41 Elliptic operators and parametrices.

Let A(x, D) be elliptic differeial operator of degree m, i.e. A(z, f) Ao(x £)+
A1<$’£)7 where AO(I,f) - Z|k|:m ak(x)fkv Al(xuf) Z|k| Oak( ) ) and
Ap(z,€) #0, Ve € R", = #0.

For simplicity we assume that Ag(z,£) > 0,Vz € R™, £ # 0and A(z,§) =
A(o0,§) for |z| > R.

Denote by Rg(x,&,\) the symbol (Ag(z,&) + )~ where A € C,

(41.1) Cs={ e C\ {0}, —m+d<argh<m—39, O<(5<g}.
Note that Ry(z,&,\) € S™™ and satisfies estimates

(41.2) [Ro(, &, )| > (IE™ + 1A) > Cu(lé] + A =)™,
O PRy(z,&,\)
ok Qxp

‘ < Corl Ro(, €, M| (€] + |\[=) 7, ¥p, ¥k, X € Cs.
Theorem 41.1. For any N > 0, there exists a do operator R™) (z, D, \), R™N)(x,&,)) €
S™™ such that

(41.3) (A(z, D) = AX[)R™ (2, D, \) =T + T _n_1,

where I is the identity operator, ord T_n_1 < —N — 1 and

N+1

(41.4) Ty —1llls) < O A5, MGy,

where |||T-n—-1|||(s) is the norm of the operator T_n_1 acting from H,(R") to
H,(R").

Operator R™)(x, D, \) is called the parametrix to A(z, D) — .
Proof: Using Theorem 40.2 we have

(A(z, D) + M) Ro(z, D, \) = I + C_y (2, D, \),

where

(41.5)  C_i(z, &N Zki D’;Ro(a;,g, A) + Ay (z, ) Ro(z, €, N).

8§k
Note that there is no remainder in (41.5) since A(z, &) is a polynomial.
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Let
71(:5’ f, )‘) = —Ro(l', 67 )\)C,1<.’L', 67 >‘)
Then by the Theorem 40.2 we have

(41.6) (A(z, D) = MI)(Ro + Ri(2, D, \) = I + Cs(z, D, \),
where C_5(z,&,\) € S72 and
(41.7)
= A(
Ol ) = e OR (0,6 )+ 3 B DR (0,6,

Analoguously defining R_5(z,,\) = —Ro(x,&,N\)Ca(x, &, N) ete.  we
construct R_,(x,&, \) = —Ro(z, &, N\)C_p(x, &, X) where C_p, (2,6, A) € S7P, 1 <
p < N, and

(41.8)
"1 0FA(x
Cp(z,8) = A1(2, )R _py1 (7,6, 0) + Z a#gkg)Dl;R—pﬂ(%ﬂ)\)-
|k|= 1
Therefore we get:
(41.9) (A+X)(Ro+ R+ ..+ R_N)=1+T_n_1,

where ord 7_y_1 < —N — 1 and T_x_; satisfies (41.4). Note that the sum
(4110) R(N)(xv 57 )‘) = Ro(ﬂf, 57 )‘) +.t R—N($7 57 )‘)

can be rewritten in the following form:
N

(41.11)  R™M(2,&,0) = (Ao(z,€) + A" + ) (Ag(@,&) + N Py(x,6),
k=1

where Py(z,&) are polynomials in &, deg P,(x,§) < km — %

Lemma 41.2. Let A(x, D) be the same as in Theorem 41.1. Let s be ar-
bitrary. Suppose X is sufficiently large, and (41.1) holds. Then for any
f € Hy_n(R™) there exists a unique solution u € Hg(R™) of the equation

(A(z, D) + M)u = f.



Proof: Consider (41.3) with N = 0. It follows from (41.4) that 7",
is an operator with a small norm norm. Therefore I + T is invertible in
H, ,,(R") and R = Ry(x, D, \)(I +T_1)~! is the right inverse to A + \I,
ie. (A+X)Rf = f,Vf € Hy_,,(R"). Also u = Rf € H,(R") since ord
R=-m.

Applying Theorem 40.2 we have Ry(z, D, \)(A(x,D) + \) = I + Tﬁll),
where Tfll) satisfies (41.4) with N =0 and (I + T (11))_1 exists when A € Cj

is sufficiently large. Therefore R = (I + Tfll))_lRo is the left inverse of
A(x,D) 4+ M. Since A(z, D) + A has the left and the right inverses it is
invertible and R = R = (A(z, D) + \I)~%. O

In the case when A(x,§) € S® is not a polynomial in £ we shall call
A(z, &) elliptic if there exists R > 0 such that

[A(z, ) = C(1+[§))* when |a* + [¢]* > R”.

Lemma 41.3 (Elliptic regularity). Let A(x,§) € S be elliptic and let
u € Hy(R™) be a solution of A(x,D)u = f for some s € R. Suppose f €
Hy oir(R™),r > 0. Then u € Hey.(R"™). In particular, if f € Hy(R"),¥N,
then uw € Hy(R™),VN.

Proof: Let R(x,&) = A~ (2, &) (1-x(§)x(§)), where x(z) € Cg°(R"), x(«) =
1 when |z| < 1. It follows from Theorem 40.2 that

D
(41.12) R(z, D)A(z, D)u = u — X(}%)X(E)u + T,
where ord 71 < —1. Therefore
x, D
u=Rf+ X(E)X(E)U — T qu.
Note that Rf € H,, sinceord R = —m. Also T_ju € Hy1(R"), x(%)x(B)u €

Hy(R"™),VYN. Therefore u € Hgyp,, where rog = min(1,7). If r > 1 we can
repeat the same arguments with v € Hy1(R") instead of u € Hy(R™). O

42 Compactness and Fredholm property.

Theorem 42.1. Let ord T" < —§ and T has the property (40.26), i.e.
(42.1) 11+ 12 T ullsrs < Cllulls, Vs.
Then T" is compact in Hy(R™),Vs.



Proof: We have the identity:
T =1+ |2) " MAA(1 + |2 )MT.

Denote T = A(1+ |2|H)MT’, where A° is a ¢do with symbol A%(¢) = (1 +
€2 ) It follows from (42.1) that 7} is bounded in H (R™),Vs. Therefore it
is enough to prove that Tp = (1 + |2|?)™™ A~ is compact in H;(R") since
the product of a compact and a bounded operators is compact.

Let 1(€) € CR(R™), x(€) = 1 for €] < 1, \(€)] < 1. Let T. = Tyx(eD)
We have Ty — T, = (1 + |z>)"MA~(1 — x(eD)). Therefore

(422) (T, = Tl < CYA*(1 = x(eD)ull
o [ LoXEOPIEOPO+IED® e
—c[ e < Ol

i.e. |||T2 — T:|||(sy — O when € — 0. It is enough to prove that 7. is compact,
Ve, since the limit in the operator norm of a sequence of compact operators
is compact.

Let v(z) = T.u. Then

(42.3) 9 = | D€ —n) L+ )2 x(en)a(n)dn,

R’IL

where ¢(z) = (1+ |z[*)™™, M > 2. We have
(+1ePyioe) = [ K&+ Pyt

where

(42.4) K(&n) = (14 [ER)50(¢ = n)(1+ [~ x(en).

Note that
/‘/IK@WW%M<+w,

i.e. the integral operator Kw = [g, K(§,n)w(n)dn is the Hilbert-Schmidt
operator. Since the Hilbert-Schmidt operator is compact in L?*(R") we get
that operator (42.3) is compact H,(R") = FH,(R") (c.f. the proof of Theo-
rem 23.2). O



Theorem 42.2. Let €2 be a smooth bounded domain in R™, and let T be a
bounded operator from Hy(QY) to Hg (), > 0. Then T is compact operator
in Hy(2).

Proof: Let [ be an extension operator from 2 to R™ such that
llu||lsrr < Cllullso for Yu e Hg(S2)

and lu = 0 for |z| > N (c.f. Theorem 33.2).

Denote by 1g(x) a C3°(R™) function such that ¢o(x) = 1 when || < N.
Let p be the restriction operator to the domain 2. We have, for any u €
H(Q):

Tu = pl(Tu) = pool(Tu) = po A" A°I(Tw).

Operator A®l(Tw) is bounded from Hy(Q2) to Hs(R™) and operator p is
bounded from H,(R") to Hs(Q2). It follows from the proof of Theorem 42.1
that ¢g(x)A~¢ is compact in Hy(R™). Therefore T is compact in H () as a
product of bounded opeators and a compact operator. O

Remark 42.1 Analogously to the proof of Theorem 42.2 one can show
that the embedding of Hy, () into Hs(2) is compact: we have as above
u = polu = phoA~¢A%lu for any u € Hy (). Operator A%lu is bounded
from H,,.(Q) to Hy(R"™) therefore Tu = p(1oA~%)(A%lu) is compact operator
from Hg,(€2) to Hs(2) as the product of bounded operators p and Alu and
the compact operator ygA~c. Il

Note that the operator A, bounded from H (R") to Hs_,(R"), is called
Fredholm if

a) ker A = {u € Hy(R"), Au = 0} is finite-dimensional.

b) SA = {v € H,_(R") : v = Au for some u € Hs(R™)} is closed in
H, o(R™).

c) coker A is finite-dimensional where coker A is the orthogonal comple-
ment to SA in H,_,(R").

One can prove that A is Fredholm iff there exists a bounded operatoe R
from H,_,(R"™) to Hs(R™) such that

where T} is a compact operator in H,_,(R"), T, is a compact operator in
H,(R"™). Operator R is called regularizer to A.

Theorem 42.3. Let A(z, D) € S* be an elliptic operator. Then A(x, D) is
a Fredholm operator from Hy(R™) to Hs_,,(R™), Vs.
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Proof Let x(¢) be as in Theorem 42.1 and let R(x,&) = A7 (2, €)(1 —

X(%)X(%)- Applying Theorem 40.2 we have:

D
26 A DIRED) = (1- X)) + T,
where ord T') < —1. Moreover, by Remark 40.2 ord (1+ |;1:]2)MT£11) < -1
By Theorem 42.1 the operator Tl(l) — x(%)x(%) is compact in H, ,(R").

R
Therefore R(x, D) is the right regularizer of A(z, D). Analogously it follows

from (41.12) that R(z, D) is a left regularizer of A(z, D) since

D

—x( )X(ﬁ) + T

i
R

is also compact in Hg(R").

43 The adjoint of pseudodifferential opera-
tor.

We shall rewrite the formula for the 1do (40.3) in the form

1 .
(43.1) Au = 2n) /n - Az, €)' Sy (y)dyde, Yu € C(R™),

where the integral in (43.1) is understood as a repeated integral : first the

integration in y and then the integration in &. It is convenient to consider
instead of (43.1) a more general form of a pseudodifferential operator:

1

(43.2) Av= oy / alz,y, el uly)dyds,

where the integral is understood as a repeated integral and a(x,y,§) €
C*(R™ x R™ x R™) with the following properties:

" ra(z, y, £)
0xPIykoET

(43.3)

] < Con(1+ €D, Vp, k7,

(43.4)
a(z,y,§) = a(oo,y,§) when |z|> R, a(z,y,§) = a(z,00,§) when |y| > R.
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We shall represent a(x,y, ) in the following form

(43.5) a(z,y,§) = a(x,00,&) + d'(x,y,8),

where a'(z,y,£) = 0 when |y| > R.
The following theorem shows that an operator of the form (43.2) can be
represented in the form (40.2) up to an operator of an arbitrary low order.

Theorem 43.1. Let A be an operator of the form (43.2). Then for any N

N
(43.6) Au=">" Ag(x, D)u+ Tooy_1u,

|k|=0

where Ay (x, D) are operators of the form (40.2)
(43.7) Ag(x,€) = a(x,0,8) +d'(x,x,8) = alz, z,£),

(43.8) Ag(x,&) = —Dk—a (2,9, 8)|y=zy 0rd To-ny_1 <a—N-1, |k| > 1.

Proof: We have for any v € C§°(R")
(43.9) Au = a(zx, 00, D)u + A'u,

where

(43.10) Alu = #/n/na/(x,y,{)u(y)ei(x_y)'gdydﬁ.

Compute the integral in y using the convolution formula:

(43.11) /n d(x,y, Eu(y)e” ¥ dy = (271r)" /n a'(x,§ —n,&)u(n)dn,

where @'(x,n,€) = F,d'(x,y,£). We get

(43.12) Al = 2n 2n// "(z,& —n, ) a(n)e™ dndE.

Making the change of variables £ —n = ( we obtain
1 ~ ~ iz
@1 Mg [ G Ques O
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Expand a'(z,(,n + () by the Taylor formula:

N

. 1 0%a' (x
W) WGt = > 5 R
|k|=0
Taking into account that
1 O"a'x, (M) 4 e o
(43.15) ) /R G S et dC = 5Dy (@, y )l

we get (43.6) with 7, y_ju having the form:

b
(271')2”

It remains to show that ord T,_ny_1 < a — N — 1. Note that
(43.17) d'(z,¢,m) = d'(c0,¢,m) +d"(x,C,m),
where a”(x,(,n) =0 for || > R. Then

(43.18) Ry(z,¢,n) = Rni(00,¢,n) + Rya(, ¢, n),

where Ry corresponds to @' (oo, ¢,n) and Ry corresponds to a”(z, ¢,n). The
Fourier transform in x of T,,_ y_iu has the form:

1

(43.16)  Ta oy qu= / Rov(, €, m)e™ O (n) dndc.
-

(43.19) (Fo(Ton_1u))(&) =

n/ Ry1(00,&§ —n,n)u(n)dn

e /n/nRsz n— ¢, ¢ n)a(n)dndC

It follows from (40.13), (40.14) and (43.14) that
(43.20)
[Bivi(00,6=n,m)] < Crs(1+[€=n]) ™ (L [n))* =¥ (14 [€ =)™, v,

(43.21) |Rya(§ —n—¢,¢m)l
< Camr (L 16 = = DM+ 1CH™M (L + [p)* N1+ [CHVTHL vy, VM.

Estimating the term in (43.19) containing Ry as in (40.19), (40.20) and the
term in (43.19) containing Ry as in (40.21), (40.22) we get

(4322) ||Ta_N_1U||5 S CHuHs—i-oz—N—la Vs.
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Let A* be the adjoint opetator to the ¢do A(z, D), i.e
(Au,v) = (u, A*v), Yue C°(R"), ve CFR"),

where (u,v) is the L? inner product.
Writing A(z, D)u in the form (43.1) we get

(43.23)  (Au,v) Gy / ) / ) / ) (z, E)u(y)e'® Y dydé v () dx

We can rewrite (43.23) in the form

u,v) = ; u z, €)'y (1) dx
@320 ()= oo [ ([ [ A e iy
Therefore

(43.25) (A*v) ) / ) / ) Az, E)v(z)e!V=Edrde.

Changing the notations from y to x and vice versa we get

(43.26) (A*v) )el @€ dyde,

n n

i.e. A*v has the form (43.2). Applying Theorem 43.1 to (43.26) we get

Theorem 43.2. Let A(z, D) be a vdo with symbol A(x,§) € S*. Then the
adjoint operator A* is also a do operator and

N
(43.27) (A*v|(z) = Y Ap(z, D)o+ Ta_n_1v,
|k|=0
where
8k
(43.29) Ap(x,&) = —D’;a—gkA(a; £),1<|k|<N, ordT, n 1 <a—N-1.



[
Let A(x,&) € S*. Denote by A,(x, D) the following operator of the form
(43.2):

(43.30) Ay (z, Dy = (Qi) / A(x;y,g)e“‘” D€y )dyde.

Operators of the form (43.30) are called Weyl’s pseudodifferential operators
Applying Theorem 43.1 to (43.30) we obtain

(43.31) Ay(z,D) = A(z,D) + Ay(x, D) + To—n_1,
where ord T,_ny_1 <a— N —1 and
o1, o
Ai(z,€) = kzl WD!E@—&;A( z,§).

Therefore A, (x, D) and A(z, D) differ by terms of order a — 1.

Consider the case when A(z,&) is real valued. Then the ¢do A(z, D)
is not self-adjoint if the terms (43.29) are not zero. However A, (z, D) is
self-adjoint when A(z, ) is real since

(Aw(z, D)u,v) O u(y)e” TV Edydev(x)dx

n

n R”

S /HA(x;y)u(y)e-y.g—v(x)e_wgdydmdf D

This show the usefulness of the Weyl’s operators.
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