
63 Parametrix for the hyperbolic Cauchy

problem.

Let H(x, t,Dx, Dt) be the second order strictly hyperbolic operator, i.e.

H(x, t,Dx, Dt) = g00(x, t)
∂2

∂t2
+ 2

n∑
j=1

gj0(x, t)
∂2

∂t∂xj
(63.1)

−
n∑

j,k=1

gjk(x, t)
∂2

∂xj∂xk
+

n∑
j=1

bj(x, t)
∂

∂xj
+ b0(x, t)

∂

∂t
+ c(x, t).

We assume that g00(x, t) = 1 and that H is strictly hyperbolic, i.e.

H0(x, t, ξ, σ) = (σ − λ1(x, t, ξ))(σ − λ2(x, t, ξ)),(63.2)

λ1(x, t, σ) < λ2(x, t, σ) for all (x, t, ξ), ξ 6= 0.(63.3)

Here H0 is the principal part of (63.1). Consider the Cauchy problem

Hu(x, t) = 0, t > 0, x ∈ Rn,(63.4)

u(x, 0) = g1(x),
∂u

∂t
(x, 0) = g2(x), x ∈ Rn.(63.5)

We shall construct a parametrix for (63.4), (63.5). Denote by ϕj(x, t, η), j =
1, 2, the solution of the eiconal equation

∂ϕj(x, t)

∂t
− λj(x, t,

∂ϕj
∂x

) = 0, t > 0,(63.6)

ϕj(x, 0, η) = x · η, j = 1, 2.(63.7)

The solution of (63.6), (63.7) exists for |t| < δ, when δ is small. To find
ϕj(x, t, η) we solve the system of bicharacteristics

dxj
dt

= −∂λj(xj(t), t, pj(t))
∂p

, xj(0) = y,(63.8)

dpj
dt

=
∂λj(xj(t), t, pj(t))

∂x
, pj(0) = η, η 6= 0.

Note that the solution

(63.9) x = xj(t, y, η), p = pj(t, y, η)
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of the system (63.8) exists for all t ∈ R (c.f. Remark 50.1).If ϕj(x, t, η) is a
solution of (63.6) then

d

dt
ϕj(xj(t), t, η) =

∂ϕj(xj(t), t, η)

∂x
· dxj
dt

+
∂ϕj(xj(t), t, η)

∂t

= λj(xj(t), t,
∂ϕj(xj(t))

∂xj
)− ∂λj(xj(t), t, pj(t))

∂p
· ∂ϕj(xj(t), t, η)

∂x
= 0.

We used that pj(t) =
∂ϕj(xj(t),t,η)

∂x
and λj =

∂λj

∂p
·p. Therefore d

dt
ϕj(xj(t), t, η) =

0 and

(63.10) ϕj(xj(t), t, η) = ϕj(xj(0), 0, η) =
n∑
k=1

ykηk.

Since xj(0, y, η) = y we can solve x = xj(t, y, η) in y and get

(63.11) y = y(j)(x, t, η), |t| ≤ δ.

Therefore

(63.12) ϕj(x, t, η) =
n∑
k=1

y
(j)
k (x, t, η)ηk, j = 1, 2,

is the solution of (63.6), (63.7).
We shall look for the solution of (63.4) in the form

(63.13) uN(x, t) =
1

(2π)n

∫
Rn

2∑
j=1

N∑
k=0

ajk(x, t, η)e
iϕj(x,t,η)(1− χ(η))dη,

where ajk(x, t, η) ∈ C∞ when η 6= 0, degη ajk = −k. Substituting (63.13)
into (63.4) we get the following equations

H0(x, t, ϕjx, ϕjt) = 0, j = 1, 2,(63.14)

∂H0(x, t, ϕjx, ϕjt)

∂σ

∂aj0
∂t

+
n∑
k=1

∂H0(x, t, ϕjx, ϕjt)

∂pk

∂aj0(x, t, η)

∂xk
(63.15)

+(H0(x, t,
∂

∂x
,
∂

∂t
)ϕj)aj0 + i

(
n∑
k=1

bk(x, t)ϕjxk
+ b0(x, t)ϕjt

)
aj0(x, t, ξ) = 0,

Ljajk = −H(x, t,Dx, Dt)aj,k−1, k ≥ 1, j = 1, 2,(63.16)
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where Lj is the left hand side of (62.15). Since we want to have uN(x, 0) =

g1(x),
∂uN (x,0)

∂t
= g2(x) we shall impose the following initial conditions on

ajk, j = 1, 2, 0 ≤ k ≤ N :

2∑
j=1

N∑
k=0

ajk(x, 0, η) = g̃1(η),(63.17)

iϕ1t(x, 0, η)
N∑
k=0

a1k(x, 0, η) + iϕ2t(x, 0, η)
N∑
k=0

a2k(x, 0, η)(63.18)

+
2∑
j=1

N∑
k=0

∂ajk(x, 0, η)

∂t
= g̃2(η).

Since ϕjt(x, 0, η) = λj(x, 0, η), j = 1, 2, we can determine a10(x, 0, η) and
a20(x, 0, η) as the unique solution of the 2× 2 algebraic system

a10(x, 0, η) + a20(x, 0, η) = g̃1(η),(63.19)

iλ1(x, 0, η)a10 + iλ2(x, 0, η)a20 = g̃2(η).

Note that det

[
1 1
λ1 λ2

]
= λ2 − λ1 6= 0, ∀x, t, η 6= 0. We determine

ajk(x, 0, η) from the equations

a1k(x, 0, η) + a20(x, 0, η) = 0,(63.20)

iλ1(x, 0, η)a1k + iλ2(x, 0, η)a2k

−∂a1,k−1(x, 0, η)

∂t
− ∂a2,k−1(x, 0, η)

∂t
,

1 ≤ k ≤ N.

Denote wN(x, t, η) =
∑2

j=1

∑N
k=0 ajk(x, t, η)e

iϕj(x,t,η)(1− χ(η)). We have

HwN(x, t, η) =
2∑
j=1

t0j(x, t, η)g̃j(η),(63.21)

wN(x, 0, η) = g̃1(η) +
2∑
j=1

t1j(x, η)g̃j(η),

∂wN(x, 0, η)

∂t
= g̃2(η) +

2∑
j=1

t2j(x, η)g̃j(η),
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where tpj = O( 1
(|η|+1)N ), j = 1, 2, 0 ≤ p ≤ 2.

Denote by w(N+1)(x, t, η) the solution of the Cauchy problem (c.f Theorem
48.3)

Hw(N+1)(x, η) = −
2∑
j=1

t0j(x, t, η)g̃j(η),(63.22)

∂kw(N+1)(x, 0, η)

∂tk
= −

2∑
j=1

t1+k,j(x, η)g̃j(η), k = 0, 1, j = 1, 2.

It follows from Theorem 48.3 with s > n
2

+ 1 that

(63.23) w(N+1)(x, t, η) = O(
1

(1 + |η|)N−n
2
−2

).

Therefore

(63.24) u(x, t) =
1

(2π)n

∫
Rn

(wN(x, t, η) + w(N+1)(x, t, η))dη

is the solution of (62.4), (62.5).
Now we shall find the wave front set of u(x, t) knowing WF (gj), j = 1, 2.

Note that (63.13) is a sum of FIO with phase functions ϕj(x, t, η), j = 1, 2.
Denote by ϕj ◦WF (g) the image of WF (g) under the canonical transforma-
tion with the generating function ϕj(x, t, η). We get, using Theorem 62.1,
that

WF (u(·, t)) ⊂ ∪2
j=1(ϕj ◦ (WF (g1) ∪WF (g2))),

where WF (u(·, t)) is the wave front of u(x, t) for fixed t. Using the Remark
50.2 we can also describe the WF (u) in Rn+1 × (Rn+1 \ {0}).

Compare this result with Theorem 50.2. The canonical transformation
defined by generating function ϕj(x, t, η) for t fixed is

(63.25) ξ = ϕjx(x, t, η), y = ϕjη(x, t, η).

Let x = xj(t, y, η), p = pj(t, y, η) be the solution of (63.8). Since pj(t, t, η) =
ϕjx(xj, y, η) we get

ξ = pj(t, y, η) when x = xj(t, y, η).
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Also differentiating (63.6) in ηk we get

(63.26) ϕjtηk
(x, t, η)−

n∑
i=1

∂λj(x, t, ϕjx)

∂pi
ϕjxiηk

= 0.

Cosider the identity
ϕjηk

(x, t, η) = y
(j)
k (x, t, η).

Substituting x = xj(t) and differentiating in t we get
(63.27)

ϕjηkt(xj(t), t, η)+
n∑
i=1

ϕjηkxi
(xj(t), t, η)(−

∂λj(xj(t), t, pj(t))

∂pi
) =

d

dt
y

(j)
k (xj(t), t, η).

Comparing (63.26), (63.27) and taking into account that pj(t) = ϕjxi
(xj(t), t, η)

we get
d

dt
y

(j)
k (xj(t), t, η) = 0, i.e. y

(j)
k (xj(t), t, η) = yk.

Therefore the canonical transformation (63.25) coincides with the map (y, η) →
(xj(t, y, η), pj(t, y, η)) where x = xj(t, y, η), p = pj(t, y, η) is the solution of
(63.8).

Therefore we got another proof of the Theorem 50.2.

64 Global Fourier Integral Operator.

Let x = x(y, η), ξ = ξ(y, η) is a global canonical transformation of Rn×(Rn\
{0}) onto Rn × (Rn \ {0}). An example of such canonical transformation is
the map

(64.1) (y, η) → (x(t), ξ(t)),

where (x(t), ξ(t)), t ∈ R is the solution of the system (63.8), with p(t)
replaced by ξ(t). The generating function ϕ(x, t, η) for the canonical trans-
formation (64.1) exists when |t| < δ and may not exist for large t. Therefore
the FIO of the form (60.4) may not exist globally.

We shall define the Fourier integral operator corresponding to the global
canonical transformation. Consider a Fourier integral operator of the form

Φu =

∫
Rn

∫
Rr

a(x, y, θ)eiψ(x,y,θ)u(y)dydθ,
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where ψ(x, y, θ) ∈ C∞ for all (x, y, θ), θ 6= 0 and ψ(x, y, θ) is homogeneous
in θ of degree one. Suppose that the set C0 = {x, y, θ) : ψθj

= 0, 1 ≤ j ≤ r}
is smooth and has dimension 2n. Consider the subset C of Rn× (Rn \{0})×
Rn × (Rn \ {0}) of the form (x, ψx, y, ψy), where (x, y, θ) ∈ C0.

A manifold Λ ⊂ RN × (RN \ {0}) is called Lagrangian if dim Λ = N and
the symplectic form

N∑
j=1

dxj ∧ dξj = 0 on Λ

Consider a Lagrangian manifold Λ in Rn × (Rn \ {0})×Rn × (Rn \ {0})

(64.2) dx ∧ dξ + dy ∧ dη = 0 on Λ,

We say that the points (x, ξ, y, η) ∈ Λ form a canonical relation between
(x, ξ) and (y, η).

We shall show that C is a canonical relation. We have ξdx + ηdy =
ψxdx + ψydy = dψ − ψθdθ = dψ since ψθ = 0 on C. Also ψ = θ · ψθ = 0
since ψ(x, y, θ) is homogeneous of degree 1. Therefore ξdx + ηdy = dψ = 0
when (x, y, θ) ∈ C0. Since d2 = 0 we have that ξdx + ηdy = 0 implies that
dξ ∧ dx+ dη ∧ dy = 0 on C.

In the case of the FIO (60.4) we have
(64.3)
ψ(x, y, η) = S(x, η)−y ·η, ψx = Sx(x, η), ψy = −η, ψη = Sη(x, η)−y = 0.

Therefore the canonical relation has the form (x, Sx, y,−η) where y − Sη =
0. Since S(x, t) is the generating function of the canonical transformation
α : (y, η) → (x, ξ) (c.f. (50.4)), we have dξ ∧ dx − dη ∧ dy = 0 when
y = Sη(x, η), ξ = Sx(x, η). Note that the graph of the canonical transforma-
tion (x, ξ, y, η) = (x, Sx(x, η)), Sη(x, η), η) differs from the canonical relation
(64.3) corresponding to (60.4) by the change of the sign of η. We shall con-
sider in this section only the FIO whose canonical relations correspond to
the graphs of canonical transformations.

The following lemma holds:

Lemma 64.1. Let α : (y, η) → (x, ξ) be an arbitrary canonical transforma-
tion. Then for any (y0, η0) there exists a conic neighborhood in Rn×(Rn\{0})
with the following properties:
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There is a splitting x = (x(1), x(1)), where x(1) ∈ Rn1 , x(1) ∈ Rn−n1, and
analogously the splitting y = (y(1), y(1)), ξ = (ξ(1), ξ(1)), η = (η(1), η(1)) such
that (x(1), y(1), η

(1), ξ(1)) are coordinates of the graph of α near (y0, η0, x0, ξ0).
There exists a generating function L(x(1), η(1), y(1), ξ(1)) such that

(64.4) ξ(1) = Lx(1) , η(1) = −Ly(1) , x(1) = −Lξ(1) , y(1) = Lη(1).

Proof: Suppose we know that (x(1), η(1), y(1), ξ(1)) are coordinates of α
near (y0, η0, x0, ξ0). We shall find the generating function L and prove (64.4).
Since x = x(y, η), ξ = ξ(y, η) are homogeneous functions of η the fact that
α is canonical is equivalent to

(64.5) ξ(1) · dx(1) + ξ(1) · dx(1) − η(1) · dy(1) − η(1) · dy(1) = 0.

We can rewrite (64.5) in the form

ξ(1) · dx(1) + d(x(x) · ξ(1))− x(1) · dξ(1) − d(y(1) · η(1))

+y(1) · dη(1) − η(1) · dy(1) = 0(64.6)

Denote

(64.7) L(x(1), η(1), y(1), ξ(1)) = y(1) · η(1) − x(1) · ξ(1),

where we expressed x(1) and y(1) in the right hand side of (64.7) as functions
of (x(1), η(1), y(1), ξ(1)). Then (64.6) has the form

(64.8) dL(x(1), η(1), y(1), ξ(1)) = ξ(1) · dx(1) − x(1)dξ(1) + y(1)dη(1) − ξ(1) · dy(1).

Then (64.4) follows from (64.8).
We can find a cover {Uj} of Rn × (Rn \ {0}) by conic neighborhoods

Uj such that the generating function L(j)(x(j), η(j), y(j), ξ(j)) exists in Uj. Let
{ϕj(y, η)} be a partition of unity corresponding to {Uj}. By Φj we denote
the following FIO

(64.9)

Φjaϕju =
1

(2π)n

∫
Rn

∫
Rn

a(L
(j)

η(j) , y(j), η
(j),−Lyj

)ϕj(y, η
(j),−L(j)

y(j)
)

·eix(j)·ξ(j)+iL(j)(x(j),η(j),y(j),ξ(j))−iy(j)·η(j)
∣∣∣L(j)

x(j)η(j)y(j)ξ(j)

∣∣∣ 12 u(y)dydη(j)dξ(j),
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where a(y, η) ∈ Sm, |L(j)

x(j)η(j)y(j)ξ(j)
| = detL

(j)

x(j)η(j)y(j)ξ(j)
.

We shall prove that

(64.10) Φjϕjϕkau = ei
π
4
σjkΦkϕjϕkau+ Tm−1u,

where ord Tm−1 ≤ m−1, σjk = sgn H, H is the Jacobi matrix
D(x(k),η(k),y(k),ξ(k))

D(x(j),η(j),y(j),ξ(j))
.

Using the identity

f(x) =
1

(2π)n

∫
Rn

∫
Rn

e−i(x−z)·ζf(z)dzdζ

we have

(64.11)

Φjϕjϕkau = lim
ε→0

1

(2π)n

∫
Rn

∫
Rn

∫
Rn

χ(ε(|ξ(j)|+ |η(j)|+ |ξ̂(k)|+ |η̂(k)|))

· exp i{(x(k) − z(k)) · ξ̂(k) + ψj(x
(k), z(k), y(k), z

(k), η(j), ξ(j)) + (z(k) − y(k)) · η̂(k)}
·|Lx(j)η(j)y(j)ξ(j)

|
1
2aϕjϕku(y)dydzdξ(j)dη

(j)dξ̂(k)dη̂
(k),

where
(64.12)
ψj(x, y, η

(j), ξ(j)) = −x(j)·ξ(j)+L(j)(x(j), η(j), y(j), ξ(j))−y(j)·η(j), z = (z(k), z(k)).

Applying the stationary phase lemma 62.1 to the integral (64.11) in (z(k), z(k), η
(j), ξ(j))

we get the following equations for the critical point

−ξ̂(k) + ψjz(k)
= 0, η̂(k) + ψjz(k) = 0,(64.13)

ψjη(j) = L
(j)

η(j) − y(j) = 0, ψjξ(j) = −x(j) + L
(j)
ξ(j)

= 0.

Since ψjη(j) = ψjξ(j) = 0 and ψj is homogeneous in (ξ(j), η
(j)) we have that

ψj = 0 at the critical point. Therefore after applying Lemma 62.1 the phase
function in (64.11) becomes

(64.14) −z(k)(x
(k), y(k), ξ̂(k), η̂

(k)) · ξ̂(k) + z(k)(x(k), y(k), ξ̂(k), η̂
(k)) · η̂(k).

Changing the notations in (64.14): η̂(k) to η(k) and ξ̂(k) to ξ(k) we get that
(64.14) coincide with (64.7).

It follows from (64.13) that the Hessian H is equal to the Jacobi matrix
D(x(k),y(k),ξ̂(k),η̂

(k))

D(x(j),y(j),ξ(j),η
(j))

.
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For the Jacobians we have∣∣∣∣D(x(k), y(k), ξ(k), η
(k))

D(x(j), y(j), ξ(j), η(j))

∣∣∣∣ =

∣∣∣∣D(x(k), y(k), ξ(k), η
(k))

D(y, η)

∣∣∣∣ ∣∣∣∣ D(y, η)

D(x(j), y(j), ξ(j), η(j))

∣∣∣∣
=

∣∣∣∣D(x(k), ξ(k))

D(y(k), η(k))

∣∣∣∣ ∣∣∣∣D(y(j), η(j))

D(x(j), ξ(j))

∣∣∣∣
Note that ∣∣∣∣D(y(j), η(j))

D(x(j), ξ(j))

∣∣∣∣ =
∣∣∣L(j)

x(j)η(j)y(j)ξ(j)

∣∣∣
and ∣∣∣∣D(x(k), ξ(k))

D(y(k), η(k))

∣∣∣∣ =
∣∣∣L(k)

x(k)η(k)y(k)ξ(k)

∣∣∣−1

.

Therefore

(64.15)

∣∣∣L(j)

x(j)η(j)y(j)ξ(j)

∣∣∣ 12
|H| 12

=
∣∣∣L(k)

x(k)η(k)y(k)ξ(k)

∣∣∣ 12 .
The integers σjk are defined on Uj ∩ Uk and have the properties:

ei
π
4
σjk = ei

π
4
σkj on Uj ∩ Uk,

ei
π
4
(σjk+σki+σij) = 1 on Uj ∩ Uk ∩ Ui.

Note that σjk are even because H is 2n × 2n matrix. The bundle with the
transition functions ei

π
4
σjk is called the Maslov bundle.

Since Rn × (Rn \ {0}) is simply connected we can choose integers σj in
Uj such that ei

π
4
σjk = ei

π
4
σj−iπ

4
σk in Uj ∩ Uk.

We define a global FIO as

(64.16) Φu =
∑
j

ei
π
4
σjΦjaϕju.

Using again the stationary phase lemma we can obtain the following theorem:

Theorem 64.2. Let α1, α2 be canonical transformation of Rn × (Rn \ {0})
onto Rn × (Rn \ {0}) and let Φ1 and Φ2 be corresponding global FIO with
the principal symbols a1(y, η), a2(y, η) respectively, aj ∈ Smj , j = 1, 2. Let
α3 = α2 ◦ α1 be the composition of α1 and α2. Then Φ3 = Φ2Φ1 + Tm1+m2−1
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is a global FIO corresponding to the canonical transformation α3, ord T ≤
m1 + m2 − 1. The principal symbol a3(y, η) of Φ3 is the composition of
α1 ◦ a1 and a2 where α1 ◦ a1 is the image of a1(y, η) under the canonical
transformation α1.

Note that the pseudodifferential operators are obviously particular cases
of FIO when the canonical transformation is the identity and operator Φ∗

(c.f. (60.6)) corresponds to the canonical transformation α−1 where α is
the canonical transformation corresponding to Φ. Lemmas 61.2 - 61.5 and
Theorem 61.7 are particular cases of Theorem 64.2.

Denote by Φ0 the global FIO (c.f. (64.16)) with a(y, η) = 1 corresponding
to the canonical transformation α. Analogously to the proof of Lemma 61.4
and Theorem 64.2 we have

(64.17) Φ0Φ
∗
0 = I + C

(i)
N + T

(1)
−N , Φ∗

0Φ0 = I + C
(2)
N + T

(2)
−N ,

where ord T
(k)
−N ≤ −N, C(k)

N (x, ξ) ∈ S−1, k = 1, 2, N is arbitrary.
Let A(x, ξ) ∈ Sm. Then analogously to Theorems 61.2 and 64.2 we get

(64.18) Φ∗
0A(x,D)Φ0 = BN(x,D) + Tm−N ,

where BN(x, ξ) ∈ Sm, ord T ≤ m−N and the principal symbol of B(x,D)
is the image of the principal symbol of A(x, ξ) under the canonical transfor-
mation α.

Consider the canonical transfomation defined by the Hamiltonian system
(c.f. (50.11), (50.12))

dx

dt
= −∂λ(x, t, ξ)

∂ξ
, x(0) = y,(64.19)

dξ

dt
=
∂λ(x, t, ξ)

∂x
, ξ(0) = η,

dξ0
dt

=
∂λ(x, t, ξ)

∂t
, ξ0(0) = η0.

The canonical transformation α defined by (64.19) maps (y, t, η, η0) to (x(t), t, ξ(t), ξ0(t)).
The last equation in (64.19) is equivalent to

(64.20) ξ0(t)− λ(x(t), t, ξ(t)) = η0, ∀t.
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Therefore applying (64.18) with A(x, t, ξ, ξ0) = ξ0 − λ(x, t, ξ) we get

(64.21) Φ∗
0(Dt − λ(x, t,Dx))Φ0 = Dt + T,

where ord T ≤ 0 (c.f. Example 61.1).
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