is a symbol of real principal type, PY*1(y,n) € Sm V-1,
We shall call P(y, D,) the 1do of real principal type.
The following theorem holds:

Theorem 50.1. Let u(y) € Hy(R™') be the solution of P(y,D,)u = f
in R™*t for some s € R. Assume that P(y,D,) is a ¥do of real principal
type. If (y,m) € WF(u) and if the null-bicharacteristics § = y(s,y,n), 1 =

A(s,y,m), 9(0,5,m) =y, 7(0,y,m) = does not belong to W F(f) for any s €
0, L], then (9(s,y,n), n(s,y,n)) does not belong to W F(u) when s € [0, L].

We will denote by 7(s,y,n) the null-bicharacteristics given by (50.6).
Proof: Let Py(y®,7n®) = 0. Since Py(y,n) is of real principal type there

AP (y©

exists n; such that T_’"m)) #0, 0 < j < n. Assume for definiteness that
J
APy (y ) (@)

o > 0, where y© = (2@, 20)), n© = (£© 7). Assume also that
Po(y®,0,£1) # 0. Therefore £ £ 0.

By the implicit function theorem there exists a conic neighborhood Uy of
(y©, 7)Y such that

(50.8) Po(y,m) = qo(y,m) (& — Moy, £)),

where %(?J? 77) ;é 0 in UO? )\O(ya 5) is real—valued, f ?A 0 in U07 degn QO(y7 7]) -
m — 1, dege Mo(y,€) =1, qo and A are C* in Uj.
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We shall write often §(s) = (2(s), &o(s), £(s) = (£(s), &o(s)) instead of
9(s,y,m),0(s,y,n). Since y(s),n(s) is a null-bicharacteristics and g # 0 in
Uy we have

Eo(s) — Ao(&(s), %o (), £(s)) = 0.

Since ‘?)—Igg > 0in U(y®,7®) we can take

(50.9) " :/ aPO(y(S)’n(S))ds’+xg°)
0 98

as a parameter on (z(®, xéo), €0 (()O)). Note that
OFy(§(s),1(s)) _ Oq0(g(s),7(s))
d&o d&o
(8(5) = Ma(a5). 20(5).E(5) + (39 71)) = m(i(5).(5).

(50.10)

Analogously,

P (4(s),7(s))
U3

— 03(s), () (—”0@2’5(5”) ,

apo@gsy),ﬁ@)) 0§, 7(5) (_&o(ﬁsy),f(S))) |

Therefore the system (50.5) takes the following equivalent form when zg is a
parameter:

~

di(xo) B 0o (2(x0), 20, &(20))

©0)y _ .(0)
(0.11) == = o ;o @(xg) =,
dé(l'o) - 8)\0(@(560),1'075(1'0)) (0)y _ ¢(0)
dxo = &c ) g(lh )_5 )
(50.12) dﬁ;i:zo) :8)\0(5%(3308);?)?0,5(-%0))7 fo(z®) = £
Note that

~

€0(20) = Xo(&(x0), 20, & (x0))



and the solution of (50.11) supplemented with equations zq = ¢ and &(zq) —
Ao(Z(s), zo, ¢ (s)) = 01is the equation for the null-bicharacteristics of Fy(y, D,)
or D,y — No(y, Dy).

For the simplicity of notations put x[()o) = 0. Let U; be a neighborhood
of (#(@,0,7®) in Uy N {xg = 0}. Let V(—3¢,T + 3¢) be the union of all
null-bicharacteristics starting at (x,0,7) € U; and having —3e < o < T +
3e. We assume that 7" is such that V(—3e,T 4 3¢) C Uy and WF(f) N
V(=3e,T + 3¢) = 0.

Let x2:(zg) € C3°(—3¢,T + 3¢) and x2. = 1 for —2¢ < xy < T + 2¢ and
let xc(xg) € C§°(—2¢,T + 2¢), xc(x9) =1for —e <y <T +e¢.

Let p(y,n) € C*(Uy) and

supp ¢(y,n) C V(=2¢,T + 2e).

We will choose ¢(y,n) such that
(50.13)  @(y, Dy)P(y, Dy)u = P(y, Dy)p(y, Dy)u+ Trnn-1u + Teu,

where T.u = 0 when —e < xg <T +¢, ord T),_y_1 <m— N —1and N is
arbitrary.

We assumed that P(y, &) = (FPo(y, &)+ Pi(y,n)+-..+ P (y,m)(1—x(n))+
PO (y 1), where P, are homogeneous and smooth when 7 # 0, deg, P =

m —k, PN (y n) € S"~N=1 We are looking for ¢(y,n) in the form:

(50.14) o(y.m) =Y o-w(y,m) (1 = x(m)xe (o),

k=0

where ¢ _j, are homogeneous in 7 of degree —k, supp ¢_xx:(zo) C V(—2¢, T+
2¢). Using Theorem 40.2 and collecting symbols of the same degree of ho-

mogeneity in 7 = (&, &) we get: ©o(y,n)Po(y,n) = Po(y, n)eo(y,n),

=~ 0o(y,m) OPs(y,m)  ~= Oo(y,n) OPo(y,n)
50.15 _ -0,
(50.15) ; 3 Oz; ; 9¢; dz;
(50.16)
=~ (0o_i(y,m) OPo(y.m)  dp_i(y,m) OPo(y,n)
_ = 1<k<N
S (PG - g ) <, 1<k N

where deg, bx(y,n) =m —k — 1, by(y,n) depends on @o, 1, ..., P_j1.
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The operator T consists of terms containing derivatives of x.(xg) and
therefore T, = 0 when —e < 2o < T + .

Note that the left-hand side of (50.15) is called the Poisoon bracket of
@ and Fy (c.f. Corollary 40.3). Substituting (50.5) or (50.11), (50.12) into
(50.15) we get

d

(5017) d_SOO(?%anyan)aﬁ(xO,yyn)) =0.
Lo

Let ¢(x,n) € Co(Uh), ¢(z,n@) # 0, deg, v(x,n) = 0. We assume
that ¢_g(z, zo,n) satisfy the following initial conditions when zy = 0:

(50.18) wo(z,0,n) = ¥(z,n),
o_k(z,0,m) =0, 1<k<N.

Then
900(':%(1707 Z, 77)7 L0, ﬁ(an T, 77)) = ’QD([E, 77)
for —2e < xy < T + 2¢, where z, 7 are the solutions of (50.11), (50.12). Let
(5019) l':.l’(l’o,.i’,ﬁ), 77:77(‘/1:07'%777)
be the inverse to (50.11), (50.12). Then
(50.20) @o(z, o, ) = Y(x(z0, Z,1),n(T0, Z,7)), (T,z0,7) € V(—2¢,T42¢).

Using zy as parameter we get from (50.16)

igp,k(:ﬁ(:co),xo,ﬁ(xo)) = bi(2(0), 20, 7(20)) (

dl’o

0Py (2 (o), o, 77(950))_1
9&o '

Integrating in z from 0 to zy using the initial conditions (50.18) and the
inverse map (50.19) we get analogously to (50.20) that supp ¢_xx:(xo) C
V[—2¢,T + 2¢). Note that ¢(x, z,n) is micro-elliptic on v(z(?), 0, n(®) since
wo # 0 and deg, ¢ < —k, k> 1.

Applying ¢(y, D,) to P(y, Dy)u = f and using (50.13) we get

(5021> P(yv Dy)‘ﬂ(ya Dy)u = Sﬁ(y, Dy)f —Tn-N_1u— Tsu-

Note that ¢(y, D) f € C* since supp ¢ C V(—2¢,T + 2¢).
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Let oM (y,n) € C(R™! x (R™1\ {0})), deg, !V = 0 and supp ¢
is contained in a small conic neighborhood containing Uo We assume that
¢ =1 in a conic neighborhood of supp ¢_1(y,n), 0 < k < N. Therefore
supp (1 — W) Nsupp ¢, N{IEP + (&> =1} =0, 0 <k < N.

Let Q; be the 1do with symbol o™ (y,7)qy " (v, 7)(1 — x(1))X2:(0). Ap-
plying Q1 (y, D,) to (50.21) we get using Theorem 40.2
(50.22) (Do = Ao(y, Do) (1 = x(D))) ey, Dy )u

= CO(y> Dy)QOU + TEljzlu + Ta(l)u + Ql@f?
where ord T_ny < —N — 1, Cy(y,&) € S°, 7Y = 0 when —¢ <9< T+e.
Since pf € C*™ we have that ¢ = Q1pf € C®°(R"™). We used in (50.22)
that the composition of ¢do with symbol (& — Ao)(1 — oM (y,1)xa:(70))
and ¢(y, D,) is an operator of order —oo. Note that )17 = T 4+ T v 1,
where ord 7”7 \_; < —N —1. Note also that x(D,)¢(y, Dy, Do) = T_o where

ord T_ o, = —oo since ¢(y, €, &) = 0 when [£| < €|&| for € > 0 small.
By the Taylor theorem

(50.23) Co(y,€,60) = Co(y, &, Ao(y,6)) + C-1(y,§,60) (€ — Mo(v, ),

where C_;(y, &, &1)(1 — x(€)) € S~
Denote A_1(y,&) = Co(y, &, Ao(y,€)). Then

(50.24) Co(y, Dy)pu = A-1(y, D2)(1 — x(D))pu
+C_1(y, D, Do)(Do — Aoy, D)(1 — x(D)))pu + CY (y, D )pu + TR,

where ord T( ) < —N, ¢! (y n) € S~1. Replacing (Dy — A\o(1 — x(D)))pu
in (50.24) usmg the equation (50.22) we get

Co(y, Dy)pu = A1 (1 = X(D))pu+ C_1(Co + TMu+ TRu + Qupf)
(50.25) +CWou+ T3 u

Substituting (50.25) in (50.22) we obtain
(50.26) Dou — (Ao + A1) (1 = x(D))pu = C¥pu+ T(]z,u + THu+ Qapf,

where C(_Ql)(y,n) € S~! ord ngf < —N, Qy(y,&) € S™7 1, 7% = 0 when
xo € (—¢,T +¢).
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Now we repeat with C'(fl) the same operations (50.23)-(50.26) that we did
with Cy(y, D,). We get

(50.27) Doou — (Ao(y, D) + A-1(y, D) + A2(y, D)) (1 — x(D))pu
= C(,gg) (y, Dy)pu + T(?}z,u + Ty + Qsipf,

where C'%)(y, D,) € S72(R™! x R™1), Aa(y, §)(1 — x(§)) € STHR™! x
R"), Q3 € S™ 1 ord T£4]2, < N, T¥ =0 when z, € (—e,T +¢). After N
steps we get

(50.28) Doou — Ny, D)(1 — x(D))pu = T_yu+ TN + Qnepf,

where A = Mg + A1 + ... + A, Ax(y,8)(1 — x(§) € SHFLR!L x
R"), ord T_y < —N, QW) (y,n) € S™71, T = 0 for 20 € (—&, T +¢).

Take the restriction of (50.28) to Ry = R™ x (0,7"). Then T;N)u]RT = 0.
We assumed that pu € C*° in U;. Therefore

OU|py—o = h € C™.

Also the right-hand side of (50.28) belongs to Hsyn(Rr). We assumed that
u € Hy(R™!) and therefore pu € H,(Rz). Tt follows from (50.28) that
wu € Hy 4 (Ry) for some s.

This property of solution of differential equations with smooth right-hand
side is called partial hypoellipticity (c.f. §37). To prove this note that

(5029) DogDU = —)\(1 — X)QOU + T,NU + QNQO]C € Hs,fl(RT);

where H;_1(Rr) is the Sobolev space analogous to H,s(Rr) when p €
R. Since Dypu € Hy_1(Rr) and Apu € Hy_i(Rr) we get that gu €
Hqi1_1(Rr). Differentiating (50.29) p times we get u € Hsipi1—p—1(Rr).
When p+ s > 0 we get that

wu € Hl,—p—l (RT)

Now we can apply Theorem 48.3 (or Theorem 48.2) for m = 1 to the initial
value problem (50.28) on Ry with pul,, —o = h, to get that pu € Hy, y(Rr).
Since N is arbitrary we get pu € C*.

Remark 50.1. We shall show that the solution of (50.11) exists for all
—00 < g < +00. Since dege \o(7, o, §) = 1 we have that |%§°O| < C for
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all (z,z9) € R"1 & # 0, since coefficients of Py(z, &) are uniformly bounded.
Therefore

(50.30) |#(20) — 2| < Clazg — 2]

Taking the dot product & () - %IOO) we get
: déy 2 O\ A )
L 20 < )
1€(20) dzy € (o) 8:6‘ < Cl€(zo)]
Therefore %ﬁkc(xo)ﬁ < C|€(x0)|?, and we get

(50.31) (o) |* < |EO exp(2C] o — 2\7)).

Estimates (50.30), (50.31) imply that the solution of (50.11), (50.12) exists on
(—00, +00). Therefore we can take T arbitrary assuming that the decomposi-
tion Py = qo(&§o—Mo(z, x, €) holds for all g as in the case of strictly hyperbolic
Py(x,t,£,&) when xyp = t. Since in the case of arbitrary real principal type
operator the null-characteristics starting at (%, .CE(()O), £0) (()0) ) exists for all
s € R we can continue at xo = T" using another (if necessary) decomposition
of Py(y,n). Therefore the result of Theorem 50.1 holds along the whole null-
bicharacteristics y(z(©@, 2", £©, ¢y,

— 0 < s < 400, assuming that the right-hand side f € C° microlocally
in a neighborhood of 7, —0c0 < s < +00 and u € C* microlocally in a
neighborhood of (2, x(()o), €0 &go) ).

Corollary 50.2. Let v be the null-bicharacteristics as in Theorem 50.1
and suppose that the right-hand side f € C* microlocally in a neighborhood
of ~y. If some point (2, x(()l), ), 5((]1)) of v belongs to W F(u) then al points
of v belong to WF(u). This is the consequence of Theorem 50.1: If some
point (2%, xéQ),§(2)7§é2)) of 7 does not belong to WF(u) then all points of
7, including (x(l),x(()l), ) (()1))7 will not belong to WF (u). O

Now we shall describe the wave front set W F(u) of the Cauchy prob-
lem (48.1), (48.2) in the terms of WF(f) and the wave front sets of ini-
tial conditions gx(z), 0 < k < m — 1. Since Hy(x,t,£,0) has m distinct
real roots o = A\(x,20,§), 1 < k < m, there are m null-bicharacteristics
passing through the arbitrary point (z(9,#y,£@) € R™*! x (R™ \ {0}) with
&P = X\ (30, 19, £€©), 1 < k < m. Consider first the Cauchy problem (48.1)
with zero initial conditions, i.e. Hu, = f; in R"™, u, € H, locally in R"*!
for some s € R, uy =0 for t <0.
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If (20, to, € &Y e WF(f,), to > 0, then, obviously, (2@, t,, @, &%) ¢
WF(u,). If 5(()0) # M(2©,,6©), 1 < k < m, then there is no propa-
gation of singularities (Theorem 44.5). If £ = Ay, (2@, to, £©) for some
1 < ko < m then the wave front set may propagate or not.

In the first case W F(uy) may contain the forward null-bicharacteristics
starting at (z(?, ¢, 5(()0), Ak )- In the case of the Cauchy problem (48.1), (48.2)
denote uy = w for t > 0, uy = 0 for t < 0. Then u, (z,t) satisfies the
following equation in R"*!

m—1

(50.32)  H(x,t,Da, Diuy = fy+ Y bi(x,0,D)ge(x)d 79 (1),
k=0

where ord by <m —1—k, fy = ffort >0, f =0fort <O0.

Suppose (2, ¢@) € R™ x (R™\ {0}) belongs to W F(g,(x)) for some
ko, 1 < ko <m —1. Then (2 0,6 o) € WF(gg,(2)6 =% (¢)), where
o is arbitrary. In particular, (z(@,0,6® \;(x(©,0,£@) for each 1 < j <
m belongs to WF(gy,(x)6 1=%)(¢)). There are m null-bicharacteristics
Yiko (2,0, 6@ X (2@ 0,£0) that start at (z(©,0,6@ \;(z®,0,£0), 1<
Jj<m.

The folowing theorem holds:

Theorem 50.2. Let u(z,t) be the solution of the Cauchy problem (48.1),
(48.2). Let the wave front sets W F(f,) C R < (R™1\{0}) and W F(gi(z)) C
R" x (R"\ {0}), 0 <k <m—1, are given. Denote by X(f, go, ., gm-1) C
R x (R™1\ {0}) the set of points satisfying the following condition:
]f(x(o),to,é(o),O'o) S WF(f+), to > 0, 5(0) 7é 0, and (o} 7£ )\j(l‘(o),to,g(o))? 1 <
j < m, then (219, &0, 04) € 2.

If 09 = Mo (2910, 6@) for some ko, 1 < ko < m, then the forward null-
bicharacteristics - (20, 1o, £, 09), t > to, belongs to 3.

If (2@ ¢0) € WF(g), 0 <k <m — 1, then the union of m forward null-
bicharacteristics 'yﬁ(a:(o),o,{(o),)\j(m(o),O,S(O))), t>0, 1 <j<m, belongs
to 3.

Then the set ¥ contains W F(u),t > 0.

Proof: Let Py = (20 0, O N\ (20, 15,£0))) ¢ 3. Denote by v_ the
backward null-bicharacteristic starting at (z(?), o, £© ¢(©) assuming that
o@ = ). Let (z,0,6W X\, (21, 0,6M)) be the point on - when ¢ = 0.
Since P ¢ ¥ we have that (z1),0,6W) & WF(gi(x)) for 0 <k <m — 1.
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We shall show that (z™1), 0,60\ (2, 0,£W)) & WF (begr(z)6™m*= (1))
forall0 <k <m-—1.

Let B(x,t) € CFRMY), B(=@,0) # 0 and ﬁ(:c t) is zero outside of
small neighborhood of (z(®,0). Then F(Bbygrd™ * V(1)) = o™ *=13,(¢),
where |31(€)| < On(1+1£])™™, VN in a conic neighborhood of 5(1). There-
fore |[c™*13,(&)] < C(1 + |€] + |o])™, VN in a conic neighborhood of
(€D N, (21, 0,6M)). This proves that

(x(l)’ Oa 5(1)’ >‘j0 (x(l)a Oa 5(1))) ¢ WF(bkgk ('I)d(m_k_l)(t))

for all 0 < & < m — 1. Therefore the wave front set of right-hand side of
(50.32) does not intersect y_ for —oo < t < ty. Since uy = 0 for t < 0 we
get from Theorem 50.1 that W F(uy) N~y_ = 0 for ¢t < tg.

Remark 50.2 Consider the Cauchy problem (48.1), (48.2) assuming that
f(z,t) € C®°(R). Then by the partial hypoellipticity the solution u(z,t)
is a smooth function of ¢ > 0 with distribution values in R™. We shall
describe the wave front set of u(z,t) C R™ x (R"\ {0}) for fixed ¢t > 0. It
follows from Theorems 50.1, 50.2 that if (2, ty,£©), ) € WF(u), t > 0,
then €0 #£ 0 and oy = (oc( to,£©). We shall show that W F(u(-,t,)) is
Contalned in the set W(to) C R x (R™\ {0}) consisting of (2@ £©)) such
that (2(?, ¢y, £, ¢ € WF(u) for some o € R1

Proof. Suppose (20, £0) € W(ty), i.e. (2 1,0 o) & WF(u) for
all o € R. Then there exists ¢(z) € COO(R”) o(xg) #0, a(§) € C°(R™\
{0}), dege (&) =0, a(€©@) #0, § > 0small such that supp ¢(z)x(52)a(6)N
WF(u) = (. Therefore a(D)gp(m)X(ﬂ)u € C*(R™1). In particular
a(D)o(z)u(z, to) € CZ(R"), ie. (2@ £0) & WF(u(-,ty)). Therefore
WE(u(-,to) C W(to).
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