
57 The parametrix for the Dirichlet-to-Newmann

operator.

Consider the Dirichlet problem in Ω

A(x,D)u = 0, x ∈ Ω,(57.1)

u|∂Ω = g(x′),(57.2)

where A is the Laplace-Beltrami operator (56.1).
Denote by Λ the operator (the Dirichlet-to-Neumann operator) that trans-

forms g(x′) to the Neumann data on ∂Ω (c.f. (56.28)):

(57.3) Λf =
n∑

j,k=1

gjk(x)
∂u

∂xj

νk(x)

(
n∑

p,r=1

gpr(x)νpνr

)− 1
2

∣∣∣∣∣∣
∂Ω

.

We shall show that Λ is a pseudodifferential operator on ∂Ω and we will find
its symbol.

Let Uj ∩ ∂Ω 6= ∅. In the semigeodesics coordinates (y′, yn) (c.f. (56.11))
we have

Aj(y,Dy)u = 0,(57.4)

∂u

∂yn

∣∣∣∣
yn=0

= f.(57.5)

Since λ = 0 in (57.1) we shall define

(57.6) R̃+
j =

N∑
p=0

R̃+
jp(y,D),

where R̃+
j0(y, ξ) = (ξn−iσj(y, ξ

′)(1−χ(ξ′)))−1, Ã−j0 = (ξn+iσj(1−χ(ξ′)), R̃+
jp, Ã

−
jp(y, ξ)

are defined as in (55.18) with A± replaced by Ã±j0. Note that R̃+
jp(y, ξ) =

O( 1
ξ2
n
) when p ≥ 1. Therefore

p′R̃+
j (g(y′))δ(yn)) = g(y′),(57.7)

Aj(y,Dy)R̃
+
j (g(x′)δ(yn)) = T−N(g(y′)δ(yn)),(57.8)

where T−N satisfies an estimate of the form (55.22) with m+ = 1.

1



Denote

(57.9) Λjg = lim
yn→+0

∂

∂yn

R̃+
j (g(y′)δ(yn)).

Then Λj is a pseudodifferential operator in Rn−1 with symbol

(57.10) Λj(y
′, ξ′) = Π′

(
iξn

N∑
p=0

R̃+
jp(y

′, 0, ξ)

)
,

where Π′D+(y′, ξ) = 1
2π

∫
γ+
D+(y′, ξ′, ξn)dξn, γ+ is the contour containing all

poles of D+(y′, 0, ξ′, ξn) (c.f. (55.24)). It follows from (57.10) that

(57.11) Λj(y
′, ξ′) =

N∑
p=0

Λjp(y
′, ξ′),

where ord Λjp = 1−p. We shall compute several terms in (57.11). Note that
Aj(y,Dy) has the form

(57.12) Aj(y,Dy) = − ∂2

∂y2
n

−
n−1∑

p,r=1

gpr
j (y)

∂2

∂yp∂yr

+ A1(y,Dy),

where

(57.13) A1 = −gjyn

2gj

∂u

∂yn

−
n−1∑

p,r=1

1
√
gj

∂

∂yp

(
√
gjg

pr
j )

∂

∂yr

.

We have

(57.14) Λj0(y
′, ξ′) = Π′ iξn

ξn − iσ̃j

= −iσ̃j = −i

√√√√ n−1∑
p,r=1

gpr
j (y′, 0)ξpξr(1−χ(ξ′)),

(57.15) Λjp(y
′, ξ′) = Π′iξnÃ

−1
+ Π+Ã−1

− Tp, p ≥ 1,

where Tp is given by (55.16). In particular

(57.16) T1 = A1(y, ξ)R
+
j0 + i

n∑
k=1

∂A0

∂ξk

∂R+
j0

∂yk

.
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Note that Ã−1
− Tp has poles at ξn = ±iσ̃j, and therefore

(57.17) Π+Ã−1
+ Tp =

p+1∑
k=1

αpk(y
′, ξ′)(ξn − iσ̃j)

−k.

Note that Π′iξn(ξn − iσ̃j)
−r = 0 when r ≥ 3. Therefore

(57.18) Λjp(y
′, ξ′) = Π′ iξnαp1(y

′, ξ′)

(ξn − iσ̃j)2
= −αp1(y

′, ξ′),

i.e. to compute Λjp(y
′, ξ′) one needs to find the residue αp1(y

′, ξ′) of Ã−1
− Tp

at ξn = iσ̃j. In particular, when p = 1 we get

Λj1(y
′, ξ′) = resξn=iσ̃j

[
A1(y, ξ

′, ξn)

ξ2
n + σ2

j

−
∑n

k=1
∂A0(y′,0,ξ′,ξn)

∂ξk
σjyk

(ξn + iσj)(ξn − iσj)2

]

=
A1(y

′, ξ′, iσj)

−2iσj

+

∑n
k=1

∂A0(y′,0,ξ′,−iσj)

∂ξk
σjyk

4σ2
j

.

Now we shall construct the Dirichlet-to-Neumann operator (D-to-N) op-
erator in Ω. Let Uj, ϕj, ψj will be the same as in (55.31), and let R+

j be the
same as in (57.6). Denote by Rf the following operator

(57.19) Rf =
∑

j

′
ψj(x)R̃

+
j ϕj(s

−1
j (y′, 0))f(s−1

j (y′, 0)).

Here
∑′

j is the summation over j such that Uj ∩ ∂Ω 6= ∅. We have

A(x,D)Rf = T−Nf,(57.20)

Rf |∂Ω = f + T
(1)
−Nf,(57.21)

where ord T−N ≤ −N, ord T
(1)
−N ≤ −N .

Denote by v the solution of Dirichlet problem

A(x,D)v = −T−Nf,(57.22)

v|∂Ω = −T (1)
N f.(57.23)

Then (c.f. §54)

(57.24) ‖v‖s,Ω ≤ C‖T−Nf‖s−2,Ω + C[T (1)f ]s− 1
2
,∂Ω ≤ C[f ]s−N,∂Ω.
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Therefore Rf + v satisfies

A(Rf + v) = 0 in Ω(57.25)

(Rf + v)|∂Ω = f.(57.26)

Substituting u = Rf + v into (57.3) we get

(57.27) Λf =
′∑
j

p′ψjΛjp
′ϕjf + Λ−Nf,

where ord Λ−N ≤ −N and Λj are the same as in (57.9).
We can use the parametrix of the D-to-N operator to solve the inverse

problem of determining the metric tensor on the boundary.

Theorem 57.1. Suppose we know Λ on ∂Ω for all f ∈ C∞(∂Ω). Then
we can determine the metric on ∂Ω induced by (56.1) and all its normal
derivatives at ∂Ω.

Proof: It follows from (57.14) that we can determine
∑n−1

p,r=1 g
pr
j (y′, 0)ξpξr,

i.e. we know the metric on ∂Ω. Therefore we know all deivatives of gpr
j (y′, 0)

in y′. It remains to determine derivatives ∂kgpr(y′,0)
∂yk

n
, 1 ≤ p, r,≤ n − 1,

for all k ≥ 1. It follows from (57.16) that the only term in T1 that con-

tains a derivative ∂
∂yn

is T11 = − 1
2gj

∂gj

∂yn
− 2ξn(ξn − iσ̃j)

−2σ̃jyn . Note that

σjyn = 1
2σj

(
∑n−1

p,r=1 g
pr
jyn
ξpξr). Computing the residue of Ã−1

− T11 we can re-

cover
gjyn

gj
and σjyn . Analogously, from Λjp, p ≥ r, we can recover

∂pσj

∂yp
n

and

therefore we can find all
∂pgpr

j (y′,0)

∂yp
n

, p ≥ 1.

58 Spectral theory of elliptic operators.

Let A(x,D) be an elliptic oparator of order m, A0(x, ξ) > 0, ∀x ∈ Ω,∀ξ 6= 0.
Consider the boundary value problem in Ω

(A(x,D) + λ)u(x) = f(x), x ∈ Ω,(58.1)

Bj(x,D)u|∂Ω = gj(x
′), 1 ≤ j ≤ m+,(58.2)

where ord Bj = mj, 1 ≤ j ≤ m+. We assume that Bj(x,D), 1 ≤ j ≤ m+,
satisfy the condition (53.12) for all x ∈ ∂Ω. Then Theorem 54.3 implies that
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the left hand sides of (58.1), (58.2) define a Fredholm operator A + λ from
Hs(Ω) to H(s) = Hs−m(Ω)×Πm−1

j=1 Hs−mj− 1
2
(∂Ω) assuming that s ≥ m0 where

m0 = max1≤j≤m+(mj + 1
2
).

Let Cδ = {λ ∈ C \ {0}, −π+ δ < arg λ < π− δ, 0 < δ < π
2
} (c.f. (41.1)).

As in §41 we can prove a stronger result:

Theorem 58.1. Assume that the condition (53.12) is satisfied for all x ∈ ∂Ω.
If λ ∈ Cδ, |λ| ≥ λ0, where λ0 is large then A + λ is an invertible operator
from Hs(Ω) to H(s), s > m0.

Proof: Consider the boundary value problem (53.2), (53.3), replacing
B̂j0 by Bj0 and Â0 by A0 + λ. It fillows from the explicit formulas (53.9),
(53.13) , where A0+λ = A−A+ is the factorization of A0+λ, that the inverse
operator R0(λ) exists and it is analytic in λ for λ ∈ Cδ.

As in §41 we have that operators T and T1 in (54.4) and (54.8) satisfy
the estimates

(58.3) ‖|TR0‖| ≤
C

|λ| 1
m

, ‖|T1R
(0)‖| ≤ C

|λ| 1
m

,

i.e. have a small norm when λ ∈ Cδ, |λ| ≥ λ0. Therefore if R and R(1) are
given by (54.11), (54.12) then (A + λ)R = I + T, R(1)(A + λ) = I + T (1),
where T, T (1) have a small norm and are analytic when λ ∈ Cδ, |λ| ≥ λ0.
Therefore A+ λ has an inverse.

Consider now the case of homogeneous boundary conditions (58.2), i.e
when gj = 0, 1 ≤ j ≤ m+.

Denote by DB the subspace of Hs(Ω) consisting of u(x) ∈ Hs(Ω) such
that Bju|∂Ω = 0, 1 ≤ j ≤ m+. Denote by AB the operator A on the domain
DB. Since AB + λ are Fredholm operators depending analyticly on λ and
invertible (c.f. Theorem 58.1) when λ ∈ Cδ, |λ| ≥ λ0, there exists a sequence
of eigenvalues λj, <λj → −∞ and a sequence {ϕj} of eigenvector ϕj ∈ DB

such that
(A+ λj)ϕj = 0, 1 ≤ j ≤ +∞.

For the simplicity of notation we will write eigenvalues λj taking in account
their multiplicity. Since AB is not assumed to be self-adjoint for each λj

there is a finite-dimentional subspace of root vectors corresponding to ϕj:

ϕjr, 1 ≤ r ≤ kj, ϕjkj
= ϕj, such that
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(AB + λj)ϕj1 = ϕj2, ..., (AB + λj)ϕj,kj−1 = ϕjkj
,

(AB + λj)ϕjk = 0,

i.e we have a kj × kj Jordan block.
Denote by Pj the projector on the span of (ϕj1, ..., ϕjkj

), i.e. P 2
j =

Pj, Pjϕjk = ϕjk, 1 ≤ k ≤ kj. We have Pju0 =
∑nj

k=1(u0, ψjk)ϕjk(x)
where ψjr belong to the dual space H∗

s (Ω), (ϕjk, ψir) = 0 when (j, k) 6=
(i, r), (ϕjk, ψjk) = 1. Therefore (AB + λ)−1 is a meromorphic operator-
function, λ ∈ C, and the singular part of (AB + λ)−1u0 corresponding to ϕj

has the form

(58.4)

kj∑
k=1

(λ− λj)
−kPjku0,

where

(58.5) Pjku0 =

kj−k+1∑
r=1

(u0, ψj,r+k−1)ϕjr, Pj1u0 = Pju0.

Note that there is only a finite number of poles in any strip −N < <λ <
λ0, ∀N.

Consider the initial-boundary value problem

∂u(x, t)

∂t
+ A(x,D)u = 0, t > 0, x ∈ Ω,(58.6)

Bj(x,D)u(x, t)|∂Ω×(0,+∞) = 0,

u(x, 0) = u0(x), x ∈ Ω.

Performing the Fourier-Laplace transform as in §47 we get (c.f. (47.6)):

(58.7) u(x, t) =
1

2π

∫ ∞

−∞
(AB + i(σ − iτ))−1u0(x)e

it(σ−iτ)dσ,

where τ ≥ λ0 is arbitrary. Since (AB+i(σ−iτ))−1 is a meromorphic operator-
function of λ = i(σ − iτ) and since ‖(AB + i(σ − iτ)−1‖ ≤ C

|σ−iτ | when

|σ − iτ | ≥ λ0, |σ| → ∞, we get by the Cauchy integral theorem

u(x, t) =
∑

<λj>−N

kj∑
k=1

tk−1

(k − 1)!
etλjPkju0(58.8)

+
1

2π

∫ ∞

−∞
(A+ i(σ − iλ0 + iN))−1u0(x)e

it(σ−iλ0+iN)dσ
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We assume that (A+ i(σ − iλ0 + iN))−1 has no poles on the line σ − iλ0 +
iN, −∞ < σ < +∞.

Since the integral in the right hand side of (58.8) is O(e−tN) we get, taking
the limit when N →∞:

u(x, t) =
∞∑

j=1

kj∑
k=1

tk−1

(k − 1)!
etλjPkju0(x).

As in §46 one can prove that u(x, t) → u0(x) when t → 0 in the norm of
Hs−m

2
(Ω) assuming that s > m0, s > m+ = m

2
, and u0(x) ∈ DB.

Let GB(x, y, t) be the heat kernel corresponding to the initial-boundary
value problem (58.6), i.e.

∂GB(x, y, t)

∂t
+ A(x,D)GB(x, y, t) = 0, t > 0, x ∈ Ω, y ∈ Ω,(58.9)

Bj(x,D)GB(x, y, t)|∂Ω×(0,+∞) = 0, 1 ≤ j ≤ m+,

GB(x, y, 0) = δ(x− y).

We shall find the trace
∫

Ω
GB(x, x, t)dx. It follows from (58.5) that the trace

of Pj = Pj1 is equal to kj and the traces of Pjk, 2 ≤ k ≤ kj, are zero.
Therefore

(58.10)

∫
Ω

G(x, x, t)dx =
∞∑

j=1

kje
λjt.

Consider a particular case when AB is self-adjoint with respect to some inner
product (u, v)σ =

∫
Ω
u(x)u(x)σ(x)dx. We have

(Au, v)σ = (u,Av)σ

for all u ∈ DB, v ∈ DB. Suppose AB is invertible. Consider s = m. Then
A−1

B is compact in L2(σ,Ω) and is self-adjoint:

(58.11) (A−1
B f, g)σ = (f, A−1

B g)σ, ∀f, g ∈ L2(σ,Ω).

Therefore there exists an orthonormal basis in L2(σ,Ω) consisting of the
eigenfunctions ϕj(x)

A−1
n ϕj = µjϕj, µj → 0,
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µj are real valued. Therefore (AB +λj)ϕj = 0, where λj = − 1
µj

. Compairing

with (58.10) we have that kj = 1 (i.e. the Jordan blocks are 1× 1), and the
trace formula (58.10) has the form

(58.12)

∫
Ω

GB(x, x, t) =
∞∑

j=1

eλjt,

Consider, for example, the Laplace-Beltrami operator (56.1). Then combin-
ing (58.12) and (56.26) we get

(58.13)
∞∑

j=1

eλjt =
1

(
√

2π)n

1

t
n
2

Vol (Ω)− 1

2n+1π
n−1

2

1

t
n−1

2

Vol (∂Ω) +O(
1

t
n
2
−1

).

Remark 58.1 The parametrix construction of §55 can be carried out for
the heat kernel GB(x, y, t). Note that the principal term will be equal to (c.f.
§47)

(58.14)
1

(2π)n
t−

n
m

∫
Ω

∫
Rn

e−A0(y,η)dydη.

One can show (c.f. §56) that contribution of the boundary will be O( 1

t
n−1
m

).

Therefore we get

(58.15)
∞∑

j=1

kje
tλj =

N∑
k=0

1

t
n
m

ckt
k
m +O(t

N−n+1
m ),

where the principal term c0
t

n
m

has the form (58.14).
Remark 58.2 Consider the elliptic operator on a compact manifold

M, ∂M = ∅, of the form

(58.16) (A+ λI)u(x) = f(x), x ∈M,

where A is a pseudodifferential operator on M (c.f. §52) with the principal
symbol A0(x, ξx) > 0, A0(x, ξx) is a homogeneous in ξx of degree m > 0.
As in Theorem 58.1 we can prove that A+ λI is an invertible operator from
Hs(M) to Hs−m(M) when λ ∈ Cδ, |λ| ≥ λ0. Consider the parabolic equation

∂u(x, t)

∂t
+ Au(x, t) = 0, t > 0, x ∈M,(58.17)

u(x, 0) = u0(x), x ∈M.(58.18)
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We have

(58.19) u(x, t) =
1

2π

∫ ∞

−∞
(A+ i(σ − iτ))−1u0(x)e

it(σ−iτ)dσ,

where τ ≥ λ0. Analogously to (58.8), (58.9) we get that u(x, t) has the
expansion (58.8), where Pjru0 are finite rank projectors in Hs−m

2
(M) and

u(x, t) ∈ C(R, Hs−m
2
(M)), i.e. u(x, t) depends continuously on t with values

in Hs−m
2
(M). In particular, ‖u(x, t)− u0‖s−m

2
,M → 0 when t→ +0.

We define the heat kernel of the Cauchy problem (58.17), (58.18) as the
kernel of the operator u0(x) → u(x, t), i.e.

u(x, t) =

∫
M

G(x, y, t)u0(y)dy.

Note that the heat kernel in the case of a manifold is G(x, y, t)dy, i.e. it is a
differential of the order n in y.

The parametrix Rj of (A + λI)−1 in local system of coordinates in Uj is
constructed as in §41. The global parametrix R(λ) is given by the formula
of the form (54.11). Substituting the parametrix R(λ) in (58.19) we get, as
in §56

(58.20)
∞∑

j=1

kje
λjt =

1

t
n
m

(
N∑

k=0

ckt
k
m +O(t

N+1
m )

)
,

where

c0 =
1

(2π)n

∫
T ∗
0 (M)

e−A0(x,ξ)dxdξ,

dx ∧ dξ = dx1 ∧ ... ∧ dxn ∧ dξ1 ∧ ... ∧ dξn is the differential form on T ∗0 (M).
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