Part VIII
Fourier Integral Operators.

60 The definition and the boundness of the
Fourier integral operators.

Let S(z,n) be the same asin (50.4), i.e. S(z,n) € C*(R"x(R™"\{0}), deg S, (x,n) =
1 and

2 n
(60.1) det Sy, # 0, where S, = [ o5 }

8%877;- ij=1 '

Denote & = S,(x,n), y = S,(x,n). It follows from (60.1) that (c.f. (50.4))

(602) y= Sﬂ(x777)7 € = Sx(%ﬁ)

define a diffeomorphism of (y,n) — (z,£) in a neighborhood of every point

(x,n) € R"x(R™\{0}). We assume for simplicity that S(z,n) = z-n for |z| >

R and that(60.2) is a diffeomorphism of R™ x (R™\ {0}) — R" x (R™\ {0}).
Let a(z,n) € S™,

(60.3) a(z,n) = ap(z,n)(1 - x(n)) + "N, VN,

k=0

where ai(z,n) are homogeneous in 7 of degree m — k.
An operator of the form

1

(60.4) =

/ ale, )N a()dy, u e CRR),

is called the Fourier integral operator with the phase function S(x,n) and
the symbol a(x,n). Denote by ®* the formally adjoint operator to ¢ (c.f.
(43.26)):

(Pu,v) = (u, ®*v), Yu,v € Cz°(R"),

where (u,v) is the Lg-inner product. We have

1 4 4
(60.5)  @v= / ) / Ca(y, e Du(y)dyde, v € CF(RY).



As in §43 we treat the integral in (60.5) as a repeated integral, i.e. first
integrate in y and then integrate in £. We shall call (60.5) also a Fourier
integral operator. Operators (60.4) and (60.5) are particular cases of a more
general class of Fourier integral operators of the form

(60.6) Tu = / / a(z, , €) I u () dyd,

when r > n.

Theorem 60.1. Operators  and ®* are bounded from Hy(R") to Hs_,,(R")
for any s.

Proof: Consider the product ®A?*®*uy where A%(§) = (1 + [£]*)*. We
have

(L+ €] aly, )™ S WOy(y)dydE

n

1
AQS(I)* _
" (27

n

and
(60.7)

PAD* Yy = —— / / (z,8)a
(2m)" Jrn Jre

As in (45.7) we get

(1 + [¢]?)2e O 18W Oy () dyd.

(60.8) S(,6) = S(y,&) = > (2,4, - (x —y),
where

(60.9) S ) = [ S+ tla =i
Denote

(60.10)

Kyu = 27r /n/n (z,8)a yf(1+|§\) ( )iS(xg) ISy () dyde,

where x(z) € Cg°(R™), x(z) = 1 for |z| < 1, x(z) = 0 for || > 2, 0 is
small. Let
Kou = PA*P*u — Kqu,



i.e. Ky has the form (60.10) with x(*%) replaced by 1 — x(%5¥). Since
Se(,€) — Se(y,€) # 0 when  — y # 0 we have

Se(, ) = Se(y, )| = Cle
when |z —y| > 6 > 0. We have for YN

S (@)~ Se(x,€) — Se(y, ) N iswe
iS(x,§)—iS(y,€) _ 3 3 . 1S(x,§)—iS(y,€)
(60.11) e [Se(,€) — Se(y. OF \"'o¢ )| © '

Substituting the identity (60.11) in Kyu and integrating by parts in & N times
we get (c.f. (44.5), (44.6)) that Ksu is an integral operator with C*°(R"xR")
kernel.

In (60.10) make the change of variables

(60.12) n=Y(z,y,§).

Since X(z,z,&) = S,(z,€) the inverse map & = X 7!(z,y,n) exists when
|z —y| < 26. To justify the change of variables we introduce the cutoff
function y(g£), make the change of variables and then take ¢ — 0. We get

1 - — s
K= [ ol 27 )l S g1+ (57 )
, Dy !
et@=y)n dud
e v(y)‘ Dy | W
where ‘Dgf %g and g—g is the Jacobian of the map (60.12). Note

that g—z = |Sue(2,€)| when = = y, where |Sye(x, )| is the determinant of

Sye(,€). Note that K is a pseudodifferential operator of the form (43.2)
and has order 2m + 2s. The principal symbol of K is

(60.13)  Ja(z, 57 (@, 2,) (1 + [S7 (2, 2,0)[*)" [See(z, 27 (@, 2,m)[ 7

Since ord Ky = —oo we get

(60.14) [@A @ ul[§ = || Kyu + Kaullg < Cllully, .-

Therefore

(60.15) 1% ull? = (A*®%u, A*®*u) = (K1 + Kz)u, u) < Cllull}, .,
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i.e. ord ®* = m. It follows from (60.15) that

|(@u, v)| = [(u, @* )| < Cllulls[|®™ 0]« < Cljul|s[[v]fm-s
for Vv € H,,,_s(R™). Therefore (c.f. §13)
(60.16) [Pufls—m < Cllulls.

Since s is arbitrary Theorem 60.1 is proven. O

61 Operations with Fourier integral opera-
tors.

We shall need the stationary phase lemma (c.f. Lemma 19.4)

Lemma 61.1. Let ¢(x,&,y,m) be a C* function for & # 0,m # 0, homoge-

neous in (§,m) of degree one. Suppose yo = y(x,§&), no = n(x,§&), £ # 0, is
the unique solutions of the equations

(61.1) Uy(x,&,y.m) =0, y(z,&y,m) =0.

Suppose |H| # 0, where H = [ zyy :iy" ] |H| =det H. Suppose C(x,&,y,n) €
my  Wnn

C> for £ #0, n# 0, homogeneous in (§,7n), and the support of C(x,&,y,n)
is contained in a neighborhood of (yo,no). Then

1 .
(61.2) — / C(x, &, y,n)e @Y dydn
27T n n JRn

i (x,8,y0,m0)+i 5 SGN H
C(z, & yo(x,§),mo(z,€))e ! <1+ch (z,€) +O(|£|11\7+1)> )

\/|H T, 57 Yo, 770)|

where sgn H(x, &, yo,n0) is the signature of the matriz H, orde Cy(x,&) = —

Note that (61.2) is understood as an oscillatory integral, i.e. we take
cutoff x(en) and consider the limit in D" when ¢ — 0.

The proof of Lemma 61.1 follows from the proof of Lemma 19.4 if we
make change of variables n = |£|n’ and apply (19.16) with A = [£] and n
replaced by 2n.



Note that if the symbol C(z,&,y,n) is such that there is no solution to
(61.1) on supp C' and

(61.3) [yl + [yl (€] + [n]) = C([€] + [n])  on supp C,
1

then using an identity of the form (60.11) and integrating by parts in (y,7)

we get that the integral (61.2) is O(ﬁ), VN.

Lemma 61.2. Let A(x,&) € S and let ® be an operator of the form (60.4).
Then

1
()"

(61.4) Az, D)Pu = / Cn (x,7)e* @D a(n)dn + Tosm—n,
Rn

where Cy(z,n) € S ord Torm-n < a+m — N and the principal part
Co of Cn(z,m) has the form
(61.5) Co(z,n) = Ao(, Se(, m))alz,n),
where Ay is the principal part of A(x,§).
Proof: We have

Az, D)®u = —/ A(x,f)a(y,n)ei(x_y)'&is(y’”)ﬂ(n)dndydf.
R”l

Compute the integral in (y,£) using Lemma 61.1. We have
v=(x-y) &+ SWyn), by=-E+5(yn) =0, Y¢=x-y=0,
Yey = —1, Wy = Sy, e = 0.

Therefore at the critical point v = S(x,n), H = [ Liy; (;I
and the signature of H is zero. Therefore Lemma 61.1 implies (61.4), (61.5).
Analogously we can prove

Lemma 61.3. Let B(z,§) € S* and ® is the same as in (60.4). Then

},detHzl

1 ; -
(61.6) ®Bu = 2 CV (2, m)e SN a(n)dn + Toim-nu,
Rn

where C](\}) € 8™ ord Toym-n < a+m— N and the principal symbol Co(l)
of C(a.m) is

(61.7) C" (2, 1) = Bo(S,(w,n), n)alz, n).



Proof: We have
1 , . .
PBu=oom / / / SR (3, €) By, n)e™ (n)dEdydn.
7T n n n n
Compute the integral in (y,£) using Lemma 61.1. We have

V=S8 —y-E+y-n, ,=-E+n=0,
Ve =Se(w,6) —y =0, Yye=—1I, ¥y, =0, thee = See(,8).

Therefore at the critical point

v=ste, =% U= s =0

and we get from (61.2) that (61.6) and (61.7) hold.

Lemma 61.4. Let & and ®* have the form (60.4) and (60.5), respectively.
Then for arbitrary N

(618) O Py = CNU + T2m—N7
where Cy is a Ydo, Cy(z,€&) € S*™.

Proof: We have

1

(©*P)u(y) = e / alz, Q)alw, n)e O G () dpdrde.

Apply Lemma 61.1 to the integral in (z,&). Let ¢ = y-& — S(x, &) + S(z,n).
Then

1/]3[: = _Sx(w7£) + Sx(%??) = Oa ¢§ =Yy — Sg(l’,f) = 07 %f = _Sl‘f(xvf%
Ve = _Sxx(xvf) + wa($vn)> wéf = —S&(m,f).

Since we assume that the map & = S,(x,n) is one-to-one for each = we get
that ¢, = 0 implies that £ = n at the critical point. Therefore S(z,n) =

_ _ 0 - zf(xvg) _
S($a€)> wm: - 07 H - |:—Sx§(l‘,§) —Sgg(l',g) . Therefore ’H| =

|See(x, €)|? and sgn H = 0. We have
1

@) = o

[ Cntvmemitnn+ Ty
R”
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where the principal symbol of Cx(y,n) is

(61.9) |ao(wo, M) [?San (o, M)

where x(y,n) is such that S, (z¢,n) = y.
Denote by ®, the Fourier integral operator of the form

1 1 , .
61100 @ [ Sfe (= X))
Then
1 1 o
(61.11) Oty = @ /R |San (@, €)[2 (t — x(£))e™ W u(y)dy.

The following lemma follows from (60.13) with s = 0, and (61.9):
Lemma 61.5. Let &g, O be as in (61.10), (61.11). Then

(61.12) Oidy = I+ T,
Doy =1+T1T7,

where ord T® < —1, p=1,2.

]

We shall call the Fourier integral operator (60.4) an elliptic Fourier inte-

gral operator (FIO) if the principal part ag(z,n) of a(x,n) € S™ is elliptic,
ie. ag(x,n) #0, Vx € R, Vn #0.

Lemma 61.6. Elliptic FIO is Fredholm in Hy(R™) for any s € R.

Proof: It follows from (61.8), (61.9) that ®*® = C' + T_,, where C is
elliptic ¢do. Therefore there exists an opeartor Ry, ord R; < —2m such that
RC = I+ T"Y where ord T") < —1 (c.f. §42). Therefore R®* is the left
regularizer for . Analogously it follows from (60.7), with s = 0, and (60.13)
that

0" =y + T,

where (1 is elliptic ¥do, ord T Eﬁ) < —1. Therefore ® has a right regularizer
too, and subsequently ® is Fredholm (c.f. §42).
The following theorem is called the Egorov’s theorem.
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Theorem 61.7. Let Ay(x, &) be the principal part of A(x,§) € S™. Then

(61.13) O A(x, D)Py = By(z, D) + Then, VN,
where By(x,&) € S™ with the principal part

(61.14) Bo(y,n) = Ao(z,§),

where

(61.15) y=Sy(x,n), &= S:(x,n),

i.e. (y,m) and (x,&) are related by the canonical transformation (61.15) (c.f.
(50.4)).

Proof: It follows from Lemmas 61.2 and 61.4 that By is a ¥do. Since
ao(z,n) = |Suy(z, n)|z we get from (61.5) that the principal symbol of A® is

A0<$7 Sx(ma 77)|S:rn(73: 77)|§
Analogously to (61.9) we have

(61.16) Bo(y, n) = Ao(xo(y, n), Sz(x0(y,n),m)),

where y = 5, (z0,n). Therefore

(6117) BO(Sn(xvn)le) :Ao(ZL‘, Sa:(%??))

The equality (61.17) is equivalent to (61.14). O

Remark 61.1 Theorem 61.7 follows also from Lemmas 61.2, 61.3. If
Aduy = ®Bu+T- y then compairing (61.5) and (61.7) we get that Ag(x, S,(x,n)) =
By(Sy(z,m),n). Replacing ® by ®; and multiplying AP, by ®f we get
FAD = O3B B+ T y = B+ TN,

Example 61.1. Consider the symbol &,—\(x,&’) where &’ € R, \(z,¢') €
C* when ¢ # 0, degg A(7,&') = 1 and A(z,{’) is real-valued. We shall find
a phase S(x,n) such that

(61.18) DrAD) = B+ T4,

where A(z,D) = D, — Az, D")(1 — x(D’)), B is a tdo with the symbol
B(y,n) = n, and P has the form (61.10). Let ¢(z,n) be the solution of the
eiconal equation
(61.19) Ou,, — M, 02r) =0,

(2, 1)]zp=0 = 2" - &
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Denote S(x,n) = ¢(z, ') + ,n,. We have

(61.20) § =Sy = pu(z,n),
€n = S, = M + Pa, (4,€) = 0 + Ma, 0 (z,7)),
Y =Sy =ey(@0), Yo =Sy, = n.
Note that ¥ = ¢, (z,n) = 2’ when x, = 0. Therefore S(x,7) defines a
canonical transformation

(y, 1) = (z,¢)

equal to identity when x,, = 0 It is a diffeomorphism when |z, is small. Note
that the solution of (61.19) also exists when |z,| is small. We assume in this
section that the solution of (61.19) exists for all z,, € R and that the canonical

transformation (y,n) — (z,€) defined by (61.19) is a diffeomorphism on
R™x (R™\ {0}). We shall consider the general case in §64. Note that (61.20)
implies that n, = &, — A\(z, ') and therefore (61.18) holds.

62 The wave front set of Fourier integral op-
erators.

Consider FIO of thr form (60.4). Denote by a o ¥ the image of the set
Y C R" x (R™\ {0})) under the canonical transformation « : (y,n) — (z,&)
given by (60.2).

Theorem 62.1. Suppose u € Hi(R™) for some s € R. The wave front set
W F(®du) of Du is contained in o o WF(u), where WF(u) is the wave front

set of u.

Proof: We have

1 o
21)" /R S a (2, )uy ) dydn.

We represent @ as the sum ® = &, + &y, where

1 , —iwn o On(T,m) —
Cyu = (%)n/ eistam-ivny S8 1) — Y ;7) %)ale, nyu(y)dydn

and @3 = & — ®;. The following identity holds (c.f. (60.11)):

N
(62.1) {W . (_Zﬁg)} eS@m=iyn — giS@n=iyn N
n—Y Ui

du =

9



Substituting (62.1) in ®yu and integrating by parts in n we get that ®ou €
ce.

Suppose (g, &y) & aoW F(u). Then there exists po(z) € CP(R™), ¢wol(zo) #
0 and ag(§) € C= for & # 0, degeap(§) = 0, apg(§) # 0 such that
supp po(z)ao(§) Nao W F(u) = (. Consider the Fourier transform of po®;u.
We get
(62.2)

7’L$ (2 €T 1 S
9= [ [ [ ao@enlo)e 5o, g (2 uty)dydds
Let [ = I, + I, where

f 5(1’77) Sn_?/
I = ao(&)go a(x,
(62.3) /// Jeo(@)x(s |€|2+|n|2)( 5 Jale,n)

_efwc E+iS(z,m)—iy- ”u(y)dydnd:v,

and [2 =1- Il-
Using the identity

N
(62.4) {M . <_ZQ>} eS@m—izt _ piSl@m)—izg  yN,

‘g_sx($7n)’2 Ox
and integrating by parts in [y we get that
(62.5) [L2(§)] < Cn(1+ (€)Y, VA,

Let (yo,7m0) be such that (zg,&y) = a0 (yo,nm0). By the assumption (yo,70) &
WF(u). Let ¥o(y) € Cg°(R™), ¥o(y) = 1 in a neighborhood of yy and let
Bo(n) € C*(R"\ {0}), deg, Bo(n) =0, Bo(n) =1 in a conic neighborhod of
no. We assume that supp ¥o(y)Go(n) N WFE(u) = 0. We take § > 0 so small

that po(y)Bo(n) = 1 on supp ao(€)eo(x)x(§75) X (252). Then we get

g_S:v(vaﬂ y_S”I
©6 1= [ [ ] a@etn o et

eSS =N 5 () (y )uly) dydndz.
Since supp [Bo(n)o(y) N W E(u) = 0 we get that (c.f. §14)

/n e (L= _(;S—”)ﬁo(n)l/}o(y)U(y)dy < Cn(1+ )™, VN

(62.7)

Therefore
(&) < On(1+ €)™Y, VN,

ie. (ZE(),&)) € WF(CI)U)
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