Part I
Pseudodifferential operators.

40 Boundness and composition of pseudodif-
ferential operators.

Denote by S the class of C*°(R" x R"™) functions A(z,§) such that

oM A, §)

(40.1) 5ol

' < Cop(1+ €)™ ¥,V ko,

and A(z, ) is independent of x for |x| > R. Let A(o0,&) = A(x,§) for |z| > R
and A'(z,&) = A(z,§) — A(oo,§), i.e. A'(z,€) has a compact support in z.
For A(z,§) € S we define an operator

1 ~ - 0o n
(40.2) Au = W/R A, ©)u(€)e™de, ¥ C(R™),

where (£) is the Fourier transform of u(z). If A(x,§) = Sfii—o ar(x)E" is a
polynomial in £ then

(40.3) Au=>" ap(z)(—i5—)"u

is a differental operator A(z, D)u, D = —i-2. We shall call (40.2) the pseu-
dodifferential operator and A(z,§) its symbol. We shall often denote by
A(z, D) the pseudodifferential operator (i)do) with symbol A(z, ).

Theorem 40.1 Pseudodifferential operator A(x, D) with symbol A(x,§) €
S* is bounded from Hs(R™) to Hs_o(R™) for all s € R:

(40.4) |A(z, D)u||s—a < Cllulls, Yue Hg(R™).
Proof: It is clear that

IA(o0, D)ulli_o = /R | Ao, )a(€)P(1 + [€)* >~ dg < Cfllull?,
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where Cy = sup; ‘éﬁgéy, Yu € S.
Let

(40.5) Ame)= [ Alw,gedr,
Rn
Taking the Fourier transform of v(z) = A'(z, d)u we get

1

(40.6) o) = e

| A —g.0a)de.
Since A'(x,&) € C§° in x we get by the integration by parts in (40.5):

1A, &) < Cn(1+ [n)) ™M (1 + [€))*, VN.

Therefore

(1 +[€D)|a(é)]
m (L6 —n)Y

Bl < Cw [

It follows from (13.9) that

de.

Nl (L+1€)"
(40.7) (L+le=a) ™" < Gy, ViR

Taking N > n+ 1+ |s — «| and using (40.7), t = s — a, we get:

e lielotl < [, SEHETE]

de.
Now as in (13.10), (13.11) we get
[0]ls—a < Cllulls, Vu e G (R").

Since C§°(R") is dense in Hy(R"™) (see Theorem 13.2), we can take a closure
in Hy(R") and get (40.4).

Definition 40.1 We say that operator T, is an operator of order < « if
(10.8) ITutlls < Cllullsva for any s.

It follows from Theorem 40.1 that A(x, D) with symbol A(z,§) € S has
order a.



Theorem 40.2 Let A(z,€) € S®, B(x,&) € S°. Then for any N the com-
position A(x, D)B(x, D) has the form

(40.9) A(z, D)B(z, D) = C (2, D) + Tasg-n-1,
where Cy(x,&) € S, ord Torp - n1 <a+—N—1 and

Ok A(x, €)
gk

0
DB D, = —i—.
xT ($’€)7 x Zax

N1
(40.10) Z N
|k|=0
Proof: We have that A(z, D)B(oco, D) is a tdo operator with symbol
A(z,&)B(00,&). Denote v(z) = B'(x,D)u = ﬁfRn B'(z,n)ua(n)e®dn.
As in (40.6) we have:

Az, D)v = (2i)n /R A, ©)3(€)e " de

1 ~ .
- W/n/nA(waé)B’(é —n, e a(n)dédn, Yu e CP(RM).

Make change of variables & —n = (. Then
A, D)o = (3 . L A+ QB (¢ me () dndc.
7r " Jrn

Note that B'(¢,€) is rapidly decreasing in ¢ and @(n) is rapidly decreasing
in . Expand A(x,n + {) by the Taylor formula in (:

Noq Ok A(x,m)

(40.11) Alz,n+() = Tl o

Ck + RN(xa n, C):
|k|=0

where Ry(z,n,() is the remainder. Note that

B'(¢,n)e™d¢ = DEB'(z, ).

Therefore

N
10 N .
Ale.D) = [ > ,; DA ) )e i + T




where Ty 5-n_1u = (27r oL Jan B (,m, Q) B/ (¢, n)e 1+ a(n)dndC. Tt remains
to prove that T, 43_n_1 has order « + 3 — N — 1. We have

(4012> RN(%%C) = RN(OO>U7C> +R§v(377777C)7

where Ry(00,7,() is the remainder for A(oco,§) and Ry (x,n,() is the re-
mainder for A'(z,§).

Let Ry (€,7,¢) be the Fourier transform of Ry (z,7n,¢) in 2. We shall
prove the following estimates for Ry (co,n,¢) and Ry (€7, ):

(40.13) IRy (00, n,)| < C(1+ |77’)a7N71K|N+|a\+1’

(40.14) |R' (&,n,Q)] < Cu(1+ |€|)—M(1 + ’n‘)a_N_l|C|N+lal+l VM.

To prove (40.13) consider two cases: [¢| < 3(1+[n]) and |¢| > (1 + |n]).

1

When [¢| < 5(1 + |]) we use the Lagrange form of the remalnder in the

Taylor’s formula:

1 98 A(oo, 0
Ryloon.) = 3 ot

lk|=N+1

¢,

where |#] < 1. Then

0% A(oo,n + 6¢)
onk

(40.15)

\ < O+ 0+ 0c)™ 1 < G (1 + )1,

since 1+ [n+6C| > 14n| — |¢| = 5(1+n]) and (1+[n+6¢]) < 1+[n+[(] <
3(1+ |n]). Therefore (40.15) holds.
If [¢] > 5(1+ |n|) we get from (40.11):

N
Rx(o0.0.0)] < |A(cen + Ol + 3 &
k=0 ¥

8"’Aoo77

||CI"“|

N
C+ |+ +C 3 (14 ) M¢™.
|k|=0

Note that
L+ < @4 n)* N 1A+ )V M < O (14 [n]) N ¢ N

4



since (1 + |n|)V -+ < C|¢|N-IH+L, Using (40.7) with t = a we get
(14 In+¢D* < CL+[nD)el¢fl < O+ [Nttt

since |¢| > 2(1 + |n|). Therefore (40.13) holds.
The proof of (40.14) is similar. One should replace the estimate |

C(1+ |n) ~I*l by the estimate |8 A( 5" | < Cu(1+ 1) M1+ ]77|)a_‘k‘, VM.
Let

0k A(co,n)
| <

1 2
Toip-N-1= TC(VJF),@—NA + T(i-&-)ﬁ—N—lv

where

1 - . B
(40 16) To(er)ﬁ NU = 7T)2n / n /R" RN(OOa 7, C)B/(Ca 77)6“0 (n+<)u(77)d77dfa

1 / '/ ix- ~
(1017) T35 vt = Gy Lo | B QB (Cmye= i) dnc.
Since (F,T{) 5y 1u)(€) = G Jun Biv(00,n, =) B'(§—n, n)ii(y)dn and

(40.18) |B'(€ —n,n)| < Cr(1+ 1€ =n) "™ (1+ n])”?

we get, using (40.13):

W (1+ [€])°1€ = pVH (A 4 )P =N=1a(n)]

Taking M > N + 1+ |a| + |s| + n+ 1 and using (40.7) with ¢t = s we get

(L + gDt ()|
R (L [€—n)m

Applying arguments in (13.10), (13.11) to (40.20) we obtain:

dn.

(40.20) |1+ €D (FT sy u)(©) < C d.

” +5 voulls < Cllullsyars—n-1-

Analogously, we have

(BT 0 00O = Gz o, Bl =1 = Cn OB (¢



For any M; we have (c.f. (40.7) )
(4021) (A +[€=n =)™ < Can (L + € =) ™™ (1 + DM
Taking M > M; + N + 1+ |a] in (40.18) and using (40.21) we get:

(L + €D (L + D)+~ Ha(n)|
R (14§ —nph™n

(L+HIEN (BT s y_yu) ()] < C d.

(40.22)
Treating (40.22) as in (13.10), (13.11) we get
2
175 yovls < Cllullaron-1vs:

Therefore T, 3_n_1 is an operator of order <a+ 3 — N — 1.
We shall often call the operator of a negative order a smoothing operator.

Corollary 40.3 Let A(x,€) € S®, B(z,£) € SP. Then the commutator
[A, B] = A(x, D)B(z,D) — B(x, D)A(x, D) has the form Y, Cy(x, D) +
Toip-nN—1, where ord Torp -y 1 <a+3—N—1, Ci(x,§) € SoHPF

e 0A(x, &) 0B(x,&)  0A(x,§) 0B(z,§)
Cul,€) = ﬂ;( o6, om0z, 0 )
(10.23) iC1(2,€) = {A(2,€), B(z,£)}

is the Poisson bracket of A(x,&) and B(x,§).

The proof of the corollary follows immediatly from the application of Theo-
rem 40.2 to A(z, D)B(x, D) and B(x, D)A(x, D).

Remark 40.1. Let |||A(z, D)|||s) be the norm of an operator A(x, D)
acting from H,_,(R"™) to Hy(R"™). It follows from the proof of Theorem 40.1
that

A(co,©) (1+InD™ 4 (n, )|
40.24 A(z, D)|||(s) < —=4+C 5
(40.24) A, D)l < sup (T2 + Csup

where N > n+ 1+ |s — a|. Note that

(40.25) (L+[D)MA (&) < > /R | DA (w,€)|dz.

|k|=0
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The estimate (10.25) follows from the equality

nA(n,€) = /Rn(D’iA’(xyé))em'”dn-

Remark 40.2 We will use later the following property of the remainder
Ta+—N—11in (40.9): (1+ |z|*)MT,.s-n—_1 is an operator of order <
a+ 3 — N —1for any M, i.e.

(40'26) H(l + ’$‘2)MTQ+5,N,1UHS < CMHuHerOAﬁ*N*lv Vs.

Proof: It follows from (40.17) that Tﬁ)ﬂfol = 0 when |z| > R since

Ry (z,n,¢) = 0 when |z| > R. Consider now TSF)B_N_l (see (40.16) ). Inte-
grating by parts in ¢ in (40.16) we get

AT = s [ (0= 80" (Ri(een. OB ()

S g () dndc.
We have

(14 )+
a+10m

(1 =AM (Riy (00, 1. Q) B'(¢,;m)| < C, VM;.

Therefore as in (40.19), (40.20) we get

1
11+ [P TE s yulls < Cllflass-n-1es



