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On the Topic of Topic Modeling

(Semi)supervised NMF

• Incorporates label information to NMF
• Y ∈Rc×n = label matrix for c classes
• Find A, S, B ∈Rc×k by

Y
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Online NMF

• Considers data that is streaming in over time
• Learns a factorization that is best (in expectation)
• Can be used for prediction in time series data
• Uses “windows” across time to update factors and then
predicts into a future window using one of the factors
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oCan be extended to tensors in a (nontrivial but) analogous 
way

Non-negative Tensor Factorization (NTF)

27



ai�iB+ LJ6 �H;Q`Bi?Kb

! AM LJ6- 2�+? +QHmKM Q7 i?2 /�i� K�i`Bt ?�b iQ
#2 `2T`2b2Mi2/ �b � MQM@M2;�iBp2 HBM2�`
+QK#BM�iBQM Q7 /B+iBQM�`B2b

! >2M+2 i?2 /B+iBQM�`B2b Kmbi #2 ǳTQbBiBp2 T�`ibǴ
Q7 i?2 +QHmKMb Q7 i?2 /�i� K�i`Bt

! q?2M 2�+? +QHmKM +QMbBbib Q7 � ?mK�M 7�+2
BK�;2- LJ6 H2�`Mb i?2 T�`ib Q7 ?mK�M 7�+2
U2X;X- 2v2b- MQ/2b- KQmi?V

! h?Bb Bb BM +QMi`�bi iQ T`BM+BT�H +QKTQM2Mi
�M�HvbBb �M/ p2+iQ` [m�MiBx�iBQM, .m2 iQ
+�M+2HH�iBQM #2ir22M 2B;2Mp2+iQ`b- 2�+?
ǵ2B;2M7�+2Ƕ /Q2b MQi ?�p2 iQ #2 T�`ib Q7 7�+2

! LJ6 r�b TQTmH�`Bx2/ #v G22 �M/ a2mM; BM i?2B`
L�im`2 T�T2` BM RNNN
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PMHBM2 LJ6

! A7 i?2 /�i� K�i`Bt s Bb `�M/QKHv /`�rM 7`QK � b�KTH2 bT�+2 Ω ⊆ R/×M
≥y �++Q`/BM;

iQ � /Bbi`B#miBQM π- +�M r2 biBHH H2�`M i?2 ǵ#2bi /B+iBQM�`B2bǶ i?�i /2b+`B#2 s BM H�r\
! h?2 QMHBM2 LQM@M2;�iBp2 J�i`Bt 6�+iQ`Bx�iBQM UPLJ6V T`Q#H2K +QM+2`Mb �

bBKBH�` K�i`Bt 7�+iQ`Bx�iBQM T`Q#H2K 7Q` � b2[m2M+2 Q7 BMTmi K�i`B+2b (th)i≥yX
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ଷܹ 
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𝐻ସ 

ସܹ 

ܺହ 

𝐻ହ 

ହܹ ⋯ 

! amTTQb2 (si)i≥R Bb �M B``2/m+B#H2 J�`FQp +?�BM QM � b�KTH2 bT�+2 Ω rBi? mMB[m2
bi�iBQM�`v K2�bm`2 πX h?2 ;Q�H Q7 PLJ6 T`Q#H2K Bb iQ +QMbi`m+i � b2[m2M+2
(qi,>i)i≥R Q7 /B+iBQM�`v qi ∈ R`×/ �M/ � +Q/BM; >i ∈ R`×M

≥y bm+? i?�i U�HKQbi
bm`2HvV

‖si −qi−R>i‖k
6 −→ BM7

q∈R/×`, >∈R`×M
Es∼π

[
‖s−q>‖k

6

]

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



L�Bp2 PLJ6 �H;Q`Bi?K KBMBKBxBM; 2KTB`B+�H HQbb

! 6Bt λ > y �M/ /2}M2 i?2 7QHHQrBM; i?2 [m�/`�iB+ HQbb 7mM+iBQM

"(s,q) = BM7
>∈R`×M

‖s−q>‖k
6 + λ‖>‖R,

.2}M2 i?2 2tT2+i2/ HQbb �M/ 2KTB`B+�H HQbb 7mM+iBQMb

7(q) = Es∼π["(s,q)], 7i(q) =
R
i

i∑

b=R
"(sb,q)

! "v J�`FQp +?�BM 2`;Q/B+ i?2Q`2K- 7Q` 2�+? /B+iBQM�`v q- i?2 2KTB`B+�H HQbb 7i(q)
+QMp2`;2b �HKQbi bm`2Hv iQ i?2 2tT2+i2/ HQbb 7(q),

HBK
i→∞

7i(q) = 7(q) �XbX

! � M�Bp2 bQHmiBQM iQ PLJ6 #�b2/ QM #HQ+F QTiBKBx�iBQM b+?2K2,

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C7i(q),

r?2`2 C ⊆ R/×` Bb i?2 b2i Q7 �/KBbbB#H2 /B+iBQM�`B2bX
! h?Bb `2[mB`2b iQ biQ`2 �HH T`2pBQmb K�i`B+2b �M/ bQHp2 K�Mv QTiBKBx�iBQM BMbi�M+2bX

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



L�Bp2 PLJ6 �H;Q`Bi?K KBMBKBxBM; 2KTB`B+�H HQbb

! 6Bt λ > y �M/ /2}M2 i?2 7QHHQrBM; i?2 [m�/`�iB+ HQbb 7mM+iBQM

"(s,q) = BM7
>∈R`×M

‖s−q>‖k
6 + λ‖>‖R,

.2}M2 i?2 2tT2+i2/ HQbb �M/ 2KTB`B+�H HQbb 7mM+iBQMb

7(q) = Es∼π["(s,q)], 7i(q) =
R
i

i∑

b=R
"(sb,q)

! "v J�`FQp +?�BM 2`;Q/B+ i?2Q`2K- 7Q` 2�+? /B+iBQM�`v q- i?2 2KTB`B+�H HQbb 7i(q)
+QMp2`;2b �HKQbi bm`2Hv iQ i?2 2tT2+i2/ HQbb 7(q),

HBK
i→∞

7i(q) = 7(q) �XbX

! � M�Bp2 bQHmiBQM iQ PLJ6 #�b2/ QM #HQ+F QTiBKBx�iBQM b+?2K2,

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C7i(q),

r?2`2 C ⊆ R/×` Bb i?2 b2i Q7 �/KBbbB#H2 /B+iBQM�`B2bX
! h?Bb `2[mB`2b iQ biQ`2 �HH T`2pBQmb K�i`B+2b �M/ bQHp2 K�Mv QTiBKBx�iBQM BMbi�M+2bX

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



L�Bp2 PLJ6 �H;Q`Bi?K KBMBKBxBM; 2KTB`B+�H HQbb

! 6Bt λ > y �M/ /2}M2 i?2 7QHHQrBM; i?2 [m�/`�iB+ HQbb 7mM+iBQM

"(s,q) = BM7
>∈R`×M

‖s−q>‖k
6 + λ‖>‖R,

.2}M2 i?2 2tT2+i2/ HQbb �M/ 2KTB`B+�H HQbb 7mM+iBQMb

7(q) = Es∼π["(s,q)], 7i(q) =
R
i

i∑

b=R
"(sb,q)

! "v J�`FQp +?�BM 2`;Q/B+ i?2Q`2K- 7Q` 2�+? /B+iBQM�`v q- i?2 2KTB`B+�H HQbb 7i(q)
+QMp2`;2b �HKQbi bm`2Hv iQ i?2 2tT2+i2/ HQbb 7(q),

HBK
i→∞

7i(q) = 7(q) �XbX

! � M�Bp2 bQHmiBQM iQ PLJ6 #�b2/ QM #HQ+F QTiBKBx�iBQM b+?2K2,

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C7i(q),

r?2`2 C ⊆ R/×` Bb i?2 b2i Q7 �/KBbbB#H2 /B+iBQM�`B2bX

! h?Bb `2[mB`2b iQ biQ`2 �HH T`2pBQmb K�i`B+2b �M/ bQHp2 K�Mv QTiBKBx�iBQM BMbi�M+2bX

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



L�Bp2 PLJ6 �H;Q`Bi?K KBMBKBxBM; 2KTB`B+�H HQbb

! 6Bt λ > y �M/ /2}M2 i?2 7QHHQrBM; i?2 [m�/`�iB+ HQbb 7mM+iBQM

"(s,q) = BM7
>∈R`×M

‖s−q>‖k
6 + λ‖>‖R,

.2}M2 i?2 2tT2+i2/ HQbb �M/ 2KTB`B+�H HQbb 7mM+iBQMb

7(q) = Es∼π["(s,q)], 7i(q) =
R
i

i∑

b=R
"(sb,q)

! "v J�`FQp +?�BM 2`;Q/B+ i?2Q`2K- 7Q` 2�+? /B+iBQM�`v q- i?2 2KTB`B+�H HQbb 7i(q)
+QMp2`;2b �HKQbi bm`2Hv iQ i?2 2tT2+i2/ HQbb 7(q),

HBK
i→∞

7i(q) = 7(q) �XbX

! � M�Bp2 bQHmiBQM iQ PLJ6 #�b2/ QM #HQ+F QTiBKBx�iBQM b+?2K2,

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C7i(q),

r?2`2 C ⊆ R/×` Bb i?2 b2i Q7 �/KBbbB#H2 /B+iBQM�`B2bX
! h?Bb `2[mB`2b iQ biQ`2 �HH T`2pBQmb K�i`B+2b �M/ bQHp2 K�Mv QTiBKBx�iBQM BMbi�M+2bX

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! J�B`�H- "�+?- SQM+2- �M/ a�TB`Q ;�p2 �M BM~m2MiB�H bQHmiBQM iQ i?2 PLJ6 T`Q#H2K
rBi? � `B;Q`Qmb /2`Bp�iBQM Q7 �HKQbi bm`2 +QMp2`;2M+2 Q7 i?2 2KTB`B+�H HQbb Qp2`
iBK2 7Q` BXBX/X /�i� K�i`B+2bX

! h?2 B/2� Bb iQ bQHp2 i?2 7QHHQrBM; �TT`QtBK�i2 T`Q#H2K

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2 7̂i(q) Bb � +QMp2t mTT2` #QmM/BM; bm``Q;�i2 7Q` 7i(q) /2}M2/ #v

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! L�K2Hv- r2 `2+v+H2 i?2 T`2pBQmbHv 7QmM/ +Q/BM; >R, · · · ,>i �M/ mb2 i?2K �b
�TT`QtBK�i2 bQHmiBQMb Q7 i?2 bm#@T`Q#H2KbX >2M+2- i?2`2 Bb QMHv � bBM;H2
QTiBKBx�iBQM 7Q` qi BM i?2 �#Qp2 `2H�t2/ T`Q#H2K

! "mi r2 biBHH M22/ iQ biQ`2 i?2 2MiB`2 ?BbiQ`v sR, · · · ,si �M/ >R, · · · ,>iX .Q r2\

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! J�B`�H- "�+?- SQM+2- �M/ a�TB`Q ;�p2 �M BM~m2MiB�H bQHmiBQM iQ i?2 PLJ6 T`Q#H2K
rBi? � `B;Q`Qmb /2`Bp�iBQM Q7 �HKQbi bm`2 +QMp2`;2M+2 Q7 i?2 2KTB`B+�H HQbb Qp2`
iBK2 7Q` BXBX/X /�i� K�i`B+2bX

! h?2 B/2� Bb iQ bQHp2 i?2 7QHHQrBM; �TT`QtBK�i2 T`Q#H2K

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2 7̂i(q) Bb � +QMp2t mTT2` #QmM/BM; bm``Q;�i2 7Q` 7i(q) /2}M2/ #v

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! L�K2Hv- r2 `2+v+H2 i?2 T`2pBQmbHv 7QmM/ +Q/BM; >R, · · · ,>i �M/ mb2 i?2K �b
�TT`QtBK�i2 bQHmiBQMb Q7 i?2 bm#@T`Q#H2KbX >2M+2- i?2`2 Bb QMHv � bBM;H2
QTiBKBx�iBQM 7Q` qi BM i?2 �#Qp2 `2H�t2/ T`Q#H2K

! "mi r2 biBHH M22/ iQ biQ`2 i?2 2MiB`2 ?BbiQ`v sR, · · · ,si �M/ >R, · · · ,>iX .Q r2\

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! J�B`�H- "�+?- SQM+2- �M/ a�TB`Q ;�p2 �M BM~m2MiB�H bQHmiBQM iQ i?2 PLJ6 T`Q#H2K
rBi? � `B;Q`Qmb /2`Bp�iBQM Q7 �HKQbi bm`2 +QMp2`;2M+2 Q7 i?2 2KTB`B+�H HQbb Qp2`
iBK2 7Q` BXBX/X /�i� K�i`B+2bX

! h?2 B/2� Bb iQ bQHp2 i?2 7QHHQrBM; �TT`QtBK�i2 T`Q#H2K

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2 7̂i(q) Bb � +QMp2t mTT2` #QmM/BM; bm``Q;�i2 7Q` 7i(q) /2}M2/ #v

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! L�K2Hv- r2 `2+v+H2 i?2 T`2pBQmbHv 7QmM/ +Q/BM; >R, · · · ,>i �M/ mb2 i?2K �b
�TT`QtBK�i2 bQHmiBQMb Q7 i?2 bm#@T`Q#H2KbX >2M+2- i?2`2 Bb QMHv � bBM;H2
QTiBKBx�iBQM 7Q` qi BM i?2 �#Qp2 `2H�t2/ T`Q#H2K

! "mi r2 biBHH M22/ iQ biQ`2 i?2 2MiB`2 ?BbiQ`v sR, · · · ,si �M/ >R, · · · ,>iX .Q r2\

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! J�B`�H- "�+?- SQM+2- �M/ a�TB`Q ;�p2 �M BM~m2MiB�H bQHmiBQM iQ i?2 PLJ6 T`Q#H2K
rBi? � `B;Q`Qmb /2`Bp�iBQM Q7 �HKQbi bm`2 +QMp2`;2M+2 Q7 i?2 2KTB`B+�H HQbb Qp2`
iBK2 7Q` BXBX/X /�i� K�i`B+2bX

! h?2 B/2� Bb iQ bQHp2 i?2 7QHHQrBM; �TT`QtBK�i2 T`Q#H2K

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2 7̂i(q) Bb � +QMp2t mTT2` #QmM/BM; bm``Q;�i2 7Q` 7i(q) /2}M2/ #v

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! L�K2Hv- r2 `2+v+H2 i?2 T`2pBQmbHv 7QmM/ +Q/BM; >R, · · · ,>i �M/ mb2 i?2K �b
�TT`QtBK�i2 bQHmiBQMb Q7 i?2 bm#@T`Q#H2KbX >2M+2- i?2`2 Bb QMHv � bBM;H2
QTiBKBx�iBQM 7Q` qi BM i?2 �#Qp2 `2H�t2/ T`Q#H2K

! "mi r2 biBHH M22/ iQ biQ`2 i?2 2MiB`2 ?BbiQ`v sR, · · · ,si �M/ >R, · · · ,>iX .Q r2\
.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! AM 7�+i- i?2 �TT`QtBK�i2 PLJ6 T`Q#H2K Bb 2[mBp�H2Mi iQ

lTQM �``Bp�H Q7 si,






>i = �`;KBM>∈R`×M
≥y
‖si −qi−R>‖k

6 + λ‖>‖R

�i = i−R((i− R)�i−R + >i>h
i )

"i = i−R((i− R)"i−R + >ish
i )

qi = �`;KBMq∈C⊆R/×`
≥y

(
i`(q�iqh)− ki`(q"i)

)
,

r?2`2 �y �M/ "y �`2 x2`Q K�i`B+2b Q7 bBx2 `× ` �M/ `× /- `2bT2+iBp2HvX

! aQ r2 QMHv M22/ iQ biQ`2 irQ bmKK�`v K�i`B+2b �i ∈ R`×`
≥y �M/ "i ∈ R`×/X

! *QKTmiBM; qi �HbQ `2[mB`2b bQHpBM; QMHv � bBM;H2 QTiBKBx�iBQM BMbi�M+2

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! AM 7�+i- i?2 �TT`QtBK�i2 PLJ6 T`Q#H2K Bb 2[mBp�H2Mi iQ

lTQM �``Bp�H Q7 si,






>i = �`;KBM>∈R`×M
≥y
‖si −qi−R>‖k

6 + λ‖>‖R

�i = i−R((i− R)�i−R + >i>h
i )

"i = i−R((i− R)"i−R + >ish
i )

qi = �`;KBMq∈C⊆R/×`
≥y

(
i`(q�iqh)− ki`(q"i)

)
,

r?2`2 �y �M/ "y �`2 x2`Q K�i`B+2b Q7 bBx2 `× ` �M/ `× /- `2bT2+iBp2HvX
! aQ r2 QMHv M22/ iQ biQ`2 irQ bmKK�`v K�i`B+2b �i ∈ R`×`

≥y �M/ "i ∈ R`×/X

! *QKTmiBM; qi �HbQ `2[mB`2b bQHpBM; QMHv � bBM;H2 QTiBKBx�iBQM BMbi�M+2

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



�bvKTiQiB+ bQHmiBQM KBMBKBxBM; bm``Q;�i2 HQbb 7mM+iBQM

! AM 7�+i- i?2 �TT`QtBK�i2 PLJ6 T`Q#H2K Bb 2[mBp�H2Mi iQ

lTQM �``Bp�H Q7 si,






>i = �`;KBM>∈R`×M
≥y
‖si −qi−R>‖k

6 + λ‖>‖R

�i = i−R((i− R)�i−R + >i>h
i )

"i = i−R((i− R)"i−R + >ish
i )

qi = �`;KBMq∈C⊆R/×`
≥y

(
i`(q�iqh)− ki`(q"i)

)
,

r?2`2 �y �M/ "y �`2 x2`Q K�i`B+2b Q7 bBx2 `× ` �M/ `× /- `2bT2+iBp2HvX
! aQ r2 QMHv M22/ iQ biQ`2 irQ bmKK�`v K�i`B+2b �i ∈ R`×`

≥y �M/ "i ∈ R`×/X
! *QKTmiBM; qi �HbQ `2[mB`2b bQHpBM; QMHv � bBM;H2 QTiBKBx�iBQM BMbi�M+2

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�
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On the Topic of Topic Modeling

MyLymeData

oLyme disease a vector-borne disease typically transmitted by 
tick or insect bite or blood-blood contact
oSymptoms often mimic those of others, e.g. MS / ALS / 

Parkinsons / FMA … and can become chronic

oCDC estimates 300,000 new diagnoses each year
oLikely a grandiose underestimate

oPoorly understood, poorly funded, poorly diagnosed, poorly 
treated

AMS Hawaii 29
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MyLymeData

AMS Hawaii 30

• MyLymeData launched Nov 2015 à ~14,000 patients 
registered
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Comparisons on Lyme data

The hidden topics here may provide insight on how symptoms  manifest themselves
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More Lyme data results
• Run our backpropagation separately on unwell and well  datasets, 

then compare
• Notice the topics are verydifferent!



�TTHB+�iBQMb Q7 PLJ6

G2�`MBM; 72�im`2b 7`QK J*J* i`�D2+iQ`B2b @ L2irQ`F .B+iBQM�`v G2�`MBM;
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6B;m`2, UG27iV 98 H2�`M2/ j #v j M2irQ`F /B+iBQM�`v T�i+?2b 7`QK :H�m#2` +?�BM b�KTHBM; 7`QK
i?2 qQ`/ �/D�+2M+v J�i`Bt Q7 ǴJ�`F hr�BM @ �/p2Mim`2b Q7 >m+FH2#2``v 6BMMǴX "H�+F4R �M/
r?Bi2 4 y rBi? ;`�v b+�H2X UJB//H2V >2�i K�T Q7 i?2 Q`B;BM�H qQ`/ �/D�+2M+v J�i`Bt r?2`2
#Hm2 4 y �M/ v2HHQr 4 R U_B;?iV i?2 `2+QMb`im+iBQMX
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ONMF for image reconstruction



ONMF for color restoration
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More applications



ONMF for video reconstruction



ONMF for video denoising



ONMF as a pattern detection and prediction tool – COVID19



ONMF as a pattern detection and prediction tool – COVID19



ONMF as a pattern detection and prediction tool – COVID19



ONMF as a pattern detection and prediction tool – COVID19



Extension to Online NN Tensor Factorization (ONTF)
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More applications
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More applications



ONTF to learn activation patterns in mouse cortex



ONTF to learn weather patterns



G2�`MBM; 72�im`2b 7`QK J*J* i`�D2+iQ`B2b @ AbBM; KQ/2H

! h?2 irQ /BK2MbBQM�H AbBM; KQ/2H URNkyV Bb QM2 Q7 i?2 KQbi r2HH@FMQrM bTBM
bvbi2Kb BM i?2 T?vbB+b HBi2`�im`2- r?B+? KQ/2Hb 72``QK�;M2iBbKX

! 6Q` 2�+? i2KT2`�im`2 T�`�K2i2` h > y- .2}M2 � T`Q#�#BHBiv /Bbi`B#miBQM π QM i?2
b2i {−R, R}Zk Q7 bTBM +QM};m`�iBQMb #v

πh(t) ∝ exp

(
− R

h
∑

B∼D
t(B)t(D)

)
.

 

  

6B;m`2, J*J* bBKmH�iBQM Q7 AbBM; KQ/2H QM kyy #v kyy b[m�`2 H�iiB+2 �i i2KT2`�im`2 h = y.8
UH27iV- h = k.ke UKB//H2V- �M/ h = 8 U`B;?iVX
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𝑎 

ܾ 

𝑁ଵ 𝑁ଶ 𝑁ଷ 𝑁ହ 𝑁ସ ݐ 

DicƚiŽŶaƌǇ ƉaƚcheƐ Žf Ɛiǌe ϮϬ 
ůeaƌŶed fƌŽŵ MCMC ƚƌajecƚŽƌǇ 

RecŽŶƐƚƌƵcƚed ƐƉiŶ cŽŶfigƵƌaƚiŽŶ 

ƵƐiŶg ůeaƌŶed dicƚiŽŶaƌǇ ƉaƚcheƐ 

AŶ IƐiŶg ƐƉiŶ cŽŶfigƵƌaƚiŽŶ  

ƐaŵƉůed aƚ ƚeŵƉeƌaƚƵƌe 𝑇 ൌ 0.5 

DicƚiŽŶaƌǇ ƉaƚcheƐ Žf Ɛiǌe ϮϬ 

ůeaƌŶed fƌŽŵ MCMC ƚƌajecƚŽƌǇ 
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AŶ IƐiŶg ƐƉiŶ cŽŶfigƵƌaƚiŽŶ  

ƐaŵƉůed aƚ ƚeŵƉeƌaƚƵƌe 𝑇 ൌ 2.26 

AŶ IƐiŶg ƐƉiŶ cŽŶfigƵƌaƚiŽŶ  

ƐaŵƉůed aƚ ƚeŵƉeƌaƚƵƌe 𝑇 ൌ 5 

6B;m`2, UG27iV Ryy H2�`M2/ /B+iBQM�`v T�i+?2b 7`QK � J*J* :B##b b�KTH2` 7Q` i?2 AbBM; KQ/2H
QM kyy × kyy b[m�`2 H�iiB+2 �i � bm#+`BiB+�H i2KT2`�im`2 Uh = y.8VX UJB//H2V � b�KTH2/ bTBM
+QM};m`�iBQM �i h = y.8X U_B;?iV _2+QMbi`m+iBQM Q7 i?2 Q`B;BM�H bTBM +QM};m`�iBQM BM i?2
KB//H2 mbBM; i?2 /B+iBQM�`v T�i+?2b QM i?2 H27iX
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AŶ IƐiŶg ƐƉiŶ cŽŶfigƵƌaƚiŽŶ  

ƐaŵƉůed aƚ ƚeŵƉeƌaƚƵƌe 𝑇 ൌ 5 

6B;m`2, UG27iV Ryy H2�`M2/ /B+iBQM�`v T�i+?2b 7`QK � J*J* :B##b b�KTH2` 7Q` i?2 AbBM; KQ/2H
QM kyy × kyy b[m�`2 H�iiB+2 M2�` i?2 +`BiB+�H i2KT2`�im`2 Uh = k.keVX UJB//H2V � b�KTH2/ bTBM
+QM};m`�iBQM �i h = k.keX U_B;?iV _2+QMbi`m+iBQM Q7 i?2 Q`B;BM�H bTBM +QM};m`�iBQM BM i?2
KB//H2 mbBM; i?2 /B+iBQM�`v T�i+?2b QM i?2 H27iX

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



G2�`MBM; 72�im`2b 7`QK J*J* i`�D2+iQ`B2b @ AbBM; KQ/2H

 

𝑎 

ܾ 

𝑁ଵ 𝑁ଶ 𝑁ଷ 𝑁ହ 𝑁ସ ݐ 

DicƚiŽŶaƌǇ ƉaƚcheƐ Žf Ɛiǌe ϮϬ 
ůeaƌŶed fƌŽŵ MCMC ƚƌajecƚŽƌǇ 

RecŽŶƐƚƌƵcƚed ƐƉiŶ cŽŶfigƵƌaƚiŽŶ 

ƵƐiŶg ůeaƌŶed dicƚiŽŶaƌǇ ƉaƚcheƐ 

AŶ IƐiŶg ƐƉiŶ cŽŶfigƵƌaƚiŽŶ  

ƐaŵƉůed aƚ ƚeŵƉeƌaƚƵƌe 𝑇 ൌ 0.5 

DicƚiŽŶaƌǇ ƉaƚcheƐ Žf Ɛiǌe ϮϬ 

ůeaƌŶed fƌŽŵ MCMC ƚƌajecƚŽƌǇ 

RecŽŶƐƚƌƵcƚed ƐƉiŶ cŽŶfigƵƌaƚiŽŶ 

ƵƐiŶg ůeaƌŶed dicƚiŽŶaƌǇ ƉaƚcheƐ 

DicƚiŽŶaƌǇ ƉaƚcheƐ Žf Ɛiǌe ϮϬ 

ůeaƌŶed fƌŽŵ MCMC ƚƌajecƚŽƌǇ 

RecŽŶƐƚƌƵcƚed ƐƉiŶ cŽŶfigƵƌaƚiŽŶ 

ƵƐiŶg ůeaƌŶed dicƚiŽŶaƌǇ ƉaƚcheƐ 

AŶ IƐiŶg ƐƉiŶ cŽŶfigƵƌaƚiŽŶ  

ƐaŵƉůed aƚ ƚeŵƉeƌaƚƵƌe 𝑇 ൌ 2.26 

AŶ IƐiŶg ƐƉiŶ cŽŶfigƵƌaƚiŽŶ  

ƐaŵƉůed aƚ ƚeŵƉeƌaƚƵƌe 𝑇 ൌ 5 

6B;m`2, UG27iV Ryy H2�`M2/ /B+iBQM�`v T�i+?2b 7`QK � J*J* :B##b b�KTH2` 7Q` i?2 AbBM; KQ/2H
QM kyy × kyy b[m�`2 H�iiB+2 �i � bmT2`+`BiB+�H i2KT2`�im`2 Uh = 8VX UJB//H2V � b�KTH2/ bTBM
+QM};m`�iBQM �i h = 8X U_B;?iV _2+QMbi`m+iBQM Q7 i?2 Q`B;BM�H bTBM +QM};m`�iBQM BM i?2 KB//H2
mbBM; i?2 /B+iBQM�`v T�i+?2b QM i?2 H27iX

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



6m`i?2` `2b2�`+? /B`2+iBQMb

! PLJ6 7Q` p�`B�#H2 MmK#2` Q7 /B+iBQM�`B2b U�//2/ QTiBKBx�iBQM /BK2MbBQMV

! PLJ6 7Q` MQM@bi�iBQM�`v /�i� K�i`B+2b Ur?�i /Q r2 r�Mi iQ H2�`M BM i?Bb +�b2\V
! .vM�KB+ iQTB+ KQ/2HBM; mbBM; PLJ6
! 1ti2MbBQM iQ QMHBM2 h2MbQ` 6�+iQ`Bx�iBQM UMQ +QMp2`;2M+2 `2bmHi FMQrM 2p2M 7Q` i?2

BXBX/X +�b2V

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



6m`i?2` `2b2�`+? /B`2+iBQMb

! PLJ6 7Q` p�`B�#H2 MmK#2` Q7 /B+iBQM�`B2b U�//2/ QTiBKBx�iBQM /BK2MbBQMV
! PLJ6 7Q` MQM@bi�iBQM�`v /�i� K�i`B+2b Ur?�i /Q r2 r�Mi iQ H2�`M BM i?Bb +�b2\V

! .vM�KB+ iQTB+ KQ/2HBM; mbBM; PLJ6
! 1ti2MbBQM iQ QMHBM2 h2MbQ` 6�+iQ`Bx�iBQM UMQ +QMp2`;2M+2 `2bmHi FMQrM 2p2M 7Q` i?2

BXBX/X +�b2V

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



6m`i?2` `2b2�`+? /B`2+iBQMb

! PLJ6 7Q` p�`B�#H2 MmK#2` Q7 /B+iBQM�`B2b U�//2/ QTiBKBx�iBQM /BK2MbBQMV
! PLJ6 7Q` MQM@bi�iBQM�`v /�i� K�i`B+2b Ur?�i /Q r2 r�Mi iQ H2�`M BM i?Bb +�b2\V
! .vM�KB+ iQTB+ KQ/2HBM; mbBM; PLJ6

! 1ti2MbBQM iQ QMHBM2 h2MbQ` 6�+iQ`Bx�iBQM UMQ +QMp2`;2M+2 `2bmHi FMQrM 2p2M 7Q` i?2
BXBX/X +�b2V

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



6m`i?2` `2b2�`+? /B`2+iBQMb

! PLJ6 7Q` p�`B�#H2 MmK#2` Q7 /B+iBQM�`B2b U�//2/ QTiBKBx�iBQM /BK2MbBQMV
! PLJ6 7Q` MQM@bi�iBQM�`v /�i� K�i`B+2b Ur?�i /Q r2 r�Mi iQ H2�`M BM i?Bb +�b2\V
! .vM�KB+ iQTB+ KQ/2HBM; mbBM; PLJ6
! 1ti2MbBQM iQ QMHBM2 h2MbQ` 6�+iQ`Bx�iBQM UMQ +QMp2`;2M+2 `2bmHi FMQrM 2p2M 7Q` i?2

BXBX/X +�b2V

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�
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h?�MFb5

.2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Bt 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



8X S`QQ7 Q7 +QMp2`;2M+2

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



LQi�iBQMb

! 6Bt λ > y �M/ /2}M2 i?2 7QHHQrBM; i?2 [m�/`�iB+ HQbb 7mM+iBQM

#(s,q) = inf
>∈R`×M

‖s−q>‖k
6 + λ‖>‖R,

.2}M2 i?2 2tT2+i2/ HQbb �M/ 2KTB`B+�H HQbb 7mM+iBQMb

7(q) = Es∼π[#(s,q)], 7i(q) =
R
i

i∑

b=R
#(sb,q)

! PLJ6 �H;Q`Bi?K,

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! qha,qi +QMp2`;2b iQ i?2 b2i Q7 +`BiB+�H TQBMib Q7 i?2 2tT2+i2/ HQbb 7

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



LQi�iBQMb

! 6Bt λ > y �M/ /2}M2 i?2 7QHHQrBM; i?2 [m�/`�iB+ HQbb 7mM+iBQM

#(s,q) = inf
>∈R`×M

‖s−q>‖k
6 + λ‖>‖R,

.2}M2 i?2 2tT2+i2/ HQbb �M/ 2KTB`B+�H HQbb 7mM+iBQMb

7(q) = Es∼π[#(s,q)], 7i(q) =
R
i

i∑

b=R
#(sb,q)

! PLJ6 �H;Q`Bi?K,

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! qha,qi +QMp2`;2b iQ i?2 b2i Q7 +`BiB+�H TQBMib Q7 i?2 2tT2+i2/ HQbb 7

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



LQi�iBQMb

! 6Bt λ > y �M/ /2}M2 i?2 7QHHQrBM; i?2 [m�/`�iB+ HQbb 7mM+iBQM

#(s,q) = inf
>∈R`×M

‖s−q>‖k
6 + λ‖>‖R,

.2}M2 i?2 2tT2+i2/ HQbb �M/ 2KTB`B+�H HQbb 7mM+iBQMb

7(q) = Es∼π[#(s,q)], 7i(q) =
R
i

i∑

b=R
#(sb,q)

! PLJ6 �H;Q`Bi?K,

lTQM �``Bp�H Q7 si,





>i = �`;KBM>∈R`×M

≥y
‖si −qi−R>‖k

6 + λ‖>‖R

qi = �`;KBMq∈C 7̂i(q),

r?2`2

7̂i(q) =
R
i

i∑

b=R
(‖sb −q>b‖k

6 + λ‖>b‖R).

! qha,qi +QMp2`;2b iQ i?2 b2i Q7 +`BiB+�H TQBMib Q7 i?2 2tT2+i2/ HQbb 7
>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



S`QTQbBiBQM

G2i (qi−R,>i)i≥R #2 � bQHmiBQM iQ i?2 PLJ6 �H;Q`Bi?KX h?2M 7Q` 2�+? i ≥ y- i?2
7QHHQrBM;b ?QH/ �HKQbi bm`2Hv,
UBV 7̂i+R(qi+R)− 7̂i(qi) ≤ R

i+R (#(si+R,qi)− 7i(qi))X

UBBV y ≤ R
i+R

(
7̂i(qi)− 7i(qi)

)
≤ R

i+R (#(si+R,qi)− 7i(qi)) + 7̂i(qi)− 7̂i+R(qi+R)X

! _2+�HH i?�i 7̂i ≥ 7i 7Q` �HH i ≥ yX

! �HbQ MQi2 i?�i 7̂i+R(qi) = R
i+R

(
î7i(qi) + #(si+R,qi)

)
X

!
7̂i+R(qi+R)− 7̂i(qi) = 7̂i+R(qi+R)− 7̂i+R(qi) + 7̂i+R(qi)− 7̂i(qi)

=
[
7̂i+R(qi+R)− 7̂i+R(qi)

]
+

R
i + R (#(si+R,qi)− 7i(qi)) +

[
7i(qi)− 7̂i(qi)

i + R

]

≤ R
i + R (#(si+R,qi)− 7i(qi)) .

h?Bb b?Qrb UBVX lbBM; i?2 b2+QM/ 2[m�HBiv �#Qp2 �M/ i?2 7�+i i?�i
7̂i+R(qi+R) ≤ 7̂i+R(qi)- i?Bb �HbQ b?Qrb UBBVX

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



S`QTQbBiBQM

G2i (qi−R,>i)i≥R #2 � bQHmiBQM iQ i?2 PLJ6 �H;Q`Bi?KX h?2M 7Q` 2�+? i ≥ y- i?2
7QHHQrBM;b ?QH/ �HKQbi bm`2Hv,
UBV 7̂i+R(qi+R)− 7̂i(qi) ≤ R

i+R (#(si+R,qi)− 7i(qi))X

UBBV y ≤ R
i+R

(
7̂i(qi)− 7i(qi)

)
≤ R

i+R (#(si+R,qi)− 7i(qi)) + 7̂i(qi)− 7̂i+R(qi+R)X

! _2+�HH i?�i 7̂i ≥ 7i 7Q` �HH i ≥ yX
! �HbQ MQi2 i?�i 7̂i+R(qi) = R

i+R

(
î7i(qi) + #(si+R,qi)

)
X

!
7̂i+R(qi+R)− 7̂i(qi) = 7̂i+R(qi+R)− 7̂i+R(qi) + 7̂i+R(qi)− 7̂i(qi)

=
[
7̂i+R(qi+R)− 7̂i+R(qi)

]
+

R
i + R (#(si+R,qi)− 7i(qi)) +

[
7i(qi)− 7̂i(qi)

i + R

]

≤ R
i + R (#(si+R,qi)− 7i(qi)) .

h?Bb b?Qrb UBVX lbBM; i?2 b2+QM/ 2[m�HBiv �#Qp2 �M/ i?2 7�+i i?�i
7̂i+R(qi+R) ≤ 7̂i+R(qi)- i?Bb �HbQ b?Qrb UBBVX

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



S`QTQbBiBQM

G2i (qi−R,>i)i≥R #2 � bQHmiBQM iQ i?2 PLJ6 �H;Q`Bi?KX h?2M 7Q` 2�+? i ≥ y- i?2
7QHHQrBM;b ?QH/ �HKQbi bm`2Hv,
UBV 7̂i+R(qi+R)− 7̂i(qi) ≤ R

i+R (#(si+R,qi)− 7i(qi))X

UBBV y ≤ R
i+R

(
7̂i(qi)− 7i(qi)

)
≤ R

i+R (#(si+R,qi)− 7i(qi)) + 7̂i(qi)− 7̂i+R(qi+R)X

! _2+�HH i?�i 7̂i ≥ 7i 7Q` �HH i ≥ yX
! �HbQ MQi2 i?�i 7̂i+R(qi) = R

i+R

(
î7i(qi) + #(si+R,qi)

)
X

!
7̂i+R(qi+R)− 7̂i(qi) = 7̂i+R(qi+R)− 7̂i+R(qi) + 7̂i+R(qi)− 7̂i(qi)

=
[
7̂i+R(qi+R)− 7̂i+R(qi)

]
+

R
i + R (#(si+R,qi)− 7i(qi)) +

[
7i(qi)− 7̂i(qi)

i + R

]

≤ R
i + R (#(si+R,qi)− 7i(qi)) .

h?Bb b?Qrb UBVX lbBM; i?2 b2+QM/ 2[m�HBiv �#Qp2 �M/ i?2 7�+i i?�i
7̂i+R(qi+R) ≤ 7̂i+R(qi)- i?Bb �HbQ b?Qrb UBBVX

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�



S`QTQbBiBQM

G2i (qi−R,>i)i≥R #2 � bQHmiBQM iQ i?2 PLJ6 �H;Q`Bi?KX h?2M 7Q` 2�+? i ≥ y- i?2
7QHHQrBM;b ?QH/ �HKQbi bm`2Hv,
UBV 7̂i+R(qi+R)− 7̂i(qi) ≤ R

i+R (#(si+R,qi)− 7i(qi))X

UBBV y ≤ R
i+R

(
7̂i(qi)− 7i(qi)

)
≤ R

i+R (#(si+R,qi)− 7i(qi)) + 7̂i(qi)− 7̂i+R(qi+R)X

aF2i+? Q7 K�BM �`;mK2Mi,

! "v #QmM/BM; i?2 bmK Q7 R
i+R (#(si+R,qi)− 7i(qi)) BM 2tT2+i�iBQM- UBV rBHH b?Qr

i?�i E[̂7i(qi)] +QMp2`;2bX
! h?2M UBBV rBHH b?Qr i?�i 7̂i(qi)− 7i(qi)→ y �b i→∞X
! aBM+2 7i ≤ 7̂i �M/ 2p2`v HBKBi TQBMi Q7 i?2 b2[m2M+2 (qi)i≥y Bb � +`BiB+�H TQBMi Q7 7̂∞-

i?Bb rBHH b?Qr i?�i 2p2`v HBKBi TQBMi Q7 (qi)i≥y Bb �HbQ � +`BiB+�H TQBMi Q7 7X
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i+R

(
7̂i(qi)− 7i(qi)

)
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aF2i+? Q7 K�BM �`;mK2Mi,
! "v #QmM/BM; i?2 bmK Q7 R
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i?�i E[̂7i(qi)] +QMp2`;2bX
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S`QTQbBiBQM

G2i (qi−R,>i)i≥R #2 � bQHmiBQM iQ i?2 PLJ6 �H;Q`Bi?KX h?2M 7Q` 2�+? i ≥ y- i?2
7QHHQrBM;b ?QH/ �HKQbi bm`2Hv,
UBV 7̂i+R(qi+R)− 7̂i(qi) ≤ R

i+R (#(si+R,qi)− 7i(qi))X

UBBV y ≤ R
i+R

(
7̂i(qi)− 7i(qi)

)
≤ R

i+R (#(si+R,qi)− 7i(qi)) + 7̂i(qi)− 7̂i+R(qi+R)X

aF2i+? Q7 K�BM �`;mK2Mi,
! "v #QmM/BM; i?2 bmK Q7 R

i+R (#(si+R,qi)− 7i(qi)) BM 2tT2+i�iBQM- UBV rBHH b?Qr
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∣∣∣∣Fi
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E
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E
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#(si+R,qi)− 7i(qi)

i + R

∣∣∣∣Fi
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]
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t′∈Ω

#(t′,q)π(t′) +
∑

t′∈Ω

#(t′,q)(SL+R(t, t′)− π(t′))
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∑

t′∈Ω
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E2v 2biBK�i2 BM i?2 J�`FQpB�M +�b2

S`QTQbBiBQM

amTTQb2 U�RVǶ@U�kV �M/ UJkVX 6Bt q ∈ CX h?2M 7Q` 2�+? i ≥ y �M/ y ≤ L < i-
+QM/BiBQM�H QM i?2 BM7Q`K�iBQM Fi−L mT iQ iBK2 i− L-

∣∣∣∣E
[
#(si+R,q)− 7i(q)

∣∣∣∣Fi−L

]∣∣∣∣ ≤ |7(q)− 7i−L(q)| U8V

+
L
i (7i−L(q) + ‖#(·,q)‖∞) UeV

+ k‖#(·,q)‖∞ sup
t∈Ω
‖SL+R(t, ·)− π‖ho. UdV
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G2KK�

amTTQb2 U�RVǶ@U�kV �M/ UJRV ?QH/X
UBV G2i (�i)i≥y #2 � b2[m2M+2 Q7 MQM@/2+`2�bBM; MQM@M2;�iBp2 BMi2;2`b bm+? i?�i

�i = Q(i)X h?2M i?2`2 2tBbib �#bQHmi2 +QMbi�Mib *R,*k,*j > y bm+? i?�i 7Q` �HH
bm{+B2MiHv H�`;2 i ≥ y-

E
[∣∣∣∣E

[
#(si+R,qi)− 7i(qi)

i + R

∣∣∣∣Fi−�i

]∣∣∣∣

]
≤ *R

ij/k +
*k
ik �i

+
*j
i sup

t∈Ω
‖S�i+R(t, ·)− π‖ho.

UBBV 6m`i?2` �bbmK2 i?�i UJkV ?QH/bX h?2M r2 ?�p2
∞∑

i=y

(
E
[
7̂i+R(qi+R)− 7̂i(qi)

])+
≤

∞∑

i=y

∣∣∣∣E
[
#(si+R,qi)− 7i(qi)

i + R

]∣∣∣∣ <∞.
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G2KK�
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E
[∣∣∣∣E

[
#(si+R,qi)− 7i(qi)

i + R

∣∣∣∣Fi−�i

]∣∣∣∣

]
≤ *R

ij/k +
*k
ik �i
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*j
i sup

t∈Ω
‖S�i+R(t, ·)− π‖ho.

UBBV 6m`i?2` �bbmK2 i?�i UJkV ?QH/bX h?2M r2 ?�p2
∞∑

i=y

(
E
[
7̂i+R(qi+R)− 7̂i(qi)

])+
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∣∣∣∣E
[
#(si+R,qi)− 7i(qi)

i + R
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S`QQ7 Q7 h?K R

! aBM+2 ∑∞
i=y

(
E
[
7̂i+R(qi+R)− 7̂i(qi)

])+
<∞- E[̂7i(qi)] +QMp2`;2bX

! "v i?2 2�`HB2` BM2[m�HBiB2b �M/ 2biBK�i2b-

E
[ ∞∑

i=y

7̂i(qi)− 7i(qi)
i + R

]
=

∞∑

i=y

E[̂7i(qi)]− E[7i(qi)]
i + R

≤
∞∑

i=y

∣∣∣∣
E[#(si+R,qi)]− 7i(qi)]

i + R

∣∣∣∣

−
∞∑

i=y

(
E[̂7i+R(qi+R)]− E[̂7i(qi)]

)

<∞.

! >2M+2 ∑∞
i=y

7̂i(qi)−7i(qi)
i+R <∞ �XbX h?Bb BKTHB2b 7̂i(qi)− 7i(qi)→ y �XbX �b i→∞X

! aBM+2 7̂i ≥ 7i �M/ 7̂i(qi)− 7i(qi)→ y �XbX- �`;m2 i?�i qi ?�b iQ +QMp2`;2 iQ i?2
b2i Q7 +`BiB+�H TQBMib Q7 7 = limi→∞ 7iX
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i=y

E[̂7i(qi)]− E[7i(qi)]
i + R

≤
∞∑

i=y

∣∣∣∣
E[#(si+R,qi)]− 7i(qi)]

i + R

∣∣∣∣

−
∞∑

i=y

(
E[̂7i+R(qi+R)]− E[̂7i(qi)]

)

<∞.

! >2M+2 ∑∞
i=y

7̂i(qi)−7i(qi)
i+R <∞ �XbX h?Bb BKTHB2b 7̂i(qi)− 7i(qi)→ y �XbX �b i→∞X

! aBM+2 7̂i ≥ 7i �M/ 7̂i(qi)− 7i(qi)→ y �XbX- �`;m2 i?�i qi ?�b iQ +QMp2`;2 iQ i?2
b2i Q7 +`BiB+�H TQBMib Q7 7 = limi→∞ 7iX

>�M#�2F Gvm �M/ .2�MM� L22/2HH Ul*G�V PMHBM2 MQMM2;�iBp2 K�i`Btfi2MbQ` 7�+iQ`Bx�iBQM 7Q` J�`FQpB�M /�i�




