
48 The Cauchy problem for the strictly hy-

perbolic equations.

Let H(x, t, ξ, σ) be the polynomial of degree m

H(x, t, ξ, σ) = H0(x, t, ξ, σ) +H1(x, t, ξ, σ),

where
H0(x, t, ξ, σ) =

∑
|k|+j=m

ajk(x, t)ξ
kσj, am0 = 1,

H1(x, t, ξ, σ) =
∑

|k|+j≤m−1

ajk(x, t)ξ
kσj.

We assume that ajk(x, t) ∈ C∞(Rn+1) and ajk(x, t) = a∞jk when |x|2 + |t|2 ≥
R2. The polynomialH(x, t, ξ, σ) is called strictly hyperbolic ifH0(x, t, ξ, σ) =
0 has m real roots σk(x, t, ξ) such that σj(x, t, ξ) 6= σk(x, t, ξ) when j 6= k for
all (x, t) ∈ Rn+1 and ξ 6= 0. Note that σk(x, t, ξ) is a homogeneous function
of ξ of degree 1 and σk(x, t, ξ) ∈ C∞(Rn+1 × (Rn \ {0})).

Consider the Cauchy problem

(48.1) H(x, t,Dx, Dt)u(x, t) = f(x, t), (x, t) ∈ Rn+1
+ = {t > 0, x ∈ Rn},

where Dx = −i ∂
∂x
, Dt = −i ∂

∂t
, with the initial conditions

(48.2)
∂ku(x, t)

∂tk

∣∣∣∣
t=0

= gk(x), 0 ≤ k ≤ m− 1.

As in the parabolic case denote v(x, t) = e−τtu(x, t), g(x, t) = e−τtf(x, t).
Then v(x, t) satisfies the equation

(48.3) H(x, t,Dx, Dt − iτ)v(x, t) = g(x, t), (x, t) ∈ Rn+1
+ ,

and

(48.4)
∂kv(x, t)

∂tk

∣∣∣∣
t=0

= hk(x), 0 ≤ k ≤ m− 1,

where hk(x) are linear combinations of gj(x), 0 ≤ k ≤ n− 1, 0 ≤ j ≤ n− 1.
Denote by Hp,s(R

n+1) the Sobolev space with the norm

(48.5) ‖v‖2
p,s =

∫
Rn+1

(1 + |ξ|2 + σ2)p(1 + |ξ|2)s|ũ(ξ, σ)|2dξdσ,
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where p ≥ 0 is an integer, s ∈ R. The spaces
◦
Hp,s (Rn+1) and H+

p,s(R
n+1
+ )

are defined as in the parabolic case.
We first consider the Cauchy problem (48.1), (48.2) (or (48.3), (48.4) )

with zero initial data. Let f+ = f for t > 0, f+ = 0 for t < 0. Analogously
let u+ = u, v+ = v(x, t), g+ = g(x, t) for t > 0 and u+ = v+ = g+ = 0 for
t < 0.

Theorem 48.1. Let τ ≥ τ0, where τ0 is large, and s is arbitrary. Then for

any f+ such that e−τtf+ ∈
◦
H0,s (Rn+1) there exists a unique solution u+ of

H(x, t,Dx, Dt)u+ = f+ in Rn+1 such that e−τtu+ ∈
◦
Hm−1,s (Rn+1).

Proof: Note that

H0(x, t, ξ, σ − iτ) = Πm
j=1(σ − iτ − σj(x, t, ξ)) 6= 0

when τ 6= 0. We have

∂H0(x, t, ξ, σ − iτ)

∂σ
=

m∑
k=1

qk(x, t, ξ, σ − iτ),

where

(48.6) qk(x, t, ξ, σ − iτ) = Πj 6=k(σ − iτ − σj(x, t, ξ)), 1 ≤ k ≤ m.

Therefore

H0
∂H0

∂σ
= Πm

j=1(σ − iτ − σj)
m∑

k=1

Πj 6=k(σ + iτ − σj)(48.7)

=
m∑

k=1

(σ − iτ − σk)Πj 6=k((σ − σj)
2 + τ 2) = −iτQ0 +Q1,

where

(48.8) Q0 =
m∑

k=1

qkqk, Q1 =
m∑

k=1

(σ − σk)qkqk

and Q0(x, t, ξ, σ, τ) > 0 when (ξ, σ, τ) 6= (0, 0, 0). Therefore by the homoge-
nuity in (ξ, σ, τ)

(48.9) Q0(x, t, ξ, σ, τ) ≥ C0(|ξ|2 + |σ|2 + τ 2)m−1.
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We shall show that for any v+ ∈
◦
Hm,s (Rn+1) the following estimates holds:

(48.10) ‖(|Dx|2 + |Dt|2 + τ 2)
m−1

2 v+‖0,s ≤
C

τ
‖H(x, t,Dx, Dt − iτ)v+‖0,s,

where (|Dx|2 + |Dt|2 + τ 2)
m−1

2 is the pseudodifferential operator with symbol

Γm−1(ξ, σ, τ) = (|ξ|2 + σ2 + τ 2)
m−1

2 .
Note that symbols σk(x, t, ξ) are not smooth when ξ = 0. Therefore we

will introduce σ̂k(x, t, ξ) = σk(x, t, ξ)(1− χ(ξ)) and q̂k(x, t, ξ, σ) = Πj 6=k(σ −
iτ − σ̂j(x, t, ξ)), where χ(ξ) ∈ C∞

0 (Rn), χ(ξ) = 1 when |ξ| < 1.
Consider the L2 inner product in Rn+1:

(48.11) (Hv+, H0σΛ2sv+) =
m∑

k=1

(Hv+, qkΛ
2sv+),

where Λ(ξ) = (1 + |ξ|2) 1
2 .

It follows from Theorem 40.2 that

H(x, t,Dx, Dt − iτ) = (Dt − iτ − σ̂k(x, t,Dx))q̂k(x, t,Dx, Dt − iτ) + qk1,

1 ≤ k ≤ m,(48.12)

where ord qk1 ≤ m−1, qk1 is a differential operator in t and a ψdo in x ∈ Rn,

(48.13) ‖qk1v+‖0,s ≤ C‖Γm−1(Dx, Dt, τ)v+‖0,s.

Therefore using (48.12) and Theorems 40.2, 43.2 we can represent (48.11) in
the form

(Hv+, H0σΛ2sv+) =
m∑

k=1

((Dt − iτ − σ̂k(x, t.Dx))q̂kΛ
sv+, qkΛ

sv+)

+(Q2Λ
sv+,Λ

sv+),(48.14)

where

(48.15) |(Q2Λ
sv+,Λ

sv+)| ≤ C‖Γm−1Λsv+‖2
0.

Note that the symbol ofDt−σ̂k(x, t,Dx) is real valued. Therefore by Theorem
43.2 we have that =((Dt − σ̂k)q̂kΛ

sv+, q̂kΛ
sv+) satisfies the estimate of the

form (48.15). Therefore taking the imaginary part of (48.14) we get

(48.16) −=(Hv+, H0σΛ2sv+) ≥ τ
m∑

k=1

‖q̂kΛsv+‖2
0 − C‖Γm−1Λsv+‖2

0.
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We shall show that

m∑
k=1

‖q̂kΛsv+‖2
0 = (

m∑
k=1

q̂∗kq̂kΛ
sv+,Λ

sv+)(48.17)

≥ C‖Γm−1Λsv+‖2
0 − C1‖Γm− 3

2 Λsv+‖2
0.

The inequality (48.17) is called the Garding inequality. We have

Q̂(x, t, ξ, σ, τ) = Q̂− C

2
(ξ|2 + |σ|2 + τ 2)m−1 +

C

2
(|ξ|2 + |σ|2 + τ 2)m−1,

where

Q̂ =
m∑

k=1

|qk(x, t, ξ, σ − iτ)|2 ≥ C(ξ|2 + |σ|2 + τ 2)m−1 (c.f. (48.9) ).

Let

B(x, t, ξ, σ, τ) =

√
Q̂− C

2
Γ2(m−1)(ξ, σ, τ).

Note that B > 0 and B(x, t, ξ, σ, τ) ∈ Sm−1. Denote by B∗ the adjoint
operator to B. By Theorems 40.2 and 43.2 we have

(48.18)
m∑

k=1

q̂∗kq̂k −
C

2
Γ2(m−1) = B∗B + C2,

where ord C2 ≤ 2m− 3, and

(48.19) |(C2Λ
sv+,Λ

sv+)| ≤ C1‖Γm− 3
2 Λsv+‖2

0.

Note that (B∗BΛsv+,Λ
sv+) = ‖BΛsv+‖2 ≥ 0. Therefore (48.18), (48.19)

imply

τ(
m∑

k=1

q∗kqkΛ
sv+,Λ

sv+) ≥ C

2
τ‖Γm−1Λsv+‖2

0 − C1τ‖Γm− 3
2 Λsv+‖2

0

≥ (
C

2
τ − C1)‖Γm−1Λsv+‖2

0,(48.20)

since τ‖Γm− 3
2 Λsv+‖2

0 ≤ ‖Γm−1Λsv+‖2
0. Combining (48.14), (48.15), (48.16)

and (48.20) we obtain

=(Hv+, HσΛ2sv+) ≥ C‖Γm−1Λsv+‖2
0.
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Since
|(Hv+, H0σΛ2sv+) ≤ C‖ΛsHv+‖0 ‖Γm−1Λsv+‖2

0,

we get (48.10).
Now we can prove the uniqueness: Suppose Hu+ = 0 where e−τtu+ =

v+ ∈
◦
Hm−1,s (Rn+1). Since v+ ∈

◦
Hm−1,s (Rn+1) andHv+ = Dm

t v++
∑m−1

j=0 bk(x, t,Dx, τ)D
k
t v+ =

0 we get that

(48.21) Dm
t v+ = −

m−1∑
k=0

bk(x, t,Dx, τ)D
k
t v+ ∈

◦
H0,s−1 (Rn+1).

Therefore v+ ∈
◦
Hm,s−1 (Rn+1). Applying the inequality (48.10) withHv+ = 0

and s replaced by s− 1 we get that v+ = 0.
Now we shall prove the existence of v+ such that H(x, t,Dx, Dt− iτ)v+ =

g+ in Rn+1 and v+ ∈
◦
Hm−1,s (Rn+1). We assume that g+ ∈

◦
H0,s (Rn+1). We

shall use the method of ”parabolic” regularization.
Let Hε(x, t, ξ, σ − iτ) = H(x, t, ξ, σ − iτ − iεΛ(ξ)), ε > 0. Operator

H(x, t,Dx, Dt−iτ−εΛ(Dx)) is a ”parabolic” ψdo in the sence thatH(x, t, ξ, z−
iεΛ(ξ)) and H−1 are analytic when =z < 0 and

(48.22) C1ε(|ξ|+ |z|)m ≥ |H(x, t, ξ, z − iεΛ(ξ))| ≥ Cε(|ξ|+ |z|)m

for all =z > 0 large (c.f. class P+
α,m in §46).

Repeating the proof of Theorem 46.3 we get that for any f+ ∈
◦
H0,s (Rn+1)

there exists vε ∈
◦
Hm,s (Rn+1) such that

(48.23) H(x, t,Dx, Dt − iτ − iεΛ(Dx))vε = g+, (x, t) ∈ Rn+1.

Note that the proof of the estimate (48.10) can be repeated for the equation
(48.23) without change, and we get

(48.24) ‖Γm−1Λsvε‖0 ≤ C‖Λsg+‖0,

where the constant C is independent of ε. Therefore {vε}, ε > 0, is bounded

in
◦
Hm−1,s (Rn+1). It follows from the weak compactness of the bounded set in

◦
Hm−1,s (Rn+1) that there exists a sequence vεk

such that vεk
converges weakly

to some v+ ∈
◦
Hm−1,s (Rn+1). For any ϕ ∈ C∞

0 (Rn+1) we have (g+, ϕ) =
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(Hεk
vεk
, ϕ) = (vεk

, H∗
εk
ϕ). Passing to the limit when εk → 0 we get (g+, ϕ) =

(v+, H
∗ϕ), i.e. Hv+ = g+ in Rn+1.

Remark 48.1 It follows from Theorem 48.1 that for any g+ ∈
◦
H0,s (Rn+1)

there exists a unique v+ ∈
◦
Hm−1,s (Rn+1) such that

(48.25) (Dt − iτ)mv+ +
m−1∑
j=0

aj(x, t,Dx)(Dt − iτ)jv+ = g+(x, t),

where ord aj ≤ m − j. Then it follows from (48.25) that Dm
t v+ ∈

◦
H0,s−1

(Rn+1). Therefore v+ ∈
◦
Hm,s−1 (Rn+1) and consequently ∂kv+(x,t)

∂tk
are contin-

uous function of t with values inHm+s−k− 3
2
(Rn), 0 ≤ k ≤ m−1 (c.f. Theorem

13.6). Since v+ = 0 for t < 0 we get that ∂kv+(x,0)
∂tk

= 0, 0 ≤ k ≤ m − 1, i.e.
v+(x, t) satisfies zero initial conditions.

One can consider also the Cauchy problem (48.1), (48.2), (or (48.3), (48.4)
) with nonzero initial conditions. If hk(x) ∈ Hm−k+s− 1

2
(Rn), 0 ≤ k ≤ m− 1,

there exists v0 ∈ Hm,s(R
n+1
+ ) such that ∂kv0(x,+0)

∂tk
= hk(x), 0 ≤ k ≤ m − 1

(c.f. Example 13.3). We shall look for the solution of (48.3) in the form
v = v0 + w, where w(x, t) satisfies

H(x, t,Dx, Dt − iτ)w(x, t) = g0, t > 0,(48.26)

g0 = g(x, t)−Hv0 ∈ H0,s(R
n+1
+ ).

Let g+ ∈
◦
H0,s (Rn+1) be the extension of g0 by zero for t < 0. By Theorem

48.1 there exists w+ ∈
◦
Hm−1,s (Rn+1) such that Hw+ = g+. Let w = wt for

t > 0. It was shown in §33 that w ∈ Hm,s−1(R
n+1
+ ) and ∂kw(x,0)

∂tk
= 0, 0 ≤ k ≤

m− 1. Therefore v = v0 +w satisfies (48.3) for t > 0, v ∈ Hm,s−1(R
n+1
+ ) and

∂kv(x,0)
∂tk

= hk(x), 0 ≤ k ≤ m− 1.
Switching back from v+, g+ to u+ = etτv+, f+ = etτg+ we get the

following theorem:

Theorem 48.2. For any e−τtf ∈ H0,s(R
n+1
+ ) and any gk(x) ∈ Hm+s−k− 1

2
(Rn)

there exists a unique e−τtu(x, t) ∈ Hm,s−1(R
n+1
+ ) such that (48.1), (48.2)

hold.
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A modification of the proof of Theorem 48.1 gives an existence and
uniqueness theorem in RT = Rn × (0, T ) with less requirements on smooth-
ness of the initial data.

Denote by [u, v] the L2-inner product in Rn when t is fixed and let [u]s =
[Λsu]0 be the norm in Hs(R

n). Denote by Cm−1,s the space of functions such

that ∂ku(x,t)
∂tk

, 0 ≤ k ≤ m − 1, are continuous in t ∈ [0, T ] with values in

Hm−k−1+s(R
n). The norm in Cm−1,s is max0≤t≤T

∑m−1
k=0 [Dk

t u]m−1−k+s. Also

denote by L1[(0, T ), Hs(R
n)] the space with the norm

∫ T

0
[f(x, t)]sdt.

Theorem 48.3. Let s be arbitrary. For any gk(x) ∈ Hs+m−1−k(R
n), 0 ≤

k ≤ m−1, and any f(x, t) ∈ L1[(0, T ), Hs(R
n)], there exists a unique solution

u(x, t) ∈ Cm−1,s of the Cauchy problem (48.1), (48.2) in RT such that

(48.27) max
0≤t≤T

m∑
k=0

[Dk
t u(x, t)]m−k−1+s ≤ C

m−1∑
k=0

[gk]m−1−k+s + C

∫ T

0

[f ]sdt.

Proof: Take any w(x, t) ∈ Hm,s(RT ). Denote F (x, t) = H(x, t,Dx, Dt −
iτ)w, ϕk(x) = ∂kw(x,0)

∂tk
, 0 ≤ k ≤ m− 1. As in (48.14) we have

[H(x, t,Dx, Dt − iτ)w,H0σΛ2sw](48.28)

=
m∑

k=1

[(Dt − iτ − σ̂k(x, t,Dx)q̂kΛ
sw, q̂kΛ

sw] + [Q2Λ
sw,Λsw],

where

(48.29) |[Q2Λ
sw,Λsw]| ≤ C

m−1∑
k=0

[Λm−1−k
τ Dk

tw]2s
def
= C|[w]|2m−1,s,

Λτ = (|ξ|2+τ 2+1)
1
2 . Integrating (48.28) from 0 to t and taking the imaginary

part we get as in (48.16):

m∑
k=1

[q̂k(x, t,Dx, Dt − iτ)w]2s −
m∑

k=1

[q̂(x, 0, Dx, Dt − iτ)w]2s(48.30)

+τ

∫ t

0

m∑
k=1

[q̂kw]2sdt
′ ≤ C

∫ t

0

|[w]|2m−1,sdt
′ + C

∫ t

0

[F ]s|[w]|m−1,sdt
′.
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We shall prove a variant of the Garding inequality (c.f. (48.17) ):

(48.31)
m∑

k=1

[q̂k(x, t,Dx, Dt − iτ)w]2s ≥ C|[w]|2m−1,s −
C1

τ
|[w]|2m−1,s.

Denote

(48.32) wk(x, t) = Λm−1−k
τ ΛsDk

tw(x, t), 0 ≤ k ≤ m− 1.

We have

q̂k(x, t,Dx, Dt − iτ)w =
m−1∑
j=0

akj(x, t,Dx, τ)wj(x, t),

where akj(x, t,Dx, τ) are ψdo of order zero. Note that

(48.33)
m∑

k=1

[q̂kΛ
sw]20 = [

m−1∑
j,p=0

a
(1)
jp wp, wj],

where a
(1)
jp =

∑m
k=1 a

∗
kjakp, a

∗
kj are the adjoint operators to akj.

Denote byA(x, t, ξ, τ) the matrix with elements
∑m

k=1 akj(x, t, ξ, τ)akp(x, t, ξ, τ).
It follows from (48.8), (48.9) that the matrix A(x, t, ξ, τ) is positive defi-

nite and
A(x, t, ξ, τ) ≥ C0I.

Let B(x, t, ξ, τ) = (A(x, t, ξ, τ)−C0

2
I)

1
2 and let B(x, t,Dx, τ) be the matrix

ψdo with symbol B(x, t, ξ, τ). Let ~w(x, t) = (w0, ..., wm−1). Using Theorems
40.2, 43.2 we get (c.f. (48.18) )

(48.34)
m−1∑
j,p=0

[a
(1)
jp wp, wj] =

C0

2

m−1∑
k=0

[wk]
2
0 + [B∗B~w, ~w] + [C2 ~w, ~w],

where ord C2 ≤ −1 and

(48.35) |[C2 ~w, ~w]| ≤ C

τ

m−1∑
k=0

[wk]
2
0.
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Since [B∗B~w, ~w] = [B~w,B ~w] ≥ 0 and since
∑m−1

k=0 [wk]
2
0 = |[w]|2m−1,s we get

(48.31). Taking τ large and combining (48.30) and (48.31) we get
(48.36)

|[w(x, t)]|2m−1,s ≤ C
m∑

k=1

[q̂(x, 0, Dx, Dt−iτ)w]2s +C(

∫ T

0

[F ]sdt) max
0≤t≤T

|[w]|m−1,s.

Let t0 be such that

|[w(x, t0)]|2m−1,s = max
0≤t≤T

|[w(x, t)]|m−1,s.

Choosing such t0 in (48.36) and using that
(48.37)

m∑
k=1

[qk(x, 0, Dx, Dt − iτ)w]2s ≤ C
m−1∑
k=0

[ϕk]
2
m−k−1+s ≤ C1 max

0≤t≤T
|[w(x, t)]|2m−1,s

we get the estimate

(48.38) max
0≤t≤T

|[w(x, t)]|m−1,s ≤ C
m−1∑
k=0

[ϕk]m−1−k+s + C

∫ T

0

[F ]sdt.

The proof of the uniqueness of the solution of the Cauchy problem (48.1),
(48.2) in RT is the same as in Theorem 48.1: Let u ∈ Cm−1,s be a solution
of H(x, t,Dx, Dt)u = 0 in RT , with zero initial conditions. Then v = e−tτu
satisfies H(x, t,Dx, Dt− iτ)v = 0 with zero initial conditions and v ∈ Cm−1,s.

It follows from (48.25) that v ∈ Cm,s−1. Since s in the estimate (48.38) is
arbitrary we get v = 0.

To prove the existence choose any F ∈ H0,s+1(RT ). Note that F ∈
L1[(0, T ), Hs(R

n)] since (
∫ T

0
[F ]sdt)

2 ≤ T‖F‖2
0,s. Choose also any ϕk ∈

Hm−k+ 1
2
+s(R

n), 0 ≤ k ≤ m − 1. It follows from Theorem 48.2 that there

exists w ∈ Hm,s(RT ) such that Hw = F, ∂kw(x,0)
∂tk

= ϕk(x), 0 ≤ k ≤ m − 1.
Note that the estimate (48.38) holds for w(x, t) since Hm,s(RT ) ⊂ Cm−1,s.
Take a sequence Fn ∈ H0,s+1(RT ) that converges to f(x, t) in the norm

L1[(0, T ), Hs(R
n)]. Also let ϕ

(n)
k (x) ∈ Hm−k+ 1

2
+s(R

n) converge to gk ∈
Hm−1−k+s(R

n) in Hm−k−1+s(R
n), 0 ≤ k ≤ m− 1. Let wn(x) ∈ Hm,s(RT ) be

the solution of the Cauchy problemHwn = Fn inRT ,
∂kwn(x,0)

∂tk
= ϕ

(n)
k (x), 0 ≤

k ≤ m−1. It follows from (48.38) that wn converges in Cm−1,s to the solution
u(x, t) ∈ Cm−1,s of the Cauchy problem (48.1), (48.2) in RT .

Note that since e−τt and eτt are bounded on RT the norms of u(x, t) and
v(x, t) = e−tτu(x, t) are equivalent.
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