63 Parametrix for the hyperbolic Cauchy
problem.

Let H(z,t, D,, D;) be the second order strictly hyperbolic operator, i.e.

(92 n ' 82
00 s J0
(63.1) H(x,t,Dy, D) = g" (1) o2 +2 jzlg (z,1) o0tox;
. Ik (ot bi(x,t)=— + b t) = t).
]%::1g (x, )0xj8xk + ; i (, )ax]— + by (, )& + c(w,t)

We assume that ¢°°(z,¢) = 1 and that H is strictly hyperbolic, i.e.

(63.2) Ho(z,t,€,0) = (0 — Mi(x,t,8)) (0 — Aa(2,1,€)),
(63.3) M(z,t,0) < Xg(z,t,0) forall (z,t,&), € #0.

Here Hy is the principal part of (63.1). Consider the Cauchy problem
(63.4) Hu(z,t) =0, t>0, z € R",

(63.5) u(z,0) = g1(x), —(z,0) = go(x), = €R".
We shall construct a parametrix for (63.4), (63.5). Denote by ¢;(z,t,7n),j =
1, 2, the solution of the eiconal equation

Opj(,t) dpj\
(63.6) S (et ) =0, >0,

(63.7) 0i(z,0,m) =a-n, j=1,2.

The solution of (63.6), (63.7) exists for |t| < d, when § is small. To find
@;(z,t,n) we solve the system of bicharacteristics

(63.8) % _ _a)‘J'(xj(g)};t?pj(t))’ xj(()) =y,
% _ aAj(ij(ta):;t,pj(t))7 pj(()) =n, N 7& 0.

Note that the solution
(639) r =1y (tv Y, 77)7 P = pj(ta Y, 77)
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of the system (63.8) exists for all t € R (c.f. Remark 50.1).If ¢;(z,t,7) is a
solution of (63.6) then

d Opj(r;(t),t,m) dry  Op;(x;(t),t,n)
dt@](l‘]( )7t777) = O E ot
_ Opj(w;(t),  ONj(x;(t),t,p;(t) Opj(w;(t),t,m)
= )\j(.’]ﬁ‘j (t), t, 8@ ) — ap : o =0.

We used that p;(t) = %g)t”) and ), m -p. Therefore Lipi(z;(t), t,m) =
0 and

(63.10) @j(x;(t),t,m) = v;(x;(0 Z Yrlk-

Since z;(0,y,n) =y we can solve z = z;(t,y,n) in y and get

(63.11) y=yV(xt,n), [t <6
Therefore
(63.12) i, t,m) = Zy (@t e, J =12,

is the solution of (63.6), (63.7).
We shall look for the solution of (63.4) in the form

(63.13)  un(x,1) 2 / Zzagk x,t,m)e @ (1 — x(n))dn,

=1 k=0

where a;(z,t,n7) € C* when n # 0, deg,a;, = —k. Substituting (63.13)
into (63.4) we get the following equations

(6314) HO(LU,t,Sij,QOjt) = O’ ,] — 1727
(6315) aHO (.17, l, Pjxs ijt) aajO + Zn: aHo(ﬂf, l Pz, Sojt) 8CL]'0(,1‘, t, 77)
80 at k=1 8pk‘ axk

o 0 =

+(HU(‘Z.7 t’ %7 a)@j)ajo +1 (Z bk(ﬂf, t)(pja:k + bo(l’, t)gojt> ajO(xv ta g) = 07
k=1

(63.16) L;a;, = —H(x,t, Dy, Dt)aj,k—b k>1, 5=1,2,
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where L; is the left hand side of (62.15). Since we want to have uy(z,0) =

g1(z), a"Na(f’O) = go(z) we shall impose the following initial conditions on
ajr, 3 =1,2, 0 <EkE<N:
2 N
(63.17) Zzajk (2,0,n) = g1(n),
7j=1 k=0
(63.18) ipy(x,0,n) Z are(x,0,m) + ipa(x,0,n) Z asi(2,0,m)
k=0 k=0
2 N
Oajk(z,0 _
DY) P e ” LI
j=1 k=0

Since @ji(x,0,n) = A;j(z,0,n), j = 1,2, we can determine ayo(x,0,n) and
as(z,0,7n) as the unique solution of the 2 x 2 algebraic system

(6319) alO(xaoan) +a/20(x70777) = gl(n)7
iAi(,0,m)aio +ide(x, 0,m)az = G2(n).
Note that det {)\1 i\ } = X — XA # 0, Va,t,n # 0. We determine
1 A2

ajx(x,0,n) from the equations

(63.20) ay(z,0,n) + aso(z,0,1) =0,
i)\l (J:a 07 n)alk + Z)‘Z ($a 07 77)0'2’6
_ aal,k*l(*r? 07 7]) _ aa?,k*l(xy 07 77)

ot ot ’
1<k<N.

Denote wy (z,t,n) = 2]2.:1 S @i, t,m)e i@ (1 — x(n)). We have

(63.21) Huwy(x,t,n) Ztoj x,t,m)3;(n),

wn (x,0,1) = G1(n +Zt1ﬂcngj



where t,; = O( j=12 0<p<2

1
(|77|+1)N)’

Denote by w¥+1 (2, ¢,1) the solution of the Cauchy problem (c.f Theorem
48.3)
(63.22) HuwN ) (2, n) Ztoj (x,t,1)g;(n),

N+ (2,0, )
otk

Zm] r.gm), k=01, j=12

It follows from Theorem 48.3 with s > 5+1 that

1
63.23 wNt(z t,n) =0 —).
Therefore
1
©20 )= g [t w0 )y
is the solution of (62.4), (62.5). O

Now we shall find the wave front set of u(x,t) knowing WF(g;), j =1,2.
Note that (63.13) is a sum of FIO with phase functions ¢;(z,t,n), j =1,2.
Denote by ;o WF(g) the image of W F'(g) under the canonical transforma-
tion with the generating function ¢;(x,t,7). We get, using Theorem 62.1,
that

WF(u(- 1)) C Ui (¢; 0 (WF(g1) UWF(g2))),

where W F (u(-,t)) is the wave front of u(z,t) for fixed t. Using the Remark
50.2 we can also describe the WF(u) in R"™ x (R™™\ {0}).

Compare this result with Theorem 50.2. The canonical transformation
defined by generating function ¢;(z,t,n) for t fixed is

(63.25) §=pja(z,t,n), y=ppz,t,n).

Let © = z;(t,y,n), p = p;(t,y,n) be the solution of (63.8). Since p;(t,t,n) =
Pja(Tj,y,m) we get

§=pi(t,y,m) when x=x;(t,y,n).



Also differentiating (63.6) in 7, we get

n

(63.26) Ojtme (T, ;1) = Y

i=1

(9/\]- (.CL’, t, (p]:p)

Op; Pjzin, = 0.

Cosider the identity
R )
SOJ% (:L“, ’ 77) yk (ZL‘, ’ 7))'

Substituting = x;(t) and differentiating in ¢ we get
(63.27)

(Pjnkt(l'j (t)7 i 77)+Z Pinp (Ij(t)’ t, 77) (_

=1

aAj(xj(gzit,pj(t))) _ %y,gj>(xj(t)7t, 0)-

Comparing (63.26), (63.27) and taking into account that p;(t) = @,u, (z;(t),t,n)
we get

gyfj)(fcj(t),t, n) =0, ie yd(z;(t),t,n) =y

Therefore the canonical transformation (63.25) coincides with the map (y,n) —

(z;(t,y,m),pi(t,y,n)) where x = x;(¢t,y,n), p = p;(t,y,n) is the solution of
(63.8).

Therefore we got another proof of the Theorem 50.2.

64 Global Fourier Integral Operator.

Let x = z(y,n), & = &(y,n) is a global canonical transformation of R™ x (R™\
{0}) onto R™ x (R™\ {0}). An example of such canonical transformation is
the map

(64.1) (y,m) — (x(t),£(1)),

where (z(t),£(t)), t € R is the solution of the system (63.8), with p(t)
replaced by £(t). The generating function ¢(z,t,n) for the canonical trans-
formation (64.1) exists when [¢| < § and may not exist for large ¢. Therefore
the FIO of the form (60.4) may not exist globally.

We shall define the Fourier integral operator corresponding to the global
canonical transformation. Consider a Fourier integral operator of the form

q)u:/ / a(x,y, 0)e™ @Yy (y)dyds,
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where ¢ (x,y,0) € C* for all (x,y,60), 0 # 0 and (z,y,0) is homogeneous
in 6 of degree one. Suppose that the set Co = {,y,0) : ¥y, = 0,1 < j <r}
is smooth and has dimension 2n. Consider the subset C' of R™ x (R™\ {0}) x
R" x (R"\ {0}) of the form (z,vy,y,¥,), where (z,y,0) € Cj.

A manifold A € RN x (RV\ {0}) is called Lagrangian if dim A = N and
the symplectic form

N
> dr;ndg; =0 on A

J=1

Consider a Lagrangian manifold A in R™ x (R™\ {0}) x R" x (R™\ {0})
(64.2) de Nd§+dyNdn=0 on A,

We say that the points (z,&,y,n7) € A form a canonical relation between
(z,¢) and (y, 7).

We shall show that C' is a canonical relation. We have &dx + ndy =
Ypdr + Pydy = dip — Ppdf = dip since g = 0 on C. Also p = 0 -1y =0
since ¥ (z,y, 0) is homogeneous of degree 1. Therefore {dz + ndy = dip = 0
when (x,y,60) € Cy. Since d*> = 0 we have that édx + ndy = 0 implies that
d¢ Ndx +dnpANdy=0on C.

]

In the case of the FIO (60.4) we have
(64.3)

w(x>ya77):5’($777)_y777 w:t:sx(xa77>7 ¢y:—77, ¢n:Sn($,77)—y:0

Therefore the canonical relation has the form (x, S;,y, —n) where y — S, =
0. Since S(z,t) is the generating function of the canonical transformation
a: (y,n) — (2,8 (cf. (50.4)), we have d§é A dx — dn A dy = 0 when
y = S,(z,n), £ = S;(x,n). Note that the graph of the canonical transforma-
tion (z,&,y,n) = (z,5:(z,7n)), Sy(z,n),n) differs from the canonical relation
(64.3) corresponding to (60.4) by the change of the sign of . We shall con-
sider in this section only the FIO whose canonical relations correspond to
the graphs of canonical transformations.
The following lemma holds:

Lemma 64.1. Let a: (y,n) — (x,§) be an arbitrary canonical transforma-
tion. Then for any (yo,no) there exists a conic neighborhood in R"™x (R™\{0})
with the following properties:



There 1s a splitting v = (x(l),x(l)), where MV € R™, ra) € R"™™, and
analogousl@/ the 8plittmg y =y, yq)), &= (W 6 ), M (77(1)777(1)) such
that (2™, y W €0y are coordinates of the graph ofa near (Yo, Mo, o, &o)-
There e:msts a genemtmg function L(z™, nM), Yy, €ay) such that

1

(64.4) 5(1) =L, na) = _Ly(n’ T = _L5(1)7 y( )= Lip1)-

Proof: Suppose we know that (z(),n® .Yy, €y) are coordinates of o
near (Yo, no, o, o). We shall find the generating functlon L and prove (64.4).
Since x = z(y,n), & = £(y,n) are homogeneous functions of 7 the fact that
« is canonical is equivalent to

(64.5) €W -dalV +€qy - duay — 0 - dy'Y — g - dyay = 0.

We can rewrite (64.5) in the form

¢W - da™ + d(z(y) - 5(1)) - I(l déy — d(y™ - M)
(64.6) Vedn™ =y - dyay =0
Denote
(64.7) L(zM, 0" ya), €0) =y - =z - €,

where we expressed z(;) and y) in the right hand side of (64.7) as functions
of (W, nMW yqy,&qy). Then (64.6) has the form

(64.8) dL(z, nM yay, €0)) = €W - daV — zydéy +yVdn® — &y - dyq)

Then (64.4) follows from (64.8). O

We can find a cover {U;} of R" x (R"\ {0}) by conic neighborhoods
U; such that the generating function LY (29, W y.y, &) exists in U;. Let
{¢j(y,n)} be a partition of unity corresponding to {U;}. By ®; we denote
the following FIO

(64.9)
(I)jasoju / . /n L;J(g) ) y(] 77( A)a _Lyj)‘Pj (yv n(j)a —L?(j(i))

1
iy +Z‘L(J)($(J)7n(])7y 8,Eeiy)—iy@nl@) ) 2 () ]
0 o= LiGrnoryge,, | Wy)dydn” dg),




() _ ()
where a(y,n) € S™, |Lx(j>n<j>y(j)g<j)| = det Lw“)n(”y(j)f(j)’

We shall prove that
(64.10) Q0 ppau = ei%"j’“@k@jgpkau + Thqu,

where ord 1,1 < m—1, o;, = sgn H, H is the Jacobi matrix
Using the identity

e @D (2)dzdC

n

n

we have

(64.11)

D,pjopau = hm

2n)" /// e + 9] + 1wy | + 194)))

cexpi{(zmy — 2a) - Em) + L5 (@, 20, Yy, 20, 0D, Ey) + (20 — 4 ®) Ry
1 ; 2 N
Loty e 2 agojgoku(y)dydzdf(j)dn(”dg(k)dn("‘)

where
(64.12)

i@, y,nY, €)= =)€LV 9,09y, €)=y P 0D, 2 = (2, 2).

Applying the stationary phase lemma 62.1 to the integral (64.11) in (2, z4), n), &)
we get the following equations for the critical point

() : )
¢jn(j) = L,q](j) - y(J) =Y, 1/}]'6@) = Xy + Lé]( o = 0.

Since ¥, = Yje,, = 0 and 1); is homogeneous in (&), nY) we have that
1; = 0 at the critical point. Therefore after applying Lemma 62.1 the phase
function in (64.11) becomes

A ~

(64.14) — 2y (2™ gy, €y 1) - €y + 2P (W, yaay, Ey, 7P - 7B

Changing the notations in (64.14): 7% to n®) and S(k to &) we get that
(64.14) coincide with (64.7).
It follows from (64.13) that the Hessian H is equal to the Jacobi matrix

D™ ey iy 1)
D(z(),y;)&¢ym9)) *




For the Jacobians we have

D(x(k),y(k),f(k),ﬁ(k))‘ _ ‘D(x(k)vy(k)f(k)a??(k))‘ ‘ D(y,n)
DD,y £).nD) D(y,n) D(z19), y;,€(5. 1)

— 'D(g:(k),f(k)) ‘ ’D(y(j)’n(j)>
D(y®) nay) | |D(xW, &)

Note that ,
Do) | _ (o0
D(z9), &) 200Dy &)
and A
D(y®™,my) | 1= Pvwtw ]
Therefore
L(];)') ) : p
A I ) 2
(64.15) |H|% - Lx<k)77(k)y(k)£(k)

The integers o are defined on U; N Uy, and have the properties:
€39k = 5% on U; N UL,

1 (Oktoritoi) — 1 op Uj NU, NU;.

Note that o, are even because H is 2n x 2n matrix. The bundle with the
transition functions e?1%* is called the Maslov bundle.

Since R™ x (R"™\ {0}) is simply connected we can choose integers o, in
U, such that e'1%% = 1915 in U; N Uy,

We define a global FIO as

(64.16) du = Z % dap u.
J

Using again the stationary phase lemma we can obtain the following theorem:

Theorem 64.2. Let aq, ay be canonical transformation of R™ x (R™\ {0})
onto R™ x (R™\ {0}) and let ®; and ®y be corresponding global FIO with
the principal symbols ai(y,n), as(y,n) respectively, a; € S™,j = 1,2. Let
a3 = g 0y be the composition of a; and ay. Then &3 = Po®y + T}y 1my—1
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15 a global FIO corresponding to the canonical transformation oz, ord T <
my + mg — 1. The principal symbol as(y,n) of 3 is the composition of
aj o a; and ay where oy o ay is the image of a1(y,n) under the canonical
transformation oy .

Note that the pseudodifferential operators are obviously particular cases
of FIO when the canonical transformation is the identity and operator ®*
(c.f. (60.6)) corresponds to the canonical transformation o' where « is
the canonical transformation corresponding to ®. Lemmas 61.2 - 61.5 and
Theorem 61.7 are particular cases of Theorem 64.2. O

Denote by @ the global FIO (c.f. (64.16)) with a(y,n) = 1 corresponding
to the canonical transformation «. Analogously to the proof of Lemma 61.4
and Theorem 64.2 we have

(64.17) oot =T +CV+TY, drdg=1+CP +7%,
where ord Tyjz, < —N, C](\]f)(m,ﬁ) € S7Y, k=1,2, N is arbitrary.
Let A(z,&) € S™. Then analogously to Theorems 61.2 and 64.2 we get

(6418) @SA('T’D)(I)O = BN(an) +Tm—N7

where By(z,€) € S™, ord T'< m — N and the principal symbol of B(x, D)
is the image of the principal symbol of A(z, ) under the canonical transfor-
mation «. [

Consider the canonical transfomation defined by the Hamiltonian system

(c.f. (50.11), (50.12))
dr O, t,§)

(64.19) i z(0) =y,
d& B ON(z,t,€) B

a - or £(0) =,
d& B Oz, t, &) B

- Ta 50(0) = To-

The canonical transformation « defined by (64.19) maps (y, t,n,1m0) to (x(t),t,£(t), &o(t)).
The last equation in (64.19) is equivalent to

(64.20) §o(t) = Az(t), 1, &(t) = no, VL.
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Therefore applying (64.18) with A(x,t,&,&) = & — Az, t,&) we get
(64.21) O5(D, — Nz, t,D,))®y = Dy + T,

where ord 7' < 0 (c.f. Example 61.1).
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