48 The Cauchy problem for the strictly hy-
perbolic equations.

Let H(z,t,&,0) be the polynomial of degree m
H($, t? 67 O-) = Ho(fE, ta 57 U) + H1($, t? 57 0)7

where

H()(I?t7§70-) = Z ajk(xvt)gko-j7 Amo = 17

k| +j=m

Hy(z,t,6,0)= > ap(z, )&k’
|k|+j<m—1
We assume that ai(z,t) € C°(R"™) and aji(z,t) = a5f when [z]? + [t >
R?. The polynomial H(x,t,&, ) is called strictly hyperbolic if Hy(z,t,&,0) =
0 has m real roots oy (z,t,£) such that o;(x,t,&) # op(x,t,€) when j # k for
all (z,t) € R" and € # 0. Note that oy(z,t,&) is a homogeneous function
of € of degree 1 and o (z,t,&) € C°(R™! x (R™\ {0})).
Consider the Cauchy problem

(48.1)  H(z,t, Dy, Dy)u(z,t) = f(z,t), (z,t) e R ={t>0,2 € R"},

where D, = —ia%, D, = —i%, with the initial conditions
OFu(x,t
(48.2) % = gu(z), 0<k<m—1.

t=0

As in the parabolic case denote v(x,t) = e "u(x,t), g(z,t) = e ™ f(x,1).
Then v(x,t) satisfies the equation

(48.3) H(x,t, Dy, Dy —iT)v(x,t) = g(z,t), (x,t) € R,
and
OFv(x,t
t=0

where hy(z) are linear combinations of g;(z), 0 <k<n—-1,0<j<n-—1
Denote by H, s(R™"!) the Sobolev space with the norm

45) o= [ IR+ PRl o) Pdsdo,

1



where p > 0 is an integer, s € R. The spaces ]?[p,s (R™1) and H (R})
are defined as in the parabolic case.

We first consider the Cauchy problem (48.1), (48.2) (or (48.3), (48.4) )
with zero initial data. Let f, = f for ¢ > 0, f,. =0 for ¢t < 0. Analogously
let uy = u, vy = v(z,t), g+ = g(z,t) for t >0 and uy = v, =g, =0 for
t <O.

Theorem 48.1. Let 7 > 7y, where 1y is large, and s is arbitrary. Then for
any f+ such that e”™ f €Hos (R"™) there exists a unique solution uy of

H(z,t, Dy, Di)uy = fy in R"™ such that e "uy E]?[m—l,s (R™1).
Proof: Note that

Ho(w,t,&,0 —it) =IIJL (0 — it — 04(x,1,€)) # 0

when 7 # 0. We have

OHo(x,t —i —
0(177 éi_,o- ’LT) :qu<x7t,€’o'—i7')7
k=1
where
(48.6) qe(x,t,6,0 — i) = W0 — it — oj(x,t,§)), 1<k <m.
Therefore
OH, . - .
(48.7) Hoa—ao =1L (0 — it — 0y) Z (0 + i1 — 0y)
k=1
= Z(U — i1 — o)z ((0 — 0)* + 72) = —i7Qo + Q1
k=1
where
(48.8) Qo = Z Wqe, Q1= Z(U — 0%) Gk Tk
k=1 k=1

and Qo(z,t,&,0,7) > 0 when (§,0,7) # (0,0,0). Therefore by the homoge-

nuity in (§,0,7)
(48.9) Qo(,t,&,0,7) = Co(|&* + |o]* + 7)™ .
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We shall show that for any v, € H m.s (R"™1) the following estimates holds:
2 2 2\ m=1 C .
(48.10)  (|(1D:" + [Dof” +7%) "= v flos < — [ H (2,2, Dy, De = im)ve [los,

where (|D,|2 + |Dy|2 +72)™" is the pseudodifferential operator with symbol
I L& 0,7) = (|€7 + 0%+ 7).

Note that symbols o (z,t,&) are not smooth when £ = 0. Therefore we
will introduce 64 (z,t, &) = op(x,t,£)(1 — x(&)) and Gi(z,t,&,0) = jz(0 —
it —6;(x,t,8)), where x(&) € Cg°(R™), x(§) =1 when [¢| < 1.

Consider the L? inner product in R"*!:

(48.11) (Hog, HooA*vy) = Y (Huy, geh>vy),
k=1
where A(€) = (14 |¢]?)z.
It follows from Theorem 40.2 that
H(xz,t,D,, Dy —it) = (Dy — i1 — 0x(x,t, D)) (x,t, Dy, Dy — iT) + qg1,
(48.12) 1<k <m,

where ord g1 < m—1, ¢ is a differential operator in ¢ and a 1do in x € R",

(4813) ||q;€1'l]+||073 < CHFmil(Dm, Dt, T)U+H0,S'

Therefore using (48.12) and Theorems 40.2, 43.2 we can represent (48.11) in
the form

(Huvy, HopA*vy) = Y ((Dy — i = 63(2,£.D,)) G\ vs, e vy
k=1
(48.14) Q2 vy, Ay,
where
(48.15) [(Q2A%vy, A*vy )| < CJIT™ A0, |[5.

Note that the symbol of D;—ady(x,t, D,) is real valued. Therefore by Theorem
43.2 we have that I((D; — %)@\ vy, Gp\°v, ) satisfies the estimate of the
form (48.15). Therefore taking the imaginary part of (48.14) we get

(48.16)  —S(Hve, Hoh?v.) > 73 Geh v, 3 = C07 A%y |,
k=1
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We shall show that

m

(48.17) Z lgxNvy |5 = Z Qr@uNvs, Moy )

k=
> curm A3 - clurm—%mn%.

The inequality (48.17) is called the Garding inequality. We have
A A O 2, ovm-1, C 2, _2ym—1
Q('Tat7§ao-77>:Q_§(€| —|—|0‘| +7 ) +§(|€| +|U| +7 ) ’

where

. = Z |Qk(x7 ta g) o — iT)P Z C(SP + ‘0"2 + 7_2)m—1 (Cf (489) )

Let

B<x7 t? f) O-’ 7—) = \/Q - %F2(m_1)(§7 0-7 T)'

Note that B > 0 and B(xz,t,&,0,7) € S™!. Denote by B* the adjoint
operator to B. By Theorems 40.2 and 43.2 we have

u C
(48.18) > drdn - Erﬂm—l) = B*B 4 Cy,

where ord Cy < 2m — 3, and
(18.19) (Col've, Avy)] < CylIT™ E A%, |2
Note that (B*BA’v,,A’vy) = [[BA®v,||> > 0. Therefore (48.18), (48.19)
imply
Z%%A vy, Aoy ) > _THFm A% +||o CITHFm U+Ho

C
(48.20) > (7= GO A 5,

since 7|l 2 A%, |2 < [T 'A%, ||2. Combining (48.14), (48.15), (48.16)
and (48.20) we obtain

S(Hoy, Hy A0, ) > O[T A%, |J2.
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Since
(Hvy, HopA?v,) < CJIAHu o [T A% |2,

we get (48.10).
Now we can prove the uniqueness: Suppose Hu, = 0 where e "u, =

vy EIO{m,LS (R™1). Since v, Eﬁ]m,m (R"™) and Hv, = D;’ler—l—Z;":Bl bi(z,t, Dy, 7)DFvy =
0 we get that

m—1

(48.21) Di'v. = — > by(w,t, Dy, 7)Dfvy €Houoy (R™).
k=0

Therefore v, € [f[ ms—1 (R™1). Applying the inequality (48.10) with Hv, =0
and s replaced by s — 1 we get that v, = 0.
Now we shall prove the existence of v, such that H(x,t, D,, Dy —iT)v, =

g+ in R" and v, eﬁ[m_l,s (R™1). We assume that g, EIOJO,S (R™1). We
shall use the method of ”parabolic” regularization.

Let H.(x,t,&,0 —it) = H(z,t,&{,0 — it — ieA(£)), € > 0. Operator
H(x,t,D,, Di—it—eA(D,)) is a "parabolic” 1do in the sence that H (z,t, &, z—
ieA(€)) and H~! are analytic when 3z < 0 and

(48.22) Cre(€l + [2)™ = [H (2, t,§, 2 — ieA(§))| = Co(J€] + |2)™

for all 3z > 0 large (c.f. class P, in §46).
Repeating the proof of Theorem 46.3 we get that for any f, € ]S—J[ 0.s (R™1)
there exists v. €H m.s (R™1) such that

(48.23) H(z,t, Dy, D; — it — ieA(D,))v. = g4, (x,t) € R*M.

Note that the proof of the estimate (48.10) can be repeated for the equation
(48.23) without change, and we get

(48.24) It A% lo < ClIAg o,

where the constant C' is independent of e. Therefore {v.}, ¢ > 0, is bounded
in Hyo1s (R™1). Tt follows from the weak compactness of the bounded set in
Hm-1.s (R™) that there exists a sequence v., such that v, converges weakly

to some v, E]f_lm,LS (R™1). For any ¢ € Cg°(R™!) we have (g4, p) =
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(HeyVey, ) = (ve,, HZ @). Passing to the limit when g, — 0 we get (g, ) =
(vy, H*p), i.e. Huy = g, in R"L O

Remark 48.1 It follows from Theorem 48.1 that for any g, € H 0.s (R™)

there exists a unique v, € Hp,—1.s (R™™) such that

m—1

(48.25) (Dy —im)™ vy + > aj(x,t, Dy)(Dy —it) vy = g (1),

J=0

where ord a; < m — j. Then it follows from (48.25) that D"v Eﬁ]o,s,l

(R™1). Therefore vy €Hps—1 (R™!) and consequently 8kvgt(kx’t) are contin-

uous function of ¢ with values in Hm+5_k_%(R"), 0 <k <m—1(c.f. Theorem

13.6). Since vy = 0 for t < 0 we get that % =0,0<k<m-—1,1e.
vy (x,t) satisfies zero initial conditions.

One can consider also the Cauchy problem (48.1), (48.2), (or (48.3), (48.4)
) with nonzero initial conditions. If hy(z) € Hm_Hs_%(R"), 0<k<m-1,

there exists vy € H,,(R"™) such that % = hg(x), 0 <k<m-—1

(c.f. Example 13.3). We shall look for the solution of (48.3) in the form
v = vg + w, where w(x,t) satisfies

(48.26) H(z,t,D,, Dy —iT)w(x,t) = go, t >0,
Jo = g(xat) - HUO € HO,s(Ri+1>~

Let g, G}OIOVS (R™"1) be the extension of gy by zero for t < 0. By Theorem
48.1 there exists w, Eﬁ]m,m (R™™1) such that Hw, = g,. Let w = w; for
t > 0. It was shown in §33 that w € H,, . (R™) and % =0,0<k<
m — 1. Therefore v = vy +w satisfies (48.3) for t > 0, v € H,, 1 (R}™) and
%:hk(@, 0<k<m-—1.

Switching back from vy, g, to uy = vy, fi. = €7g, we get the

following theorem:

Theorem 48.2. For anye ™ f € Hy(R"™) and any gi(z) € Hm+s_k_%(R”)

there exists a unique e "'u(z,t) € Hps 1 (RYT) such that (48.1), (48.2)
hold.
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A modification of the proof of Theorem 48.1 gives an existence and
uniqueness theorem in Ry = R™ x (0,7 with less requirements on smooth-
ness of the initial data.

Denote by [u,v] the L%-inner product in R™ when ¢ is fixed and let [u], =
[A®u]y be the norm in Hy(R™). Denote by C,,_1 s the space of functions such

O*u(x,t)
that =z

Hm_k_1+s<Rn). The norm in Cm—l,s is maXo<i<T ZZL:_OI [Dfu]m_l_k+s. Also
denote by L'[(0,T), Hy(R")] the space with the norm fOT[f(x, t)]sdt.

, 0 <k < m—1, are continuous in ¢ € [0,7] with values in

Theorem 48.3. Let s be arbitrary. For any gi(z) € Hypm1 x(R™), 0 <
k <m-—1, and any f(z,t) € L'[(0,T), H,(R™)|, there exists a unique solution
u(z,t) € Cp_1s of the Cauchy problem (48.1), (48.2) in Ry such that

m

T
(48.27) OIEtEg% D wW(x, )] mek—14s < CZ Grelm—1— k+s+0/ [f]sdt.
<t<T £~ 0

Proof: Take any w(zx,t) € H,, s(Rr). Denote F(z,t) = H(z,t, D, Dy —

iTw, ep(r) = o Lgt(,fo 0<k<m-—1. Asin (48.14) we have

(48.28) [H (2,t, Dy, Dy — im)w, Hoe A*w]

= Z[(Dt — T — &k(xﬂ ta Dz)(jk’Asw7 quASw] + [Q2A5w7 Asw]7
k=1

where
m—1 d

(48.29) [QA"w, Aw]| < C 3 (AP Dfw]2 E Ol
k=0

A, = (J€]2+72+1)2. Integrating (48.28) from 0 to ¢ and taking the imaginary
part we get as in (48.16):

(G(2,t, Do, Dy — im)w]? = Y [§(2,0, Dy, Dy — i7)w)?

1 k=1

t t
MW&wscanmuw+cl[nmmHmﬂ

NE

(48.30)

t
/

M= 7

B
Il
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We shall prove a variant of the Garding inequality (c.f. (48.17) ):

& C
(48.31) > ldn(w.t, Dy, Dy —im)w] = Clwlf,_ , — fl[W] n—Le-
k=1
Denote
(48.32) wi(z,t) = A" FASDFw(z,t), 0<k<m—1.
We have
m—1
Ge(z,t, Dy, Dy — iT)w = Zakﬂ x,t, Dy, T)wj(x, t),
7=0

where ag;(z,t, D,, T) are ¥do of order zero. Note that

m

(48.33) Z G\ w] Z a]p Wy, W;),

k=1 J,p=0

where aﬁ) = D hei G0k, aj; are the adjoint operators to ag;.
Denote by A(z,t, &, 7) the matrix with elements > )" | agj(@, ¢, &, 7)ag,(x, ¢, &, 7).
It follows from (48.8), (48.9) that the matrix A(z,t,£, T) is positive defi-

nite and

A('Ta ta fa 7—) Z C’OI
Let B(x,t,&,7) = (A(x, t,&, 7')—%])% and let B(x,t, D,, T) be the matrix

tdo with symbol B(x,t,&, 7). Let w(z,t) = (wo, ..., Wp—1). Using Theorems
40.2, 43.2 we get (c.f. (48.18))

m—1 m—
Co Lo Lo
(48.34) Z[a( wy, w;| = > Z + [B* Bw, W] + [Cow, ],

J,p=0

ol

where ord Cy < —1 and

(48.35) ICs

I/\
AQ
TTMS



Since [B*Bi,w] = [Bw, Bw] > 0 and since Y5 [wi]? = [[w]]?,_ 15 We get
(48.31). Taking 7 large and combining (48.30) and (48.31) we get
(48.36)
m T
. o 2
(o0 < O3 1d0,0 Do Di—ir)u+C /0 [F)t) g, [
Let tg be such that
2 _
(e o) = o [, v

Choosing such ty in (48.36) and using that
(48.37)

Z[qk<I707D$7Dt_ gg Zgokm k— 1+s§01 ma>%|[w(x t)]m 1,s

k=1 k=0
we get the estimate

m—1 T

(4939 g [0 s <O lorhnosovns +C [ [Pl

The proof of the uniqueness of the solution of the Cauchy problem (48.1),
(48.2) in Ry is the same as in Theorem 48.1: Let u € C,,_1 5 be a solution
of H(z,t, D,, Dy)u = 0 in Ry, with zero initial conditions. Then v = e "y
satisfies H(z,t, D,, D; —iT)v = 0 with zero initial conditions and v € Cy,—1 .

It follows from (48.25) that v € C,, s—1. Since s in the estimate (48.38) is
arbitrary we get v = 0.

To prove the existence choose any F' € Hyq1(Rr). Note that F' €
LY(0,T), Hy(R™)] since (fOT[F]sdt)2 < T||F|§,- Choose also any ¢, €
Hy pp1s(R"), 0 < k < m— 1 1t follows from Theorem 48.2 that there

exists w € H,, s(Rr) such that Hw = F, o lauiffo) = pp(z), 0<k<m-—1.
Note that the estimate (48.38) holds for w(z,t) since Hy, s(Rr) C Ch—1s.

Take a sequence F,, € Hysi1(Rr) that converges to f(x,t) in the norm
L(0,T), Hy(R™)]. Also let o"(z) € H, _k+14s(R") converge to g €
Hyp 1 pis(R™)in Hyg10s(R™), 0 <k <m— 1 Let wy(x) € Hy, s(Rr) be
the solution of the Cauchy problem Hw,, = F,, in Ry, % = cp,gn)(x), 0<
k < m—1. It follows from (48.38) that w,, converges in C,,_; s to the solution
u(z,t) € Cp_1 5 of the Cauchy problem (48.1), (48.2) in Ry.

Note that since e~ and e™ are bounded on Ry the norms of u(z,t) and
v(x,t) = e "u(x, t) are equivalent.



