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The main subject of this book is games in which two players are given a set
A of infinite sequences of natural numbers and take turns choosing natural
numbers, producing an infinite sequence. The player who moves first wins
if this sequence belongs to A; otherwise the opponent wins. Such a game is
determined if one of the players has a winning strategy.

If A belongs to a set I' of sets of infinite sequences of natural numbers,
then we call the game a I' game. We will present proofs of theorems of
the following form: Under hypothesis H, all ' games are determined. In
Chapter 1, the sets I' are the first few levels of the Borel hierarchy and the
hypotheses H are the axioms of second-order arithmetic or slightly more.
For most of Chapter 2, I' is the set of all Borel sets and H is ZFC. In the
remaining chapters, the sets I' get larger and larger, and the hypotheses H
are large cardinal hypotheses.

Many of these theorems have converses or quasi-converses. These are
presented as exercises with hints that are essentially sketches of proofs.

The reader should have basic familiarity with set theory, but the book
assumes no familiarity with games, descriptive set theory, or large cardinals.

All of the nine chapters of the book are included in the current posting,
but another section may be added later to Chapter 5. Though Chapter 9 is
included, the reader should be aware that it has not been seriously proofread,
and it—especially the last part of it—might have significant errors. Correc-
tions and suggestions for Chapter 9 (and for the other chapters) would be
welcome.



Chapter 1

Elementary Methods

In this chapter we introduce the basic concepts of our subject and prove as
much determinacy as, roughly speaking, can be proved without appealing
to the existence of infinite sets larger than the sets of legal positions in our
games.

Readers interested primarily in the main results may wish to read just the
introductory Section 1.1 and the basic Section 1.2, where the determinacy of
open games is proved.

The proofs in §1.1 and §1.2 do not really need the Power Set or Re-
placement Axioms of set theory, though this fact is not mentioned in those
sections. In §1.3 and in much of §1.4, we explicitly work in a set theory
without the Power Set Axiom and with only a fragmentary Replacement
Axiom (adopted mostly to avoid complexities). We try to do this in a suf-
ficiently unobtrusive way that readers unfamiliar with axiomatic set theory
should be able to follow the proofs as ordinary proofs. In §1.4 we discuss
the optimal determinacy result for this theory, due to Antonio Montalban
and Richard Shore. In a slightly stronger theory, we prove the determinacy
of all Ag games (games that are both Gg,s and F,s,). In the exercises we
discuss Harvey Friedman’s methods, which show that the determinacy of all
39 games is not provable in the usual ZFC set theory if the Power Set Ax-
iom is dropped, and we mention an improvement by Montalban and Shore
showing the optimality of their positive results. Later (in §2.3) we will use
the results from §1.4 in analyzing level by level how much of the Power Set
and Replacement Axioms is needed for our proof of the determinacy of Borel
games.
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1.1 Basic Definitions

We begin by discussing rules of play of our games and afterward take up such
matters as winning, winning strategies, and determinacy.

Plays of our games will be finite or infinite sequences of moves. Rules of
play are given by specifying a game tree. A game tree is a nonempty tree
of finite sequences, i.e. is a set T of finite sequences such that if p € T and
p extends ¢ then ¢ € T. Members of T" are called legal positions in T" or
simply positions in T. When there is no danger of confusion, we will call
them legal positions or positions. A position in T is terminal in T if it has
no proper extension in 7. If p is a non-terminal position, then a legal move
at p in T or simply a move at p in T is an a such that p~(a) € T, where ~ is
the concatenation operation on sequences. A play in T is a finite or infinite
sequence every initial part of which belongs to 7" and which is a terminal
position in 7' if finite. All our games will have two players, I and II. (“I”
and “II” are not very imaginative names, but they have become traditional.)
Play of a game in T begins at the initial position (the empty sequence 0,
which must belong to every game tree). I moves first, and moves alternate
between the two players. Thus a play of a game is produced as follows:

I ao as y
1I aq as
Each (ag, a1, ..., a,) must be a position in T'. If a terminal position is reached,

then we have a play of the game and no further moves are made. If no
terminal position is reached, then the play is infinite.

There are various ways in which we could have chosen a more general
notion of game tree, even in our context of two-person games of perfect
information:

(1) We did not have to require that our players alternate moves. Instead
we could have introduced a move function M, defined on all non-terminal
positions, with M (p) giving the player who moves at p. There are two reasons
we did not do this. First, it is not really more general, since we can get the
same effect in our more restricted set-up. Suppose, for instance that we want
to simulate a game in which player II makes the first two moves. To do
so we introduce a new tree in which (a) the first move must be the empty
sequence and (b) the second move must be a sequence of length 2 that is a
legal position in the original tree. (See Exercise 1.1.5.) The second and more
important reason why we do not introduce a move function is that it would
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make the notion of a game tree more complicated. A game tree would be
a pair (T, M) and we would continually have to pay attention to the extra
object M in situations where it played no significant role.

(2) There is a more general notion of game tree which we could have cho-
sen. By a tree we mean a partial ordering with wellordered initial segments.
That is to say, a tree is a pair (T, <) such that 7" is a set and < partially
orders T and

(Vp € T)(< wellorders {q € T' | ¢ < p}).

A tree of finite sequences becomes a special case of a tree if we define p < ¢
to mean that p is properly extended by ¢. Why did we not define game
trees to be arbitrary trees rather than trees of finite sequences? One reason
has to do with finite sequences. (See (3) below.) The other reason has to
do with sequences: We want our positions to be sequences of moves. With
general trees, we have no extra objects to be our moves. This isn’t really a
serious problem, however. We will always be assuming that our players have
complete knowledge about the position whenever they make a move. Thus
making a move is essentially the same as choosing the new position that will
result when the move has been made. With general trees as game trees,
move could be defined by changing “essentially the same as” into “identical
with.” In other words, a legal move at p could be defined to be a position
g that is an immediate successor of p, i.e. a ¢ € T with p < ¢ such that
there is no r with p < r < ¢. In this chapter such a solution would be quite
satisfactory for us. Indeed it would work somewhat more smoothly than our
actual definitions (and so we do after all keep it as an “actual” definition,
as the reader will see two paragraphs hence). In later chapters, however, we
will often be concerned with properties of individual moves in our official
sense. For example, it may be important that certain moves are chosen from
a countable set or that other moves come from a space that carries a measure.
Our choice was thus made in view of these later chapters. We confess that
we were also influenced by a desire to conform to real games: in chess a move
involves changing the placement of one or two individual pieces; it does not
involve the complete history of the game.

(3) As we indicated above, our game trees are special not only in that
they are trees of sequences but also in that we demand that the sequences be
finite. (In the context of general trees the corresponding restriction would be
a requirement that each member of 7" have only finitely many predecessors.)
If we removed this restriction we would be dealing not merely with games
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of infinite length—games that take forever to play—but also with games of
transfinite length—games that aren’t finished even after the players have
played forever. Such games are indeed of interest and a good deal of theory
about them has been developed. We will occasionally discuss these longer
games, both in the text and in exercises. Nevertheless, such games are in
some ways essentially more complex than merely infinite games, and we chose
in this case simplicity in our subject matter.

(4) Other possible generalizations of our notion of game tree allow for
such things as simultaneous moves by the two players. Though there are
ways to get the effect of such generalizations, we actually use simultaneous
moves when we study games of imperfect information in §2.4.

We said in (2) above that there is a possible definition of “move” according
to which a move is a position. Though we did not choose this definition,
there will be a number of occasions at which it would have been notationally
simpler if we had chosen it. Let us then compromise and define a Move at
p in T to be a position ¢ such that, for some move a at p in T, ¢ = p~{a).
This usage would produce ambiguity if we were ever to write “Move” at the
beginning of a sentence, but we will have no reason to do so.

It is time to be more precise about some of our terminology and to intro-
duce some basic notation. By a finite sequence we mean a function whose
domain is the set of all predecessors of some natural number. We adopt
the convention from set theory that a natural number s the set of all its
predecessors, so that a finite sequence is a function whose domain is a natu-
ral number. We also adopt the set-theoretic notion of function, identifying a
function with its graph. With this convention, a finite sequence p is extended
by a finite sequence ¢ if and only if p C ¢, and so “C” will be our standard
notation for “is extended by.” The length of a finite sequence p is the domain
of p. We denote the length of p by ¢h(p). Infinite sequences will be treated
similarly. An infinite sequence is a function with domain w, the set of all
natural numbers. The length of an infinite sequence is w. Infinite ordinal
numbers are also considered to be the set of all their predecessors. If = is a
finite or infinite play in 7', then p C x just means that p is extended by =x.
We will denote the set of all plays in T by [77].

The most important example of a game tree is <“w, the set of all finite
sequences of natural numbers. The set of all plays in this tree is “w, the set
of all infinite sequences of natural numbers. Note that ¥y is the set of all
functions f : x — y. (It is sometimes important to distinguish, e.g. “w from
the ordinal number w®.) The notation <*y, for ordinal numbers z, stands
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for (U, ., #'y. The tree <“w is an example of a tree all of whose plays are
infinite. If we wished, we could deal only with such trees, extending what
are now terminal positions by adjoining infinitely many irrelevant moves.

A strategy for 1 in T is a function ¢ whose domain is

{p € T'| h(p) is even and p is not terminal}

such that o(p) is always a legal move in T" at p. A strategy for 11 in T is sim-
ilarly a function 7 with domain {p € T' | fh(p) is odd and p is not terminal}
such that 7(p) is always a legal move at p. By Si(7') we mean the set of all
strategies for I in T; by Si(7T) we mean the set of all strategies for II in 7.
We let S(T') = Si(T') U Si(T). Just as we defined Moves as well as ordinary
moves, we could define Strategies which are like strategies except that their
values are Moves instead of moves. We refrain from doing so: it turns out
not to be as useful as the Move move. A position p in T is consistent with
a strategy o for I'if p(n) = o(p [ n) for every even n < (h(p). (Here p [ n is
the restriction of the function p to the set n = {0,1,...,n — 1}, i.e. p[nis
the initial part of p of length n.) A play x in T is consistent with o if every
position p C x is consistent with o. Being consistent with a strategy for II is
similarly defined.

For each game tree T and each A C [T'], i.e., for each set of plays in T,
we have a game G(A;T). 1 wins a play z of G(A;T) just in case x € A.
Otherwise II wins x. It will be convenient to have G(A;T') defined even for
sets A that are not subsets of [T]. In this case G(A; T') will be the same game
as G(AN[T];T). A strategy o for I is a winning strategy for G(A;T) if I wins
each play consistent with o. Winning strategies for 11 are similarly defined.
G(A;T) is determined if either I or II has a winning strategy for G(A;T).
Note that it is impossible for both players to have winning strategies, since
there would be a play consistent with both strategies.

In Chapter 2 we will find it useful to introduce a variant notion of a game
tree in which there are some built-in winning conditions: Certain terminal
positions are designated as losing for one or the other of the players inde-
pendently of A. We defer making the definition until we have some use for
it.

Not all games in our sense are determined. (See [Gale and Stewart, 1953],
[Mycielski, 1964], page 114 of [Mauldin, 1981], and also Exercises 1.1.2 and
1.1.4.) To get determinacy results it is necessary to impose conditions of
some kind on the games.
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One way to do this is to impose conditions of size on the game tree. As we
will see in the next section, all games G(A;T') with T finite are determined.
There are, however, undetermined games G(A;T) with T countable (See
Exercise 1.1.2.) Most of the concern in this book will be with determinacy
results in the case 7' is countable.

Remark. All known proofs of the existence of undetermined games in
countable trees make use of the Axiom of Choice. [Mycielski and Steinhaus, 1962]
proposes as an alternative to the Axiom of Choice an assertion, there called
the Aziom of Determinateness and now called the Axiom of Determinacy or
simply AD.

AD: All games in countable trees are determined.

Large cardinal axioms imply that the Axiom of Determinacy is consistent
with the axioms of set theory other than Choice. This will be proved in
Chapter 9. (In this book we make free use of the Axiom of Choice, though
we will make occasional remarks about whether or not particular theorems
require it.)

Are there other conditions on 7" implying determinacy? In §1.2 we will
see that the absence of infinite plays is such a condition. But the absence of
infinite plays in T' is for practical purposes equivalent with a simple topolog-
ical condition on I’s winning set A. Such topological conditions will be the
hypotheses of almost all our determinacy theorems, and so it is to topology
that we now turn.

For p € T let

T,={¢€T|qClp V pCq}l

T, is a game subtree of T', i.e. T, is a subtree of T' (a subset of T that is a
game tree), and every position terminal in 7}, is terminal in 7. Games in T},
are played just as are those in T', except that the first fh(p) moves are fixed
in advance so as to produce the position p. We give [T] a topology by taking
as basic open sets the [T},] for p € T. For A C [T'], let us say that the game
G(A;T) is open, closed, etc. just in case A is open, closed, etc. respectively.

Remark. If p is a position in 7', we will never create ambiguity by using
the notation “T,,” with any meaning other than that given it in the preceding
paragraph. The reader should be warned, however, that we will take such
liberties as denoting elements of an infinite sequence of game trees by “T;.”
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In this chapter we will prove determinacy results for games in low levels
of the Borel hierarchy. We now define that hierachy and prove some basic
facts about it.

We use the logical notation for the Borel hierarchy in a topological space.
39 is the class of open sets; IT! is the class of closed sets; AY the class of
clopen (closed and open) sets. For ordinals a > 1, 39 is the class of all count-
able unions of sets belonging to | J f<a H%, IT° is the class of complements
of sets belonging to X2, and A2 = X% NTIY. A set is Borel if it belongs
to the smallest class containing the open sets and closed under countable

unions and complements. The following lemma gives some basic facts about
the Borel hierarchy in [77].

Lemma 1.1.1. (1) The following hold in spaces [T'| for every ordinal num-
ber a > 1:

(a) (VB)(a < — Xg UII, C AG).
(b) X0 is closed under countable unions and finite intersections.

(c) TI? is closed under countable intersections and finite unions.

where wy s the

(2) A set is Borel if and only if it belongs to | J, <, »0

o’
least uncountable ordinal number.

Proof. (1)(a). If A € IT), then A = [J{A}; thus A € X for all 3 > a. This
shows that 19 C E% for all 1 < a < 3. It follows directly that, for all such
a and f, 3), C I}, If 1 < @ < f3, then it is immediate from the definition
that 3 C X%. Let A € X{. Since A is open,

A= HIT,)peT A [T,] C A}
For n € w, let
Ay = JIT,) [peT A th(p) =n A [T,] C A}
Each A, is closed as well as open, since
A, = L) [peT A th(p) =n A [T,] € A

(mAis [T\ A.) Since A = J, ¢, An, We have that A is a countable union
of TI{ sets and so that A € E% for every 8 > 1. We have now shown that
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%) C X% whenever 1 < a < . Combining this with our first observation,
we have that 30, C A} for all such o and 3. Since complements of A sets
are also AY, we get the other half of (1)(a).

(1)(b) and (1)(c). The open sets of any space are closed under arbitrary
unions. For a > 1, the closure of XY under countable unions is immediate
from the definition. The closure of TI? under countable intersections follows
from the closure of 3 under countable unions. The open sets of any space
are closed under finite intersections. Let o > 1 and j € w and let A; € X%
for ¢ < j. Foreachi < j, let A;,, n € w, be such that each 4, ,, € U1§7<oc Hg

and each A; = |, Ain. Then
A =4 = U4
1<j 1<j n€w s€Iw 1<J

To show that ﬂi<j A; € 30 it thus suffices to show that each ﬂiq Ais) €
U, <o IS For this fix s € Jw. By (1)(a) thereis ay < a such that A; ;) € I
for every 7 < i. By the closure of all Hf’y under countable, and so under finite,
intersections, it follows that ), < Ai sy € Hg. The closure of IT? under finite

unions follows from the closure of X2 under finite intersections.

(2). By (1)(a),
U =c (J m

1<a<wi 1<a<wi

Hence (J, <, 0 is closed under complements. If A is a countable subset of
Ui<acw, 20, then there is a countable ordinal § such that A C (J;,5 20 C
Ui<acsss 2. Hence [JA € X9 ;. We have then that [, X9 is a class
containing the open sets and closed under countable unions and complements.
By definition, this means that every Borel set belongs to ;.. 20

The fact that every X% 1 < o < wi, is Borel is proved by an easy
induction on a. 4

It follows from part (2) of the lemma that, for all a > wy, X% = TIY =
A? = the class of all Borel sets. If, e.g., T = <*X and the cardinal number
|X| of X is at least 2, then the Borel hierarchy does not collapse before wy,
ie. A) € X0 C Aj whenever 1 < o < f < wy. (See Exercise 1.F.6 of
[Moschovakis, 2009].)

The “0” in “XY%” means that the sets in the class are definable by quan-
tification over objects of type 0, i.e. natural numbers: Countable unions
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correspond to existential quantification over natural numbers; countable in-
tersections correspond to universal quantification over natural numbers. The
“@” in “X2” means that there are « alternations of universal and existen-
tial quantifiers, and the “X” means that the first quantifier is existential.

For example the X9 sets are just those sets A such that there is a clopen
B € [T] x 2w such that

(Vz e [T])(x € A + (Imq)(Vmy) (x, mq1,ms) € B).

In later chapters we will introduce classes X..

In the exercises we will sometimes deal with the effective Borel hierarchy
of subsets of “w. (The reader not familiar with recursion theory can skip the
definition that follows and skip also the relevant exercises.) For simplicity
we stick to finite levels of that hierarchy. A C “w belongs to X2, for n > 1,
if there is a recursive B C “w X "w such that

(Vz)(z € A < (Imy)(Vmse)(Ims) - - - (Qmy,){x, m1, mg, m3,...my,) € B).

Aellif -A e X0 AY =30 NI, Tt is fairly easy to see that if we
replace “recursive” by “clopen” in this definition, we get the ordinary finite
Borel hierarchy. If z € “w, then we define X.0(x), TI%(z), and A%(x) by
replacing “recursive” by “recursive in z”. It is fairly easy to see that, e.g.,
30 = U, ewn, 20(2). (See page 160 of [Moschovakis, 1980].)

We end this section by listing the formal ZFC (Zermelo—Fraenkel, with
Choice) axioms for set theory. These axioms will play no explicit role until
§1.3, and even there and in §1.4, all the proofs in the text should be readable
by someone unfamiliar with formal set theory and ZFC.

First order logic has the symbols

(7 )a I /\7 E|7 e

together with variables
Vo, V1,V2,y....

We assume the reader has enough familiarity with symbolic logic to know
that, e.g., “A” is interpreted to mean “and.” We will often be careless about
what are our official variables, connectives, and quantifiers. One make think
of use of symbols other than the official ones as abbreviation. We will also
be careless about parentheses.

The language of set theory has, in addition to the symbols of first order
logic, the two-place predicate symbol €. The formulas of the language of set
theory are defined inductively as the smallest class satifying the following.
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(a) If x and y are variables, then x = y and = € y are (atomic) formulas.
(b) If ¢ is a formula, then so is —p.
)
)

If ¢ and 1 are formulas, then (¢ A 9) is a formula,

(c
(d) If ¢ is a formula and x is a variable, then (3z) ¢ is a formula.
An occurrence of a variable in a formula is free if it is not in the scope of a

quantifier, i.e., if it is not in a subformula of the form (Jz) ¢. When we write,
e.g., ¢(vy,...,v,), we imply that only variables among vy, ..., v, occur free
in .

Following are the formal ZFC axioms. In stating them we make use of
some standard abbreviations, whose definitions the reader should be able
to give. For example, we write () for the empty set (whose existence and
uniqueness follows from the Axioms of Empty Set, Comprehension, and Ex-
tensionality), so that = () abbreviates —(Jy) y € x. A perhaps less familiar
abbreviation is (3!z) p(z, 21, . .., 2z,), which abbreviates

(Fx)(p(z, 21, ... 2n) A (YY) (oY, 21, .-, 20) = Yy =)).

We precede the statement of each formal axiom by a parenthetical informal
version of the axiom.

Empty Set: (There is a set with no members.)
(B2)(Vy)y ¢ @.
Extensionality: (Two sets with the same members are identical.)
(Vo) (Vy)(V2)(z €z > 2 €y) = x=1y).

Comprehension (Axiom Schema): (Every definable subcollection of a set
is a set.) For formulas ¢(z,u, wy, ..., w,),

(Vwy) - - - (Vwy,)(Vu)(Fo) (V) (z € v <> x €u A p).
Foundation: (Every nonempty set has a €-minimal member.)
Vz)(z#0 — Fyex)ynz=0)).

Pairing: (For any sets x and y, there is a set whose members are precisely
x and y.)
(V) (Vy)(F2) (Vw)(w € 2 & (w =2V w=y)),
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Union: (For any set x, there is a set of all the members of members of z.)
(Vz)(Fu)(V2)(z € u <> (Fy)(z €y A y € x)).

Infinity: There is a set x such that () € z and such that z is closed under
the operation y — y U {y}.)

(Fr) D ez A (Vyex)yU{y} € x).

Replacement (Axiom Schema): (If F' is a definable operation and the do-
main of F'is a set, then the range of F'is a set.) For formulas ¢(z,y, u, w1, ..., wy,),

(V) -« (Ywn ) (Vu) (Vo € u)(3ly) ¢
— (Fv)(My)(y € v <> (Fx € u) )).

Power Set: For any set x, there is a set of all the subsets of x.)
(Vz)(Jy)(Vz)(z €y <> 2z Cx).

Choice: If z is any set of disjoint nonempty sets, then there is a set u that
has exactly one member in common with each member of x.

(Vo) (Vyex)y #D A (Vzex)(y# 2> ynz=10))
— (Fu)(Vy € x)(Fw)w € y Nu))).

In formal logic the Empty Set Axiom is superfluous; for the existence of some
object is provable, and so the existence of () follows by Comprehension.

Exercise 1.1.1. Let A C “w with |A| < 2%. Prove that II has a winning
strategy for G(A; <“w).

Exercise 1.1.2. Prove that not every game G(A; ~“w) is determined.

Hint. Use the Axiom of Choice to wellorder the set of all strategies in
<@ in a sequence of order type 2%°. Now diagonalize to get an A for which
no strategy is winning. This is the proof in [Gale and Stewart, 1953], and
it is the most direct one. There are many other proofs. Unpublished work
of Banach and Mazur gives a proof which proceeds by showing that AD
implies that all sets of reals have the property of Baire. See pages 298-300
of [Moschovakis, 1980], page 114 of [Mauldin, 1981], and [Oxtoby, 1957]. For
another proof, see Exercise 1.1.3.
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Exercise 1.1.3. Let T™ be the game tree plays in which are as follows:

So S1 S92
II ag aj ceey

where each s; € <“w and each a; € {0,1}. For any A C “2, let Let

A" = {<SQ, ag, S1,Q1, - - > | Soﬁ<ao>’\81’\<a1>’\ ... E A}

and let G*(A) = G(A*; T™).

(a) Prove that I has a winning strategy for G*(A) if and only if A has a
perfect subset (a non-empty closed subset without isolated points).

(b) Prove that II has a winning strategy for G*(A) if and only if A is
countable.

(c) Use the Axiom of Choice to construct an uncountable subset of “2
with no perfect subset.

Remark. This is a result of [Davis, 1964].

Exercise 1.1.4. Prove, in ZF (i.e., in ZFC without the Axiom of Choice)
that not every game G(A; <“w,) is determined. (Recall that w; is the least
uncountable ordinal number, i.e. the set of all countable ordinal numbers.)
This result appears in [Mycielski, 1964].

Hint. Use Exercise 1.1.3 to show that it follows from AD that there is no
one-one f : w; — “2. (Assume such an f exists and get a one-one g : w; — R.
Then use the existence of a perfect subset of the range of g to get a one-one
h : R — wq, and show that this contradicts AD.) Now consider the game
G(A; <“wy), where A is the set of all x : w — w;y such that z(0) > w and
{{m,n) | z(2m + 1) < z(2n + 1)} is not a wellordering of w of order type
z(0).

Exercise 1.1.5. Assume that all X9 games in countable trees are deter-
mined, and prove that this still holds when we broaden our notion of games
to allow a move function as on page 4 above. (Obviously X9 is just an
example.)

1.2 Open Games

The main result of this section is Theorem 1.2.4, the important basic theorem
of [Gale and Stewart, 1953] that all open games are determined. We will also
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introduce and study the technical concept of a quasistrategy, a concept that
will be the main tool in the rest of this chapter.

The fact that all games in finite trees are determined is usually attributed
to [Zermelo, 1913]. (See page 371 of [Kanamori, 1994] for a discussion.) The
proof of this fact works with very little change to give a proof of determinacy
for the case of trees without infinite plays.

Theorem 1.2.1. [f there are no infinite plays in T, then G(A;T) is deter-
mined for every A C [T1].

Proof. The Theorem follows easily from the following lemma.

Lemma 1.2.2. If G(A;T,) is not determined, then there is a Move q at p
such that G(A;T,) is not determined. (Recall the definition of “Move” on
page 4 and recall that G(A;T,) is G(AN [T,];T,).)

Proof of Lemma. Assume that G(A;T,) is not determined. Assume for
definiteness that p has even length. (The other case is similar.)

If ¢ is a legal Move at p, then I does not have a winning strategy for
G(A;T,). If he had such a strategy o', then that strategy together with the
move ¢ would give him a winning strategy o for G(A;T),):

¢h(r)) if r Cp;
olr) = { Zg(r)( ) if ¢ éf

(Technically we should also define o(r) in the third case: p CrAq € r.
The reason we omitted this case is that such positions r are not consistent
with 0. We could have defined strategy so that strategies take as arguments
only positions consistent with them. See Exercise 1.2.3 for a minor reason
for doing so.)

It suffices then to show that there is a Move ¢ at p such that II does not
have a winning strategy for G(A;T,). If there is no such ¢, then for each
Move g at p there is a winning strategy 7, for II for G(A;T,). We then get a
winning strategy 7 for II for G(A;T,) by setting

() = { p(th(r)) ifr C p;

7,(1) if ¢ C r and ¢ is a Move at p.

(We can describe 7 more briefly as [J, 7,.) This contradiction shows that ¢
must exist and completes the proof of the lemma. O



14 CHAPTER 1. ELEMENTARY METHODS

Now let us prove the theorem by proving its contrapositive. Suppose that
G(A;T) is not determined. Repeated applications of the lemma give us a
sequence

PoEP &P &
of elements of T'. There is a an infinite play x such that x O p; for all i. [

Remark. Both the proof of the lemma and the proof of the theorem from
the lemma use the Axiom of Choice. If we strengthen the hypothesis of the
theorem to make T wellfounded (equivalent in the presence of Choice to our
hypothesis that 7" has no infinite plays), then the latter use of the Axiom
of Choice is avoided. (See Exercise 1.2.1.) The former use is necessary even
for trees which contain only positions of length < 2. (See Exercise 1.2.2.)
Of course, Choice is not needed to prove the theorem for a T' that has a
canonical wellordering, as does our main example <“w.

Corollary 1.2.3. All clopen games are determined.

Proof Let A C [T with A clopen. For each x € [T] there is a p C x such
that [T,] € A or [T,] € —A. This is because both A and —A are open and
so are the unions of their basic open subsets. Let

T = {qeT| (DS [LINAZD A [T,]N-A+ D).

The game tree T™ has no infinite plays: If x is an infinite play in 7™, then x
is a play in 7" and so there is a p C x such that [T,] C A or [T,| € —A. But
the definition of T™ gives the contradiction that p is terminal in T%. Let

A" ={re[T"] @y elTD)(xCy Ayec A}

By Theorem 1.2.1, G(A*; T*) is determined. Assume for definiteness that o*
is a winning strategy for I for G(A*;T*). Let o be any strategy for I in T’
such that o agrees with ¢* on non-terminal positions in 7. We show that o
is a winning strategy for G(A;T). Let « € [T'] be consistent with o. There
is a p C z that is terminal in 7*. Either [T,] C A or else [T,] C =A. But p
is consistent with o*, so [7,] N A # () and this means that x € A. O

The following terminology will be convenient in many of the proofs that
follow. By G is a win for I we mean that there is a winning strategy for I
for G. Similarly define G is a win for II.
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Theorem 1.2.4. ([Gale and Stewart, 1953]) All open games are determined.
All closed games are determined.

Proof The first assertion implies the second: If A C [T'] is closed, let
T"=A{0yu{0)plpeTl A ={0)"z|x¢A}

The open game G(A’; T") is just G(A;T) with the roles of the players reversed
via the dummy initial move 0. If the former is determined then so is the latter.

Lemma 1.2.5. Let T, A, and p € T be arbitrary and assume that G(A;T,)
is not a win for 1.

(1) If th(p) is even then there is no Move q at p such that G(A;T,) is a
win for 1.

(11) If th(p) is odd then there is a Move q at p such that G(A;T,) is not
a win for 1.

Proof of Lemma. The proof of Lemma 1.2.2 essentially contains the proof
of the present lemma, so we will be brief. (i) If there is a Move ¢ at p such
that G(A;T,) is a win for I, then I can win G(A;T,) by first playing ¢ and
then playing (the moves given by) a winning strategy for G(A;T,). (ii) If o,
is a winning strategy for I for G(A;T,) for each Move ¢ at p, then |, o, is a
winning strategy for I for G(A;T},). O

Returning to the proof of the theorem, let us assume that A C [7T7] is
open and that G(A;T') is not a win for I. We will prove that there is a winning
strategy 7 for II for G(A;T). For each position p of odd length such that
G(A;T,) is not a win for I, choose a move 7(p) at p such that G(A4; T~ (7))
is not a win for I. Part (ii) of the lemma gives the existence of such a move.
For other positions of odd length, let 7(p) be arbitrary. Let z be a play
consistent with 7. By induction, using part (i) of the lemma, we get that
each p C x is such that G(A;7},) is not a win for I. But A is open. If z € A
then = € [T,] for some p such that [T,] € A. For any such p, p C z and
G(A;T,) is obviously a win for I. This contradiction gives that x ¢ A. This
in turn shows that 7 is a winning strategy for II. U

Lemma 1.2.5 has other applications besides Theorem 1.2.4. For making
such applications, it will be useful to reformulate the lemma, which we now

do.
A quasistrategy for 11 in T is a game subtree T” of T" such that
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(a) if p € T" and ¢h(p) is even, then every Move in T at p belongs to 7",

(b) if p € T', ¢h(p) is odd, and p is not terminal in 7', then some Move at
p in T belongs to T".

(Note that a subtree T" of T satisfying (a) and (b) is automatically a game
subtree of T and so a quasistrategy for Il in T.) Quasistrategies for 1 are
similarly defined.

Every strategy 7 for II in T" gives rise to a quasistrategy for Il in 7" Let
T" = {p € T | pis consistent with 7}. Except for irrelevancies, 7" deter-
mines 7: 1" determines 7(p) for all positions p consistent with 7. The special
property distinguishing the quasistrategy determined by a strategy from a
general quasistrategy is that in (b) “some” can be replaced by “one and
only one.” Thus we may think of a quasistrategy as a many-valued strategy.
Quasistrategies are often useful in situations where one is not assuming the
Axiom of Choice. But they are also useful in proofs of determinacy, as the
rest of this chapter will show. Quasistrategies for Il in 7" are sometimes called
[T-imposed subtrees (or subgames) of T.

The following Lemma is really just a reformulation of Lemma 1.2.5 (and
its dual).

Lemma 1.2.6. (1) If G(A;T) is not a win for 1, then
{¢geT | (VpCyq) G(A;T,) is not a win for 1}

is a quasistrateqy for 11.
(2) If G(A;T) is not a win for 11, then

{¢eT | (VpCyq) G(A;T},) is not a win for 11}
is a quasistrateqy for 1.

Proof. For (1), assume that G(A;T') is not a win for I and let 77 = {q €T |
(Vp C q) G(A; T,) is not a win for I}. Clearly T” is a subtree of T'. Property
(a) for T" follows from (i) of Lemma 1.2.5. Property (b) follows from (ii). (2)
similarly follows from the obvious variant of Lemma 1.2.5. U

Whenever G(A;T) is not a win for I, let us call

{¢eT | (VpZyq) G(A;T,) is not a win for I}
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II’s non-losing quasistrategy for G(A;T), . Similarly define I’s non-losing
quasistrategy for G(A;T) when G(A;T) is not a win for II. The proof of
Theorem 1.2.4 from Lemma 1.2.5 amounted to showing that, for A open,
IT’s non-losing quasistrategy for G(A;T) is a winning quasistrategy, in the
obvious sense.

Lemma 1.2.7. (1) If G(A;T) is not a win for I and T" is I1’s non-losing
quasistrategy, then G(A;T") is not a win for 1.

(2) If G(A;T) is not a win for I1 and T" is I’s non-losing quasistrategy,
then G(A;T") is not a win for I1.

Proof. We prove (1). Suppose that o is a winning strategy for I for G(A;T").
Then I can win G(A;T) by playing o until (if ever) II first departs from 7"
at some position p and then playing a winning strategy for G(A;7,). O

Exercise 1.2.1. A game tree T is wellfounded if for every nonempty ¥ C T
there is a terminal element p of TNY , i.e. a p € T'NY such that no ¢ properly
extending p belongs to T'NY.

(a) Prove that T is wellfounded if and only if there are no infinite plays
in 7. (The “if” direction will require the Axiom of Choice.)

(b) Assume that Lemma 1.2.2 holds for A and 7" and prove in ZF (i.e.,
don’t use the Axiom of Choice) that if 7" is wellfounded then G(A;T) is
determined.

Exercise 1.2.2. Show that the Axiom of Choice is equivalent in ZF with the
determinacy of all games in trees T' such that every p € T' has length < 2.

Exercise 1.2.3. Working in ZF, assume that the Axiom of Choice is false.
Prove that there are A and 7" such that (i) there is a play of length 1 belonging
to A but (ii) G(A;T') is not determined. (This shows that, in the absence of
Choice, it would be more natural to define strategy as suggested during the
proof of Lemma 1.2.2.)

Exercise 1.2.4. Let A C [T'] be open. For each ordinal number «, we
define P,, a set of positions of even length in 7. The definition proceeds by
transfinite induction on a. Let p € B if and only if [7,] € A. For o > 0,
p € P, if and only if p € P or there is a Move ¢ at p such that either ¢ € A
or ¢ is not terminal and, for every Move r at ¢, r € |J p<a Pp- First show that
there is an a such that (Vy > «)P, = P,. Now let P, be this limiting value
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of P,. Show that G(A;T) is a win for I if the initial position § € P, and
that G(A;T) is a win for IT if ) ¢ P,,. (This is a more constructive proof
of Theorem 1.2.4. It was independently noticed by several people. See Blass
[1972] for a related result.)

Exercise 1.2.5. Use the construction of Exercise 1.2.4 to prove that, if A C
“w, A € X0 and G(A;<“w) is a win for I, then there is a winning strategy
for I belonging to L(B) for § the least admissible ordinal greater than w.
Prove also for such A and for the same 3, that if G(A; <“w) is a win for II
then there is a winning strategy for II belonging to L(8 4 1). (The literal
construction of Exercise 1.2.4 doesn’t quite work; modify the definition of F,
to get Py € L(B).)

1.3 The Theorems of Wolfe and Davis

In §2.1 we will prove that all Borel games are determined. Nevertheless, the
remaining two sections of this chapter will be devoted to proofs of partial
results that will not be used in the proof in §2.1. What is of interest about
these proofs is that in essence they do not use the Power Set and Replacement
Axioms of ZFC (though one of them does use something that goes beyond the
other standard ZFC axioms). A striking result of [Friedman, 1971], proved
before Borel determinacy, implies that both Power Set and Replacement are
needed to prove that all Borel games (even in countable trees) are deter-
mined. This is surprising because almost all theorems of mathematics can
be proved in Zermelo Set Theory (ZC): ZFC without the Axiom of Replace-
ment but with Comprehension. Moreover the assertion that all Borel games
in countable trees are determined concerns only countable objects, whereas
Friedman’s result might be described as implying that Borel determinacy
cannot be proved without invoking principles about uncountable objects.

In the next two sections and in §2.3, we want to avoid using Power Set
and Replacement whenever we can. However, in order not to get embroiled
in technicalities, it is convenient to have available always a small part of
the Axiom of Replacement. To describe the appropriate theory, we need to
introduce the Lévy hierarchy of formulas of the language of set theory.

First we define the bounded formulas as constituting the smallest class
satisfying the following:

(a) Every atomic formula is bounded.
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(b) If ¢ is bounded, then so are (Jz)(x € y A ¢) and (Vz)(z € y — ¢).

A formula is called X and also Il if it is bounded. For n € w, a formula is
Y41 if it is (3z) ¢ for some variable x and some II,, formula ¢; it is 11,44 if
it is (V) ¢ for some variable = and some ¥,, formula .

The theory in which we will work in most of the next two sections is
7C~+ ¥; Replacement: ZFC without the Axiom of Power Set and with
the Axiom of Replacement only for 3; formulas. Another way to describe
this theory is that it is Kripke-Platek set theory with Choice (KPC) plus
Comprehension. The point of »; Replacement is that it gives us cartesian
products, enough ordinal numbers, and some simple definitions by transfinite
recursion. We could get by without ; Replacement, but then we would have
to be careful how we formulate some of our theorems as well as how we prove
them. With respect to the absence of the Power Set axiom, the reader not
familiar with formal axiomatic set theory should notice that the sets we deal
with in proofs about games in a tree T" are subsets of T" or are other sets of no
greater size than T'. Sometimes we mention larger sets, e.g. [T'] and subsets
of [T]. Talk of [T is eliminable in simple ways: for example, instead of
“Wz)(x € [T] — ...),” we can say “(Vz)(VpCx)pe T) — ...).” Our talk
of subsets of [T] will be almost always be eliminable because the subsets in
question will be Borel sets, and therefore they can be specified by countable
systems of subsets of T": To specify a Borel set, it is enough to describe how
it is built up a countable family of open sets; the open sets A themselves are
given by the set of p € T such that [7,,] C A. Lemma 1.4.1 gives another way
to specify a Borel set: via a clopen subset of [T'| x [S], with S a countable
tree.

The proofs of all results in §1.1 and §1.2 go through in ZC~ + i Re-
placement.

In this section we will prove, in ZC~+ ¥; Replacement, determinacy for
Borel levels through 9.

Theorem 1.3.1. ([Wolfe, 1955]; ZC~+ X; Replacement) All X9 (F,) games

are determined.
Proof. We first prove the following lemma.

Lemma 1.3.2. Let B C A C [T'| with B closed. If G(A;T) is not a win
for 1, then there is a strategy T for I such that every play consistent with T
contains a position p with these properties:
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(i) 1T,] N B is empty.
(1)) G(A;T,) is not a win for 1.

Proof of Lemma. Assume that G(A;T) is not a win for I. Let C' be the
set of all z € [T'] such that no p C z satisfies both (i) and (ii). The lemma
asserts precisely that G(C;T) is a win for II. Assume for a contradiction
that this is false. C' is closed, so Theorem 1.2.4 implies that G(C;T) is a win
for I. Let 7" be II’s non-losing quasistrategy for G(A;7T). By Lemma 1.2.7,
G(A;T") is not a win for I. But 7" does not restrict I's moves in 7', so G(C; T")
is a win for I. Let o be a winning strategy for I for G(C;T"). Let x € [T"| be
consistent with o. For every p € T", and so for every p C x, G(A;T,) is not
a win for I; i.e., (ii) holds for every p C z. Thus (i) fails for every p C z. In
other words [T,,| N B is nonempty for every p C z. But B is closed, so this
implies that z € B. B C A and hence = € A also. Since z was an arbitrary

play consistent with o, we have derived the contradiction that ¢ is a winning
strategy for I for G(A;T"). O

For the proof of the theorem, let A C [T'| with A € 39. Then A can
be written as A = |J,., A; with each A; closed. Assume that G(A;T) is
not a win for I. We get a winning strategy 7 for II as follows. Here and on
other occasions, we describe (the essential part of) a strategy by describing
an arbitrary play consistent with the strategy. Let 7 be as given by the
lemma with B = Ag. Let 7 agree with 7y until a position py is first reached
satisfying (i) and (ii). Now apply the lemma with B = A; and T, for T,
getting 71. Let 7 agree with 7 from pg until a p; is first reached satisfying
(i) and (ii). Continue in this way. If (., p; is finite and non-terminal, let 7
be arbitrary on positions extending | J,., pi- Let = be consistent with 7. For
each 7, there is a p; C x with [71},,] N A; = 0. Hence x ¢ | J,., Ai; ie., v ¢ A.

0

Theorem 1.3.3. ([Davis, 1964]; ZC~+ 3; Replacement) All 2} (Gs, ) games
are determined.

Proof We first prove a lemma analogous to Lemma 1.3.2.

Lemma 1.3.4. Let BC A C [T| with B € I1I3. If G(A;T) is not a win for
I, then there is a quasistrategy T for 11 with the following properties:

(i) [T*] N B is empty.
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(i) G(A;T*) is not a win for 1.

Proof of Lemma. Assume that G(A;T) is not a win for I. Let 7" be II's
non-losing quasistrategy for G(A4;7T). Note that, for each p € T", T} is II's
non-losing quasistrategy for G(A4;7,); thus by Lemma 1.2.7 every p € T" is
such that G(A;T}) is not a win for L.

Let us call a position p in T" good if there is a quasistrategy 7™ for II
in 77 such that (i) [7*] N B is empty and (ii) G(A;T*) is not a win for I.
The lemma will be proved if we can show that the initial position ) is good,

since a T™* witnessing that () is good is also a quasistrategy for II in 7. Now
B € TIIY, so let B=) ., D, with each D,, open. For each n let

new

E, =Au{ze[T| 3pCx)([T,] € D, A pisnot good)}.

Fix n and assume that G(E,;T") is not a win for I. We show that 0 is
good. Define a quasistrategy T* for II in 7" as follows: T* agrees with II’s
non-losing quasistrategy 7" for G(F,;T") until first (if ever) a position p is
reached with [T)] € D,. Consider a first such p reached. Since p belongs
to T”, p must be good. Choose a quasistrategy T(p) for IT witnessing that p
is good. Let T* agree with T (p) for ¢ 2 p. We will show that T* witnesses
that 0 is good. If z € [T*] then either z ¢ D, or else x belongs to some
[T(p)] and so & ¢ B by (i). Thus [T*] € =D, U—-B = =B, and we need
only show that G(A;T™) is not a win for I. Suppose to the contrary that o
is a winning strategy for I for G(A;T™). If there is a position p consistent
with o such that [7})] C D,, then there is such a p such that T; = T(p).

~

T'(p) has property (ii) and so G(A;T}) is not a win for I. But then o cannot
be a winning strategy for G(A; T*). Hence no such p can exist, and so every
play consistent with o belongs to [7”]. By Lemma 1.2.7, G(E,;T") is not
a win for I. Thus there is an = € [T”] such that z is consistent with ¢ and
ré¢ E, ACE,, and so x ¢ A. Therefore o is not a winning strategy. This
contradiction completes the proof that T™* witnesses that () is good.

The argument just given has shown that () is good unless, for each n € w,
G(FE,;T") is a win for I. For p € T" and n € w, let

EF = Au{zc[T)] | (3¢Cx)(p S q A [T,] €D, A qis not good)}.

The same argument shows that, for all p € T” and all n € w, p is good unless
G(EP;T)) is a win for L.
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Assume that the lemma is false. We get a strategy o for I as follows. Let
0o be a winning strategy for I for G(Fo;T"). o agrees with oy until first (if
ever) a py is reached with [77 | € Dy and po not good. If such a py is reached,
choose a winning strategy oy for I for G(E{*; T} ). Let o agree with o, from
po until a p; is first reached with fT;l] C D; and p; not good. Continue in
this way, letting o be arbitrary on positions extending |J,,., pn if the latter
is a non-terminal position. If some p,, does not exist, then the play = belongs
to EPr—t (E, if n = 0) but there is no p C z with p,—1 C pif n > 0 and
[T)] € D, and p not good. By the definition of E,, » € A. If all p, exist,
then the play belongs to (.., Dn = B C A. Thus every play consistent with
o belongs to A, contrary to the hypothesis that G(A;T”) is not a win for I.
O

Now let us prove the theorem. Let A C [T] with A € X3, Let A =
Ui, Ai with each A; € I13. We get a strategy 7 for II as follows. Apply the
Lemma with B = Ag to get T*(0). For positions p; € T of length 1, let 7(p1)
be an arbitrary move legal in II's non-losing quasistrategy for G(A;T*(0)).
For any position p, consistent with 7 and with ¢h(py) = 2, apply the lemma
with B = Ay and with (7%(0)),, for T, getting T*(p2). For any position
p3s € T*(0) with ¢h(ps) = 3, let 7(p3) be an arbitrary move legal in II's
non-losing quasistrategy for G(A;T*(p3)). Continue in this way. Let = be
a play consistent with 7. If x is finite, then x belongs to II’s non-losing
quasistrategy for G(A;T*(()), hence (T*(0)), € A, and so z ¢ A. If z is
infinite, then z € (), o, [T*(z [n)] € (N,ep "An, so © ¢ A. Thus 7 is a
winning strategy for II for G(A;T). O

Exercise 1.3.1. Let A C [T'] with A € 3. Let A =, ., An with each A,
closed. For each ordinal number «, we define P,, a set of positions of even
length in 7. For p € T and [T,] N A # 0, let n(p) be the least n such that
[T,] N A, # 0. For each ordinal «, let

Bl = {z€[T,)] |2 €A vV F)pCqCaAge Py}

B<a

Let p € P, if and only if n(p) is defined and G(B?;T,) is a win for I. As with
Exercise 1.2.4, first show that there is an « such that (Vy > a) P, = P,, and
let P, be this limiting value of P,. Now show that G(A;T) is a win for I if
0 € Py and that G(A;T) is a win for ITif () ¢ Ps..
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Exercise 1.3.2. Use the construction of Exercise 1.3.1 to prove Solovay’s
result (see pages 414-415 of [Moschovakis, 1980]) that, if A C “w, A € X9,
and G(A;T) is a win for I, then there is a winning strategy for I belonging
to Lg for 8 the closure ordinal for 3 monotone inductive definitions. Prove
also that, for such A and for the same [, that if G(A;T) is a win for II
then there is a winning strategy for II belonging to L(f), where 5’ the least
admissible ordinal > (.

1.4 Af Games

In this section we prove the determinacy of all A} games. For countable
trees, AY coincides with the difference hierarchy on II3. (Theorem 1.4.2,
a result in [Kuratowski, 1958]). For uncountable trees, A coincides with
what we call the generalized difference hierarchy on II3. Because the proofs
in this section are somewhat complicated, we first deal fully with the case
of countable trees. We prove, in the countable case, the equality of the
difference hierarchy with A}, and we prove (in the general case) determinacy
for the difference hierarchy. Then we take up general trees, showing how
to modify the definitions and proofs from the countable case to make them
work in the general case.

In earlier versions of this chapter, we mistakenly claimed that our proof of
determinacy for the difference hierarchy on IT3 went through in ZC~+ ¥ Re-
placement. In [Montalban and Shore, 2012], the authors point out that only
for fixed finite levels of that difference hierarchy does our proof go through in
7ZC~+ ¥ Replacement. They go on to demonstrate that the assertion that
determinacy holds in countable trees for all finite levels cannot be proved in
ZFC~ (ZFC minus Power Set). This improves the known theorem, proved
using the methods of [Friedman, 1971], that the determinacy of all X$ games
in countable trees cannot be proved in ZFC~. (See Exercise 1.4.1.) Before
giving our proof of determinacy for the full difference hierarchy, we present
the simplification of that proof that results from adapting it to the case of
a fixed finite level of the hierarchy. For this proof, we will not need to treat
the case of countable trees separately.

For the both the fixed-finite-level case and the full difference hierarchy
case, we first give determinacy proofs without paying attention to what hy-
potheses are being used. Afterward we discuss hypotheses. The determinacy
of the full difference hierarchy needs a theory stronger than ZC~+4 »; Re-
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placement, but this theory does not imply the existence of uncountable sets.
Moreover it, like ZC™+ X; Replacement, does not imply that all 39 games
in countable trees are determined. (See Exercise 1.4.6.)

If T is a class of sets (e.g., II3) and o > 0 is a countable ordinal, then a
set A C [T] belongs to a-T', the ath level of the difference hierarchy on T,
just in case there is a sequence (Ag | f < a) with each Ag € T" and such that

(Ve e [T])(x € A < ub(x ¢ AgV [ =a) is odd),

W, ”

where “u” means “the least” and “odd” is defined in the natural way. (Limit
ordinals are even.) The difference hierarchy is ordinarily defined only for
classes I' closed under countable intersections (so that (,_; A, € I') and we
will consider it only for such classes. 1-I' =T, 2-T" is the class of differences of
sets belonging to T', etc. Let Diff(T") = {J,_,, a-I'. We are interested in the
difference hierarchy because of Theorem 1.4.2, which states that Diff(TT) =
A’ . Before proving this result of Kuratowski we prove a characterization
of X0 that will be useful for the proof.

A game tree T is wellfounded if, for every nonempty Y C T, there is a p
in T'NY such that no g 2 p belongs to T'NY. Using the Axiom of Choice,
one can show that T is wellfounded if and only if there are no infinite plays
in 7. (Exercise 1.2.1.) For wellfounded T, the plays in T" are thus exactly
the same as the terminal positions in T. If T is wellfounded, then we can
define functions with domain T' by transfinite recursion. (See Theorem 5.6 of
[Kunen, 1980] or pages 82-83 of [Moschovakis, 1980].) To define an f with
domain (f) = T, it is enough to define f(p) in terms of the restriction of f
to the proper extensions of p, i.e. to define an operation G (which may be a
proper class) and let

flp) = G(f 1 {alp<Sq})

for each p € T. (Since the existence of f is proved by using the Axiom of
Replacement, we will in this section use definition by transfinite recursion
only for G’s definable by a simple enough formula that ¥; Replacement
suffices to get f.) When we make such a definition, we will say that we
are defining f by induction on T. One can talk in more general terms of
wellfounded relations: A relation < is wellfounded if, for every nonempty set
Y, there is an element of ¥ minimal with respect to <. Thus a game tree T
is wellfounded if and only if D| T is a wellfounded relation. In general, the
wellfoundedness of a relation is equivalent with the non-existence of infinite
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descending chains with respect to <. Definition by transfinite recursion is
applicable to general wellfounded relations. When we use it for < we will
say we are making a definition by induction on <.

Let Ord be the (proper) class of all ordinal numbers, and let T be a
wellfounded game tree. By induction on T, we define || |7 : T — Ord by

IplI" = sup{|lq|" +1|p < q}.

Note that the supremum in this definition might as well be restricted to ¢
with fh(q) = ¢h(p) + 1. Define also

171 = 191"

Note that || T'|| and each ||p||? are ordinals smaller than |T'|*, the least cardinal
number greater than |T'|, the cardinal number of T'. (Of course, since we now
are working in the weak theory ZC~ + 3; Replacement, we don’t know that
|T|" exists. Nevertheless, we will use the notation |T'|", construing it as
proper class if it is not a set.)

Lemma 1.4.1. (ZC~+ X; Replacement) A C [T'] is Borel if and only if
there is a tree S C <“w and there is a clopen B C [T'] x [S] such that S is
wellfounded and

(Ve e [T])(x € A < G(B(x);S) is a win for I),

where B(z) = {q € [S] | (z,q) € B}. Moreover, for « > 0 and A C [T,
A € 3% if and only if such an S and B exist with ||S]| < a.

Proof. If such S and B exist with ||S|| < «, define A, C [T"] for ¢ € S by
r €A, < G(B(z);S,) is a win for I.
We prove by induction on ||¢|| = ||¢||® > 0 that

4, e { Efl)qH %f ¢h(q) %s even;

IT, if fh(g) is odd.

If ||g|| = 0 then ¢ is terminal, and so = € A, <> (z,q) € B, so A, is clopen.
Let [|q|] > 0. If ¢h(q) is even, then

Ag = Ay 14 S d A th(q) = th(g) +1};
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If ¢h(q) is odd, then

= ({Ay 4 S q A th(g) = th(q) + 1}.

In both cases, the desired conclusion follows directly by induction.

We prove the converse by induction on «. If &« = 1 then A is open. Let
S =1w and let (z,(k)) € B <> [Ty1] C A. Let a > 1 and assume A € 3.
Then there are A;, i € w, such that A = J,, A; and such that each A; € HO
for some f3; < a. Let S; C <“w and B; be given by induction for —A; and /BZ,
for each 7. Let

S = {{H~qlqe S
B = {{z.(i)~q) [ g € [Si] Alz,q) & Bi}.

It is easy to see that S and B are as required. O

Theorem 1.4.2. ([Kuratowski, 1958], §33 III; ZC~+ ¥; Replacement) For
countable T, Diff (TIY) = AL, for each countable ordinal & > 1.

Proof We first show Diff(Hg) C A?,,. (For this part, we do not need
the assumption that 7" is countable.) Let (Ap | f < «) witness that A €
Diff (Hg). Assume for definiteness that « is even.

A= 40 4)

B<a v<B
B odd
= J-4sn () “AsulJ-4y)
B<a B<a y<pB
B even

Since each A, € TI{ and IT{ is closed under countable intersections, [ sy €
I} € 3¢,,. Furthermore, ~Az € ¥ C 32,,. Since X2, is closed under
ﬁmte intersections, =Agz N <5A E 25 +1- The first equation then gives
that A € Eg +1- An analogous calculation using the second equation gives
that A is the intersection of a member of 3¢ and a member of IT{, ,; hence
A € IIY,, also. By the definition of Ag, , A€ A, .
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We now turn to the more difficult other half of the theorem. Let A €
There are sets C;, © € w, such that each C; € Hg and such that

-4 = |G

A = [JCaup.

1EW

0
Agir

For each i € w let S; and B; be given by Lemma 1.4.1 with —C; for the A of
that lemma and & for the a. Let

S = {{i)~qlqeSi};
B = {(z,()~q) | q€ [Si] A (x,q) ¢ Bi}.

Note that G(B(z);S) is a win for I if and only if z € (J,,, Cn = AU-A =
[T, and so each G(B(x);S) is a win for . For n € w let

S" = {qe S|thiq) <2n A (Vn' <n)(n' even — ¢(n') < n)}.
and let

U, = {{p,t) | peT A th(p) =n At €Sy(S™) A
(Vg € [S]N S™)(q consistent with ¢t — [T,,] x {¢} € B)}.

Recall (page 5) that Spi(S™) is the set of all strategies for II in S™.
Let U =, .., U,. Partially order U by

necw
.ty <)y < (W SpAt' CH).
The relation < is wellfounded, since if

<o < (P2, ta) < (p1,t1) < (po, to)

is an infinite descending chain with respect to <, then (J, ., ¢, is a winning
strategy for II for G(B(U, e, Prn); S), and this game is a win for I. By induc-
tion on < define ord(p, t) = sup{ord(p’,t') + 1 | (p',t') < (p,t)}. Note that
the supremum in this definition might as well be restricted to (p',t') € U, 11
if (p,t) € U,. The unique member of Uy is (0, #). Set v = ord({(),)). By
the hypothesis that 7" is countable, it follows that U is countable also; hence
v is a countable ordinal.
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Ifx e [T],t e Su(S"), and i < n, then t gives a fragment s! of a strategy
for I for G(B;(x); S;): Let st(q) = t({i)~q) for each ¢ such that (i)~q € S™.
Let us say that ¢ € Sy(S™) is n-wrong for x € [T'] if there is an ¢ < n such
that, for all o € §i(5;), if st C o then o is not a winning strategy for I for
G(B;(x); S;). Note that if t € Sy1(S™) is not n-wrong for « then (x [n,t) € U,.

Remark. The reason we had to define “n-wrong” and not simply “wrong”
is that it is possible to have S™ = S" with n # n/.

Now define, for a < 7,

Asy = {2 €[T] | (Vn)(Vt)((n even A (x [ n,t) € U, A ord(x [ n,t) = a)
— t is n-wrong for z)}.

Similarly define As,,q for a < v, with “odd” replacing “even.”

We show that (Ag | f < 27y) witnesses that A € Diff(IT). Let « € [T]
and let o be the least ordinal such that there exist n and ¢ € Sy(S™) with
t not n-wrong for x and with ord(x [ n,t) = . Such «a, n, and ¢ exist with
a <7, for ) € Siu(S™), and the fact that there is no ¢ < 0 guarantees that ()
is not O-wrong for z. Let n and ¢ € Si(S™) be such that ¢ is not n-wrong for
x and ord(z [ n,t) = a. Choose n to be even, if possible. Note that o < 7y if
n is odd, since n > 0. We show that

neven — I € ﬂ(Ag\Aga) N x ¢ A;

B<2a

nodd — z€ [)(As\ Asg1) A 2 €A

B<L2a

We do the case that n is even; the other case is similar. Since n is even, ¢
witnesses that z ¢ As,. But the minimality of o implies that, for all o/ < «,
x belongs both to Ay, and to Asy 1. Thus z € ﬂﬁ<2a Ag\ As,. Since t is not
wrong for z, there is for each i < n a winning strategy o; for I for G(B;(z); S;)
such that st C o;. This means, first of all, that G(B;(x); S;) is a win for I
for each ¢ < m and so that (Vi <n)x ¢ C;. Suppose for a contradiction
that also = ¢ C,,. Let o0, be a winning strategy for I for G(B,(z); S,). Let
t' € Sr(S™1) be such that s C o; for each i < n. Clearly ¢ is not n-
wrong for x. This implies, in particular, that (x [ n + 1,¢) € U,,;. But
(x [n+1,t') < (x [n,t), and so ord(x [ n+ 1,t') < ord(x | n,t) = a. This
contradiction gives us that = € C,,. Since n is even, it follows that x ¢ A.

To complete the proof of the theorem, we show that each Az € Hg.
Assume for definiteness that § = 2a. Since Hg is closed under countable
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intersections, it is enough to show that, for any fixed ¢ and even n, the set
Agqny defined by

Asont = {2 | (z [n,t) €U, A ord(x [ n,t) =a) — tis n-wrong for x}
belongs to Hg. We apply Lemma 1.4.1. Fix such n and t. For i < n let
S! = {q € S; | qis consistent with s.}.

Let
B! = {{x,q) € B; | (x | n,t) € U, A ord(z [ n,t) = a}.

Now x € Agqn, if and only if there is an i < n such that G(B.(z);S]) is not
a win for I. Since ||.S;|| < ||S;|| < € for each i and since each B! is clopen, the
fact that Asqn, € II{ follows by Lemma 1.4.1. O

We will prove the determinacy of AY games by proving that all Diff (T13)
games are determined and then applying Theorem 1.4.2. This proof is rather
complicated, so we first deal with the simpler case of a-II3 games for «
finite. The following well known fact gives an equivalent characterization of
the games of this form.

Lemma 1.4.3. Let T' be a collection of subsets of [T'] closed under finite
unions and intersections. A subset A of [T is k-T' with k € w if and only
if A is a Boolean combination of finitely many T’ sets.

Proof. The “only if” direction is clear.

For the “if” direction, let A be a finite Boolean combination of finitely
many sets in I'. For some positive integer k, A = |J,_, E; with each E; the
intersection of finitely many sets each a member of I" or the complement of
member of I'. Since I' is closed under finite unions and intersections, we may

assume that
i<k
where 1 < k € w and where the B; and C; belong to I'. We may also assume
that B; D C; for each 7 < k.
For z € [I'] and j < k let

x € Ay <> x belongs to at least j 4+ 1 of the sets B;;
x € Agjy1 4> x belongs to at least j + 1 of the sets C;.
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We will show that (A; | i < 2k) witnesses that A € 2k-T'. Let « € [T].
Let m be least such that m = 2k or x ¢ A,,.

First assume that m is an odd number 25 4+ 1. Then z belongs to exactly
j of the C; and to at least 7 + 1 of the B;. Thus there is an ¢ such that
r € B;\ C;, and so x € A.

Next assume that m is an even number 2j5. Then z belongs to exactly j
of the B; and to at least j of the C;. Since B; O C; for each 1, it follows that
{i|z € B;} ={i|x € C;}. Thus there is no i such that x € B; \ C;, and so
xr ¢ A. d

Theorem 1.4.4. For each finite k, ZC~+ ¥, Replacement & “All k-TI3
games are determined, and therefore G(A;T) is determined for every A in
the Boolean algebra generated by T13 subsets of [T7].”

Remark. The proof that follows was gotten by specializing—and so some-
what simplifying—the proof of Theorem 1.4.10 to the case v = k. The proof
of Theorem 1.1 of [Montalban and Shore, 2012] was gotten in the same way,
and at heart the two proofs are the same. Montalban’s and Shore’s context
differs from ours in that they are dealing with second order arithmetic in-
stead of set theory, and so only countable trees are involved. Also they pay
attention to what fragment of the axiomatic theory of second order arith-
metic is needed for the proof. We won’t pay attention to this in giving our
proof, but we will discuss it afterward.

Proof. We give the proof for the case that k£ is odd. From this, the proof
for the case of even k can be gotten by exchanging “I” and “II.”

Let A C [T]| with A € k-IT3. Let (A, | n < k) witness that A € k-TIY.
Also without loss of generality, we assume that

m<n<k—A, DA,

For each n < k, let A, ;, i € w, be XY sets such that A, = Micw Ani- For
each n < k and each i € w, let A,;,, j € w, be closed sets such that
An,i = UjEw An,i,j-

For s € =Fw and for game subtrees S of T, we define, by induction on
¢h(s), the assertion P*(S5).

(1) P°(S) holds if and only if G(A4;S) is a win for II;
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(2) If fh(s) = n+ 1 and n is even, then P*(S) holds if and only if there is
a quasistrategy U for I in S such that

(a) [U—‘ - AU Akfnfl,s(n);
(b) Ps"(U) fails;

(3) If th(s) =n+ 1 and n is odd, then P*(S) holds if and only if there is
a quasistrategy U for II in S such that

(a) [U—‘ g -AU Ak—n—l,s(n);
(b) PsI"(U) fails;

Note that £k —n — 1 is even if and only if n is even.

For ¢h(s) > 0, we say that U witnesses P*(S) if the obvious conditions
hold. For ¢h(s) = 0, U witnesses P*(S) if U is (the quasistrategy correspond-
ing to) a winning strategy for II for G(A4;5).

For ¢h(s) = n+1, we say that a quasistrategy U (for I if n is even and for
IT if n is odd) locally witnesses P*(S) if there is a subset D of S and there
are for each d € D quasistrategies R? in S, for 11 if n is even and for I if n
is odd, such that

(i) for each d € DNU, U;N R witnesses P*(R%);

A if n is even;
.. d !
(i) [UT\ Usen[ R € { —=A if nis odd;

(iii) for each p € S, there is at most one d € D such that d C p and p € R%.

If U witnesses P*(S), then U locally witnesses P*: Let D = {0} and let
R? = S. The next lemma, which will be an important technical tool, is the
converse.

Lemma 1.4.5. Let s € SFw with 0 < (h(s) =n + 1. Assume that U locally
witnesses P*(S). Then U witnesses P*(5).

Proof of Lemma. We prove the lemma by induction on n (actually on odd
and even n separately).

Note first that U cannot fail to have property (a) (i.e. (2)(a) or (3)(a),
whichever is appropriate). To see this, assume for definiteness that n is even
and let z € [U]. By (ii), we may assume that 2 € [R%] for some d € D. But
then (i) implies that © € AU Ay_p,_1 5(n)-
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We now turn to property (b), for which we really need induction.

Suppose first that n = 0. Assume for a contradiction that (b) fails. Since
n =0, let 7 be a winning strategy for II for G(A; U).

We show that there is a d € D consistent with 7 such that if x D d
is a play consistent with 7 then z belongs to [R?]. Assume this is false.
Then for each d € D such that d is consistent with 7, let f(d) 2 d, f(d)
consistent with 7, f(d) ¢ R?, and (Vq)(d C q € f(d) — q € RY). By (iii)
there are no members d and d' of D that are consistent with 7 and such
that d C d' C f(d). It follows that there is a play z consistent with 7 such
that f(d) C « whenever d C z. Clearly  cannot belong to |J,cp[R"]. But
(ii) gives the contradiction that x € A.

Let then d be consistent with 7 such that z belongs to [R?] for every
play x O d such that x is consistent with 7. Then the obvious restriction
of 7 is a winning strategy for II for G(A;U; N RY). Hence P*(U; N RY),
contradicting (i).

Next suppose that n > 0 is even. Assume for a contradiction that (b)
fails. Let S” witness P*"(U). We define D’ C S’ as follows:

de S A
deD < S deDA
G(—=[R%]; ) is a win for IL.

For d € D/, let R'® be II's non-losing quasistrategy for G(=[R%]; S)). Note
that R4 C R4

Let d € D'. Since R is a quasistrategy for II in S and S/, is a quasis-
trategy for II in Uy, it follows that R'? is a quasistrategy for II in U,. Since
(R C [S"] € AU Ak_n+ s(n—1), condition (3)(a) holds for R". By (i), R
cannot witness P*I"(Uy), so (3)(b) must fail for R'®. Let then U’® witness
Ps[nfl(R/d)‘

We define a quasistrategy U’ for I in S’ as follows:

(1) If p € U’ and there is no d € D such that d C p and p € R, then let
any move legal in S’ at p be legal in U’ at p.

(2) For each ¢ € S and d € D such d C ¢, such that ¢ € R?\ R (taking
R4 = () for d ¢ D'), and such that every ¢’ C g belongs to R, let o, be
a winning strategy for I for G(=[R?];S,). Whenever such a ¢ belongs
to U', we let U, agree with o, until a position p ¢ R? is reached.

(3) Ford e D'NU', let U;N R4 =U".
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Using D' and (R | d € D'), we now show that U’ locally witnesses
Psm=1(8"). Induction will then give that U’ witnesses P*™~1(S’), contra-
dicting property (3)(b) of S’. Property (i) follows from clause (3) in the
definition of U’ and the fact that U'® witnesses P*™~1(R'?). For (ii), note
first that clause (2) in the definition of U’ guarantees that, for each d € D,

(U n[RY S [R].

Thus [U"\ Ugep [R?] = [U1\ Ugep[ R?] C A. (iii) follows from the facts
that D' C D and that (Vd € D') R C R%.

For the remaining case, that of an odd n > 0, we make the same defi-
nitions as for the case of even n > 0, except that we exchange I and II, A
and —A, and G(~[R%];S) and G([R%];S). The argument is exactly the
same, except for a minor change in the case n = 1: In that case, the U’? are
the quasistrategies corresponding to winning strategies for II for G(A; R'?),
and we must prove that [U'] € =A. As before, [U'] \ Uyep [R*] € —A.
Moreover for d € D’ we have that [U'] N [RY] = [U"] C -A.

We say that P*(S) fails everywhere if P*(S,) fails for every p € S.

Lemma 1.4.6. Let s € <Fw and let m = Ih(s). If P*(S) fails, then there is
a quasistrateqgy W in S for I if m is even and for II if m is odd such that
P*(W) fails everywhere.

Proof of Lemma. The case m = 0 is Lemma 1.2.7, so assume m = n + 1.
Suppose for definiteness that n is even; the other case is similar. Let D be
the set of all d € S such that P*(Sy) but such that, for every p C d, P*(S,)
fails. For each d € D, let U¢ witness P*(S;). Let

B={ze[S]|(3deD)dC x}.

First assume for a contradiction that the open game G(B;S) is a win for
I. Let o be a winning strategy for I for G(B;.S). We define a quasistrategy U
for ['in S as follows: U agrees with ¢ until a position d € D is reached. Then
Us=U% Ford € D, let R = S,. It is easy to see, using D and (R? | d € D),
that U locally witnesses P*(S), so Lemma 1.4.5 gives the contradiction that
U witnesses P*(S5).

We know then that G(B;S) is a win for II. Let W be II’s non-losing
quasistrategy. Assume for a contradiction that ¢ € W and that U* witnesses
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P*(W,). Let U be a quasistrategy for I in S, defined as follows: Let UNW, =
U*. When first (if ever) a position p ¢ W is reached, let U agree with a
winning strategy o, for I for G(B;S) until a position d € D is reached. Then
let Uy = U? Let D' =DU{q}. Let R? =W, and let RY = S, for d € D. It
is easy to see, using D' and (R? | d € D’), that U locally witnesses P*(S,).
Lemma 1.4.5 gives us the contradiction that some d C ¢ belongs to D. [

For n + 1 = (h(s), we say that W strongly witnesses P*(S) if, for all
p € W, W, witnesses P*(S,), i.e. if W witnesses P*(S) and P*M™(W) fails

everywhere.

Lemma 1.4.7. Let s € SFw with 0 < (h(s) = n + 1. If P5(S), then there is
a W that strongly witnesses P*(.S).

Proof of Lemma. Assume for definiteness that n is even. Let U witness
that P*(S). By property (2)(b) of U, Ps"(U) fails. By Lemma 1.4.6, let W
be a quasistrategy for I in U such that P*I"(W) fails everywhere. Since W is
a quasistrategy for I in S and W inherits property (2)(a) from U, it follows
that W strongly witnesses P*(.S). O

Lemma 1.4.8. Let s € =Fw with 0 < (h(s) = n + 1. At least one of P*(S)
and P*I"(S) holds.

Proof of Lemma. We prove the lemma by induction on k& — n, simultane-
ously for all s and S.

Suppose for definiteness that n is even. (The case that n is odd is slightly
simpler, since n + 1 = k is impossible.) Assume that P*(S) fails. We will
define a quasistrategy U for II, and also D C S and (R? | d € D). Simul-
taneously we will define the notion of a position ¢ € U marking stage j, for
j € w. For any play « € [U], the set of j such that some g C z marks stage
j will be a (not necessarily proper) initial segment of w, and, whenever ¢ C x
marks stage j and ¢’ C = marks stage j', we will have ¢ C ¢’ <> 7 < j'.

The initial position () marks stage 0. By induction, P* (?(S) holds if
n+1 < k; let W? be a quasistrategy for II strongly witnessing this. If
n+1 =k, let W? be a quasistrategy for II in S such that P*(W?) fails
everywhere.

Assume inductively that ¢ € U marks stage j and that ¢ belongs to a
quasistrategy W? for II in S, such that P*(W9) fails everywhere and such
that W strongly witnesses P* 9)(S,) if n + 1 < k.
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Assume first that G(Ax_n_1,s(n),;; W) is a win for I. Then ¢ € D. Let R4
be I's non-losing quasistrategy for for G(Ay_n—1,5(n),;; W?). Let RINWYI = Ra
and, for p € S, \ W4, let R = S),. Let U witness PsIn(R9). (U9 exists since
H:?ﬂ C Apn-1sm); € Ar—n—1,mn), and so the non-existence of U? would
imply P*(W?), whereas P*(W1) fails everywhere.) We let U agree with U4
on R1. No p € R? with ¢ C p belongs to D or marks any stage.

Suppose that either R exists and p 2 g is a first position in U, not belong-
ing to R4 or else p = qgand R4 does not exist (i-e., G(Ap—n—1,5(n),;; W?)is a win
for II). Let U agree with a winning strategy 7, for II for G(Ax_n—1,s(n)j; W)
until a position ¢’ O p is first reached with (Wj,] N Ap—n_15m); = 0 and
q 2 p if p is not terminal. No ¢* with p C ¢* C ¢ belongs to D or marks any
stage. The position ¢’ marks stage j + 1. P*(W)) fails everywhere, because
P*(W1) fails everywhere. If n = k, let W? = Wg. If n < k then, by in-
duction, PS“<J'+1>(qu,) holds; let W9 strongly witness this. The position ¢’
marks stage j + 1. Note that W strongly witnesses P*~ U+V(S,) if n < k,
as required.

This completes the definition of U.

Suppose first that n > 0. We will show, using D and (R? | d € D), that U
locally witnesses P*"(S). By Lemma 1.4.5, this will show that U witnesses
Psn(S).

Since U; N R = Uy N R = U? for d € D, condition (i) holds. For (ii),
suppose that z is a play in U such that « ¢ (J,.p[R?]. From the definition
it follows that we have either

D= CqaCqepc---Cx

or
=S Co=qun= =2
such that each ¢; marks stage j. From the definition we also get that

j<j — W% DWu,

Hence z € [, [W%]. Since W% witnesses Pa(S,) ifn4+1 < k, it
follows in that case that

T e ﬂ(_'A U Ak,n,Q,j) = =AU m Ak,n,QJ
JEW JEW

== _\A U Akfnf2'
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From the definition we also get that, for each 7,
I_WQj+1] ﬁ14]~::—n—1,s(n),j - @

Hence x ¢ Ujew Ak—n—l,s(n),j = Ak—n—l,s(n)- Since Ak—n—l,s(n) 2 Akfnflu we
have that © ¢ Ax_,—1. If n +1 = k, this means that x ¢ Ay, and so = ¢ A.
If n+1 <k, then

T € (ﬁA U Ak-_n_Q) \ Ap_n_1.

By our assumption that the A,, are monotonely decreasing with m,

re(-AU [ A\ Aot

m<k—n—1

Since k —n — 1 is even, © € = A, as required by (ii). It is easy to see that
(iii) holds.

Now suppose that n = 0. The argument for (ii) in the case n > 0 still
works, s0 [U] \ Uzep[R?] 2 —A. Since UyN R = U and [U%] C —A, we
have that J,.p[R?] € —A. Thus U is a winning quasistrategy for G(S; A),
and so P%(S) holds. O

We can now prove the theorem. Assume that G(A;T) is not a win for II.
This means that P?(T) fails. By Lemma 1.4.6, let W? be a quasistrategy for
Iin 7T such that P?(W?) fails everywhere.

We define a quasistrategy U for I in W?. Assume inductively that we
have defined {p | p € U A ¢h(p) < j}. Let p € U with ¢h(p) = j. Assume
inductively also that p € WP, where WP is a quasistrategy for I in WI? such
that PY(1WP) fails everywhere. For each ¢ 2 p with ¢h(q) = j + 1, let
g €U «< g€ WP. By Lemma 1.4.8, P<j>(W§’) holds for all such ¢. Let W4?
be a quasistrategy for I in W? strongly witnessing P<j>(W(f).

We show that every play x € [U]| belongs to A, and so that U is a
winning quasistrategy for I for G(A;T). Let x € [U]. If x is finite, the fact
that = € [W?] implies that + € A. Assume then that x is infinite. Since
x € [W=It1] for each j € w, it follows that

ZL’EA UﬂAk—l,j = AUAk_l = A.
JEW

The last equality holds because k is odd and the A,, are monotonely decreas-
ing with n. U
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To get sharper form of Theorem 1.4.4, we need to pay attention to what
fragment of the Comprehension schema is used for a given k. As we remarked
on page 19, ZC~+ ¥; Replacement is the same as KPC + Comprehension.
Similarly Z— + >; Replacement is the same as KP + Comprehension. If,
e.g., we restrict Comprehension to II,, formulas for n < k, then we get the
theory KP + II; Comprehension.

Theorem 1.4.9. ([Montalban and Shore, 2012]) For each finite k, KP +
;.o Comprehension = “All k-II games are in countable trees are deter-
maned.”

Proof. See [Montalban and Shore, 2012]. The proof is basically like that of
Theorem 1.4.4, with careful attention to how much Comprehension the steps
of that proof use. In addition to Comprehension, the proof of Theorem 1.4.4,
also uses Y2 Dependent Choice. To justify this, Montalban and Shore use
L and absoluteness to prove that ¥, DC is conservative over KP + Ilj o
Comprehension for formulas that are II4 over the reals. O

In the case of uncountable trees, the most useful version of their theorem
is probably one that adds “+ V = L” to “KP + Ilx,o Comprehension.” The
author has not checked whether adding this hypothesis to the hypotheses of
Theorem 1.4.9 and dropping the word “countable” yields a theorem (without
increasing “k + 2).”

Theorem 1.4.10. All Diff(I13) games are determined.

Proof. Let A C [T] with A € Diff(I13). Let (A, | a < ) witness that
A € Diff(I13). Without loss of generality, we assume that v is odd. Also
without loss of generality, we assume that

Oé§5<’}/—>z4a2145.

For each a < 7, let A,;, i € w, be 3 sets such that A, = (,c,, Aa-
For each a@ < <y and each i € w, let A,;;, j € w, be closed sets such that

Aa,i = Ujew Aa,i,j-
Let Q be the set of all pairs (r, s) such that

(i) 7 e~

(i) s € ““w;
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(iii) ¢h(r) = h(s);
)

(v) i <j</th(r) — r@) >r(j).

(iv) (Vi </lh(r))(i even <> r(i) even).

For (r,s) € Q and for game subtrees S of T', we define, by induction on
¢h(r) the assertion P™*(S):

(1) P"P(S) holds if and only if G(A;S) is a win for II;

(2) If th(r) = n+ 1 and n is even, then P"*(S) holds if and only if there
is a quasistrategy U for I in S such that

(a) [U] € AU Am),stm);
(b) Prinsin(y) fails;

(3) If th(r) = n+1 and n is odd, then P™*(S) holds if and only if there is
a quasistrategy U for Il in S such that

(a) U] € =AU Ay sm);
(b) Primsin(U) fails.

For (r,s) € Q and ¢h(r) > 0, U witnesses P™*(S) if the obvious con-
ditions hold. For ¢(h(r) = 0, U witnesses P™*(S) if U is (the quasistrategy
corresponding to) a winning strategy for II for G(A;S).

For (r,s) € Q and ¢h(r) = n + 1, we say that a quasistrategy U (for I if
n is even and for II if n is odd) locally witnesses P™*(S) if there is a subset
D of S and there are for each d € D quasistrategies R? in S, for II if n is
even and for I if n is odd, such that

(i) for each d € DNU, Uy N R witnesses P™*(RY);

A if n is even;
.. d !
(il) U\ Ugen R € { —=A if n is odd;

(iii) for each p € S, there is at most one d € D such that d C p and p € R4

As in the special case occurring in the proof of Theorem 1.4.4, if U witnesses
Pr#(S), then U locally witnesses P"*: Let D = {0} and let R? = S. The
next lemma, the analogue of Lemma 1.4.5, is the converse.

Lemma 1.4.11. Let (r,s) € Q with 0 < ¢h(r) = n+1 . Assume that U
locally witnesses P™*(S). Then U witnesses P™*(S).
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Proof of Lemma. We prove the lemma by induction on n (actually on odd
and even n separately).

Note first that U cannot fail to have property (a) (i.e. (2)(a) or (3)(a),
whichever is appropriate). To see this, assume for definiteness that n is even
and let z € [U]. By (ii), we may assume that 2 € [R4] for some d € D. But
then (i) implies that x € AU A, () s(n)-

We now turn to property (b), for which we really need induction.

Suppose first that n = 0. Assume for a contradiction that (b) fails. Since
n =0, let 7 be a winning strategy for II for G(A; U).

We show that there is a d € D consistent with 7 such that if x D d
is a play consistent with 7 then x belongs to [R?]. Assume this is false.
Then for each d € D such that d is consistent with 7, let f(d) 2 d, f(d)
consistent with 7, f(d) ¢ R?, and (Vq)(d C q € f(d) — q € RY). By (iii)
there are no members d and d' of D that are consistent with 7 and such
that d C d' C f(d). It follows that there is a play z consistent with 7 such
that f(d) C « whenever d C z. Clearly z cannot belong to |J,cp[R"]. But
(ii) gives the contradiction that z € A.

Let then d be consistent with 7 such that x belongs to [ R¢] for every play
z O d such that z is consistent with 7. Then the obvious restriction of 7 is a
winning strategy for II for G(A; UsN R?). Hence P**(U;N RY), contradicting
(i).

Next suppose that n > 0 is even. Assume for a contradiction that (b)
fails. Let S’ witness P"I™*I"(U). We define D’ C S’ as follows:

de S A
deD < S deDA
G(—=[R;S)) is a win for II.

For d € D', let R'® be II’s non-losing quasistrategy for G(—=[R%]; S). Note
that R C R%.

Let d € D'. Since R is a quasistrategy for II in S and S/ is a quasis-
trategy for II in Uy, it follows that R'? is a quasistrategy for II in U;. Since
(R C [S"] € ~AUA(n-1),5(n—1), condition (3)(a) holds for R®. By (i), R
cannot witness PT™5"(U;), so (3)(b) must fail for R'®. Let then U’'? witness
Pr[nfl,s[nfl(R/d)

We define a quasistrategy U’ for I in S’ as follows:

(1) If p € U’ and there is no d € D such that d C p and p € R?, then let
any move legal in S” at p be legal in U’ at p.
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(2) For each ¢ € S and d € D such d C ¢, such that ¢ € R\ R (taking
R = () for d ¢ D'), and such that every ¢’ C g belongs to R'%, let o, be
a winning strategy for I for G(=[R?];5,). Whenever such a q belongs
to U’, we let U, agree with o, until a position p ¢ R% is reached.

(3) For d e D'N U, let U, N R = U,

Using D’ and (R | d € D'), we now show that U’ locally witnesses
prin=Lsin=1(6") Induction will then give that U’ witnesses Prn~1sin=1(g")
contradicting property (3)(b) of S’. Property (i) follows from clause (3) in
the definition of U’ and the fact that U’? witnesses Prm=bsm=1(Rd)  For
(ii), note first that clause (2) in the definition of U’ guarantees that, for each
deD,

(U1 [RY € [R].

Thus [U"]\ Ugep [R?] = U1\ Ugep| R C A. (iii) follows from the facts
that D' C D and that (Vd € D') R C R%.

For the remaining case, that of an odd n > 0, we make the same defi-
nitions as for the case of even n > 0, except that we exchange I and II, A
and =4, and G(~[R%];S)) and G([R%];S)). The argument is exactly the
same, except for a minor change in the case n = 1: In that case, the U'? are
the quasistrategies corresponding to winning strategies for II for G(A; R'?),
and we must prove that [U'] € =A. As before, [U'] \ Uyep [R*] C —A.
Moreover for d € D' we have that [U'] N [R'Y] = [U'?] C —A. O

We say that P™*(S) fails everywhere if P™*(S,) fails for every p € S.

Lemma 1.4.12. Let (r,s) € Q and let m = (h(r). If P™*(S) fails, then
there is a quasistrateqgy W in S for I if m is even and for II if m is odd such
that P™*(W) fails everywhere.

Proof of Lemma. The case m = 0 is Lemma 1.2.7, so assume m =n + 1.
Suppose for definiteness that n is even; the other case is similar. Let D be
the set of all d € S such that P™*(S;) but such that, for every p C d, P™*(S,)
fails. For each d € D, let U¢ witness P"*(Sy). Let

B ={xe€[S]|(3deD)dCz}.

First assume for a contradiction that the open game G(B;S) is a win for
I. Let 0 be a winning strategy for I for G(B;S). We define a quasistrategy
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U for I in S as follows: U agrees with ¢ until a position d € D is reached.
Then U; = U For d € D, let RY = S;. It is easy to see, using D and
(R | d € D), that U locally witnesses P™*(S), so Lemma 1.4.11 gives the
contradiction that U witnesses P™*(S).

We know then that G(B;S) is a win for II. Let W be II's non-losing
quasistrategy. Assume for a contradiction that ¢ € W and that U* witnesses
Ps(W,). Let U be a quasistrategy for I in S, defined as follows: Let UNW, =
U*. When first (if ever) a position p ¢ W is reached, let U agree with a
winning strategy o, for I for G(B; S) until a position d € D is reached. Then
let Uy =U? Let D' =DU{q}. Let R? =W, and let R = S, for d € D. It
is easy to see, using D’ and (R? | d € D'), that U locally witnesses P™*(S,).
Lemma 1.4.11 gives us the contradiction that some d C ¢ belongs to D. [

For n + 1 = (h(r), we say that W strongly witnesses P™*(S) if, for all
p € W, W, witnesses P™*(S,), i.e. if W witnesses P"*(S) and P"'™*"(W)
fails everywhere.

Lemma 1.4.13. Let (r,s) € Q with 0 < th(r) = n+ 1. If P™*(S), then
there is a W that strongly witnesses P™*(S).

Proof of Lemma. Assume for definiteness that n is even. Let U witness
that P*(S). By property (2)(b) of U, P"™*"(U) fails. By Lemma 1.4.12,
let W be a quasistrategy for I in U such that P"™*"(W) fails everywhere.
Since W is a quasistrategy for I in .S and W inherits property (2)(a) from U,
it follows that W strongly witnesses P"*(.5). O

Lemma 1.4.14. Let (r,s) € Q with 0 < ¢h(r) = n + 1. At least one of
Pr#(S) and P™5(S) holds.

Proof of Lemma. We prove the lemma by induction on r(n), simultane-
ously for all n, r, s, and S. (Recall that r is a strictly decreasing sequence
of ordinals.)

Suppose for definiteness that n is even. Assume that P™*(S) fails. We
will define a quasistrategy U for II, and also D C S and (R? | d € D).
Simultaneously we will define the notion of a position ¢ € U marking stage
j, for j € w. For any play x € [U], the set of j such that some g C = marks
stage 7 will be a (not necessarily proper) initial segment of w, and, whenever
q € x marks stage j and ¢’ C x marks stage j', we will have ¢ C ¢’ <> j < j'.
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If r(n) > 0, let (8;,m;), j € w, be an enumeration of all pairs (3, m) with
podd, B <r(n),and m € w.

The initial position () marks stage 0. By induction, P (fo)s™(mo)(g)
holds if r(n) > 0; let W be a quasistrategy for II strongly witnessing this.
If r(n) = 0, let W? be a quasistrategy for II in S such that P™*(W?) fails
everywhere.

Assume inductively that ¢ € U marks stage j and that ¢ belongs to a
quasistrategy W for II in S, such that P"*(W1) fails everywhere and such
that W strongly witnesses P™ (%57 {ms) (S ) if (n) > 0.

Assume first that G(A,(n),sn),;; W9) is a win for I. Then ¢ € D. Let R be
I's non-losing quasistrategy for G(A,m)sm);; W9). Let RTNWT = R and,
for p € S\ W4, let Rl = S,. Let U? witness primsin(Ra) (U9 exists since
[RY] C Arn)sn)j © Arn),s(n), and so the non-existence of U? would imply
pre(we), Whereas P”(Wq) fails everywhere.) We let U agree with U? on
R?. No pE R? with q & p belongs to D or marks any stage.

Suppose that either R exists and p 2 ¢ is some first position in U, not
belonging to R4 or else p = g and R does not exist (i-e., G(Arny,sm),;; W9) is a
win for II). Let U agree with a winning strategy 7, for II for G(A, () s(n),j; W)
until a position ¢’ D p is first reached with [W [N A, (n) s(n); = D and ¢ 2 pifp
is not terminal. No ¢* with p C ¢* C ¢’ belongs to D or marks any stage. The
position ¢’ marks stage j + 1. PT’S(W;) fails everywhere, because P™*(WW 1)
fails everywhere. If r(n) = 0, let W7 = W;,. If r(n) > 0 then, by induction,
P Bin)s™{m1) (Wq) holds; let W9 strongly witness this. The position ¢’
marks stage j + 1. Note that W9 strongly witnesses P7~ (Fi+1)s™ (ms+1) (G )
if r(n) > 0, as required.

This completes the definition of U.

Suppose first that n > 0. We will show, using D and (R? | d € D),
that U locally witnesses P"™*"(S). By Lemma 1.4.11, this will show that
U witnesses PTI™sI"(S).

Since Uy N R* = U;N R? = U? for d € D, condition (i) holds. For (ii),
suppose that x is a play in U such that x ¢ UdeD [R?]. From the definition
it follows that we have either

D=gpCan<epc -Cx

or
=S Ca=@n=- =2z



1.4. AY GAMES 43

such that each ¢; marks stage j. From the definition we also get that
j<j — W% DWu,

Hence x € (1,
it follows that

e (JCAUAsm) = AU [ [) Asm

JEw B<r(n) mew
B odd

= AU () 4s
B<r(n)
B odd

[W47]. Since W% witnesses P (%57 (mi) (S ) if r(n) > 0,

From the definition we also get that, for each j,
I'WQJJrl"I N Ar(n Vs(n)j = @

Hence x §§ U]Ew )s(n)g = Arn),sn)- Since Ay smn) 2 Apn), we have that
r ¢ Arny. Thus we have that

(AU ) 4p)\ A
B<r(n)
B odd

Since r(n) is even, z € —A, as required by (ii). It is easy to see that (iii)
holds.

Now suppose that n = 0. A simplification of the argument for (ii) in
the case n > 0 still works, so [U] \ Uyep[R?Y] 2 —A. Since Uy N R* = U
and [U?] C —A, we have that (J,.p[RY] € —A. Thus U is a winning
quasistrategy for G(S; A), and so P*?(S) holds. O

We can now prove the theorem. Assume that G(A;7T) is not a win for II.
This means that P??(T) fails. By Lemma 1.4.12, let W? be a quasistrategy
for Tin 7 such that P??(1W?) fails everywhere.

Let (8;,m;), m € w, be an enumeration of all pairs (5, m) with 5 even,
b <~v,and m € w.

We define a quasistrategy U for I in W?. Assume inductively that we
have defined {p | p € U A ¢h(p) < j}. Let p € U with ¢h(p) = j. Assume
inductively also that p € WP, where WP is a quasistrategy for I in W]? such
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that P?9(1W?) fails everywhere. For each ¢ 2 p with ¢h(q) = j + 1, let
q €U+ qe WP, By Lemma 1.4.14, P<51)’<m1>(qu) holds for all such ¢. Let
W be a quasistrategy for I in WP strongly witnessing P<f8?>’<mf>(Wg’).

We show that every play x € [U] belongs to A, and so that U is a
winning quasistrategy for I for G(A;T). Let x € [U]. If x is finite, the fact
that 2 € [W?] implies that » € A. Assume then that z is infinite. Since
x € [W2It] for each j € w, it follows that

reAU () (A = AU [) 4 = A

By i€w B<y
B even B even
The last equality holds because v is odd. U

Corollary 1.4.15. All AY games in countable trees are determined.

Proof. The corollary is a direct consequence of Theorems 1.4.2 and 1.4.10.
O

Montalban and Shore demonstrate in [Montalban and Shore, 2012] the
unprovability in ZC~+ 3; Replacement™—indeed, in ZFC~—of the asser-
tion that all games in <“w that are k-IIJ for some k € w are determined.
(Theorem 1.4.4 says only that k-ITJ determinacy is provable in ZC™+ ¥
Replacement for each fixed k € w.) Hence neither Theorem 1.4.10 nor Corol-
lary 1.4.15 is provable in ZC™+ X; Replacement.

As we will demonstrate, our proof of Theorem 1.4.10 does show that every
every wellfounded model of ZC™+ ¥; Replacement satisfies “All Diff (I19)
games are determined.” A model (M;E) for the language of set theory is
wellfounded if E is a wellfounded relation. (See page 24 for the definition of
wellfoundedness for relations.) By a theorem of Mostowski, a model for the
language of set theory that satisfies Extensionality is wellfounded just in case
it is isomorphic to a transitive model, a model (M;€) with M a transitive
set.

Our proof of Theorem 1.4.10 also shows that 7-IT3 determinacy holds for
a certain infinite 7 in all w-models of ZC~+ ¥; Replacement. Let us say that
a model (M; E) for the language of set theory is an w-model if wU{w} C M
and

(Ve e M)(Vy e wU{w})(zEy > x € y).
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If (M; E) satisfies a sufficient small fragment of ZF, then (M;F) is an w-
model just in case w is the w of (M;E) and the natural numbers are the
natural numbers of (M; E).

To prove the facts just mentioned, we need two more definitions. Let
(M; E) be a model for the language of set theory. If z € M, then the
transitive closure of x under E is the smallest set w such that x € w and
such that yFz € w — y € w. The wellfounded part of (M;E) is the set of
all x € M such that F restricted to the transitive closure of x under E is a
wellfounded relation. It is not hard to see that the restriction of £ to the
wellfounded part of (M; E) is a well-founded relation.

If (M; F) satisfies Extensionality and a small fragment of the Compre-
hension Schema, then the ordinals of (M; E)—i.e., those € M such that
(M; E) = “z is an ordinal”—are linearly ordered by E. Thus an ordinal x of
(M; E) belongs to the wellfounded part of (M; E) if and only if E wellorders

{y |yEx}.

Theorem 1.4.16. Let (M; E) be an w-model of ZC~+ ¥, Replacement. As-
sume that T is, in (M; E), a game tree. Assume that T' belongs to the well-
founded part of (M; E). Assume that ~y is an ordinal of (M; E) and that
belongs to the wellfounded part of (M; E). Then

(M; E) | “All v-I13 games are determined.”

Proof. By Mostowski’s theorem, we may assume that the wellfounded part
of (M;E) is a transitive set on which E agrees with membership. This
implies, in particular, that v is an ordinal number and that T is a game tree.

Let A be, in (M; E), a 7-II3 subset of [T]. Working in (M; E), intro-
duce (An | @ < ), (Aan | @ < v A n € w), and Q as in the proof of
Theorem 1.4.10.

For each n € w, define P*(S) for S C T, (r,s) € Q and ¢h(r) = n as
P#(S) was defined for such objects in the proof of Theorem 1.4.10. The
theory ZC~+ 3; Replacement does not allow us to define, by a formula of
the language of set theory, the class relation P™*(S). What we do instead
is use the inductive definition of the proof of Theorem 1.4.10 to define, for
each n € w, a three-place relation P*(S) for each n. P, is thus the definable
restriction of the undefinable P to triples (S, r, s) with ¢h(r) = n.

Working in (M; F) with ZC~+ ¥; Replacement we cannot state Lemma 1.4.11.
But we can replace it with individual statements for each n, and our induc-
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tive proof of the Lemma shows that each of these individual statements is
true in (M; E).

The statement of Lemma 1.4.12 also needs to be replaced by individual
statements for each n. The proof of Lemma 1.4.12 directly gives, for each n,
a proof of the statement for n from the Lemma 1.4.11 replacement statement
for n. Similarly the Lemma 1.4.13 replacement statement for n is proved
from the Lemma 1.4.12 replacement for n.

Finally, we get replacement statements for Lemma 1.4.14. The nth of
these asserts that at least one of P7,(S) and P;'™"(S) holds for any S
and any r and s of length n. Assume that one of these assertions is false in
(M; E). Let S, r, and s have the least value of r(¢h(r)) attained by a triple
yielding a statement false in (M; E). There is such a least value, since all
values (i) are ordinals of 9t that are < . The proof of Lemma 1.4.14 shows
that if fh(r) = n + 1 and P™*(S) nor P"™*I"(S) holds, then there some
P (85 (m (8" that does not hold and has 8 < r(n)). Thus that proof,
applied to (M; E), contradicts the assumed minimality of r(¢h(r)).

In the proof of Theorem 1.4.10, the determinacy of G(A;T) is proved
using only the n = 0 case of Lemma 1.4.14. U

Corollary 1.4.17. Every wellfounded model of ZC~+ ¥, Replacement sat-
isfies “All A games in countable trees are determined.”

Corollary 1.4.18. If let (M; E) be an w-model of ZC~+ %1 Replacement.
Assume that the wellfounded part of (M; E) is a transitive set and that E
agrees with € on the wellfounded part of (M; E). Let v be an ordinal such

that €] v is isomorphic to a recursive wellordering of w. Then v belongs to
the wellfounded part of (M; E) and

(M; E) = “All v-II3 games are determined.”

Proof. All recursive relations on w belong to M, and recursive wellorderings
of w belonging to M are wellorderings in (M; E). O

Our next goal is to get an upper bound on the hypothesis needed to prove
Theorem 1.4.10.

As we have indicated, the point at which our proof of Theorem 1.4.10 goes
beyond the resources of ZC~+ ¥; Replacement is in the definition of P™*(S).
Our definition is by recursion on ¢h(r), and such recursive definitions are not
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licensed by ZC~+ ¥; Replacement. Our plan is to formulate a theory that
does license these definitions.

Let Lg be the language gotten from the language of set theory by adding
R as a two-place predicate symbol.

For k > 1, let ¥ (vy, ... v;) be a formula of the language of set theory. Let
X(vo, 1, ..., vg) be a formula of L in which every subformula of of the form
R(x,y) has the form R(vg,y). Let Lg, be the language gotten from Lg by
replacing R by a symbol Ry ,. Let x,, be the be the result of replacing R
in x by Ry . Let L. be the the union, in the obvious sense, of the Lp, .

We define a theory Rec(ZC~+ ¥; Replacement) in the language L.
The axioms of Rec(ZC~+ ¥; Replacement) are the same as the axioms of
7C~+ ¥ Replacement, with the following additions.

i 1
(1) The Comprehension and ¥; Replacement Schemas apply to all formulas
o(x,u, wy, ..., w,) of the language L.

(2) There are axioms, described below, for each Ry ,.

(a) Ryy(z,y) = (r € wA (In € w)y is an n-tuple).
(b) R¢7x(0, <U17 s 7UI€>) < w<vla s 7U]€)‘
() (Vn € w)(Ry(n+1,(v1,...,0) ¢ X1, 01, ..., V).
The difference between ZC~+ 3; Replacement and Rec(ZC~+ 3; Replace-

ment) is, roughly speaking, that the latter allows formulas to be defined by
recursion from formulas of the language of set theory.

Theorem 1.4.19. (Rec(ZC~+ ¥, Replacement)) All Diff(Pi3) games are
determined, and so all A games in countable trees are determined.

Proof. We specify formulas (v, v, v3,v4,v5) and x(vg, vy, Ve, v3, Vg, Vs).
Each of these formulas will say the following:

(a) vy is a countable game tree (which we will call) 7.

(b) wvs is is a Diff (TTI3) subset A of [T'].

(c) vy is a function (4, | o < 7) witnessing that A € Diff (TI9).

(d) vs is a function (A,; | @ < v A i € w) witnessing that each A, is a

countable intersection of X9 sets.

The formula (v, ve, v3, vy, v5) Will also say the following.
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(a) vy is a triple (0,0, .5).
(b) S is a game subtree of T'.
(¢) G(A;S) is a win for II.

Our axioms thus imply that Ry, (0,(0,0,5)) <> G(A;S) is a win for IL
The formula x. (1, v1, V2, U3, v4, v5) Will say the following.

(i) Ry ((r [ n,s[n,U)) fails.

(e) If n is odd, then there is a quasistrategy U for II in S such that

(1) [U] S =AU Ar),s(m);
(i) Ry ((r [ n,s [ n,U)) fails.

Set
Pm2(S) < Ry (fh(r), (r, s, S)).

It follows by induction from our axioms that P™*(.S) satisfies the definition
on page 38. Thus we may repeat the proof of Theorem 1.4.10. U

Richard Shore suggested—or, more accurately, pointed out—to the au-
thor that adding a satisfaction predicate to ZC~+ 3; Replacement does the
the same thing as Rec(ZC~+ ¥; Replacement) does. This is indeed the case,
as we will explain briefly.

Fix some reasonable way of construing formulas as sets. We will define
a satisfaction predicate by recursion. The defining axioms will be in the
language Lg,; gotten from the language of set theory by adding a three-place
predicate symbol Sat. The base clause po(x,y) says that Sat(0,z,y) if and
only if

(i) z is a a formula of the form v; = v; or v; € v; (i.e., is a formula of the
language of set theory of length 3);

(i) yis (zo,...,2x) for some sets 2o, ..., zp with & > max(i, j).



1.4. AY GAMES 49

(iii) either x is v; = v; and and z; = z; or else x is v; € v; and z; € z;.

The recursion clause p(x,y) says that, for all n € w, Sat(n + 1,z,y) if and
only if

(a) z is a formula of the language of set theory of length < n + 4;
(b) yis (zo,...,2x) for some z,..., 2z with & > max({i | v; is free in z});
(c) on.

Here o,,, which we leave to the reader, gives the definition of Sat(n + 1, z,y)
in terms of the relation Sat(n, —, —)).

Let Sat(ZC~+ X; Replacement) be the extension of ZC~+ ¥; Replace-
ment (1) with added axioms py, p, and (Vz)(Vx)(Vy)Sat(z, z,y) — z € w and
(2) with Comprehension and ¥; Replacement for all formulas of Lgyy.

We can define a satisfaction predicate Sat in Rec(ZC~+ 3; Replacement)
and prove the axioms of Sat(ZC~+ ¥; Replacement). To do this, first let
(vq) be

(B2) @) (v = {z.y) A () A (i) A (i),

where (i), (ii), and (iii) are the three clauses above. Next let x(vg,v1) be

(Fz)Fy)(v1 = (z,y) A (a) A (b) A (),

where (a') is (a) with n replaced by vy and (¢’) is (¢) with Sat(n, z, y) replaced
by R(vo, (z,y)). Finally define Sat(n,z,y) as Ry (n, (z,v)).

We can also define predicates Ry, in Sat(ZC~+ X; Replacement) and
prove the axioms of Rec(ZC~+ X; Replacement). Given ¢ and x, we define
by recursion a sequence (7, | n € w) of formulas of the language of set theory
as follows.

(1) 7o(v1) is the formula (Fk € w)(vy is a k-tuple and A ((v1)1, ..., (v1)k).
(Here v; = ((v1)1, ..., (v1)r). We assume that we have a representation
of finite sequences that lets us define the (vq); from v;.

(2) Tuy1(v1) is (Fk € w)(vy is a k-tuple and A x'((v1)1,- .., (v1)k)), Where
X' is the result of replacing each (R(vo,z) in x(vo, (v1)1,...(v1)k)) by
Tn().

Now we can define Ry, (vo,v1) as vy € w and Sat(vo, 7, v1).

We finish this section by extending Corollary 1.4.15 to uncountable trees.
This is work of the author, done in 1990.
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For classes I' and ordinals «, we say that a set A C [T'] belongs to the
class (a-T')*, the ath level of the generalized difference hierarchy on T, just
in case there is a sequence (Ag | f < «a) with each Ag € T" and there is a
function f : T — « such that both

(a) Vxe[T])(x e A < pub(z ¢ Az V B = a) is odd);
(b) (Ve e[T)(VE <a)(z ¢ As = (Bnew)p = f(z[n)).

Let Diff*(T') = U, py+ (a-I')". Let T be a game tree. If A and Bj, j € J,
are subsets of [17], then A is the fully open-separated union of {B; | j € J}
if

(a) A= UjeJ Bj;
(b) there are disjoint open sets D;, j € J, such that UjEJ D; = [T and
such that B; C D; for each j € J.

If {D; | j e J} witnesses that A is the fully open-separated union of {B; |
j € J}, then each =D, = Uj,e,\{j} D;s; hence each Dj is in fact a clopen set.
We will use the following lemma in proving that Diff*(TIg) C A2, ;.

Lemma 1.4.20. (ZC~+ ¥, Replacement) Let 1 < & < wy and let A C [T]
be the fully open-separated union of {Bj; | j € J}. (1) If each B; € X2, then
A e Xy (2) If each Bj € I, then A € IIY.

Proof. We prove the lemma by induction on £. Assume that the lemma
holds for every ¢ < &. Let {D, | j € J} witness that A is the fully open-
separated union of {B; | j € J}.

To prove (1) for &, assume that each B; € X¢. If £ = 1 then the fact
that every union of open sets is open gives that A € Y. Assume then that
&> 1. If € is a limit ordinal, let 19 < n; < ... be such that supge,me = & If
§ =n+ 1, then let n, = n for each k € w. For j € J let B; = J,¢, Bjx with
each Bjj, € g Iy Using Lemma 1.1.1 and modifying each (B | k € w)
by inserting () where necessary, we may assume that each Bjj € Hgk. For
k€ w, let Ay = U;c;Bjx- Now {D; | j € J} witnesses that each Ay is
the fully open-separated union of {B;, | j € J}, so our induction hypothesis
gives that each Ay € IT) . Thus A = |J,,, Ax belongs to 2.

Now assume that each B; € II{. For each j € J, D; \ B; € X (1)
therefore gives that =A = ;. ,(D; \ B)) € %2, Hence A € ITY, and we have
proved (2) for &. O
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Theorem 1.4.21. (ZC~+ X; Replacement) For all T, Diff*(IT{) = A, .

Proof. We first show that Diff*(IT{) C Ag,,. Let (A | # < @) and f :
T — o witness that A € Diff*(IIg). Assume for definiteness that « is even.
It will also be convenient to assume that (Vp € T')(¢h(p) even <> f(p) even).
Since by Theorem 1.4.2 we may certainly assume that o > 2, we can modify
f if necessary to make this assumption hold.

For n € w let

Co = {r e T |2 € Ay},
Each C,, is the fully open-separated union of
{As NIT,] [ p € T A th(p) = n}.
By Lemma 1.4.20, each C,, € II{. Since a is even,

A= {J GG (Cuu{z] flxIm)= flzn)})

n odd
= U-Cc.n ) @CulJECun{z| fl@im) < flzn)})

n even

For each n and m, {z | f(x [ m) > f(x [n)} is clopen, so we can show as in
the first part of the proof of Theorem 1.4.2 that A € Agﬂ.

Now let A € Ag +1- Repeating the second part of the proof of Theorem
1.4.2, we get (Ay | o < 2v), with v < |T|*, such that each A, € TI{ and
such that

(Vz e [T])(z e A < pblx ¢ Az V =) is odd).
Moreover, in the notation of the proof of Theorem 1.4.2,

(Vi € [T])(Ya < 7)(& ¢ Ao 1 Agesy —
(In ew)(3t € Sr(S™))((x [ n,t) € U, A ord(z [ n,t) = a)).
Let (t; | i € w) be an enumeration of | J, ., Srr(S™) with the property that
each t; belongs to S;;(S™) for some n < i. Define f: T — 2v by
2ord(p [ n,t;) if thip) =2i A (p[n,t;) €Uy
f(p) = < 2ord(p [ n,t;)+1 if lh(p)=2i+1 A (p[n,t;) € Up;
0 otherwise.

Clearly f satisfies (b) in the definition of ((2v + 1)-TIY)*. O
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Theorem 1.4.22. (Rec(ZC™+ X; Replacement)) All Diff*(TI13) games are
determined.

Proof. Let (A, | a <~) and f: T — ~ witness that A € Diff*(I13). In
the proof of Theorem 1.4.10—and so in the proof of Theorem 1.4.19—the
countability of T was used only in the proof of Lemma 1.4.14 and in the final
argument after the proof of that lemma. We can adapt the proof of Lemma
1.4.14 to the present situation as follows: For p € T and (h(p) = 2¥3™, let

By = {f(p”“) it f(pTk) <r(n) A fp k) is odd;

0 otherwise.

m, = m.

Repeat the proof of Lemma 1.4.14, except replace, in the definition of U, the
pairs (5, m;) by By, Mqps)- A similar change will adapt the final argument
in the proof of Theorem 1.4.10 to the present situation. U

Corollary 1.4.23. (Rec(ZC™+ X; Replacement)) All A} games are deter-
mined.

Theorem 1.4.16 holds for the generalized difference hierarchy, with essen-
tially the same proof as for the original theorem.

Theorem 1.4.24. Let (M; E) be an w-model of ZC~+ %1 Replacement. As-
sume that T is, in (M; E), a game tree. Assume that T belongs to the well-
founded part of (M; E). Assume that v is an ordinal of (M; E) and that
belongs to the wellfounded part of (M; E). Then

(M; E) = “All (y-I13)* games are determined.”

Corollary 1.4.25. FEvery wellfounded model of ZC~+ ¥, Replacement sat-
isfies “All AY games are determined.”

Exercise 1.4.1. ZFC™ is ZFC without the Axiom of Power Set. In other
words, ZFC™ is ZC~ + Replacement. Show that the determinacy of all 9
games in countable trees is not provable in ZFC~. This is a refinement, due
to the author, of a theorem of [Friedman, 1971]. Friedman’s theorem has %2
is instead of XY.
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Hint. Let By be the least ordinal number  such that Lg = ZC~+ X
Replacement. Show that fy is the least § such that Ls = Z and that it is
the least / such that Lg = ZFC™.

Show that there is no a C w such that a € Lg 41 \ Lg,, and show that S,
is the least ordinal with this property. Show that every set in Lg, is definable
in Lﬁo‘

The plan is to prove that Lg, does not satisfy the determinacy of all 3§
games in <*w. This is to be done by defining a ¥} game G in <“w such that
G is a win for I but the set of Godel numbers of sentences true in Lg, is
recursive uniformly in any winning strategy for I for G.

For a model (M; E), WFP(M; E), the wellfounded part of (M; E), is the
union of all subsets N of M such that

(a) (Vz)(Vy)(xEy € N — x € N);
(b) the restriction of E to N is wellfounded.

It is easy to show the restriction of E to WFP(M; E) is wellfounded, so that
WFP(M; E) is the largest subset N of M satisfying (a) and (b).

It will be convenient, in the exercises that follow and those for §2.3, to
use “w-model” to mean a model (M; E) such that w € WFP(M; E) and the
restriction of F to WEP(M; F) is the membership relation.

If S is a complete theory in the language of set theory and S extends
some weak fragment of ZFC and S + V' =L, then there is a canonical model
of S, the term model. The model consists of equivalence classes of formulas
@(v). Formulas ¢(v) and ¢ (v) are equivalent if S F “The < -least v such
that either ¢(v) or else v = 0 and (Vv')—p(v') is identical with the < -least
v such that either ¢ (v) or else v = 0 and (Vv')—t)(v’).” The interpretation of
€ is defined in the obvious way. Note that every element of the term model
of S is definable in the model.

Consider the following game G in <“w : Goédel numbering all the sentences
of the language of set theory, we define, for each play z,

Si(z) = {¢lz2#(p) =1}
Su(z) = {e|z2#(p) +1) =1}
If Si(x) is not the set of sentences true in an w-model of ZFC™ + “V = Lg,,”

then I loses. Otherwise II loses unless Syp(z) is also the set of sentences true in
an w-model of ZFC™ + “V = Lg,.” If neither player has lost for this reason,
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then the term models of Sy(z) and Syj(z) are isomorphic to w-models. Let
My and Ny be such w-models. Player I wins just in case one of the following
holds:

(1) The model 9 is isomorphic to a initial segment of Miy.

(2) There is an ordinal a of 9 such that L is isomorphic to an initial
segment of My but LZ’EI is not.

By an ordinal of 97y we mean an a such that 9 = “a is an ordinal num-
ber.” By an initial segment of My we mean (J,. y LZﬁ“, where X is a (not
necessarily proper) initial segment of the ordinals of 9ty. It is not required
that X be the initial segment of any ordinal of 2iyy.

G is a win for I, who can simply play as Sy(x) the set of sentences true in
Lg,. But show that, as long as II simply copies I's moves, I can maintain a
winning position only by following this strategy. Thus the set of Godel num-
bers of sentences true in Lg, is recursive uniformly in any winning strategy
for I for G. It is fairly easy to see that this set of Godel numbers does not be-
long to Lg,. Thus no winning strategy for G belongs to Lg,. By absoluteness,
Lg, E “G is not determined.”

Show that G = G(A;<“w) with A € X. There are two main points.
First, there is a fixed I} formula p(X,Y") of second order arithmetic such
that, for any w-model DM of (a weak fragment of ZFC +) V = L, for any
ordinal a of M, and for any subset b of w belonging to L%, ; \ L%,

(1) LYNPw) E (3Y)e(b,Y);

(ii) for all ce LY, NP(w), LMNP(w) |= ¢(b, c) if and only if ¢ codes a
model (w; F) isomorphic to L.

It follows that, for w-models M of V =L + “fy does not exist,” NN P(w)
determines the isomorphism type of 91. This implies, for example, that (1)
holds just in case the subsets of w of 901 are the same as those of some initial
segment of 911 in the sense of the L-hierarchy of 9. The second main point
is that, for formulas ¢(v) and ¥ (v) whose equivalence classes correspond to
subsets of w in My and Myy respectively, the condition that these subsets of
w are the same is a I19 condition. This enables one to show that (1) is a 13
condition. Similarly, the condition (2) is XJ.

Remark. In [Montalban and Shore, 2012], the authors prove a sharper
result than that of Exercise 1.4.1:

ZFC™ i/ (Vn € w)All n-TI$ games are determined.
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See the remark after the hint for Exercise 1.4.2 for discussion of a still stronger
result of Montalban and Shore.

Exercise 1.4.2. Work in ZC~+ X; Replacement. Assume that all X} games
are determined. Prove that there is an ordinal g such that Lg = ZFC™; i.e.,
prove that 3y exists. Like the result of of Exercise 1.4.1, this is a refinement
by the author of a result of [Friedman, 1971], replacing X2 by 9. One of
its consequences is that the consistency of ZFC~ can be proved in ZC™+ ¥4
Replacement + “all 3} games are determined.”

Hint. Show (in ZC~+ X; Replacement) that there are arbitrarily large
admissible ordinals, i.e., ordinals « such that L, = Kripke-Platek set theory,
KP.

Let T be the theory KP + V=L + “3y does not exist.”

Show that, for any w-model 9 of KP, WFP(9) = KP. This implies,
in particular, that if 91 is any w-model of T" and S is the least ordinal not
belonging to WFP(9t), then § is admissible .

In order to derive a contradiction, assume that 3, does not exist.

Let Y be the set of ordinals « such that L, = T and every member of
L, is definable in L,. Prove that Y is unbounded in the ordinals. Do do so,
assume to the contrary that v = sup(Y’). Let « be the least admissible greater
than ~. Let X be the elementary submodel of L, consisting of the elements
of L, definable in L,. The ordinal v belongs to X. The non-existence of
implies that there is some subset a of w such that a € L1\ L,. The <;-least
such a belongs to X. Deduce that X = L,. This gives the contradiction that
acY.

Consider the following game G’ in <“w: For z € “w, let Sy(x) and Sy(x)
be defined as in Exercise 1.4.1. If Sy(z) is not the set of sentences true in an
w-model of 7" then I loses. Otherwise II loses unless Sy(z) is also the set of
sentences true in an w-model of T'. If neither player has lost for this reason,
then let 9 and My be w-models isomorphic to the term models of Sy(x)
and Syi(z) respectively. Player I wins just in case one of the following holds:

(1) The model 9 is isomorphic to an initial segment of My not of the
form Lzﬁn for b an ordinal of 9.

(2) There is an ordinal a of 90 such that L is isomorphic to an initial
segment of M but LZJ_EI is not.

Prove that G’ is not a win for I. To do so, assume that ¢ is a winning
strategy for I. By absoluteness, you may assume that ¢ € L. Let II play
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against o the set of sentences true in some L, € Y such that o € L. It is
easily seen that II’s part of the resulting play = belongs to L, . It follows
that x belongs to Ly12. Thus Si(z) € Laio, and so P(w) NIy C Lyyo. Let
f be the least ordinal not belonging to WEP(9;). The wellfoundedness of
My implies that (1) can hold only if 9 = My, i.e., if M; = L,. But this
is impossible, for o belongs to L., and II is simply copying as long as I is
playing the set of sentences true in L. Therefore (2) holds. This can happen
only if § > «. But ( is admissible, so § > «a + 2. Therefore L,,3 C M.
Because [y does not exist, there is an a C w such that a € L3\ Lot2. This
gives the contradiction that a both belongs and does not belong to 9.

Now prove that the game G’ is not a win for II. For this assume that
7 € L is a winning strategy for II. Let I play against 7 the set of sentences
true in some L, € Y such that 7 € L,. It follows that P(w) N My C Lyso.
Let 8 be the least ordinal not belonging to WFP(9y). Since (1) fails, it
is impossible that § = «a. Since (2) fails, it is also impossible that 5 < a.
Thus 8 > a. By an argument like that of the last paragraph, this gives a
contradiction.

Derive a contradiction by showing that G’ is £29 and therefore, by hypoth-
esis, determined.

Remark. In [Montalban and Shore, |, a strengthening of the result of
Exercise 1.4.2 is proved. In [Montalban and Shore, |, they improve this result
by showing that the consistency ZFC™ is implied by the statement that, for
all n € w, all n-ITJ games are determined. (The latter statement is what they
call w-TI$ determinacy.) This follows by an ultraproduct construction from
their theorem that, for all n > 1, KP + IT? 4o Determinacy — “There is a
wellfounded model of KP + A? 4o Comprehension.” The theorem is proved
using games similar to—but more complex than—the game used in the proof
of Exercise 1.4.2.

Exercise 1.4.3. Let D be the set of all degrees of unsolvability, i.e., of all
Turing degrees. A cone of Turing degrees is the set of all degrees greater than
or equal to some fixed degree, which is called the wvertex of the cone. For
classes I of sets, I' Turing determinacy is the assertion that, for all A C D
such that | JA € T, either A or D\ A contains a cone.

Work in ZC~+ ¥; Replacement. Assume Y Turing determinacy and
prove that [y exists. This is another strengthening by the author of a result
of [Friedman, 1971], with X2 replacing the X2 of [Friedman, 1971].
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Hint. For elements y and z of “w, let y® 2z € “w be such that (y&z2)(2n) =
y(n) and (y @ z)(2n + 1) = z(n) for all n € w. Let B be the set of all (y, z)
such that I wins the play y @ z of the game G’ of Exercise 1.4.2. Let

A={aeD|(Fzew)(d(z) <a A (Ve w)(d(y) <a—(y,2) ¢ B))}.

Note that | J.A € X2.

Assume that 3y does not exist. Let b € DN L. Show that the cone with
vertex b is not contained in A. To do so, let a belong to the set Y defined
in the hint to Exercise 1.4.2 and let b € L,. Let S be the set of sentences
true in L,. Let y be the characteristic function of the set of Gédel numbers
of members of S. Let a = d(y). Show that

(V2)(d(z) <a — (y,z) € B).

(This is more than what is needed for a ¢ A.) Similarly show that the cone
with vertex b is not disjoint from A.

Exercise 1.4.4. Work in ZC~+ X; Replacement. Let D be as in Exer-
cise 1.4.3.

(a) Let A C D. Prove that G(|JA; <“w) is determined if and only if
either A or D\ A contains a cone. This observation is from [Martin, 1968].
It implies that, for all classes I', I' Turing determinacy follows from the
hypothesis that all I' games are determined.

(b) Let a be a countable ordinal. Assume that all 3° games in <“w are
determined. Let A C “w with A € 39, ,. Show that if A has members of
arbitrarily large degree then A meets each member of some cone of degrees.
This result appears in [Harrington and Kechris, 1975]; the authors report
that it was independently proved by Ramez Sami.

(¢) Prove that, for every countable ordinal o, A?,, Turing determinacy
follows from the determinacy of all 32 games in <“w. This consequence of
(b) is due to the author.

(d) Prove A? Turing determinacy. (By Exercise 1.4.3, this is an optimal
result.)

Hint. For (b), let A € X2, and let B,, n € w, be II) sets such that be
such that A = J,., Bn- Let B = {(n)~2 | v € B,}. Consider the game G
in which I plays x, II plays y, and I wins if z € B and d(y) < d(z). Show
that GG is a win for I and use this to show that A meets all sufficiently large

degrees.
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For (c), use Theorem 1.4.2.

Remark. The result of Exercise 1.4.1 and those of parts (c) and (d)
of Exercise 1.4.4 were proved in 1974, and the proofs were circulated in
unpublished manuscripts. The same is true of the theorem that :2 Turing
determinacy is false Lg,. The result of Exercise 1.4.2 was proved somewhat
later, and that of Exercise 1.4.3 was noticed only in 1995.

Exercise 1.4.5. There are various ways to generalize Friedman-style results
on Borel games to the case of uncountable trees. Here is one generalization
of Exercise 1.4.1.

Let p be any ordinal. Let 5(p) be the least ordinal 8 > p such that Lg
= ZFC~. Prove that Lg(,) does not satisfy the determinacy of all 3} games
in <“p.

Hint. Relativize to arbitrary elements of “w the argument of the hint for
Exercise 1.4.1. Now collapse p by forcing.

Exercise 1.4.6. Let ZFCRec™ be the theory Rec(ZC~+ ¥; Replacement)
introduced on page 47. Let ZFCRec™ be the result of adding, to the axioms
of Rec(ZC~+ X; Replacement), the Replacement Schema for all formulas of
the language L. Show that the determinacy of all £j games in countable
trees is not provable in ZFCRec™.

Hint. Replace the L, hierarchy by the L hierarchy, where Li}, is the
set of subsets of L defined over L*° from parameters in L°° by formulas
of Lyec. It is easy to see that LY = L for all limit ordinals A.

Let ;" be the least ordinal 5 such that Lg° satisfies ZFCRec™. Show
that L[ is such an ordinal. Show that Condensation holds for the Lj*
hierarchy as it does for the L, hierarchy, and so 5;° is a countable ordinal.
Show also that i is the least ordinal £ such that no a C w belongs to
Lrec \Lrec

g1\ g
Continue to imitate the proof for Exercise 1.4.1.



Chapter 2

General Borel Games

In this chapter we introduce the technical concept of a covering of a game
tree, and we use this concept to prove the determinacy of all Borel games
and—in uncountable trees—the determinacy of all games in a larger class.

Borel determinacy is proved in §2.1. In countable trees, the Borel sets
are the same as the the Af sets (to be defined in §2.2). In general, however,
Al is a larger class, the class of what we will call quasi-Borel sets. In §2.2
we prove this and also prove that all quasi-Borel games are determined. §2.1
and §2.2 depend only on §1.1 and §1.2 (and not on the rest of Chapter 1).

Readers interested only in main results may confine themselves to §2.1
(though §2.2 should present no extra difficulties).

In §2.3 we work again in the weak set theory of §§1.3-1.4. We use the
proofs of §2.1 and the results of §1.4 to get 3° determinacy with the minimal
possible amount of Power Set and Replacement (allowed by refinements—
given in the exercises—of results of Harvey Friedman).

In §2.4 we consider a class of infinite games of imperfect information called
Blackwell games after David Blackwell, who initiated their study. We intro-
duce the basic theory of imperfect information games, and then we prove the
determinacy of Borel Blackwell games by showing that it follows from ordi-
nary Borel deteminacy. This is done by proving a general theorem reducing
the the determinacy of Blackwell games of any reasonably closed class to the
determinacy of ordinary games of that class. Thus all our determinacy results
in later chapters will imply corresponding determinacy results for Blackwell
games.

29
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2.1 Borel Determinacy

Almost all the determinacy results in the remainder of this book will be
proved by the technique of auxiliary games: To prove G(A;T) determined,
we will associate with G(A;T') another game G(A*; T™). This auxiliary game
we will know to be determined. Moreover the two games will be so related
that the determinacy of G(A;T') will follow from that of G(A*;T*). In a sense
we have already seen this technique. To prove Theorem 1.3.1, for example,
we made use of the closed games G(C;T) occurring in the proof of Lemma
1.3.2. Such games were used also in proving Theorems 1.3.3, 1.4.10, and
1.4.22. The auxiliary game technique as we will use it later differs from these
examples in two important ways: (1) The determinacy of the given game
G(A;T) will be reduced to the determinacy of a single game G(A*; T*). (2)
T* will be larger than T, whereas the auxiliary game trees in the earlier
examples were all subtrees of the given T'. Indeed the results of Friedman
[1971] show that (for, e.g., T' = <“w) some use of existence principles for sets
larger than T is necessary to prove the determinacy of Borel games in 7.
(See Exercises 1.4.1-1.4.5 and Exercises 2.3.2-2.3.12.)

In using the auxiliary game technique, one can think of moves in the
auxiliary tree as being moves in T together with extra components. In later
chapters the extra components will be elements of measure spaces. Winning
strategies for the main game will be derived from winning strategies for the
auxiliary game by integration. In this chapter the extra components of moves
in the auxiliary tree will be, in the basic case, (a) subtrees of T" and (b)
decisions about whether the element of [T'| being produced will belong to
certain subsets of [T7]. Exercise 2.1.2 illustrates this technique, reproving
Theorem 1.3.1 with the help of an auxiliary game. However, components of
the form (b) do not appear in this example. In more general cases, auxiliary
trees will come from iterations of the process that gives the basic case.

Remark. The first proof of 39 determinacy, that in [Paris, 1972], used an
auxiliary game technique modeled on the one we will present in Chapter 4.
James Baumgartner had earlier found, adapting the method of Chapter 4, a
new proof of 39 determinacy,

Our proof of Borel determinacy will be like that in [Martin, 1985] in
that we will prove inductively that all Borel sets have a certain property,
the property of being reducible in a certain way to a clopen set of plays
in a different tree. The determinacy of a set with this property will follow
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easily from the determinacy of a set related to the clopen set. In the details
there we will be several differences between the proof in [Martin, 1985] and
the proof as we will present it below. Our presentation will be similar to
that in [Hurkens, 1993]. This similarity is partly coincidental and partly
by choice. When the first draft of this section was written around 1990, it
was influenced by an idea of Moschovakis (found in the proof of Theorem
6F.1 of [Moschovakis, 1980]). Moschovakis’ idea eliminates from the original
proof of Borel determinacy (the proof in [Martin, 1975]) part of its use of
quasistrategies and subsidiary games. In writing the present chapter, the
author wished to go further: (a) to combine Moschovakis’ idea with the purely
inductive proof in [Martin, 1985] and (b) to eliminate from the proof every
vestige of the use of quasistrategies. To accomplish these aims, the author
introduced game trees with taboos, game trees in which each terminal position
is automatically lost for one player or the other—is taboo for one player or
the other—independently of the payoff set. (In the first draft of the section,
non-taboo terminal positions were also permitted.) Hurkens, who explicitly
had aim (a), produced a proof that has essentially all the ingredients in the
author’s draft (which Hurkens had not seen). Hurkens’ proof introduces one
additional idea, an idea that both simplifies and helps motivate the main
construction of the proof. Although the author had in his possession a copy
of [Hurkens, 1993], he learned about this idea only indirectly, in conversation
with Marco Vervoort. Afterwards he actually consulted [Hurkens, 1993] and
discovered the similiarities between Hurkens’ proof and his own. Hurkens’
additional idea seemed too valuable to omit, so the author has revised his
draft to incorporate that idea (and to make some other modifications). In
the course of giving the proof, we will explain Hurkens’ idea and we will
comment on relations between the two proofs.
A game tree with taboos is a triple T = (T, 71, Ti1), where

(1) T is a game tree;
(2) Tr and Ty are disjoint sets of terminal positions in 7T’
(3) every terminal position in 7" belongs to 7y or to 7.

Recall that terminal positions in 7" are members of T" that are also finite plays
in T'. Infinite plays are not positions, and so are not terminal positions.
Convention. We always use boldface letters, perhaps with other mark-

ings, for game trees with taboos. For the underlying game trees, we use
the corresponding italic lightface letters, with the same markings; for the
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other two components, we use the corresponding calligraphic letters, with
the same markings and with subscripts “I” and “IL.” For example, T¢ will
be <Tlﬂ Il77ﬁ>‘

If T is a game tree with taboos, then positions, moves, plays, strategies,

etc. in T are just positions, moves, plays, strategies, etc. in T'. If p € T', then
T, is the game tree with taboos (T}, 71 N T,, T N'T}).

For any game tree T', we let [T'] be the set of all infinite plays in 7. Note
that [T7] is a closed subset of [T7].

Let T be a game tree with taboos. Plays belonging to 77 are taboo for I
in T, and plays belonging to 71 are taboo for II in T. Hence [T] is the set
of all plays that are not taboo for either player in T, i.e., that are not taboo
in T. For A C [T], we define the game G(A;T) as follows: A finite play of
G(A;T) is lost by the player for whom it is taboo. A play = € [T] is won by
I if and only if z € A. Thus G(A;T) is the same game as G((AUT) \ Ti; T).
The notions, for G(A; T), of winning strategy and being determined are the
same as those for G((AU Tn) \ Ti; T).

Remark. [Hurkens, 1993] does not have game trees with taboos, but it
has a device that does the same work. It has a move function of the sort we
discussed on page 2. The move function is defined even in terminal positions,
and whichever player has the impossible task of moving in a terminal position
loses the that play of the game.

We could have omitted clause (3) from the definition of game trees with
taboos, i.e., we could have permitted the existence of finite non-taboo plays.
Indeed, this would have been the more natural definition, since we permitted
finite plays throughout Chapter 1. The reason why we include clause (3) is
that without it many of our definitions and proofs would have been more
complicated, since we would have had to worry about whether any given
finite play was taboo or not.

Remark. While Hurkens’ use of a move function does all the work done
by game trees with taboos, it would not in a straightforward way do the work
of game trees with taboos in the more liberal sense just discussed.

It is important to make sure that proving determinacy results only for
game trees with taboos in our restricted sense involves no loss of generality.
First note that, for ordinary game trees (without taboos), nothing is lost by
considering only trees without finite plays. To see this, let T" be a game tree.
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Consider the tree

T'=TU{p(0,...,0) | n €w A pis terminal in T}.
——

n

The tree T" has no terminal postions. The obvious bijection f : [T"] — [T]
is a homeomorphism such that, for each A C [T'], G(A4;T) is determined if
and only if G(f~'(A);T") is determined. Similarly, let T be an game tree
with taboos in the unrestricted sense (possibly not satifying clause (3)). Set

T'=TU{p~(0,...,0) | n €w A pis terminal in 7" and not taboo in T}.
——

n

Let T = (T, 71, Ti1). Then T is a game tree with taboos. Furthermore, the
obvious homeomorphism f : [T'] — [T'] restricts to a homeomorphism (in
the sense of the definition below, adapted to allow for game trees with taboos
in the unrestricted sense) from [T"] to the set of all non-taboo plays in T.
Moreover, for any set A of non-taboo plays in T, G(A; T) is determined if
and only if G(f~!(A);T') is determined (under the obvious definition).

We give [T] the relative topology: A subset A of [T] is open just in case
there is an open B C [T'| such that A = BN [T]. We will construe our
topological definitions as making sense even in the case [T] is empty, so that
the unique subset () of [T] is open, Borel, etc. The following easy lemma
will allow us usually not to worry about the distinction between the Borel
hierarchy on [T] and that on [T7].

Lemma 2.1.1. Let T be a game tree with taboos. For all ordinals a > 1
and all subsets A of [T], A belongs to TIS as a subset of [T if and only if A
belongs to TI2 as a subset of [T|. For all ordinals o > 1 and all subsets A
of [T], A belongs to X2 as a subset of [T] if and only if A belongs to X0 as
a subset of [T'].

Proof. We prove the lemma by induction on a > 1.

By definition of the relative topology, every subset of [T'] closed as a subset
of [T is closed as a subset of [T]. Since [T] is closed as a subset of [T'],
every subset of [T closed as a subset of [T] is closed as a subset of [T7].

Let a > 1 and assume that the lemma holds for all # < «. The fact that
any subset of [T] belongs to XY as subset of [T if and only if it belongs to 3°
as a subset of [T'] follows directly from the definition of 3% and our induction
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hypothesis. Suppose that A € TI? as a subset of [T]. Thus [T]\ A € X? as
a subset of [T] and so also as a subset of [T']. [T]\ [T] € ¢ C (by Lemma
1.1.1) X%, By Lemma 1.1.1 again, [T\ A= ([T]\ A) U ([T7 \ [T]) belongs
to XY, By the definition of II2, A € TI? as a subset of [T']. Suppose now
that A C [T] and that A € TI? as a subset of [T']. Thus [T\ A € X°. By
Lemma 1.1.1, the closed set [T] belongs to X2 as a subset of [T']. By Lemma
1.1.1 again, [T]\ A = ([T \ A)N[T] belongs to 3° as a subset of [T']. Thus
[T]\ A € X0 as a subset of [T], and so A € IIY as a subset of [T]. O

There is another way to characterize the topology on [T]. Note that
[T] = [T, where T = {p € T | (3z 2 p)x € [T}. If [T] is nonempty, then
T is a game tree, and our topology for [T] is the same as the topology it has
as [T]. Thus Lemma 1.1.1 holds for the Borel hierarchy on [T]. (One can
also see this using Lemma 2.1.1.)

Let us now show that determinacy for games in game trees with taboos is
level by level equivalent to determinacy for games in ordinary game trees. By
the remark above, determinacy in ordinary game trees is equivalent level by
level to determinacy in ordinary game trees that have no terminal positions,
so we need only consider the latter. In one direction, note that any game tree
without terminal nodes can be considered a game tree with taboos by setting
Tt = Tz = (0. In the other direction, let T be a game tree with taboos. If
G([T] \ Ti;T) is a win for II, then all games in T are wins for II. Assume
otherwise and let R be I's non-losing quasistrategy for G([T] \ T; T). If
G(Tr; R) is a win for I, then all games in T are wins for I. Assume otherwise
and let S be II’s non-losing quasistrategy for G(7i; R). The game subtree S
of T satisfies [ S| C [T']. Moreoever, for any A C [T], the games G(AN[S]; )
and G(A; T) are completely equivalent; in particular, the latter is determined
if the former is. Finally, we have that AN[S] is as simple topologically as A.
One consequence of this is that our previous determinacy results hold also
for game trees with taboos:

Lemma 2.1.2. Theorems 1.2.4, 1.5.1, 1.3.3, 1.4.10, and 1.4.22 and Corol-
laries 1.2.3, 1.4.15, and 1.4.23, hold for games in game trees with taboos.

Proof. The argument given in the paragraph preceding the statement of
the lemma goes through in ZC~ + X; Replacement. Thus the Theorems
listed in the statement of the lemma holds for games in trees with taboos.
Corollary 1.2.3 follows from Theorem 1.2.4. To see that Corollaries 1.4.15
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and 1.4.23 follow, it is suffices to show that Theorems 1.4.2 and 1.4.21 hold
in each [T]. This in turn follows from the original Theorems 1.4.2 and 1.4.21
for [T], where T is as above. O

Remark. Since games in T are equivalent to games in the .S defined above,
we could avoid dealing with game trees with taboos by replacing each T with
the corresponding S. In a sense, that is what is done in [Martin, 1975] and
[Martin, 1985]. Here, however, we are interested in avoiding the nuisance of
quasistrategies, and so we put up with the nuisance of taboos.

If T and T are game trees with taboos, we write  : T = T to mean that
(i) =
i) pC q — (]5) C w(q) for all p and g belonging to T’;
(iii) ¢h(m(p)) = ¢h(p) for all p € T
iv) 7(p) € Tt — p € Ti for all p € T;
) m(p) €Ty — peTnforalpeT;

(P
(v) m(p

Note that it is allowed that $ be terminal in 7' (and so taboo in T) even
though 7(p) is not terminal in 7.

Let 7 : T = T. If Z is a play in T, then clause (ii) implies that Uscz (D)
is either a position or a play in 7. If Z is finite, then (J;-; m(p) = m(Z). Thus

we can extend 7 to a function, which we also denote by “z,” from T'U [T]
to T'U [T]. By clause (iii), ¢h(7(Z)) = ¢h(z) for all plays Z, where we recall
that (h(Z) = w if z is infinite. If Z is an infinite play in T, then 7(%) is an
infinite play in 7. Thus 7 induces a function

m: [T] — [T].

The function 7 is continuous and satisfies a “Lipschitz condition,” i.e. 7(Z)[n
depends only on 7 [ n.

If T and T are game trees with taboos, we write ¢ : T £ T to mean that
(i) ¢: S(T) = S(T);
(ii) each ¢(d) is a strategy for the same player as is 7;

(iii) for each n € w, the restriction of ¢(&) to positions of length < n
depends only on the restriction of ¢ to positions of length < n.
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If T is a game tree and k € w, let
vI' = {p€T]|thp) <k}

By clause (iii) of the definition, we can think of a ¢ such that ¢ : T 2T as
acting on J,, S(:T) so that, for each k, ¢ [ S(.T) : SG.T) — SG:T).

We are now ready to give the main technical definition of this chapter. If
T is a game tree with taboos, then a covering of T is a quadruple <’i‘, T, ¢, V)
such that

(a) T is a game tree with taboos;

(b) 7: T =T,

(c) ¢:T 2T

(d) U:{(5,2) |6 €S(T) A ze[T] A zis consistent with ¢(5)} — [T1],

and, for all (¢,z) € domain (V),

(i) ¥(&,x) is consistent with 7;
(ii)) m(¥(G,x)) C x;
(iii) either w(W¥ (G, x)) = = or W(4,x) is taboo for the player for whom
0 1s a strategy.

With regard to clause (d)(iii), note that 7(V(&, x)) = x implies (h(V (G, z)) =
¢h(zx); and this in turn implies that ¥(&,x) and = are both finite or both
infinite. Note also that if both are finite then, by clauses (iv) and (v) of the
definition of 7 : T = T, both are taboo for the same player.

Remarks:

(a) A variant definition, and one that has some advantages which we
will point out later, would replace the quadruple (T, 7,¢,¥) by the triple
(T, 7, ¢,) and replace clause (d) by

(d) if & € S(T) and x is consistent with &, then there is an & € [T] such
that

(i) Z is consistent with &;
(ii) m(7) C x;
(iii) either 7(Z) = x or Z is taboo for the player for whom & is a
strategy.
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(b) Although the fact will not be directly used by us, the 7 of a covering
is a surjection. Indeed, every play in 7' is in the range of the extended .
(Exercise 2.1.4). For an example and an almost-example of coverings, see
Exercises 2.1.3 and 2.1.5.

We say that a covering (T,,$, ¥) unravels a subset A of [T] if the
preimage 7 (A) is a clopen subset of [T7].

We prove at once the basic lemma connecting coverings and unraveling
with determinacy:

Lemma 2.1.3. Let T be a game tree with taboos. If there is a covering of
T that unravels A C [T], then G(A;T) is determined.

Proof. Let (T, 7, ¢, ¥) be a covering of T that unravels A C [T]. By Lemma
2.1.2 (as applied to Corollary 1.2.3), G(7w~1(A); T) is determined. Let us call
the player for whom G(7w~'(A);T) is a win the good player and let us call
the other player the bad player. Let ¢ be a winning strategy for the good
player for G(7w~'(A); T). We show that ¢(&) is a winning strategy for the
good player for G(A;T). Let = be a play in T" consistent with ¢(5). We must
prove that z is a win for the good player in G(A;T). We may assume that
x is not taboo for the bad player.

It is enough to show that 7(V(F,z)) = x and that ¥(&,z) is infinite. If

this is true then, since 7w = 7 | [T] and = : [T] — [T7,

U5, z) e HA) < 7(V(5,2) € A x € A
Because W(&, x) is a win for the good player in G(7~'(A); T), it follows that
x is a win for the good player in G(A;T).

By clause (d)(i) in the definition of a covering, ¥(&,z) is a play in T that
is consistent with . Since & is a winning strategy, W(&, z) cannot be taboo
for the good player. Thus clause (d)(iii) gives that 7(¥(5,z)) = z. By the
observations after the definition of a covering, = and ¥ (&, x) are both finite
or both taboo for the same player. They cannot both be taboo for the same
player, for W(&,z) is not taboo for the good player, and we are assuming
that x is not taboo for the bad player. U

In the proof of Lemma 2.1.3, the fact that 71 (A) is clopen was used
only to get that G(mw~!(A); T) is determined. Thus we have the following
generalization of that Lemma.
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Lemma 2.1.4. Let T be a game tree with taboos, and let A C [T]. If there
is a covering (T, 7, ¢, ) of T such that G(w=(A);T) is determined, then
G(A;T) is determined.

Borel determinacy will be proved if we can show that every Borel set
is unraveled by a covering. To do this, we need to do two things: (i) We
must show that every open set can be unraveled. (ii) We must find some
operations on coverings corresponding to the operations that generate the
Borel sets from the open sets. (i) is the heart of the proof. We begin with
the more routine (ii).

Let T be a game tree with taboos and let C = (T, m, ¢, ¥) be a covering
of T. For k € w, C is a k-covering of T if

(i) T =T, R TNTi =T NTi, and TN Ty = xT N Tix;
(ii) 7 | T is the identity;
(iif) ¢ | S(,T) is the identity.
Suppose that C; = (T4, m,¢1,¥q) is a covering of Ty and that C; =

(Ty, o, P2, Us) is a covering of T;. We define the composition C; o Cy of C;
and Cy to be

<T27 T O To, ¢1 o ¢27 \Ij>a
where U(o,z) = Uy(o, Uy (¢pa(0),z)). We omit the routine proof of the fol-

lowing lemma.

Lemma 2.1.5. The composition of coverings is a covering. For natural
numbers ki and ks, the composition of a ki-covering and a ks-covering is
a min{ky, ks }-covering.

The next lemma gives us a sufficient condition that the limit of a sequence
of k-coverings exist and be a k-covering. It is for constructing such limits
that the concept of k-covering was introduced.

Lemma 2.1.6. Let k € w, let T;, i € w, be game trees with taboos, and let
(kjiy iy iy U | 0 < j € w) be such that
(1) if i < j € w then Cj; = (T, 7, &, V) is a kj;-covering of T;;
(2) Zf 11 <1y < ’i3 € w then Cig,il = Cig,il o Cig,ig;'
(3) inficjenk; > k;
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4) lim,._ inf~ ki . = oo, i.e., for alln € w there is an 1 € w such that
jew g’ >ghg 4
kj j >mn forall j' > 5 > 1.

Then there is a To, with |Too| < > ... |Ti| and there is a system

=)
<7roo,i7 ¢m,i7 \I/i’oo | 1€ W)

such that each Cooj = (Too, Toois Poosis Vo) is a k-covering of T; and such
that, for i < j € w, Coi = Cj;0Csxj-

Proof. The idea is that, because of (4), what is in essence the inverse limit
exists. For n € w, let i, be the least number 4 such that, for all j* > j > i,
kj ; > n. Thus ,/Tj, ,7; 0 (T;)1, and ,7; N (T;)u, are independent of j for
j > i,. For any finite sequence p, let

pe€Tle < peTiy,:;
p€(T)n < pE (T

Clearly T, is a game tree with taboos and |To| < > .. |T;|. Since (3) gives
that 4, = 0 for n < k, we have that ;Too = 1T, T N (Too)1 = &1 N (T))1,
and ;T N (Too)u = k2 N (T;)n for each j, as required by clause (i) of the
definition of a k-covering.

For p € , T, we let

p if j 2> in;
Moo (P) = { mi,(p) i § < in.
It is routine to check that each 7 ; is well-defined, that 7o ; : T = T},
and that 7. j = 7jrj 0 T j Whenever j < j' € w. Clearly 7o [ ,Tx is the
identity for each j > 1,,, and so the fact that i,, = 0 for n < k guarantees that
every T j | k1w is the identity, as required by clause (ii) of the definition of
a k-covering.
Similarly, for o € S(,T), we let

o if j > in;
¢in7j(a) lfj < Zn
We omit the verifications that each ¢ ; is well-defined, that each ¢ ; :
T 2 T;, and that oo j = @7 j0duo j forall j < 5" € w. Since poo ; [S(nT0)

Poo,i(0) = {
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is the identity whenever 5 > i, the fact that i,, = 0 for n < k guarantees
that clause (iii) of the definition of a k-covering holds.

It remains to define the U79* and to verify clause (d) in the definition of
a covering.

First note that we always have (V7' (o, 2)) [k; ; = @ [kjr j; for (U39 (0, 2)) ]
kg = mp (997 (0,2)) 1 kjrg) C @ 1 hyry, and (B9 (0,2)) [ kyy © @ [ Ky
is impossible. Let j € w and let 0 € S(Tw). For x € [T}] and z consistent
with ¢o (o), we can set

W (0,2) = limyro W (0 (0), 1),
since, for each n € w,

| o
e (g ) 1) = { (o1 1 1) 21

If some (U9>°(, x)) [n is not consistent with o, then, for any j” such that j <
j" and i, < j, the same position (V7' (¢ i1(0), ) [ n is not consistent with
$oo,j(0), which agrees with ¢ on positions of length < n. This contradicts
property (d)(i) of the covering C; ;, so and property (d)(i) is verified for Co ;.
For (d)(ii) and (d)(iii), note that we have, for each n € w, for each j' such
that j < j" and j' > i, for each 0 € S(T), and for each x € [T}] consistent
with ¢ ;(0), that

(Moo g (B (0,2))) [0 = (05 (VH (¢, 1(0), 2))) ] 1.

Property (d)(ii) for C ; thus follows from property (d)(ii) for C; ;. Moreover,
since j' > i, implies that (U7 (0, 7)) [ n = (V' (¢ j+(0), 7)) | N, property
(d)(iii) for Cw; also follows from property (d)(iii) for C; ;. We omit the
verification that Wi>(g, z) = W' (g, W' (¢, 5+ (0), x)) for all j < 5" and all
(o,x) in domain (W7*). O

Remark. One advantage of adopting the alternative definition of covering
considered in remark (a) on page 66 would be that the construction of the
proof of Lemma 2.1.6 would literally be the construction of the inverse limit
of the given system of coverings.

Lemma 2.1.7. Let T be a game tree with taboos. If A C [T] is open or
closed and k € w, then there is a k-covering of T that unravels A.
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Proof. Since any covering that unravels a set also unravels its complement,
it is enough to prove that every closed subset of [T] is, for each k € w,
unraveled by some k-covering of T. Let then A C [T] be closed. Recall that
A is also closed as a subset of [T]. Let k € w and, since every (k4 1)-covering
is also a k-covering, assume without loss of generality that & is even.

We will define C = (’i‘, 7, ¢, ¥) and show that C is a k-covering and that
C unravels A.

We begin with T. Because we have to make C a k-covering, we let ;T =
1, ITNT =T 0 Ti, and T NT = TN T All moves in T will be moves
in T', except for move k and move £+ 1. Each of these two moves will consist
of a move in T together with one or two extra components.

To describe move k, let p € T with th(p) = k. Thus p € T also. If p is
terminal in 7—and so taboo in T—then p is taboo in T—and so terminal
in T; and hence there is no move k. Assume therefore that p is not terminal
in T'. Since k is even, it is I’s turn to move at p. We stipulate that I's move
at p in T must be of the form

(a, X),

where a is a move legal in T" at p and X is a subset of the set Z of all ¢ € T’
satisfying the following conditions:

(i) p~(a) &
(i) ¢ i

(iii) [T,]NA=0.
(iv) (Vr)p~{a) Sr S g = [T]NAFD).

is not terminal in 7.

Remark. Here is how to think of the move X. Suppose that the players
are considering playing some game G(B;T). Player I is asserting that he
can win G(B; T,) for every ¢ € X and is conceding that II can win G(B;T,)
for every ¢ € Z\ X. If x € [T],~(, then ¢ A if and only if = extends
some g € Z. 1 is proposing that if and when a position ¢ € Z is reached the
play be terminated immediately, with 1 declared the winner if ¢ € X and
IT declared the winner otherwise. In proposing this, I is proposing that the
players should play out an infinite play only when that play belongs to A.
The idea of having I play subsets of Z, rather than quasistrategies for I in
T~ (a) or subtrees of T),~ 4, is the idea of Hurkens mentioned on page 61.

If p~(a) is taboo in T, then we must let p~(({a, X)) be taboo for the same
player in T. Suppose that p~(a) is not taboo in T, and so is not terminal,
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in 7. Then we make p~((a, X)) not terminal in T. We allow I, in principle,

two options for move k 4+ 1 in 7', though the second option is available only

it X £ 0.

Option (1). II may accept X. If II accepts X, then II’s move in T at
p~({a, X)) must be of the form

(1,0),

where b is a legal move for Il in T" at p~(a). We stipulate that the positions
in T that extend the resulting position p~({a, X))~ ((1,b)) are an initial
seqment of the finite sequences of the form

p~({a, X))~ {(1,0))7s

with p~(a)~(b)~s € T. A position of this form is to be terminal in T if and
only if one of the following holds.

(i) p~(a)~(b)~s is terminal in 7T

(ii) p~{a)y~(b)~s € Z.
If (i) holds, then we make p~((a, X))~ ((1,b))"s is taboo in T for the player
for whom p~({a)~(b)~s is taboo in T. If (ii) holds, then we let p~({a, X))~ ((L, b))
be taboo in T for IT if p~(a)~(b) € X and for I otherwise. Note that (i) and
(i) cannot both hold, and note that either might hold for s = ().

Option (2). II may challenge X. If 1I challenges X, then II's move in T
at p~({(a, X)) must be of the form

<27 T? b>7

where r € X and b= r(k + 1) (so that p~(a)~(b) € T}). The positions in T
that extend p~({a, X))~ ((2,7,b)) are to be precisely those of the form

p~{{a, X))~ ((2,7,0)) s

with p~(a)~(b)~s € T,. Such a position in T is taboo for a player in T if
and only if p~(a)~(b)~s is taboo for that player in T.)

Remark. Here is the way to think about II's two options. If II accepts
X, then II accepts the proposal of I that was described in the remark on
page 71. If 1T challenges X and makes the move (2,r,b), then II is denying
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I’s contention that I can win the game G(B;T,). The players then play that
game to decide who is right. (Remember, of course, that the set B is entirely
imaginary. We imagine it only to motivate the definition of T.)

The definition of 7 is the obvious one:

pi) ifi#kandi#k+1;
v ) a ifi=kandpk)=(a, X
(@)@ =1 if i =k+1and p(k+1) = (1,b);
b ifi=k+1and p(k+1)=(2,1D).

~

In other words, m(p) is obtained from p by deleting the components X, 1, 2,
and r that occur in p.

Before defining the rest of our covering, let us pause to verify that w=*(A)
is clopen, so that our covering will unravel A. If a Z is an infinite play in 7
in which IT accepts I’s X, then no position in 7(z) belongs to the associated
Z. Hence [T, ﬂA%@foralquw( ). Since A is closed, 7(Z) € A. If T is
any play in T of length > k 4 1 in which II challenges I's X, then 7(%) ¢ A,
for 7(Z) must extend the r played by II at move &k + 1, and this r belongs to
X and so to Z. Define A C [T | by stipulating, for & € [T} that

ieA < (th(z)>k+1 AIl accepts I's X).

Clearly A is clopen. Moreover AN [T] = w1(A), as required for unraveling.

Next we define ¢ and ¥ simultaneously. It will be clear from the defini-
tions that clauses (c) and (d) in the definition of a covering and clause (iii)
in the definition of a k-covering are satisfied.

First let ¢ € SI(T). Here is the idea: The strategy ¢ supplies us with
values of (¢(7))(p) for th(p) < k. Furthermore & supplies us with an X, and
thus we have a clear choice for ¥ (G, x) [k+1. As long as no position is reached
that belongs to X, we get subsequent values of ¢(&) from values of & gotten by
assuming that II accepts X. If no position belonging to X is ever reached,
then this assumption gives us ¥ (&, ) also. Suppose we reach a position
r € X. If we were to define ¥(&, x) using the assumption that II accepts X,
then we would make W(&, ) taboo for II, in violation of clause (d)(iii) in the
definition of a covering. But we can avoid such a violation, for (2, r,r(k+1))
is a legal move k + 1 in T in the position U(&,z) | k+ 1. We get subsequent
values of ¢(5), and we get W(&,x), by assuming that this move is made.

Here are the formal details. We describe ¢(6) = o by describing an
arbitrary play x consistent with 0. We thus omit the definition of o(p) for p
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inconsistent with . Such values can be assigned arbitrarily, except for the

easily met constraints from clause (iii) in the definition of ¢ : T 2 T and
clause (iii) in the definition of a k-covering.

At each position p C z, either we will have a guess ¢ (p) for ¥(&, x) [ ¢h(p)
or else there will be a ¢ C p such that ¥(q) is taboo for I in T and we will
have already set W(&,x) = 1(q). Each ¢(p) will be such that v (p) € T, ¥ (p)
is consistent with &, and 7(¢(p)) = p. At most once during the construction
we will contradict our previous guesses: for at most one p C x, ¥(p) will be
defined but will not be an extension of the 1(p [ ¢) for i < ¢(h(p).

We will arrange that ¢ (p) is taboo for IT in T only if p is taboo for IT in T.
If we reach a p such that (p) is terminal in T, then we set U(F,z) = ¥(p).
In such a case, if p is not terminal then we define o on extensions of p to
agree with some fixed (independent of x) strategy o, in T),.

To begin, we let o agree with & and ¥ (p) = p until (if ever) we have
reached a position p of length k. At this point we still let ¢(p) = p. If p is not
terminal and 6(p) = (a, X), then set o(p) = a and P (p~(a)) = p~{{a, X)).
If the position p~(a) is not terminal, let b be II's next move.

As long as no position is reached that belongs to X, we proceed as follows.
For positions ¢ = p~(a)~(b)~s, let § = p~((a, X))~ ((1,b))"s. If § € T, then
let 1(q) = ¢ and, if ¢ is non-terminal and of even length, let o(q) = &(q). If
there is a last ¢ C x such that the associated ¢ belongs to T, then there are
two possibilities for this last ¢.

(a) q is terminal. Then ¢ = = and we let U (5, x) = 1(q).
(b) ¢ € Z\ X. Then (q) is taboo for I and we let ¥(&,z) = ¢(q).

If there is no last ¢ such that the associated § € T, then the play z is infinite.
In this case we set ¥ (7, z) = c, ¥(q).

Suppose that there is a position » C x that belongs to X. For some s,
r = p(a)y~(b)~s. Welet 7 = p~({a, X)) ((2,7,b))"s. Note that 7 is a
legal postion in T. Note also that #~t € T for any ¢ such that r—t € T.
For positions 7, we set ¢ (r~t) = 7t and, for r~t of even length and not
terminal, we let o(r~t) = a(7~t). If the play « is infinite, we let ¥(5,z) =
Unzﬁh(r) Uz [ n).

Next let 7 € Si(T). Here is the idea: When we reach a position p~(a)
in T of length k + 1, there is a subset Y of the Z associated with p~(a) such
that

(i) 7 calls for II to accept Y;
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(ii) for any r € Z \ 'Y, there is an X C Z such that 7(p~((a, X))) =
(2,r,r(k+1)).

As long as no position is reached that belongs to Z \ Y, we get subsequent
values of ¢(7) from valuses of 7 gotten by assuming that I plays (a,Y). If
no position belonging to Z \ Y is ever reached, then this assumption gives
us VU(7, z) also. Suppose we reach a position r € Z \ Y. If we were to define
U(7, z) using the assumption that I plays (a, Y’), then we would make W (7, x)
taboo for I, in violation of clause (d)(iii) in the definition of a covering. We
can avoid such a violation by using property (ii) of Y. If X is as given by (ii),
then we get subsequent values of ¢(7), and we get ¥(7, z), by assuming that
the moves (a, X) and (2,r,7(k 4+ 1)) are made.

Now we give the formal details. As in the preceding case, we describe
®(T) = 7 by describing an arbitrary play z consistent with 7. At each
position p C z, either we will have a guess ¢ (p) for ¥(7,z) [ fh(p) or else
there will be ¢ C p such that v(q) is taboo for II in T and we will have
already set W(7,z) = 9(q). Each ¢ (p) will be such that v (p) € T, ¥(p) is
consistent with 7, and 7(¢(p)) = p. As before, there will be at most one
p C x such that ¢(p) is defined but is not an extension of the ¢ (p [ i) for
i < th(p).

We will arrange that (p) is not taboo for I in T unless p is taboo for I
in T. If we reach a p such that ¢(p) is terminal, then we set ¥ (7, x) = 9 (p).
We use the same method as we used before for ¢ to define 7 on extensions
of p when 1(p) is terminal in 7" but p is not terminal in 7.

To begin, we let 7 agree with 7 and 1 (p) = p until (if ever) we have
reached a position p of length k. For this p also, we let ¥(p) = p. If p is not
terminal, let a be I's move at p. Let Z be the set associated with p~(a), the
set of which the second component of move k must be a subset. Let

Y = {reZ| (vX C2)#(p~{(a, X)) # 2 r.r(k + 1)},

The move (a,Y) is legal for I in T at p, and so we can let ¥(p~(a)) =
p~((a,Y)). Assume that p~(a) is not terminal in 7. Then p~((a,Y’)) is not
terminal in 7.

It is obvious from the definition of Y that Y has property (ii) above. Let
us show that Y has property (i), i.e., that 7 cannot call for II to challenge Y
at p~((a,Y)). Assume the contrary and let 7(p~({a,Y))) = (2,r,r(k + 1)).
By the definition of Y, we have that r ¢ Y. But challenging Y requires that
r € Y, so we have a contradiction.
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Thus 7(p~({(a,Y))) = (1,b) for some b with p~(a)~(b) € T. We let
T(p~(a)) = b.

As long as no position is reached that belongs to Z \ Y, we proceed as
follows. For positions ¢ = p~(a)~(b)~s, let ¢ = p~((a,Y))~((1,b))~s. If
G € T, then let 1(q) = ¢ and, if § is non-terminal and of odd length, let
7(q) = 7(q). If there is a last ¢ C  such that the associated § belongs to T,
then there are two possibilities for this last q.

(a) ¢ is terminal. Then ¢ = x and we let ¥(7,x) = ¥(q).
(b) ¢ € Y. Then v(q) is taboo for II and we let ¥(7,z) = ¥ (q).

If there is no last ¢ such that the associated § € T, then the play x is infinite.
In this case we set W(7,z) =, c, ¥(q)-

Suppose that there is a position » C x that belongs to Z \ Y. By prop-
erty (ii) of Y, let X C Z be such that 7(p~({(a, X))) = (2,r,r(k + 1)).
For some s, r = p~(a)~(b)~s. We let 7 = p~((a, X))~ ((2,r,b))"s. Note
that 7 is a legal postion in 7. Note also that #~t € T for any ¢ such that
r~t € T. For positions r—t, we set ¢ (r~t) = 7t and, for r~t of odd length
and not terminal, we let 7(r~t) = 7(r~t). If the play z is infinite, we let

V(7 2) = Uz (@ [0). O

Theorem 2.1.8. ([Martin, 1985]) Let T be a game tree with taboos. If A C
[T] is Borel and k € w, then there is a k-covering of T that unravels A.

Proof. By induction on countable ordinals o > 1, we prove

(1)a For all T, for all A C [T] such that A € 3°

os and for all k € w, there
is a k-covering of T that unravels A.

(1)1 is equivalent with Lemma 2.1.7. Assume then that a > 1 and that
(1)p holds for all B with 1 < 8 < . Let k € w and let A C [T] with A € 0.
By the definition of X2, there are B,, n € w, such that each B, belongs to
H%n for some f3,, < o and such that A = UnEw B,.

Let Ty = T. By induction on j' € w, we define T, and

)

for j < j’ such that C;;; = Cj; 0Cyj for all i < j < j'. We do this in such a
way that each Cj ; is a (k + j)-covering of T; and C; o unravels B; for each

-/

_ 753
Cjrj = Ty, mjrj, bjr j, ¥



2.1. BOREL DETERMINACY 7

j < j'. Note that Cj j must be the trivial covering, with m; ; and ¢; j the
identities and W'’ (g, 2) = x for all o and z.

Suppose that we have defined T, and the C;; for all j/ < n. By the
continuity of 7,0, we have that m, o '(B,) € Hgn. By (1)s., let C, =
(T, 7, ¢,¥) be a (k4 n)-covering of T, that unravels 7, o"*([T] \ B,) and
so unravels 7, " (B,). Let T, 1 = T. For Jj<n,let Chp1; =Cpj0Cp; let
Crnt1n+1 be the trivial covering. The required properties of the C,, 4 ; follow
directly from Lemma 2.1.5 and the continuity of the =, ;.

If we let k;; = k + 4, then the hypotheses of Lemma 2.1.6 hold. Let T
and, for i € w, Cooi = (Too; Toois Pooi, P™°) be given by that lemma. For
each n, w0~ (B,) is clopen, by the continuity of 7 ,+1. Thus wo 0 ' (A) is
open. By Lemma 2.1.7, let C be a k-covering of T, that unravels Tooo L(A).
Coop© Cisa k-covering of T' that unravels A. O

Theorem 2.1.9. ([Martin, 1975]) All Borel games are determined.

Proof. The theorem follows immediately from Lemma 2.1.3 and Theorem
2.1.8. O

Exercise 2.1.1. Consider the following two strengthenings of AD.

(1) ADg, the assertion that all games in <*“(“w) are determined;

(2) AD(w?), the assertion that all games of length w? with moves in w
are determined.

Prove that ADz and AD(w,) are equivalent.

Hint. In the non-trivial direction, consider a game of length w in which
I’s individual moves are strategies for games in <“w and II’s moves are plays
consistent with these strategies.

Remarks:

(a) This result was proved independently by Andreas Blass and Jan My-
cielski. (See [Blass, 1975].) Until the author learned of it in 1974, his and
others’ attempts to prove Borel determinacy involved auxiliary games with
individual moves that were ordinal numbers. (See [Paris, 1972] for a partial
success.) The Blass—Mycielski proof suggested trying games with individual
moves that were strategies (or something similar). In [Martin, 1975] and
[Martin, 1985], there are individual moves that are quasistrategies. In the
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version of the proof we have just presented, however, the quasistrategies have
disappeared.

(b) Oddly enough, the determinacy of all games of countable length, with
real or natural number moves, follows from ADg. This fact is a consequence
of a theorem independently proved by Hugh Woodin and the author, together
with another theorem of Woodin. See [Martin, 2015].

Exercise 2.1.2. Let A C [T'] and suppose that A = (J,.,, Ai, with each A4;
closed. Consider the following game G* = G(A*;T*). I begins by picking a
strategy og for I in T'. II then chooses a position py € T' consistent with oq. If
the position in 7™ is not terminal (as defined below), I next picks a strategy
oy for Iin T,; IT picks p; € T},, consistent with o, such that p; D po; ete. If
some [T, ] is not disjoint from A;, then the position just after II has picked
p; is terminal. This is the only way terminal positions in G* arise. A play of
G* is a win for I if and only if the play is finite. Prove using G* and Theorem
1.2.4 that G(A; T) is determined.

Exercise 2.1.3. Modify the 7™ of Exercise 2.1.2 to get a covering of T =
(T, 0,0) that unravels the A of Exercise 2.1.2.

Exercise 2.1.4. Let <’i‘, 7, ¢, ¥) be a covering of T. Show that the extended
7:TU[T] — T UJT] is a surjection.

Hint. Let z € [T7]. Consider the game in 7" that I wins unless someone
makes a Move p such that 7(p) € x and I is the first player to do so. Prove
that this game is a win for I. Prove that the analogous game with the roles
of the players reversed is a win for II.

Exercise 2.1.5. Work in ZF and assume AD. Let T'= ““w. Let games in
T be played as follows:

I (o,ng) No Ny
11 (x,n1) n3 ns

Here o must be a strategy for I in 7' with o(()) = ng, and & must be a play in
T consistent with o. Each n; must be (7). (Thus only o and = matter.) Use
T to get a (T, 7, ¢, ¥) that fails to be a covering of T = (T, #, §) unraveling
every subset of “w only in that ¢ is not single-valued.

In [Martin, 1985] it is asserted that a certain uniformization hypothe-
sis permits one to get a single-valued ¢. The hypothesis is mistated in



2.2. UNCOUNTABLE TREES 79

[Martin, 1985], but the intended one does not work. In [Neeman, 2000] it
is shown that every II} subset of “w can be unraveled by a covering of

(<w, 0, 0).

Exercise 2.1.6. Under the hypotheses of Lemma 2.1.6, let To, and (Coo; |
i € w) be the tree and sequence of coverings constructed in the proof of that
lemma. Suppose that T and (Cl_; | i € w) are such that each C__; is a k-

covering of T; with first component T" and such that, for i < j € w, C. ; =
Cj,0CL ;. Show that there are 7’,¢', and W' such that C' = (T", 7', ¢/, ¥') is
a k-covering of T, and, for each i € w, C,,; = Ci0C'.

2.2 Uncountable Trees

The Souslin Theorem (see Theorem 2E.2 of [Moschovakis, 1980]) asserts that,
in countable trees, the Borel sets are the same as the Al sets (which will be
defined below). For uncountable trees, the A} sets form a larger class than
the Borel sets. In this section, we will define the class of quasi-Borel sets.
We will prove that the quasi-Borel subsets of [T'] are the same as the Al
subsets of [T'] for every T'. This is the special case for spaces of the form [T]
of a theorem of R.W. Hansell ([Hansell, 1973a] and [Hansell, 1973b].) We
will prove general Al determinacy by proving that all quasi-Borel games are
determined. This determinacy result is from [Martin, 1990].

Remark. In [Martin, 1990], the author credited the concept of quasi-
Borel sets to himself. After the publication of [Martin, 1990], Alberto Mar-
cone pointed out to the author that the concept had been introduced by
R.W. Hansell in Hansell [1972]. In [Hansell, 1973a] and [Hansell, 1973b],
what we call quasi-Borel sets were called extended Borel sets. In [Martin, 1990]
the author also wrongly credited to himself the fact that the quasi-Borel sets
are the same as the Al sets.

The definition of the quasi-Borel sets is like that of the Borel sets, except
that an additional operation, besides those of forming countable unions and
complements, is required to generate them from the open sets. Our proof of
quasi-Borel determinacy will be a minor modification of our proof of Borel
determinacy, with extra lemmas to take care of the extra operation. This
result is relevant even for games in countable trees: we will use it later §5.2
in getting as strong a determinacy result as possible from the assumption
that a measurable cardinal exists.
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We begin by defining the quasi-Borel sets and studying their properties.
To do so we must define the extra operation needed to generate them. Let
T be a game tree. If A and B;, j € J, are all subsets of [T'], then A comes
from {B; | j € J} by the operation of open-separated union, or, equivalently,
A is the open-separated union of {B; | j € J}, if

(a) A=U,es Bj;
(b) there are disjoint open sets D;, j € J, such that B; C D; for each
je .

A set is quasi-Borel if it belongs to the smallest class containing the
open sets and closed under countable unions, open-separated unions, and
complements.

There is no clearly best way to define a quasi-Borel hierarchy. The one
in [Martin, 1990] is different from the one we are about to give here.

Recall from §1.4 that A is the fully open-separated union of {B; | j € J}
if some {D; | j € J} witnessing that A is the open-separated union of
{B; | j € J} satisties U,.; D; = [T']. Recall also that if {D; | j € J}
witnesses that A is the fully open-separated union of {B; | j € J}, then each
D; is clopen.

If v is a limit ordinal, then cf («), the cofinality of «, is the least ordinal
p such that some f : p — « has unbounded range. The cofinality of « is
always a regular cardinal < a.

We define the quasi-Borel hierarchy (of subsets of [T']) as follows:

(1) X7 is the class of open sets;

(2) IIf is the set of complements of members of 3¥;

(3) if @ > 1 is a successor ordinal or if « is a limit ordinal and cf (o) = w,
then X7, is the set of countable unions of members of (J,_,, ITj;

(4) if ais a limit ordinal and cf (o) # w (so cf («) is uncountable), then 3%
is the set of all fully open-separated unions of members of  J gea 5

The following lemma gives some properties of the quasi-Borel hierarchy
and of quasi-Borel sets. The important ones for us are (1)(f) and (2). The
latter is non-trivial, because our definition of the 37 uses fully open-separated
unions.

Lemma 2.2.1. (1) The following assertions hold for every o > 1:
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(a) (VB >a)X; UIT;, C Aj.

(b) If a is a limit ordinal of uncountable cofinality, then ¥ = I i.e.
3% 1s closed under complements.

(c) If a is a successor ordinal or a limit ordinal of cofinality w, then 3%
15 closed under countable unions.

(d) If « is a successor ordinal or a limit ordinal of cofinality w, then IT?,
15 closed under countable intersections.

(e) X is closed under finite unions and finite intersections.

(f) If a is a limit ordinal of uncountable cofinality and A is any subset
of [T, then A belongs to X* if and only if there is a set D C T
and there are By, d € D, such that |J,.p[Ta] = [T], such that any
two elements of D are incomparable with respect to C, such that each
By C [Ty], such that each By € Jg_, I, and such that A = Jep Ba-
In other words, we can replace “fully open-separated unions” by “fully
basic-open-separated unions” in clause (4) of the definition of the quasi-
Borel hierarchy.

(2) If T is infinite, then a subset of [T'] is quasi-Borel if and only if it
belongs to Ua<|T|+ 3* . Thus, in particular, the Borel sets and the quasi-Borel
sets are the same for countable T

Proof. (1)(a). If A €II}, then A =|J{A}. Since this trivial union is both
countable and fully open-separated, it follows that A € 3% for every 8 > a.
Thus IT} C EZ whenever 1 < a < . From this we have also that X* C H;;
whenever 1 <a < . If 1 <a < fand § > a+ 1, then we have that

= C I, C 5

It remains then only to show that ¥} C 37 ;| for all @ > 1. The proof of
(1)(a) of Lemma 1.1.1 showed that that every element of ¥} (= XY) is a
countable union of Il sets, and so that 37 C 33. If « is a successor or
has cofinality w, then it is immediate from clause (3) of the definition that
¥r C X%, If ais a limit ordinal of uncountable cofinality, then it follows
from (1)(b)—which is proved below using only the part of (1)(a) already
proved—that X7, = II7, C X7 ;.

(1)(b). Let a be a limit ordinal of uncountable cofinality and suppose
that {D; | j € J} witnesses that A is the fully open-separated union of
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{B; | j € J}, where each B; € (Jg_,II5. Then {D; | j € J} also witnesses
that A is the fully open-separated union of {D; \ B; | j € J}. Moreover
each (D;\ B;j) € Useo 25 € Upeo i1 © Ugeo s

(1)(c) is immediate as in Lemma 1.1.1, and (1)(d) follows directly from
(1)(c).

(1)(e). We prove by induction on « that ¥¥ is closed under finite in-
tersections. (1)(e) then follows by (1)(b) and (1)(c). The case a = 1 is
immediate. For o a successor or a limit of cofinality w, we argue as in the
proof of part (1)(b) of Lemma 1.1.1, except that the last step of the argument
now comes by our induction hypothesis. Assume then that « is a limit of
uncountable cofinality and suppose that, for each i < n € w, {D; | j € Ji}
witnesses that A’ is the fully open-separated union of {B} | j € J;}, with
each B} € ;. 5. Then

{ﬂ Di(i) | s € HJi}
<n <n

witnesses that [),_, A’ is the fully open-separated union of

{( By | s e[/}

<n <n

<n

(1)(a) and our induction hypothesis give that each (,_,, Bi(i) € Upo 5
(1)(f). The “if” direction is trivial, so we prove only the other direction.
Let a be a limit ordinal of uncountable cofinality. Let {Dj} | j € J} witness
that A is the fully open-separated union of {B | j € J}, where each B} €
Up<o 5. For each j € J, let D; be the set of all p € T such that [T,] C D
but (Vg € p) [T,] € Dj. Clearly U,ep, [T,] € Dj. To see that the reverse
inclusion also holds, suppose that =z € D;. Since D} is open, there is an
n € w such that [Ty,] € Dj. For the least such n, z [n € D;. Let
D= UjEJ D;. By the definition of the D; and by the disjointness of the D7,
any two elements of D are incomparable with respect to C. Furthermore,
Uaen[Tal = U;c,[Dj] = [T]. For j € J and d € Dy, let By = B; N [1;].

Then
A=Un-UUs=-Un
jeJ jEJ deD; deD

Each By is the intersection of a clopen set with a member of | J sea 1L, and
so (1)(e) gives that each By € (Jg., IT}.
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(2). We may suppose that T is infinite, since otherwise every subset of
[T'] is clopen and so belongs to ¥j. As in the proof of Lemma 1.1.1, we
get that J, <1+ 2o 18 a class containing the open sets and closed under
countable unions and complements. To see that this class is closed under
open-separated unions as well, and so that every quasi-Borel set belongs to
it, suppose that {D} | j € J} witnesses that A is the open-separated union
of {B} | j € J} C Upepry+ - We may assume that J is uncountable, since
otherwise A € |, <|T|+ Zas Dy closure under countable unions. For each
j € J, define D; as in the proof above of (1)(f). Similarly define D and By,
d € D. We have that any two elements of D are incomparable with respect
to C, that A = J,cp Ba, and that each By € Ua<|T|+ 3*. Since D C T and
cf(|T)%) > |T| > |D| > |J]| > Ny, there is limit ordinal o < |T'|* such that
cf (@) > w and such that each By belongs to (s, X and so to g, I}
Our problem is that we may not have that (J,.5[7a] = [T']. To deal with
this problem, let

D" ={d € D | th(d) = n}.

Let A" = U epn Ba- Let D = {p e T | (h(p) = n}. For each n, {[T,] | d €
D7} witnesses that A™ is the fully open-separated union of {B,; | d € D"} =
{B4 | d € D"} U. Hence each A" € ¥*. Since A =, A", we get that

new
AeXl, .
The fact that every member of |, <IT|+ 337 is quasi-Borel is proved by an
easy induction on a. O
Remarks:

(a) In general, the quasi-Borel sets form a larger class than the Borel sets.
For example, let T'= {(a)"p | p € “Yw A a < wy}. For a < wy, let B, C “w
with B, € TI? \ X2. Let A = {{a)~y | y € B,}. A is quasi-Borel but not
Borel. See Exercise 2.2.1.

(b) Parts (1)(f) and (2) of Lemma 2.2.1 shows that, in the definition of
quasi-Borel, we could replace “open-separated union” by “(fully) basic-open-
separated union.” What if we made replacements in the other direction,
broadening rather than narrowing the class of allowable separating sets? Un-
fortunately, this would trivialize the concept: All points in [T] are closed,
so every subset of [T'] is a closed-separated union of closed sets.

(c) If T is a game tree with taboos and [T] is nonempty, then, as we
remarked in §2.1, the topological space [T7] is the same as the space [T7],
where T' is the set of all p € T such that some infinite play in T extends
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p. Thus Lemma 2.2.1 applies to [T]. In addition, we have the following
generalization of Lemma 2.1.1.

Lemma 2.2.2. Let T be a game tree with taboos. For all ordinals o, a subset
A of [T] belongs to ITY, if and only if A € II} as a subset of [T]. For all
ordinals a > 1, a subset A of [T] belongs to X7 if and only if A € X% as a
subset of [T1.

Proof. We prove the lemma by induction on «. The cases other than that
of a a limit ordinal of uncountable cofinality are handled as in the proof of
Lemma 2.1.1. Assume then that « is a limit ordinal and that cf (o) > w.
Suppose first that A C [T] belongs to 37, as a subset of [T]. Let {D, | j € J}
witness that A is the fully open-separated union of {B; | j € J}, with each
Bj € U, IT; as a subset of [T and so, by induction, as a subset of [77.
Then {D; N[T] | j € J} witnesses for the space [T] that A is the fully open-
separated union of {B; | j € J}. Thus A € ¥ as a subset of [T]. Now
suppose that A € X* as a subset of [T]. Let {D, | j € J} witness that A
is the fully open-separated union of {B; | j € J}, with each B; € (J,_, 5.
For each j € J let D’ be open in [T'] with D; = D;N[T]. Let J' = JU{j'},
where j' ¢ J, and let D}, = [T]\ U,c; Dj. Since all members of D’, are
finite, DY, is open. Let By = (). Then {D; | j € J'} witnesses that A is the
fully open-separated union of {B; | j € J'}. Hence A € X} as a subset of
[T]. O

If T is a game tree and A C [T], then A € X7 if and only if there is a
closed C' C [T] x “w (= [T] x [<“w]) such that

Ve e [T])(x € A + (Fy € “w) (x,y) € O).

If AC [T] then A € II7 if and only if [T\ A € 1. We let A] = X{NII1.
(In Part 1 of Rogers et al. [1980], elements of X are called Souslin-F sets.)
The following theorem generalizes the Souslin Theorem.

Theorem 2.2.3. ([Hansell, 1973a] and [Hansell, 1973b]) For every game tree
T, the class of quasi-Borel sets coincides with Al.

Proof. In the proof of Lemma 1.1.1, we showed that every open set is a

countable union of clopen sets: If A is open then A = J, ., An, where

A, = B I peT A thip) =n A 1] € A}
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Thus the quasi-Borel sets form the smallest class that contains the clopen
sets and is closed under complements, countable unions, and open-separated
unions. To prove that all quasi-Borel sets belong to Al it then suffices to
show (a) that every clopen set belongs 31 (and so that every clopen set
belongs to IT}) and (b) that both X{ and H% are closed under (i) countable
unions and (ii) open-separated unions.

(a). If A is clopen (or even just closed), then let C' = A x“w. C witnesses
that A € 1.

(b)(i). Suppose that, for each n € w, C,, witnesses that A, € X]. Hence
each C, is closed, and A4, = {z | (y € “w) (x,y) € C,}. Let C be defined
by

(z,(n)~y) € C & (x,y) € Cn,

where ({(n)~y)(0) = n and, for each i, ((n)~y)(i+1) = y(i). It is easy to see
that C' witnesses that [ J, . A, € 2.

Now suppose that, for each n € w, C, witnesses that —A, € 31. For
y € “wand n € w, let (y), € “w be defined by

(Wn(k) = y(p),

where (p,, | n € w) is the sequence of all prime numbers in increasing order.
Let
(x,y) € C < (Vnew)(z, (y)n) € Ch.

C witnesses that [, A, € 31, and so that |, ., A, € II}.

For (b)(ii), first assume that {D; | j € J} witnesses that A is the open-
separated union of {B; | j € J} with each B; € X]. Let B; = {z | (Jy €
“w) (x,y) € C;}, with each C; closed. Let

(,y) e C < (VjeJ)(xeD; — (z,y) € C)).

C witnesses that AU([T]\U,c, D;) € 1. (a) and (b)(i) imply that A € 3.
(We could also have applied parts (1)(f) and (2) of Lemma 2.2.1 to get our
{D; | j € J} such that ., D; = [T7.)

Next assume that {D; | j 6 J} witnesses that A is the open-separated
union of {B; | j € J}, with each B; € II]. Let [T\ B; = {z | (Jy €
“w) (x,y) € C;}, with each C; closed. Let

(r,y) € C < (VjeJ)(xr e D; — (z,y) € C)).

C witnesses that A € IT].
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For the other half of the theorem we repeat the proof of the result of
[Lusin, 1927] (Theorem 2E.1 of [Moschovakis, 1980] and §35 III of [Kuratowski, 1958]),
for the case of countable T, that any two disjoint 31 sets can be separated
by a Borel set; we just replace “Borel” by “quasi-Borel.” Let A = {z | (Jy €
“w) (z,y) € C}, with C closed, and let A’ = {z | (Jy € “w) (x,y) € C'}, with
C' closed. Assume that A and A’ are not separated by any quasi-Borel set,
i.e. assume that there is no quasi-Borel B such that A C B and A'N B = (.
We will prove that AN A" # (. For g e T, r € <“w, and 1’ € <“w, let

Agr = 1T 0 {z | Gy € *w)(r Sy (z,y) € O)}
A = [Tyl N {z | (Fy € “w)(r Sy A (z,y) € C)}

Assume inductively that n € w and that we have defined ¢,, r,, and 77, all
of length n, such that A,, ., and A; . are not separated by any quasi- Borel
set. First note that there are k& and k" such that Ay~ and A, /~ () AT€
not separated by any quasi-Borel set, since if sets By, k: K € w contradlct

this then
U M Brw

kew k' ew

separates A,, », and A, ;.. Choose such k and £’ and let 7, and r;,;, be
r, (k) and r],~ (k') respectively. Now Ay, ..., is the open-separated union
of {Asrpiy | @n € s A lh(s) = (h(g,) + 1} and A; . is the open-separated
union of {A , - | g» € s A th(s) = lh(g,) + 1}. If for each s O ¢, with
lh(s) = Eh(qn) + 1 there were a quasi-Borel set B, separating A,, ., and
A, then U, (Bs N [T§]) would be a quasi-Borel set separating A, .,

and A’ Thus we can let ¢,,1 be some s O ¢, with ¢h(s) = (h(qg,) + 1

n+1

such that no quasi-Borel set separates A and A/ , E This completes
n4

S,"'n+1

the induction step. Now let z = |, ¢n, let y = U, 70, and let v/ =, 77,
Then y and 3’ witness that z € AN B. O

Remarks:

(a) Of course, Hansell’s theorem is not about spaces of the form [7'] but
about a wider class that includes these spaces.

(b) The separation theorem, which is what the second half of our proof
of Theorem 2.2.3 actually proves, is in [Hansell, 1973a] and [Hansell, 1973b].

(c) If T is a game tree with taboos, it is easy to see that any subset A of
[T] belongs to X7 as a subset of [T] if and only if it belongs to ¥ as a subset
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of [T']. By the first part of Theorem 2.2.3 and by the closure properties of
31 and IT} demonstrated in the proof, this also holds for II} and A}.

Our proof of quasi-Borel determinacy will parallel that of Borel determi-
nacy. For the analogue of Lemma 2.1.8, we will prove the analogue (1) of
(t)a, for all ordinals a. For « of uncountable cofinality, where X7 is gotten
by the new operation of open-separated union, we will need an additional
method of combining coverings.

If we are considering T, a game tree with taboos, and S a subtree of T
or S = (), let us denote by S the triple (S, 77N S, TN S). If S is a game

subtree of 7', then S is a game tree with taboos.
Suppose that T is a game tree with taboos and that p € T'. Let

T ={ecT|-(p<Caq}

Let T be a game tree with taboos and let C = (T, w, ¢, ¥) be a covering
of T. For p e T, C is a (p)-covering of T if

(i) T =@T:
(ii) 7 | (T is the identity;
(iii) (¢(a))(q) = a(q), for all & and all ¢ 2 p;
(iv) $(5) [ {g €T | ¢ 2 p} depends only on & [ {G€ T | 2 p}.

Lemma 2.2.4. Let T be a game tree with taboos and let p € T'. Every ¢h(p)-
covering of T, induces a unique (p)-covering of T; i.e., if (T, 7', ¢/, W) is
a th(p)-covering of T, then there is a unique (p)-covering (T, T, ¢, V) of T
such that T, = T, w|T' = ', $(5) [{q€T | ¢ 2 p} = (¢/(5")) I{¢€T | ¢ 2 p}
for all 6 € S( [, and \IJ(O,JJ) = U'(¢',x) for all (7,x) € domain(¥V) with
p C x, where in the last two clauses &' is the unique element of S(T") agreeing
with & on {q€T | ¢ 2 p}.

Proof. The proof is quite routine, so we verify only the uniqueness of W.
Suppose that x € [(;)7'] is consistent with ¢(5), with & € S(T). We show
that we must have ¥(5,x) = x. First note that ¥(5,x) € [T, since
otherwise clause (d)(ii) of the definition of a covering and (ii) above imply
that x O 7(V(G,x)) 2 p. Hence (d)(ii) and (ii) give that x O 7(V(5,x)) =
U(g,x). But then (i) implies that W(&,z) = x. O

Remark. 1t is also true that every (p)-covering of T induces a unique
¢h(p)-covering of T,. (See Exercise 2.2.3.) Thus a (p)-covering of T is essen-
tially the same thing as a ¢h(p)-covering of T,
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Lemma 2.2.5. Let T be a game tree with taboos and let D C T be such
that Jyep|Tal = [T and such that any two distinct elements of D are
incomparable with respect to C. Suppose that k € w and, for each d € D,
that Cq = (T 74, da, W) is both a k-covering and a (d)-covering of T. Then
there is a k-covering C = (T, m, ¢, V) of T and, for each d € D, there are Ty,
qzd, and U, such that

(i) Cq = (T, %q, ba, Wq) is a k-covering of T
(ii) C= Cd o) C~d.

Proof. We get T from T by replacing each Ty, d € D, by T;:

- (IdeD)dCpApeT?
p orpeT A (VdeD)dZp;
o (IdeD)dCpApeT
pP< orpe Tt A (VdeD)dZ p;
s FdeD)dCpApeTH
p < orpeTu A (VdeD)dZp.

In the notation introduced on page 87, clause (i) in the definition of a k-
covering says that , T = ,T. That this is true follows from the fact that the
Cq are k-coverings.

We define 7 and 7y, for d € D, by

7 ma(p) fdeD A dCp;
"= {ﬁ " (veD)dg p
wap) = { Te@) e @\{d)nd Cp
" poif(vd e (D\{d})d Lp

It is easy to check that 7 : T = T and that each 7y : T = T¢. The fact that
7 and the 7, are the identity on kT = ;T follows from the fact that the C; are
k-coverings. To verify that m = 7y 0 74 for each d € D, let p € T and d € D.
If (Vd' € D)d € p, then w(p) = ma(7q(p)) = p. So assume that d’ € D and
d' C p. By definition, 7(p) = mg (p). Assume first that d' = d. By definition,
7a(p) = p. Thus my(7a(p)) = ma(p) = m(p). Assume now that d’ # d. We
have that 74(p) = 7a(p) and, since 7z (p) 2 d' # d, that w4(7wa (p)) = 7a (D).
Hence 74(74(p)) = 7 (p) = 7(D).
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For 5 € S(T) and d € D, let G4 be any element of S(T?) that agrees with
& on {qeT | ¢ D d}. Clause (iv) in the definition of a (p)-covering guarantees
that the following definitions of ¢ and éd, for d € D, are independent of the
choices of the gy.

: (Gu5a)(p) £dED A dC
v~ { GE)E) e D\ () A d Cp
Gaene = {5 G Colle 2

It is easy to verify that ¢ : T 2 T. The fact that ¢ and the ¢4 are the identity
on ,S(T) follows from the fact that the C; are k-coverings. The proof that
ba 0 ¢g = ¢ for every d € D is like the proof above that 74 o 7y = 7, and we
omit it.

We define ¥ and U, for d € D, as follows:

U(5,x) = Wy(hpa(#),z), whered e D A dC z;

~ . ‘I’d/(qu/(é-),x) if d/ c D\{d} AN d/ g xZ;
a x if d C x.

Let us check clause (d) in the definition of a covering for C. (Clause (d) for
the C,; has a similar proof.) Let & € S(T') and let € [T] be consistent with
7. Let d € D be such that d C z. Since x is consistent with ¢(7) = ¢a(pa()),

it follows that Wy(¢q(5), x) is consistent with ¢q(5). Now Wy(de(d),z) D d,
since otherwise we would have x 2O Wd(\lfd<¢d( ), ) = Uy(de(5),x) 2 d
But 6 and ¢4(5) agree on Ty, so Wy(pa(G ), ¥) is consistent with 7. The fact
that Wy(¢q(5),2) 2 d implies that = Q\Ifd(%( 7),v)) = m4(Ya(pa(5),x)), and
so we have that (¥ (5,2)) = m(Va(pa(7),z)) = mag(Va(pa(d),x)) C x. For
clause (d)(iii), suppose for definiteness that & is a strategy for L. If ¥(&, x) is
not taboo for I in T, then this same play W (¢q(5), x) is not taboo for I in
T?. By clause (d)(m) for Cg, 74(Wy4(¢4(5),x)) = x. Thus 7(¥(5,x)) = .
Finally, we must verify that ¥(5,z) = \I/d(&,\lld(gbd(i}),x)). If d C x,
then W(5,7) = Vy(pa(0),r) = (since V4(pa(d), ) 2 d) Va(d, Va(@a(0), ).
If x O d # d, then ¥(6,2) = Vy(oda(d),2) = Vy(d,2) = (since Cy is a
d-covering) Wq(5, Ug(pa(5),z). O
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Remark. Lemma 2.2.5 is the basic new step in the proof of quasi-Borel
determinacy. Its proof turns on the fact that the non-trivial parts of the Cy4
are separated, and so these coverings can be combined without interference.
We have given most of the details of the proof, but the proof really should
be obvious. The significance of the lemma is that all subsets of [T] unraveled
by any of the given coverings are simultaneously unraveled by C.

Theorem 2.2.6. ([Martin, 1990]) Let T be a game tree with taboos. If A is
a quasi-Borel subset of [T| and k € w, then there is a k-covering of T that
unravels A.

Proof. By induction of ordinals a > 1, we prove

(1)e For all'T, for all A C [T] such that A € 3

*,and for all k € w, there
is a k-covering of T that unravels A.

Since X7 = XY, (1)} is equivalent with Lemma 2.1.7. Assume then that
a > 1 and that (f)s holds for all § with 1 < g < a. If a is a successor
ordinal or if cf (&) = w, then the proof of Lemma 2.1.8 gives (t)%. We may
then assume that o has uncountable cofinality. Let k € w and let A C [T
with A € ¥*. By Lemma 2.2.2 and part (1)(f) of Lemma 2.2.1 there is
a set D C T such that (J,cp[T4] = [T] and any two elements of D are
incomparable with respect to C, and there are By, d € D, such that each
By C [Tq], such that each By € (J;., 115, and such that A = {J,;.p Ba. By
our induction hypothesis, for each d € D there is a max {k, ¢h(d)}-covering
C, of Ty that unravels By. For d € D, let Cg = (T% 74, da, ¥);) be the (d)-
covering of T given by Lemma 2.2.4. Each C; is a k-covering and unravels
By. Let C and Cy, d € D, be given by Lemma 2.2.5. Since C = C4 0 C, for
each d € D, it follows that C unravels each By. Thus 7w~ '(A) is open. Let C
be a k-covering of T that unravels 7w~ (A). Then C o C is a k-covering of T
that unravels A. 0

Theorem 2.2.7. ([Martin, 1990]) All quasi-Borel games are determined.

Proof. The theorem follows immediately from Lemma 2.1.3 and Theorem
2.2.6 O

Theorem 2.2.8. All Al games are determined.
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Proof. The theorem follows immediately from Theorem 2.2.3 and Theorem
2.2.7 O

Exercise 2.2.1. Show that the set A defined in Remark (a) following the
proof of Lemma 2.2.1 is quasi-Borel but not Borel.

Exercise 2.2.2. Prove the remark following the proof of Theorem 2.2.3.

Exercise 2.2.3. Let <T,7T,(é, U) be a (p)-covering of T. Show that there
is a unique ¢h(p)-covering (T', 7', ¢’, U’') of T, such that the conditions of
Lemma 2.2.4 are met.

2.3 Optimal Hypotheses

Results of [Friedman, 1971] show that more and more of the strength of the
Power Set and Replacement Axioms is needed to prove X determinacy for
larger and larger countable a. (See Exercises 2.3.2-2.3.5.) Our aim in this
section is to show that 39 determinacy follows from essentially the weakest
Power Set and Replacement assumptions permitted by slight refinements of
Friedman’s theorems. Throughout the section, we work again in ZC™+ ¥
Replacement.

Note first that the proof of Lemma 2.1.6 goes through in our weak set
theory, provided we take the given ¢ — T; to be a genuine function (i.e. a
set) rather than just a (class) operation.

The proofs of Lemmas 2.1.3 and 2.1.4 also go through in the weak set
theory. Here are some results that come from combining Lemma 2.1.4 with
facts proved in Chapter 1.

Lemma 2.3.1. (ZC™+ X; Replacement) Let T be a game tree with taboos
and let A C [T]. If there is a covering (T, ¢, V) of T such that w'(A) €
39, then G(A;T) is determined.

Proof. This follows from Lemmas 2.1.4 and Corollary 1.3.4. U

Using Theorem 1.4.9, the Montalban-Shore theorem, we can get a stronger
result, at least in countable trees:

Lemma 2.3.2. For all k € w, ZC~+ ¥; Replacement = “ For all count-
able game trees with taboos T, and for all A C [T, if there is a covering
(T, 7,0, 9) of T such that w=(A) € k-I13, then G(A;T) is determined.”
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If we strengthen ZC~+ ¥; Replacement to Rec(ZC~+ X1 Replacement),
then Corollary 1.4.23 lets us can strengthen the conclusion to AY.

Lemma 2.3.3. (Rec(ZC™+ %, Replacement)) Let T be a game tree with
taboos and let A C [T]. If there is a covering (T, 7, ¢, V) of T such that
w1 (A) € AY, then G(A;T) is determined.

We will mainly use the first of the three lemmas just stated, but we will
occasionally mention the consequences of the others.

From Lemma 2.1.6 and the proof of Lemma 2.1.7 we can extract the
following fact.

Lemma 2.3.4. (ZC~ + X; Replacement) Let T be a game tree with taboos.
If k € w, if A is a countable set of open or closed subsets of [T|, and if P(T)
(the power set of T') exists, then there is a k-covering C of T that unravels
every member of A and is such that if T is infinite then

IT| < |P(T)].
Proof. The proof of Lemma 2.1.7 gives an operation
(T, A k) — C(T, A, k),

defined on triples consisting of (1) a game tree with taboos T such that the
power set of T' exists, (2) a closed subset A of [T], (3) and an even k € w.
Let T(T, A, k) be the first component of C(T, A, k) and let (T, A, k) be its
second component. The main properties of this operation are the following,
where we suppress (T, A, k):

(i) C is a k-covering of T that unravels A;
(ii) if T is infinite, then |T| < [P(T)|;
(i) if p € T and ¢h(p) > k + 2, then every move in T at  is a move in T
at m(p).

(i) and (iii) are clear. (ii) holds because the two extra components (other
than the numbers 1 and 2) of moves in T are subsets or members of T'.
Because we are working in the weak set theory, it will simplify matters if we
change T so that we have
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(iv) if T'is infinite, if p € T, and if ¢h(p) € {k,k + 1}, then every move in
T at p is a subset of Tr

For example, we can make move & be a subset of 1% = 1), by having I
play {p~(a)} U X instead of (a, X). We leave it to the reader the problem
of finding an appropriate modification of the rules for move k£ + 1.

Assume that P(T') exists and, without loss of generality, assume that 7" is
infinite. Let £ and A be as in the statement of the lemma. We may assume
that k is even, and we may assume that all members of A are closed. Let
then A= {A; | i € w}, with each A; closed. Let Ty = T. Inductively define

Ci = (Tis1, Tig1, Gig1, Yirr) by
CZ' == C(TZ, (’/Tl o-:--0 Wi)_l(Ai), k’ -+ 2Z)

Fori < jcw, let
Cjﬂ' = Ci_HO"'OCj.

For j € w, let C;; be the trivial covering of T;. It follows by induction using
(iii) and (iv) that, for all ¢ € w, (iii) holds with “I;” replacing “I"” and
“k 4 2¢” replacing “k + 2,” and

(Vp € T;)(Ym < th(p))(k <m < k+2i — p(m) € P(T)).

Thus we can set k;; = k + 27, and the hypotheses of Lemma 2.1.6 will be
satisfied. Applying Lemma 2.1.6, we get, in particular, a covering C o =
(T ooy Too.0, Poo0, PV, a (k + 2i)-covering of T that unravels all the A; and
is such that [To| < Y. || < |[“P(T)] = |P(T)]. 0.

We next prove a standard fact about Borel sets that will be useful in deriv-
ing a fact related to Theorem 2.1.8 as Lemma 2.3.4 is related to Lemma 2.1.7.
Let us call a set A of Borel subsets of [T'] self-sufficient if, whenever (3 > 1
and A € AH(E%\UKB ZO) there are A;, ¢ € w, with each 4; € ANQY
and with A = .

7<B

1€w

Lemma 2.3.5. (ZC~+ 3; Replacement) Every countable set of Borel sub-
sets of [T] can be extended to a countable, self-sufficient set.

Proof. For every countable set A of Borel sets, there is a countable ordinal
« such that A C X9, Thus we may assume inductively that A is a countable
subset of 3% with « countable and > 1, and that for each 8 < « every
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countable subset of E% can be extended to a countable self-sufficient set.
The case a = 1 is trivial, so assume that o > 1. For each A € A\ U, X9,
let (B; 4 | i € w) be such that each B a € Uz, X% and A = U, ~Bia. By
induction, for each 8 < a let Bz be a countable self-sufficient set extending
{Bialicwo NAc A\Up o Zh A Biae B0 U{Ac A AcXh}. Let

B=AuUl]JBs

B<a

It is easy to see that B is self-sufficient. U
For sets X and ordinals a, we define P*(X) inductively as follows:

PUX) = X;
PUHX) = P(PU(X) UP(X)

PMNX) = U PP (X) for B a limit ordinal.
B<A

Of course, it does not follow in our weak set theory that P%(X) always exists,
even for a = 1.

Lemma 2.3.6. (ZC™+ X, Replacement) Let o be any countable ordinal > 1.

Let
oo da- 1 if a s finite;
|« if « 1s infinite.

Let k € w, and let T be a game tree with taboos. Let A be a be countable set
of subsets of [T] such that A C U,z 2% If P (T) ewists then there is

a k-covering C = (T, 7,0, V) of T such that C unravels every member of A
and such that if T is infinite then |T| < |P* (T)|.

Proof. We prove the lemma by induction on a. The case o = 1 is trivial.
Let a > 1 and assume that the lemma holds for all non-zero ordinals smaller
than a. Fix T and assume that P (T) exists. Let & € w and let A be a
countable set of subsets of [T] such that A C J,_, X}. By Lemma 2.3.5,
we may assume that A is self-sufficient. Clearly we may assume that T is
infinite.

First suppose that a = 8 + 1 for some . If § > 1, then by induction
let C" = (T, 7,4/, ¢') be a k-covering of T that unravels every member of
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AN, .52 and is such that |[T7] < [PP(T)]. If B = 1, let C’ be the trivial
covering, with TV = T, etc. Note that in this case [T'| = |T| = |PY(T)| =
P (7).

Let A € A\UKﬁ X9, If § > 1 then, since A € X3 and A is self—sufﬁcient
there are A;, i € w, such that A = (J,., ~A; and each Aie AnU, 529
Hence 7'~ (A) = U, ©'(—A;), and therefore 7w/~1(A) is open. If § = 1
then w'~1(A) = A, which is X9, i.e. open.

Since P (T) = P(P?(T)) U PP (T), we have the existence of P(T").
Applying Lemma 2.3.4 to T" and A’ = {7/ ~1(A) | A € A}, we get a covering
C= (T, T, gg, \i/) of T that unravels every member of A" and satisfies

T < |P(T")| < [P*(T)].

Let C=C oC.
Now suppose that « is a limit ordinal. Let (8, | n € w) be an increasing
sequence of ordinals < a such that sup,c, 5, = « and such that g, = 1.
Inductively we define T, j € w, and C;; = (T, mj4, 54, V), i < j € w,
so that

(i) the hypotheses of Lemma 2.1.6 are satisfied with k;; = k + 1.
(i) Ty =

(iii) for all n € w, every move in T}, belongs to P (T);

)
)
)
)

(iv) for all n € w, C, o unravels every element of A, = AN, g X9, .

Let A" = {mw,,0 '(A) | A € A,}. Clause (iv) says that each A" is a set of
clopen sets.

Assume that the T; and the C;; are defined for « < j < n and have the
stated properties. (This is trivial for n = 0.)

Let v be such that 3, + v* = B,41. Now A}, is readily seen to be
self-sufficient, and A, N {707 (A) | A € Us.5, T3} = Ay, aset of clopen
sets. It follows by an easy inductive argument that A;., € U, 39, Now
PY (PP (T)) = PPrsr(T). 1t follows by (iii) that P (T;,) exists. Since A",
is a countable subset of [T,,] N Us., 2§ and v < ﬁnﬂ < a, it follows by
induction that there is a (k + n)-covering C' = (T', 7’ ¢’,\II’> of T, that
unravels every member of A”_; and satisfies [T7] < |PY'(T,)| < [PPn1(T)].
Modifying T’ to make clause (iii) hold, we get our C,1,; we get the Cpn41 ;
for 5 < n by composition.
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Lemma 2.1.6 yields, in particular, a k-covering

Coo = <Tooa 00,05 ¢O0,07 qIO7OO>

of T that unravels every member of A and satisfies |T| < |P*(T)|. Since
o = a, we can let C = Cx . O

Theorem 2.3.7. (ZC~+ ¥, Replacement) Let T be a game tree with taboos.
(a) If n € w and P™(T) exists, then all X2, 5 games in T are determined.

(b) If o is an infinite countable ordinal and P*(T) exists, then all °_,
games in T are determined.

Proof. (a) Assume that P"(T') exists and let A C [T] with A € Y _,. By
Lemma 2.3.5, let B be countable and self-sufficient with A € B. By Lemma
2.3.6, let (T, 7, ¢, ¥) be a covering of T that unravels every member of BN3Y.
We have that w=!(A4) € 39. By Lemma 2.3.1, G(A; T) is determined.

The proof of (b) is similar to that of (a), and we omit it. O

Corollary 2.3.8. (ZC~+ X; Replacement) If P*(T') exists for every count-
able a, then all Borel games in T are determined.

Corollary 2.3.9. (ZC + X; Replacement) For all n € w, every 3° game is
determined.

Proof. Since Zermelo Set Theory (ZC) gives the existence of P"(T) for
every n € w, the Corollary follows by Theorem 2.3.7. O

Remarks:

(i) “¥; Replacement” can be dropped from the statements of Corollar-
ies 2.3.8 and 2.3.9. Though we cannot then use (von Neumann) ordinal
numbers, we can replace them by wellordered sets, making use of Zermelo’s
theorem that every set can be wellordered. If we restrict ourselves to, say,
the tree <“w, then “+ Y; Replacement” can be dropped from the statements
of all our other results as well, though—since we don’t have in general the
existence of cartesian products—we must exercise some care in formulating
these results.

(ii) For countable trees and for any fixed k € w, “XY_3” can be replaced

in Theorem 2.3.7 by “k-II3,” and “39_,” can be replaced there by “k-IT_,.”
This follows by Lemma 2.3.2.
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(iii) If “ZC 4+ X; Replacement” is replaced by in Theorem 2.3.7 by
“Rec(ZC~+ X; Replacement),” then “3?..” and “X9.,” can be replaced
by “A%,,” and “AY_ .7 respectively. This follows by Lemma 2.3.3.

For elements z of “w and countable ordinals «, let 52 be the least ordinal
B such that Lg[z] = ZC™+ ¥, Replacement + “P*(w) exists” (provided, of
course, that such a [ exists).

Theorem 2.3.10. (ZC~+ X; Replacement)

(a) If n € w and B exists for every x € “w, then all A%, games in <“w
are determined.

(b) If a is an infinite countable ordinal and [ exists for every x € “w,
then all AY 4 games in <“w are determined.

Proof. (a) Assume that 7 exists for every x € “w. Let A be a AY, subset
of “w. Let = be such that A is A?, in z. Fix a definition witnessing that A
is AY,, in x.

During this paragraph, we work in Lg.[z] and we write “A” for the set
satisfying in Lgs[x] our chosen definition of A. By Lemma 2.3.5, let B be
countable and self-sufficient with A € B. By 2.3.6, let (T, m, ¢, ¥) be a
covering of T that unravels every member of BNXY. The set w~!(A) belongs
to AJ. By Theorem 1.4.2 (which holds in Lg:[z]), 7w~ *(A) € Diff(IT}).

We have just shown that Lg.[z] satisfies “m~1(A) € Diff (I13).” By The-
orem 1.4.16, Lg:[x] = “All Diff(IT games in T are determined.” Thus
Lp:[2] | “G(m~'(A); T) is determined.” By Lemma 2.1.4, Lg: (7] |= “G(A4; <“w)
is determined.” By absoluteness, G(A; <“w)) is determined.

The proof of (b) is similar. O

As in the exercises at the end of §1.4, in the exercises below we will use
“w-model” to mean a model (M;E) such that w € WFP(M; E) and the
restriction of £ to WFP(M; E) is the membership relation.

Exercise 2.3.1. This exercise extends the results of the the present section
to the quasi-Borel hierarchy introduced in §2.2.

Work in ZC~+ »; Replacement. Let o be any infinite ordinal. Prove
that, for every game tree with taboos T, for every countable set A of subsets
of [T] such that A C ;4. 2%, and for every k € w, if P*(T') exists then

there is a k-covering C = <T, 7, ¢, ¥) of T such that C unravels every member
of A and such that if T is infinite then |T'| < |P*(T))|.
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Deduce that, if T is a game tree with taboos and P%(T") exists, then all
3. o games in T are determined.

Hint. Adapt the proof of Lemma 2.3.6, using the proof of Lemma 2.2.5 to
handle the case that « is the successor of an ordinal of uncountable cofinality.

Exercise 2.3.2. This exercise and the four that follow it are, like Exer-
cises 1.4.1 and 1.4.2, refinements by the author of results of [Friedman, 1971].

Show that, for each ordinal @ < wy, there is a model (M; €) of ZC~+ X
Replacement such that M is a transitive set, « € M, and (M; €) E “P*(w)
exists,” and (a) X9, , determinacy for games in <“w fails in (M;€) if a is
finite and (b) X2, determinacy for games in <“w fails for « infinite.

Hint. Proceed as with Exercise 1.4.1, except—for a < w;*—replace 3,
by S, where §, is the least ordinal number / such that Lg = ZC+ ¥
Replacement + “P%(w) exists.” A key fact about 3, for a < w; is that it is
the least ordinal 8 such that there is no a C P*(w) such that a € Lg, 1\ Lg, .
For o > wy, first generically add an f : w — o and then define 8, using
Lg[f] instead of Lg.

Exercise 2.3.3. Work in ZC~+ X; Replacement. Let o be a small enough
countable ordinal that « is definable and the lightface class X% makes sense
(e.g., let @ < w™). Assume that (a) all £, games in ~“w are determined
if o is finite and that all 3%, games in <“w are determined if « is infinite.
Prove that f3, exists. It follows that the consistency of ZFC~ + “P*(w)
exists” can be proved in ZC™+ X; Replacement + “either all 39, games
are determined or « is infinite and all X% 5 games are determined.”

Hint. Combine the hints to Exercises 1.4.2 and 2.3.2.

Exercise 2.3.4. Show that, for each limit ordinal A < wy, there is a model
(M;€) of ZC~+ X; Replacement such that M is a transitive set, (Vo <
A) P(w) M € M, and 2%, determinacy for games in countable trees fails
in (M;€). Your (M;é€) should also be a model of the Power Set Axiom,
and so you can deduce that the determinacy of all 3? |, games in <“w is not
provable in ZC + >; Replacement.

Exercise 2.3.5. Work in ZC~+ X; Replacement. Let A be a small enough
countable limit ordinal that A is definable and the 3} makes sense. Assume
that all 3 41 games in ““w are determined. Let 8\ be the least ordinal +,



2.3. OPTIMAL HYPOTHESES 99

if one exists, such that L, = ZC~+ ¥; Replacement + “(Va < \) P*(w)
exists.” Prove that (3, exists.

In particular, this means that in ZC~+ ¥; Replacement the determinacy
of all XY, games in ““w implies the consistency of ZC.

Exercise 2.3.6. Work in ZC™+ ¥; Replacement. Prove the following gen-
eralization of the result of Exercise 1.4.3. Let o be a countable ordinal and
assume that 32 , . Turing determinacy holds if « is finite and that X2, , Tur-
ing determinacy holds if « is infinite. Show that 32 exists for every = € “w.

Hint. Combine the hints for Exercises 2.3.3 and 1.4.3. In the game,
require that the models satisfy V' = L[z] instead of V = L.

Exercise 2.3.7. Work in ZC~+ >; Replacement. Show that, for every
countable ordinal «, X, Turing determinacy implies the determinacy of
all A2, games in <“w. Note that a consequence of this is that Borel Turing
determinacy implies the determinacy of all Borel games in <“w.

Hint. Use Theorem 2.3.10.

Exercise 2.3.8. This and the following four exercises give a a proof due
to Ramez Sami of a non-level-by-level form of of Friedman’s result on the
strength of Borel determinacy. Sami’s proof has more in common with the
proof in [Friedman, 1971] than with the proof sketched in our hints to earlier
exercises. In particular, Friedman and Sami use Turing degrees in similar
ways. But Sami’s proof has ingredients not in either Friedman’s proofs or
ours, principally the result of the present exercise.

In order that the result of this exercise will be applicable to Exercise 2.3.12,
work in the theory ZFC™. Assume that all A] games in <“w are determined.
Let A € 3{. Show that at least one of the following holds.

(1) There is a strategy o for I such that, if x € Al(o) is any play
consistent with o, then = € A.

(2) There is a winning strategy for II for G(A4; <“w).

Hint. Assume that (1) fails and show that (1) fails for some B O A with
B € A{. Then use Borel determinacy.
Exercise 2.3.9. Once again work in ZFC~. Assume, say, that v < w®K,
Let T, be the theory KP + V = L + “there is no ordinal a such that L, |=
(ZFC™ + R, exists).”
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Let M and N be w-models of T,. Let d be an ordinal of M and let e;
and ey be ordinals of A'. Suppose that f; : L)1 = Lé\f and fy @ L)1 Lﬁg )
Prove that f; = fs.

Hint. 1t is enough to show that f; and f5 agree on the ordinals of M that
are less than d. Show that the order type of the infinite cardinals of L)1 is
< v+ 1. Prove by induction on infinite cardinals b of M that fi(a) = fa(a)
for every ordinal a of M such that |a|™ < b.

Exercise 2.3.10. Once again work in the theory ZFC~. Let v and T, be
as in Exercise 2.3.9. Assume V = L and assume that there is no ordinal «
such that L, F ZFC™ + “N, exists.” Prove that the set of Turing degrees
of complete extensions of T, with wellfounded term models is unbounded.

Hint. Under the assumptions it is enough to prove that there are arbi-
trarily large countable ordinals « such that L, = KP and every member of
L, is definable in L,. See Exercise 1.4.2.

Exercise 2.3.11. Once again work in the theory ZFC~. Let v and T}, be as
in the preceding two exercises. Say that the term model M of a complete
extension S of T, is pseudo-wellfounded if every non-empty subset of the
universe of M that is A} in S has an element that is minimal with respect
to €p. Let S, be the set of all complete extensions S of T, whose term
models are pseudo-wellfounded. Note that S, is ¥1. Prove that two distinct
members of S, cannot be A{ in one another.

Hint. Assume this is false and let M and N be the term models of
theories witnessing its falsity. For d and e ordinals of M and N respectively,
say that d ~ e if L} = LY. Use Exercise 2.3.9 to prove that ~ is Al in
M and in N. Deduce that either M = LY for some ordinal e of N or else
N = 4" for some ordinal d of M. Get a contradiction as in the analogous
parts of the proofs for Exercises 1.4.2, 2.3.3, and 2.3.5.

Exercise 2.3.12. Work again in ZFC™. Let v be as in the preceding three
exercises. Prove that the determinacy of all A}l games in <“w implies that
there is an ordinal « such that L, | ZFC™ + “N, exists.”

Hint. By absoluteness, you may assume V' = L. Assume that what you
are trying to prove is false. Use Exercises 2.3.8 and 2.3.10 to prove that there
is a Turing degree d such that, for any d’ > d and Al in d, there is a member
of S, of degree d’. Use Exercise 2.3.11 to obtain a contradiction.
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Exercise 2.3.13. If A and B are subsets of “w, we say that A is Wadge
reducible to be, or A <,, B, if there is a continuous f : “w — “w such that

A= f71B. If A <, B then, in a strong sense, A is at least as simple a set
as B. Prove that, for any Borel A and B, either A <, B or B <,, -A.

Hint. Say that A is Lipschitz reducible to B, or A <, B, if there is a
winning strategy 7 for II for the game G, (A, B; ““w) = G(C; ““w), where
{a; | i € w) € C if and only if

<CL2¢|?J€CU>€A < <CL2¢+1’Z'€LU>EB.
Note that A <, B — A <,, B. Use Borel determinacy.

Remarks:

(a) This fundamental result (announced in Wadge [1972]) was proved
by William Wadge in about 1967. Wadge used determinacy as a hypoth-
esis. Borel determinacy had not been proved at the time. In the papers
[Louveau and Saint-Raymond, 1987] and [Louveau and Saint-Raymond, 1988],
it is shown that the result, unlike Borel determinacy, can be proved in, say,
7ZC~. They do this by proving in the weak theory that the Wadge game
G(A, B; <“w) is determined for Borel sets A and B.

(b) Clearly Wadge’s result still holds if we replace “w by [T], where T
is any game tree, and if we replace “Borel” by “quasi-Borel.” Clearly also,
determinacy hypotheses for larger classes imply Wadge’s result for larger
classes. For example, the determinacy of all projective games in <“w implies
that Wadge’s result holds for all projective subsets of “w. (See Chapter 8
for the definition of “projective.”) Moreover AD implies that Wadge’s result
holds for all subsets of “w.

Exercise 2.3.14. This exercise show that Wadge reducibility stratifies the
Borel subsets of “w into a wellordered hierarchy.

If A and B are subsets of “w, say that A ~,, B if both A <, B and
B <, A. Similarly define A ~, B. Exercise 2.3.13 and the argument of the
hint show that <, and <, give linear orderings of the equivalence classes
with respect to ~,, and ~, respectively of Borel sets, except that the classes
of a set and its complement may be incomparable. Show that these linear
orderings are well-orderings.

Hint. Let A be such that every continuous preimage of A in “2 is mea-
surable with respect to the product of the measure on {0, 1} that gives each
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point measure 1/2. Show that for any (A; | ¢ € w) such that Ay = A,
there is an ¢ € w such that I does not have winning strategies for both
Guw(Ai, Aipr; ~¥w) and G, (A;, —A;41; “w). To do this, assume for a contra-
diction that winning strategies o}y for I for G, (A;, Ai11; <“w) and o! for I
for G, (A;, = A 1; ““w) exist. For z € “2, we get a sequence (7' | i € w)
of elements of “w by letting I follow the strategies ai(i) to produce simulta-
neously the plays z*(0), 2z:71(0), 21 (1), 2271 (1),.... Consider the probability

z

that 27 € A;. Show that the 0-1 law is contradicted.

Remarks:

(a) This result is due to Martin, but the basic idea of using the 0-1 law
was introduced by Leonard Monk, who proved a partial result.

(b) Remark (b) for Exercise 2.3.13 applies to the result of this exercise as
well.

2.4 Blackwell Games

In [Blackwell, 1969], David Blackwell introduced a class of infinite games of
imperfect information. These games differ in one basic way from the ones we
have been studying. Instead of taking turns moving, the players make their
nth moves simultaneously. The fact that moves are made simultaneously
rules out, even for games where each player makes only a single move, deter-
minacy theorems of the kind we have been studying. To make determinacy
theorems possible, the strategies we have considered heretofore have to be re-
placed by mized strategies, strategies that involve randomization. Moreover
determinacy has to be defined in terms of having a value.

Another other difference between Blackwell’s games and the ones we have
been studying is a restriction: in each position, each player can have only
finitely many legal moves. We will explain the reason for this restriction
later, and we will also weaken the restriction. A third difference from our
perfect information games is that we will allow payoff functions, not just
payoff sets. Payoff functions make sense for perfect information games also,
but their introduction adds little to the theory or applications of such games.

The concepts (mixed strategies, values of games, and payoff functions) we
have just mentioned and will shortly explain in detail are among the basic
concepts of ordinary game theory. What [Blackwell, 1969] proposes is that
these concepts be studied in the context of games of infinite length.
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From the fundamental von Neumann Minimax Theorem of [von Neumann, 1928],
it follows that all Blackwell games of finite length are determined. [Blackwell, 1969]
proves that all 39 (F,) Blackwell games with payoff sets are determined.
[Orkin, 1972] extends this result to Boolean combinations of F,’s. Determi-
nacy for what we will consider the general class of X9 Blackwell games (“gen-
eral” in that payoff functions are allowed) is proved in [Maitra and Sudderth, 1992].
[Vervoort, 1996] betters Blackwell’s result by a whole level of the Borel hier-
archy, proving the determinacy of all £9 (G;,) Blackwell games with payoff
sets.

In this section, we present a result from [Martin, 1998] showing that the
determinacy of any given Blackwell game is implied by the determinacy of
perfect information games of roughly the same complexity. This result yields,
in particular, a level-by-level reduction of Borel Blackwell determinacy to
ordinary Borel determinacy. Blackwell conjectured in [Blackwell, 1969] that
all Borel Blackwell games are determined, and so his conjecture is confirmed.
(Blackwell did not, of course, use the word “Blackwell.”)

We now turn to the formal introduction of Blackwell games. A game
tree T' is a Blackwell game tree if

(a) the members of T are finite sequences of ordered pairs;

(b) if p € T is non-terminal and has length 7, then there are non-empty
sets X, and Y, such that

(i) at least one of X, and Y, is finite;

(ii) the length i 4 1 extensions of p that belong to T" are precisely the
p~((a,b)) with a € X, and b € Y),.

If T is a Blackwell game tree, then Blackwell games in T are played as

follows.
I ag aq Qs

IT bo by by

In other words, for each ¢ the moves a; and b; are made simultaneously. It is
required that all positions ((a;, b;) | i < n) belong to T

Remark. If clause (b) is relaxed to allow both players to have countably
infinitely many moves, then determinacy fails even for games in which each
player makes only a single move. See Exercise 2.4.1.

Let T be a Blackwell game tree. A mized strategy for player I or II in
T is a function ¢ that assigns to each position in 7" a discrete probability
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distribution on the set of legal moves for that player in the position. To see
what we mean by this, assume for definiteness that o is a strategy for I. Let
X, be as in the definition of Blackwell game trees. Then, for each p € T,

(i) o(p) : X, — [0,1];
(i) 3 ex, (0(p))(a) = 1.

Note that (i) and (i) imply that the set of a € X, such that (o(p))(a) > 0 is
countable. We are not, then, considering the more general case in which the
sum of (ii) is replaced by an integral.

Let T be a Blackwell game tree. Let o and 7 be mixed strategies for I and
IT respectively in T'. The strategies ¢ and 7 give, in the following manner, a
probability measure p,, on the set of all plays in 7. If p = ((a;,b;) | i <n)
is a position in 7" then set

por([T]) = (oo T9))(ai) - (r(p 14))(by).

<n

By a standard construction and argument, there is a unique probability mea-
sure defined on the Borel subsets of [T] that has the specified values on the
[T,]. The p,,-measurable sets are defined in the usual way, as the set of all
A C [T such that A the symmetric difference of A and some Borel set is
contained in a Borel set B with p,,(B) = 0. A function f : [T] — R is
o --measurable if the f-preimage of each open set is p, ,-measurable.

A payoff function for a game tree T is a function f from the set of all
plays in T into a bounded subset of the real numbers. For each Blackwell
game tree T' and each payoff function f for 7', there is a Blackwell game
which we call T'(f; 7).

If I'(f; T) is a Blackwell game and f is p, --measurable, then set

Eurf) = [ Fapos.

For for Blackwell games I'(f, T') with arbitrary payoff functions f, set

E. (f) =sup{E,,(g) | g is Borel measurable A (Vx)g

o, T

(x
Er (f) =inf{E,.(g) | g is Borel measurable A (Vz)g(z)

If f is po-measurable, then E_(f) = Ef (f) = Eor(f).



2.4. BLACKWELL GAMES 105

Let I'(f; T) be a Blackwell game. If ¢ is a mixed strategy for I in 7" then
the value of o in T'(f;T) is

inf{E,  (f) | 7 is a mixed strategy for II} .
If 7 is a mixed strategy for Il in 7" then the value of 7 in T'(f;T) is
sup{E;(f) | o is a mixed strategy for I}.

Let val (I'(f;T")) be the supremum over all mixed strategies o for I in T’
of the value of ¢ in I'(f;T) and let val'(I'(f;T)) be the infinum over all
mixed strategies 7 for IT in T of the value of 7 in T'(f). The game I'(f;T) is
determined if

val (D(f; 7)) = val (T (f;T)).
If I'(f; T) is determined, then

the value of T(f;T) = val(I'(f; T)) = val (T(f; T)) = val'(T(f; T)).

Remarks:

(a) We are using the term “Blackwell games” to cover a rather wide class.
It might be more accurate to reserve the term “Blackwell games” for infinite
length games. Moreover Blackwell considered only measurable payoff func-
tions. The definitions for the non-measurable case are from [Vervoort, 1996].

Somewhat artificially, we say that a Blackwell game I'(f;T) is open,
closed, Borel, etc., if for all rationals y the set of all plays = such that y < f(z)
is open, closed, Borel, etc. Note that a Blackwell game is Borel just in case
its payoff function is Borel measurable, i.e., just in case the f-preimage of
each Borel set is Borel.

Suppose that T is a Blackwell game tree and that A is a set of plays in
T. Let x(A) be the characteristic function of A, the function f such that
f(z) =1forz € Aand f(z) =0 for z ¢ A. According to the definition of
the preceding paragraph, I'(x(A); T) is open, closed, Borel, etc., just in case
A is open, closed, Borel, etc.

Say that a mixed strategy o for I for a Blackwell game I'(f;7T) is an
optimal strategy if the value of o in I'(f;T') is val (I'(f;7T)). Similarly say
that a mixed strategy 7 for II is an optimal strategy if the value of 7 is
val'(T'(f; T)). We say that I'(f;T) is determined in optimal strategies if
['(f;T) is determined and each player has an optimal strategy. Note that
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this means that each player has a mixed strategy whose value is the value of
L(f;T).

The basic form of the von Neumann Minimax Theorem of [von Neumann, 1928]
is as follows.

Theorem 2.4.1 (Minimax Theorem) Let T be a Blackwell game tree in
which all plays have length 1 and for which both Xy and Yy are finite. Then
all Blackwell games in T are determined in optimal strategies.

A proof of this theorem may be found in [Vervoort, 2000] (and, of course,
in [von Neumann, 1928] and in many other places).

Corollary 2.4.2. Let T be a Blackwell game tree in which all plays have
length < some fized natural number n. Assume that all the sets X, and Y,
associated with T' are finite. Then all Blackwell games in T are determined
in optimal strategies.

Proof. We proceed by induction on n. The case n = 0 is trivial. Let n > 0
and assume that the corollary holds for n. Let T be a Blackwell game tree
in which all plays have length < n + 1. For each non-terminal position p in
T of length n, let

1% = {0} U{(w) [ p~(w) € T}.

Let fP be the payoft function for T? given by

By the theorem, each I'( f?;T?) is determined in optimal strategies.
Let
T"={peT|/h(p) <n}.

Define a payoff function f’ for 7" by

f(p) = f(p) if p is terminal in T
b)= val(I'(fP;TP)) otherwise.

By our induction hypothesis, I'(f*; T") is determined in optimal strategies.
It is easy to see that one gets optimal strategies witnessing that the

corollary holds for I'(f; T") by combining in the obvious way optimal strategies

for T'(f';7") with optimal strategies for the I'(f?;T%). O
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Corollary 2.4.3. Let T' be a Blackwell game tree in which all plays have
length < some fixed natural number n. Then all Blackwell games in T are
determined.

Proof. First consider the case of a T" in which all plays have length 1. By
symmetry, we may assume that Xj is finite. For any finite subset u of Yy, let

T ={0} U{{(a,b)) |a € Xy N b€ u}

and let f* = f [ [T"]. By the theorem, for each u let ¢* and 7" be optimal
strategies for I and II respectively for T'(f*;T"). Let

v = infval(T'(f*;T")).

It is easy to see, using the 7%, that val'(I'(f;T)) < v. To finish the
proof, we show that val (I'(f;T)) > v. Let ¢ > 0. We will show that
val (I'(f; 1)) > v —e.

Since the range of a payoff function is required to be bounded, let s € R
with s > | f(z)| for all plays z in T.

First we prove that there are r,, a € Xy, such that each r, € [0, 1], such
that > . x,"a = 1, and such that for every finite u C Yy there is a finite
u' C Yp such that, for all a € X,

g
25| Xo|

/

wCu A ‘(a“

(0))(a) —7a

<

Let Xy = {ay,...ax}. Let 0 < j < k and assume that we have 7,, for i < j
such that

(Vu) @ 2 w)(¥i < ) (0" ) (@) — 7| < prat

If there were no 7,; that made this hold with “j + 17 replacing “j,” then

we could generate an infinite sequence of elements of [0, 1] any two of which

would differ by more than m, and there can be no such sequence. Since

€
1- S5 < |1Xpl——o
2 7 = | ®|4S|X@|

CLEX@

we can get our r, by adding to or subtracting from each 7, some number

£
S Txy)-
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Define a mixed strategy o for I in T' by

(o(0)(a) = ra.

We show that the value of o in I'(f;7T) is > v —e. Let 7 be any mixed
strategy for II in T. There is a non-empty finite subset u of Y} such that

S @)E) < o
bu

Let v’ D wu be given by the property of the r,. Let by € u'. Let 7" be the
mixed strategy for II in 7% given by

P () if b # by;
mi) = { 7(0) + 34 (T(0))(D) if b = bo.

We have that
/ € €
E o .(f") = Esr < — —

2s
aEX@

_I_

Mpo| M
DO | ™

Since
Egufﬁ,(f“l) > val(D(fY; %)) > v,

this completes the proof of the determinacy of I'(f;T).
The corollary can now be proved by an induction similar to the proof of
Corollary 2.4.2. O

Remark. For simplicity’s sake, in proving determinacy theorems we will
work mainly with Blackwell game trees that have no terminal nodes and with
payoff funtions whose range is a subset of [0, 1]. Arguments like those given
in §2.1 for the perfect information case show that Blackwell determinacy is
level-by-level equivalent to Blackwell determinacy in trees without terminal
nodes. It is easy to see that restricting to payoff functions bounded to [0, 1]
similarly makes no difference for determinacy.

Announcement. Until further notice, let T" be a Blackwell game tree

with no terminal positions and let f be a payoff function for 7" such that
0 < f(x) <1 for every z € [T].
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For each v € (0, 1], we define a perfect information game G,.
Play in the game G, is as follows:

I ho hl h2
II y4! b2 Ps3

Set po = 0, the starting position in 7. For ¢ > 1, p; must a position in T of
length 7. It is required that po C p; C .... For each 7, h; must be a function
into [0, 1] from the set of positions in 7" that are length ¢ 4+ 1 extensions of
p;. Let vg = v and for i > 0 let

Viy1 = hi(piv1)-

For each 4, let T% be the Blackwell game tree in which the players start at
p; and simultaneously make one move legal in T. I’s move h; is a payoff
function for T%. By Corollary 2.4.3, the game T'(h;; T") is determined. The
final requirement on h; is that

val(T'(hs; TY)) > v;.

Note that I always has a legal move that fulfills this requirement. For exam-
ple, I may set h;(q) = 1 for all ¢. The final requirement on p;,; is that

Vit+1 > 0.

By induction on i, we can see that II always has a legal move that fulfills
this requirement; for if 1;(q) = 0 for all ¢, then v; < val(T'(h; T*)) = 0.

For each position p* in G, let m(p*) be the union of all the moves made
by II in arriving at p*. (If fh(p*) < 1, then m(p*) = 0; otherwise 7(p*) is the
last move made by II.) For any play z* of G, let w(z*) = |J, n(z* [ ©), i.e.,
let m(x*) be the play of I" extending all the p;. A play * is a win for I if and
only if

limsup; v; < f(m(2")).

One way to think of the game G, is to imagine that player I is trying
to show that val(I'(f;7)) > v. This account takes I to be asserting, at the
point when p; has been chosen, that val(I'(f;7},,)) > v;. To substantiate this
assertion, I chooses the h;(¢). If val(I'(f;T},)) > hi(q) for each ¢, then the
fact that val(T'(h;; T%)) > v; shows that I’s assertion is correct. Player II
is therefore required to choose some ¢ as p;y 1, thus asking I to show that
val(T(f;T,) > hi(g).
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Remark. The motivation just given for G, might suggest that G, is a
win for I'if and only if val (I'(f; 7)) > v. But the “if” part of this statement
is not true in general, even in when both games are determined. Suppose
that the X, and Y, for T" are all {0,1}. Suppose also that f(z) = 0 if 1
is never played or if the two players first play 1 simultaneously and that
f(z) = 1 otherwise. This game has value 1, but II has a winning strategy
for G1. ([Vervoort, 1996] uses this I'(f;T") to illustrate a different, though
related, point. There are other choices for 7" and f such that I has a winning
strategy for Guair(s;ry).) The “only if” part of the statement is true, as is
the anlogous assertion about II. Both will be proved below.

Theorem 2.4.4. If1 has a winning strategy for G, then val (I'(f;T)) > v.

Proof. Suppose that ¢* is a winning strategy for I for G,. Let 6 > 0. We
will prove that val(I'(f; 7)) > v — é.
We simultaneously define

(i) a mixed strategy o for I in T’
(ii) the notion of an acceptable position in T}

(iii) for each acceptable position p in T, a position ¥(p) in G, such that
th(v(p)) = 2¢h(p) + 1, ¥ (p) is consistent with ¢*, and 7(¢(p)) = p.

The function p — ¢ (p) will satisfy the condition

pCSq—v(p) SY(q).

Thus for each play x in T that contains only acceptable positions, we will
have a play ¥(z) = U,c, ¥(p) of G, such that W(z) is consistent with o
and (¥ (x)) = .

The starting position () is acceptable. Every position extending an unac-
ceptable position is unacceptable.

For unacceptable positions p, define o(p) in an arbitrary fashion.

Let ¥(0) = (ho), where hq is given by o*.

Suppose inductively that we are given an acceptable p of length ¢ and
that either (a) i = 0 or else (b) i > 0 and we have defined

1/1(19) = <h07 -+ Diy hz‘> )

a position in G, consistent with ¢* and with p; = p. Let v; and 7" be the v;
and the T} associated with ¥ (p).
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For positions ¢ of length ¢ + 1 that extend p, define ¢ to be acceptable if
and only if h;(g) > 0.

Because val(I'(h; T%)) > wv;, there is a mixed strategy for I in 7% whose
value in T'(h;; TY) is > v; — §/27F1. Let o(p) be the probability distribution
given by such a mixed strategy. Given any acceptable ¢ of length ¢ 4 1 that
extends p, set ¥(q) = ¥(p)~(Pit1, hit1), where p;11 = g and where h;;; is
given by o*.

For acceptable positions p in T', let A? be the last move made in reaching
the position (p), i.e., let h? be the hgm,) of ¥(p). For acceptable p, also let
T? be the T™® of 1)(p) and let v? be the Vn(p) of ¥(p). For unacceptable p,
let vP = 0.

Lemma 2.4.5. Let 7 be a mized strategy for 11 in T and let p = .. Let
p € T with th(p) =1i. Then

(L)< Y (W82 (T

pCyq
thig) =i+1

Proof of Lemma. Since v” = 0 for unacceptable p, we may assume that p is
acceptable. Because o(p) is the probability distribution of a mixed strategy
in TP whose value in T'(h?; TP) is > vP — §/2"7! we have that

WP — 5/2i+1 < Z hp(q):un!I]) .

pCyq
thig) =i+1

Using the facts that h?(q) = v? and that u([T,]) = >, u([Ty]), we get the
desired inequality. O

For plays x in T, set

g(x) = limsup ; v*'".
Note that g is Borel measurable and that range(g) C [0,1]. Note also that
g(z) < f(z) for every play x in T. This is trivially true for those x such
that g(z) = 0. For any other z, U(z) is a play consistent with the winning
strategy o*, and so g(z) < f(7(¥(z))) = f(z).

Lemma 2.4.6. For any mized strategy 7 for 11 in T', E,,(g) > v — 0.
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Proof of Lemma. Given 7, let 4 = p,,. Assume that E,.(g) < v — 6.
Thus [gdp < v —4. Let e > 0 be such that [gdu < v — 3 —e. Then
J(1—g)dp>1—v+d+e. Thereis a closed set C' such that g is continuous
on C and [,(1—g)du>1—v+0+e. (See Kechris [1994], Theorem 17.12.)
We will define a play x in T such that, for all i, x [ ¢ is acceptable and

/Cm[T A](l —g)dp > (1— 0" 4 6/2 + &) u([Tori)) -

Suppose that x |7 has been defined so that x |7 is acceptable and the inequality
just stated holds. If there is an acceptable ¢ of length 7 4 1 that extends x [ ¢
and is such that fcm[Tq}(l —g)dp > (1 — v+ /27 + ) u([T,]), then let
x [ i+ 1 be such a ¢g. Assume, in order to derive a contradiction, that the
inequality

/ i S (/2 ) (T

holds for every acceptable ¢ of length ¢+ 1 that extends x [ . This inequality
holds also for unacceptable ¢, since for them v? = 0. Thus

1l—g)dpy = / 1—g)du
\/C\VQ[TIM]( ) ; Cﬂ[Tq]< )

< Y (1= +6/2 4 o) u(T))

q

< (L=v""4+6/2 + &) p([Ta])

where the last inequality is by Lemma 2.4.5. This contradicts our induction
hypothesis for .
We next observe that for any ¢ there is a y; € C'N [T});] such that

g(y) < vl —6/20 —¢.
Assume to the contrary that g(y) > v*1" — §/2" — ¢ for every y € C N [Tyy).

Then

(1—=g)dp < (1 =" +6/2" + &) p([Tpi])
COTy14]

contradicting what we have just proved by induction about our play .
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Since x = lim,; y;, we have that z € C and so that g(z) = lim; g(y;). Let
J be such that

(Vi > 5)19(x) = gv:)| < /2.

Then A .
(Vi > 7) g(x) < g(yi) + /2 <v™' —6/2" —¢/2.
Therefore ‘
g(x) <limsup;v®" — /2 = g(x) — /2.
This contradiction completes the proof of the lemma. Il

Lemma 2.4.7. The value of o in T'(f;T) is > v — 9.

Proof of Lemma. By the fact that g(z) < f(z) for all z, the value of ¢ in
['(f;T) is > the value of o in I'(g; T'), which is > v — ¢ by Lemma 2.4.6. O

Since 0 was an arbitrary positive real number, the theorem is proved. [
Theorem 2.4.8. If1II has a winning strategy for G, then val (I'(f;T)) < v.

Proof. Suppose that 7* is a winning strategy for II for G,. Let 6 > 0. We
will prove that val(I'(f; 7)) < v + 0.
We simultaneously define
(i) a mixed strategy 7 for Il in T
(ii) the notion of an acceptable position in T’

(iii) for each acceptable position p in T, a function w, into [0, 1] from the
set of all ¢ extending p such that ¢(h(q) = ¢(h(p) + 1;

(iv) for each acceptable position p in T, a position ¥(p) in G, such that
th(v(p)) = 2¢h(p), ¥(p) is consistent with 7%, and 7(1(p)) = p.

The function p — v (p) will satisfy the condition

pCq—v(p) CY(q).

Thus for each play x in T that contains only acceptable positions, we will
have a play ¥(z) = J,c, ¥(p) of G, such that ¥(x) is consistent with 7* and
m(¥(x)) = x.

The starting position () is acceptable. Every position extending an unac-
ceptable position is unacceptable.
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For unacceptable positions p, define 7(p) in an arbitrary fashion.

Let ¢(0) = 0.

Suppose inductively that we are given an acceptable p of length ¢ and
that either (a) i = 0 or else (b) ¢ > 0 and we have defined

P(p) = (ho, -, pi) s

a position in G, consistent with 7* and with p; = p. Let v; and T" be the v;
and the T; associated with ¢ (p).
For positions ¢ of length i+1 that extend p, define q to be acceptable if and
only if there is a legal move h for I in G, at ¢ (p) such that 7*(¢»(p)~(h)) = q.
For acceptable ¢, set

up(q) = inf{h(q) | b is legal in G, at ¢ (p) AT*(¥(p)~(h)) = q}.
For unacceptable ¢, set u,(q) = 1.
Lemma 2.4.9. val(T'(uy; T%)) < v;.

Proof of Lemma. Assume that val(T'(u,; T%)) > v;. Let € > 0 be such that
val(T'(uy; T%)) > v; + €. Define a function h, with the same domain as u,, by

up(q) —e if u, &
hq) = { 0 @ if upgg; z €.

Then val(T'(h; T%)) > val(T'(up; T")) — ¢ > wv;, and therefore h is a is a
legal move for I at the position ¥ (p). Hence there is some ¢ such that
T (P(p)~(h)) = q. If uy(q) < € then h(q) = 0, and so ¢ is not a legal
move. If u,(q) > ¢ then h(q) < u,(q), and this contradicts the definition of

up(q)- O

Let 7(p) be the probability distribution given by some mixed strategy for
IT in 7" whose value in I'(uy; T%) is < v; 4+ §/22.

For each acceptable ¢ of length i + 1 and extending p, we define 1(q) as
follows. Pick a legal move h; for T at ¢(p) such that h;(q) < u,(q)+0/2""% and
such that 7*(¢¥(p)~(h;)) = q. Set ¥(q) = ¥ (p)~ (hi, pit1) , where piy1 = q.

For acceptable positions p in T' with ¢h(p) > 0, let h? be the next to last
move made in reaching the position ¥ (p), i.e., let h? be the hpm)—1 of ¥(p).
For acceptable p € T of any length, let T? be the T™® of 1)(p) and let v? be
the veny of ¥(p). If p is unacceptable, set v? = 1.
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Lemma 2.4.10. Let 0 be a mized strategy for I in T and let p = p15,. Let
p € T with th(p) =i. Then

(L) = Y (00 =8/2 (T

pCq
thig) =i+1

Proof of Lemma. Since v” = 1 for unacceptable p, we may assume that p is
acceptable. Because 7(p) is the probability distribution of a mixed strategy
in 7% whose value in I'(uy; T?) is < vP + §/2"72) we have that

D i+2 n([Ty])
URREAE N DI i)
thig) =i+1

Since u([T]) = Y2, n([T}]), we get that

L)z S (uple) - 6/2)u(T).
@h(qﬁingl

For acceptable ¢, v? = hi(q) < wu,(q) + 6/2"72. For unacceptable ¢, v? =
1 = u,y(q). In either case, v4 — 6/2°"% < w,(q), and this gives us the desired
inequality. U

For plays x in T, set

g(x) = limsup ; v*'".

Note that g is Borel measurable and that range(g) C [0,1]. Note also that
g(z) > f(z) for every play = in T. This is trivially true for those x such
that g(z) = 1. For any other z, U(z) is a play consistent with the winning
strategy 7%, and so g(z) < f(m(¥(x))) = f(x).

Lemma 2.4.11. For any strategy o for 1 for T,
E,-(9) <v+9d.

Proof of Lemma. Given o, let it = 1, . Assume that E, -(g) > v+9. Let
e > 0 be such that E,(g) >v+d+e. Then [gdu>v+d—+e. Let C be a
closed set such that g is continuous on C' and such that | c9du>v+0+e.
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We will define a play x in T such that, for all ¢, z [ ¢ is acceptable and
| gdus 7 672 e ().
CI"I[T;L»[Z']

Suppose that = [7 has been defined so that z |7 is acceptable and the inequality
just stated holds. If there is an acceptable ¢ such that fC’ﬂ[Tq] gdu > (v1 +

§/21 + &) u([T;]), then let z [ i + 1 be such a g. If, for every acceptable g,

/ gdp < (07 +6/2"" 1) u([Ty)),
CN[Tq]

then

gdp = / gdp
/C'O[TI[Z’] ; Cﬁ[Tq]

< D (W 6/27 + o) p([Ty)

< W+ 0/2 + 2) pl[Tepi))

where the last inequality is by Lemma 2.4.10. This contradicts our induction
hypothesis for 7.
We next observe that for any ¢ there is a y; € C'N [T} such that

glys) > v +6/2" + €.

Assume to the contrary that g(y) < v®l* + §/2° + ¢ for every y € C N [Tyy).
Then

/ gdp < (W4 6/2" + &) u([Tepi))
CN[Tg i

contradicting what we have just proved by induction about our play x.
Since x = lim; y;, we have that z € C and so that g(z) = lim; g(y;). Let
7 be such that
(Vi > j) lg(x) — g(wi)| < /2.
Then .
(Vi > j) g(x) > g(ys) —¢/2 > o] +5/2' +¢/2.
Therefore
g(x) > limsup v’ +¢/2 = g(x) +¢/2.

This contradiction completes the proof of the lemma. U
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Lemma 2.4.12. The value of 7 in U'(f;T) is < v +9.

Proof of Lemma. By the fact that g(z) > f(z) for all z, the value of 7 in
['(f;T) is < the value of 7 in I'(¢g; T'), which is < v+ by Lemma 2.4.11. O

Since 6 was an arbitrary positive real number, the theorem is proved. [

Theorem 2.4.13. If G, is determined for every v € (0,1], then T'(f;T) is
determined.

Proof. Assume that all the G, are determined. Let w be the least upper
bound of all the numbers v such that I has a winning strategy for G,. By
Lemma 2.4.4, val (T'(f; T)) > w. By Lemma 2.4.8, val'(I'(f; T)) < w. Thus
val(T'(f; 7)) = w. O

Since the games G, are of the form G(A*;T™*), Theorem 2.4.13 allows us
to show that Blackwell determinacy for any given class follows from ordinary
determinacy for a related class. But Theorem 2.4.13 does not yield optimal
results when |T| < 2%. This is because the tree T* for G, has size > 2% for
all non-trivial trees T'. This problem is easily remedied, however, as we now
explain.

For v € (0, 1], let G, differ from G,, only in an additional requirement that
all values h;(q) be rational. It is easy to check that our proofs go through
unchanged for G, in place of G,. We state this formally as the following
theorem.

Theorem 2.4.14. If G, is determined for every real (indeed, for every ra-
tional) v € (0,1], then I'(f;T) is determined.

If f is the characteristic function of a set, then there is a modification of
the games GG, that gives our results with simpler proofs.

Announcement. Until further notice, let A be a subset of [T7].

For v € (0,1] let G’ be played exactly as is G,, but let a play z* of G/
be a win for I if and only if 7(z*) € A.

Theorem 2.4.15. IfI has a winning strategy for G, then val (I'(x(A);T")) >
v.
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Suppose that ¢* is a winning strategy for I for G,. Let 6 > 0. We will
prove that val(I'(x(f);T)) > v — §. Define o, acceptable positions, and 1,
exactly as in the proof of Theorem 2.4.4. Define h?, TP, and v as before.

Lemma 2.4.5 holds as before.

Lemma 2.4.16. Let 7 be a mized strategy for Il in T' and let p = piy-. For
each 1 € w,
v< Y (61— 1/2)u(T)).

¢h(p) =i

Let C be the closed set of all plays of I' that contain only acceptable
positions. Since x = w(¢(z)) for z € Cy, C, C A.

Lemma 2.4.17. For any strategy T for 11 for I', p,.(Cy) >v.

Proof. Given 7, assume that p, .(C;) < v. It follows that there is a closed
set C' disjoint from C) such that p,.(C) > 1 —v. By a construction like
that in the proof of Lemma 2.4.6, there is an x € (] such that, for all 7,
lie.(C N [Th]) > 1 — o', But this is a contradiction, for such an z must
belong to C; N C. U

Lemma 2.4.18. The value of o in I'(x(A)) is > v.

Proof. The lemma follows from Lemma 2.4.17.

Here is a direct proof of the lemma. For each i, consider the game I'
which is played in the same way as I' except that play terminates when the
position p has length i. For plays p of I, let

i v? if p is acceptable;
Wi (p) = { 0 otherwise.

It is easy to prove by induction on ¢ that the value of the appropriate fragment
o' of o in T%(h%) is > v. Thus the value of ¢* in T%(x(C%)) is > v, where C} is
the set of all acceptable plays of T%. Thus the value of ¢ in I'(x(C})) is > v.

O

Dropping our assumption about ¢*, we get the following.

Lemma 2.4.19. If1 has a winning strategy for G, then val (I'(x(A))) > v.
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Now assume that 7* is a winning strategy for II for G!. Let 6 > 0. Define
T, acceptable positions, and 1, exactly as in §1.

Let C5 be the closed set of all plays of I' that contain only acceptable
positions. Since x = w(¢(x)) for z € Cy, CoN A = 0).

Lemma 2.4.20. For any strategy o forl for I', py,(Co) >1—v—19.
Lemma 2.4.21. The value of 7 in I'(x(A)) is <v+9.

Proof. The lemma follows from Lemma 2.4.20. There is also a direct proof
of the lemma, analogous to the direct proof of Lemma 2.4.18. Il

Dropping our assumption about 7%, we get the following.
Lemma 2.4.22. If1I has a winning strategy for G',, then val' (T'(x(A))) < v.

Theorem 2.4.23. If G, is determined for every v € (0, 1], then T'(x(A)) is
determined.

We next indicate how to extend our results to stochastic games. In doing
so we are reporting an observation of Maitra and Sudderth.

Stochastic games I' are played like Blackwell games, except that each
pair of moves of I and II is followed by a move of a third player, whom we
will call Nature. We will restrict ourselves to the case that Nature has a
countable set of legal moves in each postion in which she must make a move.
Payoff functions for I are functions of the entire play, including Nature’s
moves. The analogue of I'(f) is ['(f, p) where f is a payoff function and p is
a mixed strategy for Nature. If o and 7 are strategies for I and II respectively,
then o, 7, and p give a probability measure fi,,, on the set of plays of L.

Using this measure, we define E,.,(f), E, . ,(f), Ejmp(f), val, (T'(f, p)),
ValT(f(f, p)), determinacy of I(f, p), and the value of I(f, p) in the obvious
way.

Fix I' with no terminal positions. Fix f and p. For v € (0,1], let G, be
the perfect information game played as follows. Set py = (). I’s moves are
functions hg, hq, ... and II’s moves are positions py, ps, ... in [. For each 1,
h; is a function into [0, 1] from the set of all length 2i + 2 extensions of p;,

which has length 2i. Let vy = v and for ¢ > 0 let v; 41 = h;(pis1). For each i,
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let A; be the game in which, starting at p;, the two players and then Nature
make legal moves in I'. The final requirement on h; is that

val(A;(hi, pp,)) > vi,

where p,, is the strategy for Nature for A, that is given by p. The final
requirement on p;.1 is that v;,; > 0.

For positions p* in G,,, define 7(p*), a position in G of length 2¢h(p*), in
the obvous way. Also call = the function induced by « from plays of G, to
plays of T'. A play 2* is a win for I if and only if lim sup, v; < f(ﬂ'(l’*))

The constructions, lemmas, and proofs of the earlier part of this section
adapt in obvious ways to G, and T'( 1, p). (The first draft of our paper
had a slightly different definition of the function h on page 114. Maitra and
Sudderth remarked that the current definition, unlike the original one, would
work for stochastic games.) Thus we get the following theorem.

Theorem 2.4.24. If G, is determined for every v € (0,1], then T'(f, p) is
determined.

For more details, see [Maitra and Sudderth, 1993]. There Maitra and
Sudderth adapt our proof to demonstrate the determinacy of a wider class of
stochastic games. They work in the context of finitely additive probabililty
measures, removing the restrictions that I and II choose their moves from
finite sets and that Nature’s moves are chosen from countable sets.

The proof of Theorem 2.4.23 gives the following stronger result.

Theorem 2.4.25. Assume that all G! are determined. Then
val(I'(x(A))) = sup{val(I'(x(C))) | C closed and C' C A}.

Proof. Let v < val(I'(x(A))). Let o* be a winning strategy for I for G/,. Let
o be the strategy defined from ¢* as above. Let C be the set C defined just
before the statement of Lemma 2.4.17. The proofs of Lemma 2.4.18 both
show that the value of o in I'(x(C)) is > v. O

Remarks:

(a) For F,4 sets A, Vervoort in [Vervoort, 1996] directly proves a strength-
ening of the conclusion of Theorem 2.4.25. He conjectures that the conclusion

of Theorem 2.4.25 holds for all Borel sets A. Since the hypothesis of Theo-
rem 2.4.25 holds for Borel A, his conjecture is confirmed.
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(b) Applying Theorem 2.4.25 to the complement of A, we see that the
theorem’s hypothesis implies that

val(T'(x(A))) = inf{val(T'(x(B))) | B open and B D A}.

One can also get this conclusion directly from the proofs of Lemma 2.4.21.

(d) For Borel sets A, Maitra, Purves, and Sudderth [Maitra et al., 1991]
show that the determinacy of I'(x(A)) implies the conclusion of Theorem 2.4.25.
As mentioned in (a) above, their result follows a fortior: from Theorem 2.4.25
and the determinacy of all Borel perfect information games. It is not true that
for arbitrary A the determinacy of I'(x(A)) implies the conclusion of Theo-
rem 2.4.25. For a counterexample, see page 126 below. The last paragraph of
of the paper also discusses issues related to the theorem of [Maitra et al., 1991].

Let G, be like G, except that all h;(¢) must be rational.

Theorem 2.4.26. If G' is determined for every rational v € (0,1], then
['(f) is determined.

Theorem 2.4.27. Assume that G’ is determined for every rational v €
(0,1]. Then

val(I'(x(A))) = sup{val(I'(x(C))) | C closed A C C A}.

Combining the proof of Theorem 2.4.23 with a proof of Vervoort [Vervoort, 1996]

that Blackwell determinacy implies that all sets are Lebesgue measurable, one
gets [Martin, 2003] on eliminating the Blackwell game, a new way to deduce
Lebesgue measurability from the determinacy of perfect information games.

For convenenience, we think of Lebesgue measure as being the coin-
flipping measure on 2%,

Until the end of the statement of Theorem 2.4.29, let B C 2V,

Let H, be played as follows:

I ho hl h2
I1 y4l P2 P3

Set pg = (. For i > 1, p; must a sequence of 0’s and 1’s of length 7. It is
required that pg C p; C .... For each i, h; must be a function into [0, 1]
from {p;~(0),p;~(1)}. Let vg = v and for i > 0 let

Viy1 = Ny (Pi+1)-
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The final requirement on h; is that

%hi(Pf<0>)+%hi(PF<1>) > ;.

The final requirement on p;,; is that v;;1 > 0.
For any play x* of H,, let w(z*) be the member of 2V extending all the
pi- The play z* is a win for I if and only if 7(z*) € B.

Theorem 2.4.28. If H, is determined for every v, then B is Lebesque mea-
surable.

Proof. Analogues of Lemmas 2.4.19 and 2.4.22 give that the inner measure
of B is > v if I has an winning strategy for H, and that the outer measure
of B is < v if II has a winning strategy for H,. U

Let H, be like H, except that all h;(q) must be rational.

Theorem 2.4.29. If H, is determined for every rational v € (0,1], then B
15 Lebesgue measurable.

Our definition of Blackwell games requires that each player has only
finitely many legal moves in each position. We could relax this requirement
by demanding only that, in each position, each player has only countably
many legal moves and at least one of the players has only finitely many legal
moves. All our determinacy proofs would still work for this more general
concept. Some proofs would change in a very minor way, because 1-move
games would no longer have optimal strategies. Of course, one could gener-
alize further by allowing positions in which one or the other player makes a
move alone, from a countable set of possibilities.

We have thus far dealt only with Blackwell games I'( f) such that all plays
of I" are infinite and such that the range of f is a subset of [0, 1] (though we
made no real use of the former hypothesis). It is clear that our proofs work
with only trivial modifications for general Blackwell games. We will therefore
cite the theorems we have proved as if they were their generalizations.

Theorem 2.4.30. All Borel Blackwell games are determined.

Proof. For Borel measurable f, the games G, and G,, have Borel payoff sets.
By [Martin, 1975] or [Martin, 1985], Borel games of perfect information are
determined. O
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Theorem 2.4.31. All Borel stochastic games (of the kind above) are deter-
mained.

Proof. This follows from Theorem 2.4.24 and Borel perfect information
determinacy. O

As we said earlier, it was Maitra and Sudderth who noticed that our meth-
ods yield Theorem 2.4.31, and in [Maitra and Sudderth, 1993] they prove a
more general version of it.

Borel perfect information determinacy for the case of countable game trees
can be stated in, for example, formal second order number theory. The same
is true of Borel Blackwell determinacy. Results of Friedman [Friedman, 1971]
show, in a technical sense, that Borel perfect information determinacy can-
not be proved without appealing to uncountably many uncountable cardinal
numbers. Indeed, for every new level of the Borel hierarchy beyond the third
level, a new cardinal number is needed. Thus it is of interest that the proof
of Theorem 2.4.30 goes through in second order number theory and that the
proof is “local,” i.e., Blackwell determinacy for a given Borel level needs only
perfect information Borel determinacy for the same level.

Theorem 2.4.32. Work in formal second order number theory. Let  be a
countable ordinal. Assume that, for countable game trees, every I1° perfect
information game is determined. Then every 12 Blackwell game is deter-
mined. (For what is we mean by a “TII° Blackwell game,” see page 105.)

Proof. If I'(f) is II?, then the games G, are ITY as long as a > 2. O

Remarks:
(a) For all @ > 1, the games G’ and G’ are 1Y if the set A is TIC.

(b) Theorem 2.4.32 holds for the stochastic games defined in §1, since
the proof of Theorem 2.4.31 is local in the same way as the proof of Theo-
rem 2.4.30.

Going beyond the Borel sets, we can derive from the results of §1 and §2
local results for pretty much any natural classes. Here are just two examples.
Projective perfect information determinacy for countable game trees implies
projective Blackwell determinacy. For each positive integer n, X! perfect
information determinacy implies X! Blackwell determinacy.
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As we have already said, the determinacy of many classes of perfect infor-
mation games has been deduced from so-called large cardinal axioms. With
the aid of our theorem, we get corresponding determinacy results for Black-
well games. For example, for all n > 0, X, | Blackwell determinacy follows
from the existence of n Woodin cardinals with a measurable cardinal above
them.

Vervoort in [Vervoort, 1996] introduces the Aziom of Determinacy for
Blackwell Games (AD-BI), the assertion that all Blackwell Games are deter-
mined. He shows that AD-BI, like AD, contradicts the Axiom of Choice. He
deduces from AD-BI an important known consequence of AD: that all sets
of reals are Lebesgue measurable.

Itay Neeman pointed out to us that there are several variants of AD-BI
that are not obviously equivalent to one another. One could restrict to games
of the form I'(x(A)). Whether or not one did this, one could require that
each player has exactly 2 legal moves in each position, or one could replace 2
by some other number n. In the opposite direction, one could allow that in
each position one of the players has countably infinitely many legal moves.
We know of no simple argument that any two of the possible versions of AD-
Bl are equivalent. Nonetheless, it can be shown that they are all equivalent.
The games G, of §2 can easily be turned into equivalent games in which only
two legal moves are available to each player in each position. Our proofs
adapt to show that the mixed strategy determinacy of these games is enough
to yield the determinacy of the given game I'(f).

[Vervoort, 1996] asks whether either of AD and AD-BI implies the other.

Our results obviously give an implication in one direction.

Theorem 2.4.33. Work in ZF without the Axziom of Choice. AD implies
AD-BI.

What about the converse? Also, do forms of Blackwell determinacy con-
sistent with the Axiom of Choice imply the corresponding forms of perfect
information determinacy?

The main results on these questions are in [Martin et al., 2003]. Examples
of pointclasses I' for which this paper proves that Blackwell determinacy
implies determinacy are Al for n € w, the class of projective sets, the
class of sets in L(R). The fact that Blackwell determinacy for sets in L(R)
implies determinacy for sets in L(R) implies that AD is consistent if AD-BI
is consistent.



2.4. BLACKWELL GAMES 125

Here is a rough sketch of how such theorems are proved. By a perfect
information game, let us mean a game in <“2 played as in all sections of the
book prior to the present one. To show that [' Blackwell determinacy implies
[ determinacy, it is enough to show that if all perfect information I' games
are determined in the sense of mixed strategies, then all perfect information I
games are determined in the sense of pure strategies. A theorem of Vervoort
shows that every perfect information game determined in mixed strategies
has value 0 or 1 and is determined in optimal strategies. In other words,
either player I has a strategy whose value is 1 or player II has a strategy whose
value is 0. In §6E of [Moschovakis, 1980], a method is introduced for using
perfect information determinacy to get optimal (in a different sense from the
present one) pure winning strategies for I" games for certain pointclasses I'.
It turns out that the method applies when the given determinacy is not in
pure strategies but just in mixed strategies, provided that the games have
value 0 or 1. Even though the input is weakened to such mixed strategies, the
output is still pure strategies. This yields Lemma 4.1 of [Martin et al., 2003]:

Let T" be a weakly scaled adequate pointclass. Let A be the intersection of
I' and its dual. Then A perfect information Blackwell determinacy implies
A determinacy.

Here adequate means closed under recursive substitutions, V, A, and bounded
number quantifcation, and I' is weakly scaled if every set in I' has a scale
such that each of the norms is a I' norm. The mentioned results for the
projective hierarchy are proved using by bootstrapping, using Lemma 4.1
and Moschovakis’ method for getting scales for X3, ., from Aj, determinacy.
The case of L(R) is handled using a result of [Kechris and Woodin, 1983].
Here is a more indirect method that sometimes works for getting deter-
minacy from Blackwell determinacy. Many of the proofs of consequences of
perfect information determinacy still work if the existence of mixed strategies
replaces that of pure strategies. Among the consequences of perfect infor-
mation determinacy is the existence of good inner models for various large
cardinal axioms. Many of the proofs of perfect information determinacy from
large cardinal axioms need as hypotheses only the existence of good inner
models of the large cardinal axioms. In this way one often gets the equiva-
lence of forms of determinacy and the existence of good inner models of large
cardinal axioms. These facts provide a method for proving perfect informa-
tion determinacy from Blackwell determinacy. A sample theorem that can



126 CHAPTER 2. GENERAL BOREL GAMES

be proved in this way is the following. 31 Blackwell determinacy—even just
for games of the form T'(x(A))—implies 3] perfect information determinacy.
What about trying to show directly that Blackwell determinacy implies
determinacy? The most direct way to proceed would be to show that any
countable-tree perfect information game that is determined in the sense of
mixed strategies is determined in the sense of pure strategies. Unfortunately,
this is false, as the following example of Greg Hjorth shows. Let A be any
uncountable subset of 2V such that p(A) = 0 for every atomless Borel prob-
ability measure p. (For example, let the members of A code wellorderings,
exactly one of the order type of each countable ordinal.) Consider the game
G*(A) defined on page 149 of [Kechris, 1994]. Player II has a mixed strategy
whose value in G*(A) is 0: in each position, assign 1/2 to each of the two legal
moves. But IT has no winning pure strategy. (See part (ii) of Theorem 21.1
of [Kechris, 1994].) This counterexample does not destroy all branches of
the direct route. For example, Vervoort’s theorem lets one assume that all
sets are Lebesgue measurable, and this rules out counterexamples of the
kind described in parentheses above. Moreover, although mixed strategy
determinacy for a perfect information game does not imply pure strategy
determinacy, there are useful constraints on the values of perfect information
games. We have been able to prove that the upper or lower value (in the
mixed strategy sense) of a perfect information game in our sense (i.e., one
whose winning condition is given by a set of plays) is either 0 or 1.
Theorems 2.4.25 and 2.4.27 and the related result for general payoff func-
tions give a strong version of Blackwell determinacy. It is easy to see that
this strong version implies, level by level, perfect information determinacy.
Thus another route to our goal would be to show that Blackwell determi-
nacy implies strong Blackwell determinacy. As we mentioned earlier, Maitra,
Purves, and Sudderth [Maitra et al., 1991] have shown that, for Borel A, the
determinacy of I'(x(A)) implies the strong determinacy of I'(x(A)). Hjorth’s
example given in the preceding paragraph shows that, under Choice, this
is not true for arbitrary A. Nevertheless, their proof may still be relevant.
That proof uses the fact that Borel sets are universally measurable. The
proof of the Lebesgue measurability result of [Vervoort, 1996] shows that the
universal measurability of a set follows from the Blackwell determinacy of
sets of about the same complexity. The additional fact about Borel sets used
in the proof of [Maitra et al., 1991] is their universal capacitability. This
does not generalize to all sets under AD-BI, for there exist even IT] sets
that are not universally capacitable. But to prove that AD-BI implies strong
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AD-BI it would be enough to prove from AD-BI that all sets are capacitable
with respect to the capacities of [Maitra et al., 1991]. See Section 30 and
Exercises 36.22 and 39.14 of [Kechris, 1994] for some of the capacitability
consequences of perfect information determinacy, consequences that are due
independently to Busch, Shochat, and Mycielski.

Exercise 2.4.1. Let T be the game tree in which every play has length 1
and for which Xy = Y) = w. Blackwell games in T are thus played by
each player’s choosing a natural number. Let A be the set of plays in T
such that I’s number is > II's number. Prove that val (I'(A; 7)) = 0 and
val'(['(A; T)) = 1.

Exercise 2.4.2. Verify that the proofs of Theorems 2.4.4 and 2.4.8, with
trivial changes, still work if we replace “limsup” by “liminf” in stating the
winning condition for G,,.

Exercise 2.4.3. (c) Prove the following strengthening of Theorem 2.4.13: If
G, is determined for every v € (0, 1], then val(I'(f; 7)) is the supremum of
the val(I'(g; T')) for functions g such that (Vz € [T]) g(z) < f(x) and g is the
lim sup of a function defined on positions in 7.

This is the analogue of Theorem 2.4.25 in the context of the G, (instead
of the G).
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Chapter 3

Measurable Cardinals

The results of Chapter 2 exhaust the determinacy that can be proved in ZFC,
at least if we are talking of proving the determinacy of all games in natural
topological or definability classes. The next natural class after Al is IT} or
its dual 1. (See page 84 for the definitions of these classes.) By what is
essentially a result of [Davis, 1964], the determinacy of all II} games is not
provable in ZFC. (See Exercise 4.1.1.) The rest of the determinacy results in
this book will be proved with the help of large cardinal axioms. In the next
chapter, we will prove the determinacy of II} games in an arbitrary tree T'
from the assumption that a measurable cardinal exists.

The purpose of this chapter is to introduce measurable cardinals and
related notions and to prove the basic facts about them. In §3.1 we give the
definition of measurable cardinals and establish the facts about them that
we need in order to give the proof of II determinacy in §4.1. Sections 4.1
and 4.2 may be read independently of the rest of Chapter 3. In §3.2 we
introduce ultrapowers and prove a characterization of measurable cardinals
in terms of elementary embeddings. The elementary embedding definition of
measurable cardinals is important not only because we will later make use of
it but also because it is the elementary embedding versions of large cardinal
axioms that (1) support most arguments for their plausibility and (2) allow
one to see that the known large cardinal axioms are arranged in a coherent
hierarchy. In §3.3 we extend the concepts and results of §3.2 to iterated
ultrapowers and iterations of elementary embeddings. These notions will be
used in §4.3 and throughout the later chapters. As always in this book, our
aim is to prove determinacy results from the weakest possible large cardinal
axioms. In §4.4. we show that IT} determinacy for games in countable trees

129
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can be proved from a consequence of measurable cardinals, the existence of
sharps of elements of “w. §3.4 is devoted to an exposition of constructible
sets, relative constructibility, and sharps. In §3.5 we study canonical inner
models for ZFC + “there is a measurable cardinal.” We also study related
models. These models will be used in the last three sections of Chapter 5.

Measurable cardinals were introduced in [Ulam, 1930]. Most of the mate-
rial in this chapter dates, however, from the 1960’s, when there was a major
revival in the study of large cardinals.

3.1 Basic Properties
For any nonempty set A, a filter on A is a set F of subsets of A such that

(a) Ae Fand () ¢ F;
(b) (VX € F)(VY € F)XNY € F;
(c) (VX € F)(WY CANX CY - Y € F).

An wltrafilter on a set A is a filter « on A such that
(d) VXCAX eUV A\X el).

A filter F on A is principal if there is a Y C A such that F = {X C A |
Y C X}.

Lemma 3.1.1. An ultrafilter U on A is principal if and only if there is an
a € A such that {a} € U.

Proof. Let U be an ultrafilter on A. If a € A and {a} € U, then clause (c)
in the definition of a filter implies that &Y O {X C A | a € X}, and clauses
(a) and (b) then imply that Y = {X C A | a € X}. Suppose that Y C A and
that Y = {X CA|Y C X}. By (a), Y is nonempty. Let a € Y. By (d), one
of {a} and A\ {a} belongs to U and so is a superset of Y. This is possible
only if Y = {a}. O

If k is a cardinal number, a filter F is k-complete if every intersection
of fewer than k elements of F belongs to F. Clause (b) in the definition of
a filter is thus equivalent with the assertion that F is Wp-complete. A filter
F is countably complete if F is closed under countable intersections. Note
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that countable completeness is equivalent with N;-completeness, not with
Ng-completeness.

A cardinal number k is measurable if kK > N and there is a k-complete,
non-principal ultrafilter on . (Recall that a cardinal number & is identical
with the set of all ordinals a such that the cardinal number |«| of a—i.e., of
the set of predecessors of a—is smaller than «. Thus a cardinal number £ is
a set and |k| = k.)

The study of measurable cardinals arose out of [Banach, 1930] and espe-
cially [Ulam, 1930]. These papers dealt with the question of whether there
can be a countably additive real-valued measure defined on all subsets of the
unit interval and giving singletons measure 0 and the whole unit interval pos-
itive measure. An ultrafilter on A is essentially the same as a finitely additive
{0, 1}-measure (a finitely additive measure taking only the values 0 and 1)
defined on the whole power set P(A) of A and giving the empty set measure
0 and A measure 1: If v is such a measure, let U = {X CA | u(X) =1}, IfU
is an ultrafilter on A, let u: P(A) — {0,1} be given by u(X) =1+ X € U.
Thus the definition of a measurable cardinal can be given in terms of mea-
sures, and this fact explains the name. If we left out the conventional con-
straint that a measurable cardinal must be uncountable, then X would qual-
ify as a measurable cardinal.

If a filter F is non-principal, then (| F ¢ F. We may then define the
completeness of a non-principal filter F to be the least cardinal x such that
some intersection of x elements of F does not belong to F. It is not hard to
show that every non-principal filter on A has a completeness < |A|. For ul-
trafilters this is immediate from Lemma 3.1.1 and clause (a) in the definition
of a filter. By clause (b), the completeness of a filter is at least V.

The following lemma gives a very useful method of constructing new filters
and ultrafilters from old ones.

Lemma 3.1.2. Let A and B be sets, let F be a filter on A, and let f : A —
B. Let G be the set of all X C B such that f~1(X) € F. Then

(1) G is a filter on B;

(2) if F is an ultrafilter then so is G;

(8) the completeness of G is is at least as large as the completeness of
F, where we think of the completeness of a principal filter as Ord.

(4) G is a principal ultrafilter if and only if (3b€ B) f~1({b}) € F.
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Proof. (1) Since f~'(B) = A and f~1(0) = 0, the fact that F satisfies
clause (a) in the definition of a filter implies that G satisfies (a). For clause
(b), we note that f~1(X NY) = f~4(X) N f~1(Y). Hence clause (b) for F
implies clause (b) for G. Similarly clause (c) for G follows from clause (c) for
F, because if X CY then f~1(X) C f1(Y).

(2) Assume that F is an ultrafilter. Since f~'(B\ X) = A\ f~1(X),
property (d) for F implies property (d) for G.

(3) Let k be a cardinal number. Since

I X = () 17 (X,

a<k a<k

it follows that G is closed under intersections of size s if F is closed under
intersections of size k.

(4) This is an immediate consequence of Lemma 3.1.1 and the definition
of G. O

We will see later that the existence of measurable cardinals cannot be
demonstrated in ZFC. The following lemma shows that their existence is
equivalent with the existence of a countably complete, non-principal ultrafil-
ter on some set.

Lemma 3.1.3. If U is a countably complete, non-principal ultrafilter on A
and K is the completeness of U, then k is a measurable cardinal.

Proof. Let k > Ny be the completeness of a non-principal ultrafilter ¢ on
A. Let {X, | @ < k} witness that the completeness of U is no greater than
r. Thus each X, € U but (., Xo ¢ U. Define f: A — x by

ﬂ@z{mm¢xwﬁa¢quﬁ

0 otherwise.

Here, as usual, “4” means “the least.” Let V = {X C x | f71(X) €
U}. By Lemma 3.1.2, we get that V is a k-complete ultrafilter on . For
each non-zero o < k, f~'({a}) is disjoint from X,, and f~1({0}) is disjoint
from Xo\ ., X,. Thus no f~'({a}) belongs to U, and so clause (4) of
Lemma 3.1.2 implies that V is non-principal. O

Corollary 3.1.4. If there is a cardinal k such that there is a countably com-
plete, non-principal ultrafilter on K, then there is a measurable cardinal < k.



3.1. BASIC PROPERTIES 133

In the next section, we will present techniques that give easy proofs that
measurable cardinals are very large. Even without these techniques, it is not
hard to show (Exercises 3.1.1 and 3.1.2) that every measurable cardinal is
inaccessible, i.e. regular and a strong limit. An infinite cardinal k is regular
if there is no ordinal A < x such that some f : A — s has unbounded range;
equivalently, « is regular if cf (k) = k. An infinite cardinal & is a strong limit
if whenever \ is a cardinal < & then 2* < k.

An ultrafilter & on an infinite cardinal x is normal if, for all functions
fir =k if{a<k| fla) < a} € U then there is a f < k such that
{a<r|fla)=p}el.

Let k be an infinite cardinal. No non-principal ultrafilter on x can be
closed under all intersections of k-many sets. If (X3 | f < k) is a sequence
of subsets of , then the diagonal intersection A, Xp is defined by

A5<,€Xﬁ = {Oé <K | (Vﬁ < a)a c Xg}

Lemma 3.1.5. (Dana Scott; see [Keisler and Tarski, 1964]) If U is an ul-
trafilter on an infinite cardinal Kk, then U is normal if and only if U is closed
under diagonal intersections.

Proof. Let U be an ultrafilter on x, with x infinite. Assume first that U
is normal. Let (Xg | f < k) be such that each Xz € U. Suppose that
ApXp ¢ U. Define f: k — k by

f(a):{ pB(B<a AN ag¢ Xg) if (AB<a)ad¢ Xg;

0 otherwise.

Since Ag,Xpg ¢ U, the set of a for which the first clause in the definition of
[ appliesis aset in U, i.e. {a | f(a) < aNa & Xy} € U. By normality, let
B < k be such that {a <k | f(a) = 8} € U. But then {a <k |a ¢ Xz} €U,
contrary to assumption.

Now assume that U is closed under diagonal intersections. Let f: k — K
be such that {a<k | f(a) < a} € U. For B < k,let Xg = {a<k | f(a) # B}
We have that Az, X3 ¢ U. From closure under diagonal intersections, we
get a B < k such that Xg ¢ U. But then {a <k | f(a) =8} € U. O

An ultrafilter U on an infinite cardinal  is uniform if every element of
U has size k; it is weakly uniform if for each § < k the set of all a < k such
that 6 < a belongs to U.
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Lemma 3.1.6. Let U be a normal ultrafilter on an infinite cardinal k. Then
the following are equivalent:

(a) U is k-complete and non-principal.
(b) U is uniform.
(¢c) U is weakly uniform.

Proof. That (a) implies (b) and that (b) implies (c) follow directly from
the definitions, and these implications do not depend on the hypothesis of
normality.

To show that (c) implies (a) assume that U is weakly uniform. Obviously
U is non-principal. For k-completeness, let § < x and let (X, | v < J) be
a sequence of members of ¢. For v > 4, let X, = k. By Lemma 3.1.5,
A, X, € U. Since Y is uniform, {a <k | 0 < a} € U. But then

(X, 2((k\0)NAX,) €U

y<é

0

Lemma 3.1.7. (Dana Scott; see [Keisler and Tarski, 1964]) If x is a mea-
surable cardinal, then there is a uniform normal ultrafilter on k.

Proof. Let x be a measurable cardinal. Let U be a non-principal, k-complete
ultrafilter on k.
We first show that there is an f : Kk — & such that

(i) f is not constant on any member of U; i.e., (V6 < kr){a <k | f(a) =
P} & U;

(i) for every g : kK — K, if g is not constant on any member of U, then
fa<n] fla) < g(a)} € U.

Assume that no f satisfying (i) and (ii) exists. Let fy be the identity function
on k. Since U is non-principal, fy satisfies (i). Assume inductively that
fo, f1,- .., fn all satisfy (i) and that (Vi <n){a <k | fis1(a) < fila)} € U.
By assumption, f,, does not satisfy (ii). Let f,.; be a g witnessing this fact.
Our induction hypothesis thus holds for n + 1. Since U is k-complete and &
is uncountable, we have that U is countably complete. Hence

(Ha<w| fan(e) < fula)} €U

new
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By clause (a) in the definition of a filter, no element of & can be empty. Let
then o € (), c {0 <K | fur1(@) < fu(a)}. We have that

fola) > file) > fola) > -,

contradicting the fact that x is wellordered by <.
Let f: k — r satisfy (i) and (ii). Define an ultrafilter V C P (k) by

XeVe (X)) eu.

Lemma 3.1.2 and (i) give that V is a non-principal ultrafilter on . To prove
the normality of V, suppose that {a <k | h(a) < a} € V. We must show
that (38 < k) {a <k | h(a) = B} € V. Define g : kK — K by

Since {a < k | h(a) < a} € V, it follows from the definition of V that
{a <k | h(f(a)) < f(a)} € U. Hence {a <k | g(a) < f(a)} € U. But
f satisfies (ii); so g cannot satisfy (i). Thus we get a f < k such that
{a <k | gla) = B} € U. By the definitions of g and V, this implies that
{a<k|h(a)=p5}eV. O

The proof of Lemma 3.1.7 uses the uncountability of measurable cardi-
nals. This use is necessary: no non-principal ultrafilter on w is normal. (See
Exercise 3.1.3.)

For any set z and any cardinal number A, [2]* is the set of all subsets
w of z such that |w| = A. One reason that normal ultrafilters are useful is
the following result of Frederick Rowbottom, which shows that a k-complete
normal ultrafilter on x generates k-complete ultrafilters on [k]" for all n € w.

Lemma 3.1.8. ([Rowbottom, 1964]) Let n € w and let U be a normal ul-
trafilter on a cardinal k. If Z C [k]™, there is an X € U such that either
(X" C Z or [X]"NZ =0.

Proof. We prove the lemma by induction on n.

The case n = 0 is trivial, since []° has only one member, ().

Assume that the lemma holds for n > 0. Let Z C [k|"™. For each 8 < &,
let

Zg ={ue[r\{B}" [{BA}Vue Z}.
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By our induction hypothesis, we have for each 8 an Xg € U such that either
[X5]" C Zgor [Xs]"NZs=0. Let Y be {5 | [Xs]" C Zs} if that set belongs
to U and {3 | [Xs]" N Zs = 0} otherwise. Let

X =Y N AgernXp.

By Lemma 3.1.5, we have that X € Y. Assume first that Y = {5 | [X;3]" C
Zg}. Let t € [X]""!. Let B be the least element of t. Let u =t \ {8}. We
have that u € [X]|" C [A,<,X,]", so u € [X3]" C Zg. By the definitions of ¢
and Zz, we get that t € Z. If we now assume that Y = {38 | [Xg|" N Zs = 0},

then a similar argument shows that no ¢ € [X]"*! belongs to Z. O

Suppose that U/ is a uniform normal ultrafilter on a cardinal k. For n € w,
we define the Rowbottom ultrafilter U™ on [k]" by

ZeUu" o 3X el)[X]" C Z.

The fact that U is k-complete and non-principal implies that U™ is a x-
complete filter. (We need that U is non-principal in order to show that
0 ¢ U".) Lemma 3.1.8 implies that /! is an ultrafilter. It is clear that /™
is non-principal if n > 0. The Rowbottom ultrafilter on [k]™ is essentially the
same as the iterated product ultrafilter on k". (See Exercise 3.1.7.)

Exercise 3.1.1. Prove that every measurable cardinal is regular. (Ulam
[1930].)

Exercise 3.1.2. Prove that every measurable cardinal is a strong limit.
(This is due to Alfred Tarski and Ulam independently. See [Ulam, 1930].)

Hint. Assume that A < x and that U is a k-complete ultrafilter on a
subset of *2. Prove that U/ is principal.

Exercise 3.1.3. Show that every normal ultrafilter on w is principal.

Exercise 3.1.4. Let U be a normal ultrafilter on . Let f : kK = Kk be such
that (Va < k) f~'({a}) ¢ U. Prove that there is a set belonging to U on
which f is one-one.

Exercise 3.1.5. If F and G are filters on A and B respectively, then F
and G are isomorphic (F = G) if there is a bijection f : A — B such that
G={XCB|f(X)eT}
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Prove that a k-complete non-principal ultrafilter & on a measurable cardi-
nal x is isomorphic to a normal ultrafilter if and only if I/ satisfies Lemma 3.1.8,
i.e. if and only if

(Vn € w)(VZ C [6")EX e U)([X]" C Z V [X]" N Z = D).

(This result is probably due to Dana Scott.)

Hint. For the non-trivial direction, consider a function f satisfying (i)
and (ii) in the proof of Lemma 3.1.7.

Exercise 3.1.6. Prove that not every k-complete non-principal ultrafilter
on a measurable cardinal x is isomorphic to a normal ultrafilter.

Hint. Prove that the function f : [k]* — & given by f(u) = min(u) is not
one-one on any set belonging to U!?.

Exercise 3.1.7. If U/ is a filter on a set A, then for the iterated product

filter U™ on ™A is defined by letting U° be the unique filter on °A = {@} and
inductively setting

Weut «{acA|{se™A|{a)~se W} eclU"} €U.

Let U be a uniform normal ultrafilter on a cardinal k and, for n € w,
let the injection g : [k]|" — "k be given by letting each g(u) enumerate u
in increasing order. Prove that, for all Z € [k]", Z € UM if and only if
9(Z)eU".

3.2 Ultrapowers and Elementary Embeddings

We now have developed enough of the theory of measurable cardinals to prove
the main theorem of Chapter 4: that the determinacy of all I} games in a
tree T follows from the existence of a measurable cardinal larger than |7T7|.
Section 4.1, which contains the proof of this theorem, and also Section 4.2
can be read without reading the rest of Chapter 3.

For the determinacy proofs of the later chapters, however, we need a
further technical tool: the ultrapower construction.

Convention. Except where we explicitly state otherwise, we mean by a
model a model for the language of set theory: a model M = (M; E), where
M is a nonempty set and FE is a binary relation in M (a subset of M x M).
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Let U be an ultrafilter on a set A. Let M = (M; E) be a model. The
ultrafilter U gives rise to an equivalence relation ~y 5y on AM: If f: A — M
and g : A — M, then

frumge{acAl fla)=gla)} €U.

We will sometimes suppress the subscript U, M and write simply ~ when
there is no ambiguity about U or M.

For f € AM, we write [f],, ,, or just [f] for the equivalence class of f
with respect to ~y . We denote the set of all the equivalence classes by
AM/U.

We define a binary relation Fy y in AM /U as follows:

L1 EBupe gl <> {a€ Al fla) Egla)} €U.

It is easy to see that Ey ar is well-defined.
The ultrapower of M with respect to U is the model

HM - (AM/Z/{, EU,M)'

Note that [[,, M is, like M, a model for the language of set theory.

Remark. We have defined [[,, M only for models of one particular sim-
ilarity type, but the definition can easily be extended to arbitrary models.
[, M is always a model of the same similarity type as M. The proof of
Theorem 3.2.1 below works also for ultrapowers in this more general sense.

Ultrapowers were introduced in [Lo$, 1955], where the following theorem
essentially appears.

Theorem 3.2.1. ([LoS, 1955]) Let U be an ultrafilter on A and let M =
(M; E) be a model. Let o(vy,...,v,) be any formula of the language of set
theory. Let fi,..., f. be elements of AM. Then

[IME AL [l & {ae Af M E¢lfila), ..., fala)]} €U

Proof. We may assume that the only connectives in ¢ are A and — and
that the only quantifier in ¢ is 3. We prove the theorem by induction on the
complexity of the formula ¢.
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For ¢ atomic, the theorem holds of ¢ by the definitions of ~y s and

EL{,M-
If o is ¥ A x, then
[, MEllfi],. ... [f]] <
[Ty M EDILAL .- [fad] A uM = AL - IRD ©

({aeAww}l(ax BB eUny
foe Al MEX(fi(o).... fula)l} €U
foc A|MEglfila),. fula))) €U

Here we have used induction to get the second equivalence, and we have used
clauses (b) and (c) in the definition of a filter to get the last equivalence.
If ¢ is =, then

HUM):SOH[fl]l:’I[fn]” A

(LM EYIAL .. 1) ©
{a€ A| M vlfi(a),.... ful@)]} ¢ U ©
{ac AIME olfila),.... fula)]} €U.

The last line follows from the preceding line by clause (d) in the definition of
an ultrafilter. This is the only place in the proof where we use the fact that
U is an ultrafilter rather than just a filter.

If ¢ is (Jvg)ey, then

[Ty M Ellfil.-. .. [fa]] <

GfoeAM) [T, M EYlfol, LAL - Ifall <
Bfoc*M)({ac A M EY[fo(a), f (),-.-,fn< Nyelu) <
{fac A (Fbe M) M #w[b fa),. . fa@]y el

fae Al M Eglfi(a), ... fula)]} € U.
Note that the Axiom of Choice is used to deduce that the fourth line implies
the third. O

If M = (M;E)and N = (N; F) are models, an elementary embedding of
M into N is a function j : M — N such that, for any formula ¢(vy, ..., v,)
of the language of set theory and for any n-tuple (by,...,b,) of elements of
M

Y

We write j : M < N to mean that j is an elementary embedding of M into
N.
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Let M = (M; E) be a model and let U be an ultrafilter on a set A. We
define j : M — AM /U by
J(b) = lal,

where ¢, : A — M is the constant function with value b.
Corollary 3.2.2. j: M < [[,, M.

Proof. For any ¢(vq,...,v,) and (by,...,b,), we have by Theorem 3.2.1
that

[IMEellen]. - o0l < {ac AIM E gla,(a),... e, (@)} €U.

But the left-hand side is equivalent with [[,, M = ¢[j(b1),...,7(bn)], and
the right-hand side just says that {a € A | M |= ¢[by,...,b,|} € U, i.e. that
M lb, ..., b, O

A a model (M; E) is wellfounded if the relation E is wellfounded, i.e. if
every nonempty subset of M has an F-minimal element. This is equivalent
(using Choice) with the non-existence of an infinite sequence (b; | i € w) such
that b1 E'b; for each i € w. In [Keisler, 1962b] ultrapowers of wellfounded
structures were first used to get results about measurable cardinals. The
next lemma is fundamental for the method.

Lemma 3.2.3. LetU be a countably complete ultrafilter on the set A and and
let M = (M; E) be a wellfounded model. Then [[,, M is also wellfounded.

Proof. Suppose that (f; | i € w) is a counterexample to the wellfoundedness
of [[,, M; that is suppose that

< By Lol Eue L] B [fol-
By the definition of Ey p,
(View{a€ Al fiyi(a) E fila)} €U.

By the countable completeness of U, (,. {a € A| fis1(a) E fi(a)} € U. Let
a belong to this set. Then

Ce Ef2<a) Efl(a) Ef[)(a)a
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contrary to the wellfoundedness of M. O

We mainly want to apply the ultrapower construction to the case that M
is a model of ZFC and that the relation F is the restriction of the membership
relation to M, i.e. M = (M;€ N(M x M)). For simplicity we will write
(M; €) instead of M = (M;€ N (M x M)). The Axiom of Foundation asserts
that such models are always wellfounded. The following lemma of Andrzej
Mostowski implies that wellfounded models of ZFC are all isomorphic to such
models.

Recall that a set x is transitive if every member of a member of x belongs
to .

Lemma 3.2.4. ([Mostowski, 1949]) Let (M; E) be a wellfounded model of
the Axiom of Extensionality. Then there is a unique transitive set N such
that (M; E) = (N; €), and the isomorphism w : (M; E) = (N; €) is unique.

Proof. We define 7(z) by transfinite recursion on the wellfounded relation
E:

m(z) = {r(y) |y Ex}.

Note that this must be 7(x) if 7 is to be an isomorphism. Let, as we must,
N = {n(z) | z € M}. It is immediate that N is transitive. It is immediate
from the definition that (Vx € M)(Vy € M)(yEx — n(y) € w(z)). If 7 is
one-one, then it also follows that (Vo € M)(Vy € M)(n(y) € m(x) — y Fz),
and so that 7 is an isomorphism. We prove by induction on E that for every
x € M there is no 2’ € M such that 2/ # = and 7(z') = 7(z). Assume then
that 2’ # . Since (M; E) satisfies Extensionality, there is a z € M that
bears F to exactly one of 2’ and z. Assume for definiteness that z F 2’ but
that not z E x; the other case is similar. Then by induction there is no w E x
such that 7(z) = w(w). But this means that 7(z) € 7(2) \ 7(z) and so that

m(x') # m(x). O

Suppose that (M;€) is a model and that U is a countably complete ul-
trafilter on a set A. Let j : (M;€) < [[,(M; €) be the canonical elementary
embedding as defined on page 140. By Lemma 3.2.3, [[,(M;e€) is well-
founded. Let 7 : [[,,(M;€) = (N;€) be given by Lemma 3.2.4. We have
then that

noj:(M;€) < (N;e).
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We want to study such embeddings arising from a uniform normal U on a
measurable cardinal x. However, we want to replace M by a proper class,
in particular by the set-theoretic universe V', and consequently to replace N
also by a proper class. For this we must first check that the results we have
derived so far hold for ultrapowers of proper class models.

Since we are officially working in ZFC, we can’t literally talk about proper
classes. What we mean by a class is something of the form

{z oz, y1,. .y}

where yi,...,y, are sets and ¢ is a formula of the language of (ZFC) set
theory. Hence each class is determined by a formula and a finite sequence
of sets. We cannot in our language make general statements about classes;
thus most of the theorems in the rest of this section should be construed as
theorem schemata. See pages 23-24 of [Kunen, 1980] for a discussion of this.
If the reader prefers to construe our talk of classes literally, he can mostly
take us to be working in von Neumann-Bernays-Godel set theory.

Warning. We will be very casual in dealing with proper classes. The
advantage of doing so is that ideas are less likely to be obscured by technical
details. The disadvantage is that it will sometimes be a non-trivial problem
for the careful reader to see how our discussion could be formalized in ZFC
or even in von Neumann—Bernays—Godel set theory.

As is usual, we will identify a non-proper class with the corresponding
set.

Except where we explicitly state otherwise, we mean by a class model
something of the form (M;FE) where M is a nonempty class and E is a
subclass of M x M. We haven’t actually indicated what kind of set-theoretic
object an ordinary model is (we haven’t used ordered pair notation (M, E),
so we may blithely keep the same ambiguity as to what specific object a class
model is.

Let M = (M; E) be a class model and let & be an ultrafilter on a set
A. We want to define an ultrapower as in the set model case. As before, for
f:A— Mandg: A— M we canlet f ~y s g just in case {a€ A | f(a) =
g(a)} € U. The first problem comes when we try to define the equivalence
class [f],, ,;- The genuine equivalence class, {g | f ~unm g}, is a proper
class if M is a proper class, unless |A| = 1. Since all our classes are to be
classes of sets, using these classes for the [f],, ,, would render us unable to

define *M /U. We could try picking a representative from each equivalence
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class, but this would require a global form of the Axiom of Choice, and we do
not want to make such an assumption. A satisfactory solution comes from
[Scott, 1955], and we will make use of it below.

First let us recall the cumulative hierarchy of sets. Inductively we define
for each ordinal « a set V,:

(i) Vo=0;
(i) Vier = Vo UP(Va);
(iii) Vi = Ugey Vo if Ais a limit ordinal.

It is easy to show by induction that each V,, is transitive and so that the
definition would be unaffected if we changed clause (ii) to set V, 11 = P(V,).
The Axiom of Foundation implies that every set belongs to the class V =
Uascora Va- (See III, §4 of [Kunen, 1980].) Thus we can define the rank of
any set x by

rank (z) = pax € Vo,

Let us say that f ~y g if f ~yv g, ie. if f and g are functions with
domain A and {a € A | f(a) = g(a)} € U. Following [Scott, 1961] we define
[f1, for f: A—V to be the set of all g of minimal rank such that f ~ g,
ie.

[l =A9 1 f ~ug A (Vh)(f ~u h — rank (g) < rank (h))}.

With this definition, [f],, € Va for some a < rank (f) + 1. Thus [f], is a
set. When there is no ambiguity, we may write “[f]” for “[f],,.”

Remark. We have chosen, since Scott’s trick makes it possible, to use
“equivalence classes” [f],, that are independent of M.

Continuing with our class model M = (M; E) and our ultrafilter ¢/ on the
set A, we denote as in the set model case the class of all [f],, for f: A = M
by AM /U. The class M /U is a proper class if (and only if) M is a proper
class. Also as in the set model case we let [f] Ey [g] hold if and only if
{a€ A f(a) € g(a)} € U and we let [],, M be the class model (*M/U; Ey).

Remark. Since a set model is also a class model, there is an ambiguity
in our definitions of 4M /U and [],, M when applied to set models. Let us
officially adopt the new definition in all cases, though nothing important will
turn on this.
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Theorem 3.2.5. LetU be an ultrafilter on A and let M = (M; E) be a class
model. Let p(vq,...,v,) be any formula of the language of set theory. Let
fis.. ., fn be elements of “M. Then

[IME AL Ifall & fa€ Af M E ¢lfila),.... fala)]} € U.

The proof of Theorem 3.2.5 is just like that of Theorem 3.2.1.

Remark. Theorem 3.2.5 is a theorem schema both because it is about
arbitrary class models and because it is about arbitrary formulas. Since we
cannot in ZFC talk in general about the satisfaction relation even for a fixed
class model, ¢ as well as M must be treated schematically. Thus we are not
proving a fixed sentence by induction but rather are inductively showing how
to prove all sentences of a certain form.

We define elementary embeddings for class models just as we defined them
for set models. We can define a function j : M — AM /U just as on page
140. The proof of elementarity of j in the set case works in the class case.

Corollary 3.2.6. j: M < [[, M.

Wellfoundedness is defined for class models as for set models. The proof
of Lemma 3.2.3 also gives the following lemma.

Lemma 3.2.7. Let U be a countably complete ultrafilter on the set A and
let M be a wellfounded class model. Then [[,, M is also wellfounded.

Mostowski’s Lemma (Lemma 3.2.4) does not hold in general for class
models. The point is that wellfounded class models can be longer than the
ordinals, and so need not be isomorphic to class models (N;€). (See Ex-
ercise 3.2.1.) To rule out this possibility we define (more or less following
[Kunen, 1980]) a class model (M; E) to be set-like if for all x € M the class
{ye M | yEz} is a set.

Lemma 3.2.8. If (M; E) is a wellfounded set-like model of the Aziom of
FExtensionality, then there is a unique transitive class N such that (M; E) =

(N;€), and the isomorphism 7 : (M; E) = (N; €) is unique.
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The proof of 3.2.8 is just like that of 3.2.4. The assumption that (M; E)
is set-like justifies the inductive definition of =, in particular it guarantees
that 7(z) = {m(y) | y Ex} is a set.

Remark. Since the N and the 7w of Lemma 3.2.8 are proper classes, a
word is in order about the significance of the “there is” in the statement of
the lemma. The point is that our proof defines N and 7 from M and FE,
and hence we show how to construct formulas determining N and 7 from
formulas determining M and E.

The following lemma guarantees that the class models we are interested
in are set-like.

Lemma 3.2.9. Let M = (M;€). Let U be an ultrafilter on a set A. Then
[[, M is set-like.

Proof. Let f: A — M. We must prove that {[g] € *M/U | [9] €u [f]} is a
set. Let g : A — M be such that [g] €y [f]. By definition, this means that
{a € A|gla) € f(a)} €U. Define ¢ : A — M by

J(a) :{ g(a) if g(a) € f(a);

f(a) otherwise.

Clearly ¢’ ~ g and rank (¢') < rank (f). By the definition of [g], it follows
that every member of [¢] has rank no greater than rank (f). Let a = rank (f).
We have shown that whenever [g] € [f] then [¢] C Vit and so [g] € Viio.
But then {[g] | [9] €u [f]} € Vate and is therefore a set. O

Let U be a countably complete ultrafilter on a set A. Let 4;, be the em-
bedding j : (V;€) < (AV/U; €,) defined on page 140. By Lemmas 3.2.7 and
3.2.9, (AV/U; €y) is a wellfounded set-like class model. Let my : (AV/U; €y
) = (NV; €) be given by Lemma 3.2.8. Note that (N;€) is a class model of
ZFC, since V is such a model. By Ult(V;U) we mean the class N. We denote
by 4y the embedding 7 o 4;,.

Convention. We will often attribute properties of models (M; €) to the
corresponding sets M. Thus we will say, e.g. that V |= ZFC and that, for
the 1, and N of the last paragraph, that i, : V < N.

If M and N are classes, if h : M — N, and if there is an ordinal o € M
such that h(a) # «, then we let crit(h) be the least such o and we call it the
critical point of h. We will mainly use this terminology when h : M < N.
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Lemma 3.2.10. Let U be a countably complete ultrafilter on a set A. If U
is principal, then Ult(V;U) =V and iy is identity. If U is non-principal,
then iy is the identity on V., where k is the completeness of U, but iy is not
the identity and k = crit(iy).

Proof. Let us construe the completeness of U to be Ord if U is principal,
since then U is closed under arbitrary intersections. (But U is closed under
intersections of size Ord, so this convention is not completely natural.) Let
k be the completeness of U.

We first show that 4, is the identity on x. To do this we prove by induction
that iy () = « for all & < k. Suppose then that a < k and that i(8) = 3
for all 5 < a. For each § < a, iy(B) € iy(«a), by the elementarity of 4.
Suppose that 7([g]) € iy(a), where 7 = my : [[,,(V;€) = (UL(V;U); €).
Then [g] €y [ca], and so {a € A | g(a) € a} € U. But a < k and so the
r-completeness of U implies that there is a § < a such that {a € A | g(a) =
S} € U. But then g ~ cg, and so

m(lg]) = w(lesl) = iw(B) = B

This completes the inductive proof that i, is the identity on k.

Next we prove by induction on o < x that 7, is the identity on V,. The
only non-trivial case of the induction is that of successor a. Assume then
that « = 84 1 and 4y | V3 is the identity. Let 2 € V,,. By the elementarity
of ’iu,

iy(x) € Vidta) = Va.

Thus every member of 4,(x) belongs to V. If y € Vj, then the elementarity
of 44 and our induction hypothesis give that

yecxr & ’Lu(y> S Zu(l’) Yy e Zu(I)

We have shown that i;,(x) and = have the same members and hence that
iy(x) = x.

It only remains to prove that if &/ is non-principal then iy (k) # k. Assume
that U is non-principal. Let (X, | @ < k) be such that each X, € U but
Nocr Xa € U. Let f: A=V be given by

Jpaad Xy ifad (), Xa
fla) = { 0 it ae,., Xa
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Now, for each a < k, ca(a) = a < f(a) for every a € (5 , X5 \ (Nyer Xa-
Since (3., Xp € U and ), Xo & U, we have that [c.] < [f] for each
a < k. But then

a<k

o= iu(Oé) = W(I[Coz]l) < W(ﬂfﬂ)a

for each o« < k. Thus w([f]) is an ordinal > k. But we also have that
f(a) < k for every a € A. Hence [f] < [cx], and so

p < (1) < 7lex]) = iulr). .

Remark. Note that the proof that 7, is the identity on V used only that
iy © V' < M for some M and that 4, is the identity on x. Thusany j: V < M
is the identity on Viie(j).

If M is a class model of ZFC (or a large enough fragment of ZFC), then
by VM we mean the ath stage of the rank hierarchy as defined in M. If
M is transitive, this is just V,, N M. If U is a non-principal ultrafilter, then
Lemma 3.2.10 shows that Ult(V;U) and V agree to the completeness x of U,
i.e. VM =V,. The following lemma shows that they agree one level further.

Lemma 3.2.11. Let k be the completeness of a mon-principal ultrafilter U
on a set A. Then Vjﬂtl(”“) = Vit1. Indeed, "(Ult(V;U)) C ULt(V;U).

Proof. The second assertion actually implies the first; for, by Lemma 3.1.3
and either Exercises 3.1.1 and 3.1.2 or Lemma 3.2.15, the cardinal x is inac-
cessible and so |V, | = k. But the first assertion has a simpler proof, so we
give that proof separately: Let z € V1. Thus ¢ C V.. If y € V,, then

yex < iyy) €iy(xr) < y € iy(x).

Thus iy(z) NV, = x. Since V; belongs to the transitive Ult(V;U), it follows
that x € Ult(V;U).

For the second assertion, let h : k — Ult(V;U). For each o < &, let
ha) = n([fa]), with m = m,. Let g : A — "V be given by

(9(a))(a) = fala).

Now 7([g]) : iu(x) — Ult(V;U) and for o < k we have that (7([g]))(«

)
(@) = (7([9])(7([ca])) = 7([fa]) = h(a). Thus b ==([g]) [ =
Ult(V;U).

Om |l
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Theorem 3.2.12. ([Scott, 1961], [Keisler, 1962a]) Let x be an ordinal num-
ber. The following are equivalent:

(a) Kk is a measurable cardinal.

(b) There are a transitive class M and an embedding j : V' < M such
that crit(j) = k.

(c) There is transitive set N and an embedding k : V.1 < N such that
crit(k) = k.

Proof. (a) = (b): Assume (a) and let & be a k-complete non-principal
ultrafilter on k. Since the completeness of U cannot be greater than |k| = k&,
we can apply Lemma 3.2.10 with A = k. Thus (b) holds with M = Ult(V;U)
and j = 1.

(b) = (c): Assume that M and j witness (b). Then N = V()41 N M
and k = j [ V.11 witness (c).

(c) = (a): Assume that N and k witness (c). Let

U={XCkr|rekX)}

Since & is the critical point of k, k < k(k), i.e. & € k(). By the elementarity
of k, we have that k(()) = 0 and so that x ¢ k(0). Thus U satisfies clause (a)
in the definition of a filter. The elementarity of k also gives that k(X NY') =
E(X)NEk(Y), that X CY — k(X) C k(Y), and that k(k\ X) = k(r) \ k(X);
therefore U satisfies clauses (b), (c), and (d) in the definition of an ultrafilter.
To verify the k-completeness of U, let 6 < x and let X = (X, | v < ) be a
sequence of elements of U. The elementarity of k and the fact that § < crit(k)

yield that
k(ﬂ X,) = ﬂ (k(X))y = ﬂ k(X5).

7<§ ~<k(5) y<8

But k € [, 5 k(X,), so ,.; X, € U. U is non-principal, since for v < r we
have that x ¢ {a} = k({a}). O

Remark. We included (c) in the statement of Theorem 3.2.12 to show that
(b), which involves proper classes, has an equivalent version that involves only
sets. Obviously (b) and (c) are also equivalent to each of the intermediate
propositions gotten by replacing V.41 in (¢) by V44 for ordinals o > 1.

It is of interest that the ultrafilter ¢ defined in the proof of (a) from (c)
is actually normal:
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Lemma 3.2.13. Let j: V < M with M transitive or let j : Viiq < N with
N transitive and o« > 1. Assume that k = crit (j). LetUd = {X Ck | Kk €
J(X)}. Then U is a normal ultrafilter on k.

Proof. Suppose that (Xg | 8 < k) is a sequence of elements of . Then
k € j(Xp) for each 8 < k. Thus k belongs to the diagonal intersection of
](<Xﬂ ’ 6 < /i)) Thus Aﬁ<,{X/3 ceu. O

Many large cardinal properties of a cardinal x can be expressed in the
form:

There is an elementary embedding j : V' < M with M transitive,
with crit(j) = k, and with M like V' in respect R.

For the property of being measurable, nothing like the last clause appears in
(b) of Theorem 3.2.12. But such a clause could be added, as Lemma 3.2.11
shows. Thus we could strengthen (b) by adding “and with V.., C M” or
even “and with "M C M.” In fact, the proof of the first assertion of Lemma
3.2.11 uses nothing special about 4, and Ult(V;U), so we have:

Lemma 3.2.14. If j : V < M with M transitive and crit(j) = &, then
Vr{—i—l g M.

The proof of the second part of Lemma 3.2.11 (that *(Ult(V;U)) C
Ult(V;U), or—as we will say—that Ult(V;U) is k-closed) depended on spe-
cific properties of Ult(V;U). Indeed the analogue of Lemma 3.2.14 fails: If
k is a measurable cardinal, then there is an embedding j : V < M with M
transitive and crit(j) = & such that M is not even countably closed. (See
Exercise 3.3.2.)

Various properties of measurable cardinals can be proved rather eas-
ily from the elementary embedding version of measurability. For exam-
ple, the fact that there is a normal ultrafilter on each measurable cardinal
(Lemma 3.1.7) follows from Lemma 3.2.13. Another example is the follow-
ing lemma. The original proof of its first assertion is in [Ulam, 1930]. (See
Exercises 3.1.1 and 3.1.2.) The original proof of the second assertion is in
[Hanf, 1964] and [Tarski, 1962]. The first part of the proof below is essentially
from [Keisler, 1962b].

Lemma 3.2.15. Let k be a measurable cardinal. Then k is inaccessible. In
fact k is the kth inaccessible cardinal.
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Proof. Let j:V < M with M transitive and crit(j) = k.

To prove that x is regular, let § < x and let f : 6 — x. Elementarity gives
that j(f) : 7(6) — j(k) and so that j(f) : 0 — j(k). Moreover for all v < §
we have that (j(f))(v) = (i(f)((7) = i(f(7)) = f(7) (since f(v) < K).
Hence j(f) = f. But then the range of j(f) is not unbounded in j(x), since
it is bounded by x < j(k). By elementarity, the range of f is bounded in .

To show « is a strong limit cardinal, let § < k. If x C 9, then j(z) = x.
Moreover j(P(d)) = P(d). Let A = |P(d)|. Let h: P(6) — A be a bijection.
Then j(h) : P(d) — j(A) is a bijection. For each = € P(9), (j(h))(x) =
(7(h))(j(x)) = j(h(z)). But then every ordinal smaller than j(A) belongs to
the range of j. Since xk ¢ range (j), it follows that j(A) < x and so that
A < k. Thus we have shown that 20 < &.

Now k is inaccessible in M, since any witness that x is not inaccessible
in M would also be a witness that x is not inaccessible in V. If a < k, then
M = (38)(a < B < j(k) A B is inaccessible). (Take x for $.) Hence in
V = (36)(a < B <k A [ is inaccessible). We have shown that the there are
unboundedly many inaccessible cardinals smaller than . Since & is regular,
this means that there are x inaccessible cardinals smaller than k. O

Exercise 3.2.7 is another example of this sort.

Suppose that we start with a uniform normal ultrafilter &/ on a measurable
cardinal x, that we form the elementary embedding 7;,, and that we then
construct a normal measure V on k from iy by letting V = {X Ck | k €
iyy(X)}. Then V = U (Exercise 3.2.3). On the other hand, if we start
with j : V. < M with M transitive and crit(j) = « and if we then form
V ={XCk |k € j(X)}, it need not be true that i, = j. (See Exercise 3.2.4.)

Exercise 3.2.1. Let M = Ord. Define a relation E in M by

(v < B and o and (3 are even) V
aFEf <+ ¢ (o< fand aand § are odd) vV
(v is even and f is odd)

Prove that there is no class N such that (M; E) = (N;€).

Exercise 3.2.2. Let U be a k-complete, non-principal ultrafilter on a mea-
surable cardinal . Let id : kK — & be the identity. Prove that I/ is normal if
and only if m,([id],,) = ~.
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Exercise 3.2.3. Let U be a uniform normal ultrafilter on a cardinal . Let
V={XCk|ke€iyX)} Show that V=U.

Exercise 3.2.4. Let U be a uniform normal ultrafilter on a cardinal x. Let
V={XCk |k € iyx(X)}, where U? is the Rowbottom measure defined
on page 136. Prove that V = U and that iy(k) < iy (k).

Exercise 3.2.5. Let U be a uniform normal ultrafilter on . Let f: x — V.
Show that

(e (f))(R) = mu([fTe0)-

Hint. Use Exercise 3.2.2.

Exercise 3.2.6. (a) Let j : V < M with M transitive and crit(j) = . Let
U={xCk|kejX)} Prove that there is a unique k : Ult(V;U) < M
such that ko1, = j and k | k + 1 is the identity.

(b) Show that if x is a measurable cardinal then thereisa j : V < M
with M transitive and crit(j) = x such that, with ¢/ as in (a), there is more
than one k : Ult(V;U) < M with k o4y = j.

Hint. For (a), define k by setting k(my([f],,)) = (J(f))(x). For (b), let
J =iy and let &' = i [ Ult(V;U).

Exercise 3.2.7. If )\ is an ordinal number, then a subset C' of \ is closed
in X if it is closed in the order topology or, equivalently, if o € C' whenever
a < Ais a limit ordinal and C' is unbounded in «. If A is a limit ordinal, then
a subset X of A is stationary in X if X meets every closed, unbounded subset
of X\. Note that the only stationary subsets of an ordinal A\ of cofinality w
are the complements in A of bounded sets. A cardinal s is Mahlo if k is
a strong limit cardinal and the set of all regular o < k is stationary in k.
Clearly every Mahlo cardinal has uncountable cofinality. If cf(k) > w and
f 0 — Kk witnesses that s is not regular, then the set C' of limit points
of range(f) which are greater than ¢ witnesses that x is not Mahlo. Thus
every Mahlo cardinal is inaccessible. Prove that every Mahlo cardinal x
is the xth inaccessible cardinal. Prove that every measurable cardinal s is
the xth Mahlo cardinal. This last result is a consequence of theorems in
[Tarski, 1962] and [Hanf, 1964].
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3.3 Iterated Ultrapowers

In this section we show how to iterate the ultrapower construction to get a
sequence

V=M, B M v, B

of class models and elementary embeddings. This system will be used in
§4.3 and in determinacy proofs in Chapter 5. We also show how to ex-
tend the sequence into the transfinite. The machinery of iterated ultra-
powers was introduced by Haim Gaifman and used by him to obtain the
results of [Gaifman, 1964]. The machinery, in generalized form, is presented
in [Gaifman, 1974].

If U is a countably complete ultrafilter on A, then

Ult(V:U) = ZFC + x[iM), i (A)],

where x(v1,v9) says “v; is a countably complete ultrafilter on vy.” Thus we
can, within Ult(V;U), form the ultrapower of the universe of sets with respect
to iy (U). The elements of this ultrapower are the “equivalence classes” of
functions f : iy (A) — Ult(V;U) with f € Ult(V;U); in other words, each
element of the ultrapower is, for some such f, the set of all g : iy(A) —
Ult(V;U) of minimal rank such that g € Ult(V;U) and {a € iy(A) | f(a) =
g(a)} € iy (U). We denote these classes by

I
Note that this need not be a true ultrapower (in the full universe V'), since (1)
iyy(U) may not be (and, unless U is principal, is in fact not) an ultrafilter in V,
and (2) we are using only functions in Ult(V;U). The class model Ult(V;U)
satisfies the formula saying that this ultrapower is wellfounded and set-like.
Since Ult(V;U) also satisfies (the relevant instance of) Lemma 3.2.8, this
ultrapower is isomorphic to a transitive class. We denote this transitive class
by Ult(Ult(V;U); is(U)), and we denote the canonical elementary embedding
of Ult(V;U) into Ut(ULL(V;U); iy (U)) by iy .

In general, suppose that M is a transitive class satisfying ZFC, that A and
V € M, and that M = “V is an ultrafilter on A.” We will denote the element
represented by f in the ultrapower taken inside M of M with respect to V
by [ f]]y We will denote the transitive class isomorphic to this ultrapower
by Ult(M;V), and we will denote the canonical elementary embedding of M
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into Ult(M; V) by i . Later we will generalize these notions further, allowing
M to be a model of a fragment of ZFC and not requiring that V belong to
M. Even in these more general cases, we will use the same notation, with
the “M” in [[f}]]]‘j’, in 4}, and in Ult(M; V) signifying that the ultrapower is
the ultrapower of M using the functions in M.

We can think of an elementary embedding j : M < N, for M and N
(with €) transitive class models, as acting on subclasses Y of M which satisfy
(Vae OrdNM)Y NV, € M; for we can let

ivy= U ivnv.

aeOrdNM

Thus

Ult(V;U) = iy(V);
Ult(ULt(V;U); i (U)) = i (UL(V;U));

ULV U o
%(i{) b= ().

Moreover, for any transitive M and j : V' < M we can define j(V') (= M) and
j(7) : M < j(M). Suppose that j : M < N with M and N transitive and
with M satisfying, say, ZFC. If 7 C M and is definable in M from elements
of M, i.e.if jis a class in M, then we have j(M) = N and j(j): N — j(N).

Let M be a transitive class model of ZFC and let j : M < N with N
transitive and j a class in M. We define inductively, for n € w, transitive
classes MﬂL and embeddings j, : MJ < M? 41 as follows:

(a) M
(b) ]0 =J;
() M;y = ju(M]);
(d) Jni1 = Jn(in)-
We can also define j,,, : Mﬂn < Mﬂ;, for m < n € w by composition:
(1) Jm.m is the identity;
(ii) Jmnt1 = Jn © Jmn-

Note that each j,, ,, is a class in M . Exercise 3.3.1 concerns some properties
of the jp, n.
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Let M be a transitive class model of ZFC and let Y € M be, in M, a
countably complete ultrafilter on A € M. For n € w we let

Ult, (M;U) = M.

Lemma 3.3.1. Let M and U be as in the preceding paragraph and let i =
iy. For each n € w, U, = ign(U) is, in Ult,(M;U), a countably complete

ultrafilter on ip,(A). Moreover each Ult,1(M;U) = Ult(Ult,(M;U);U,)

. Ultn (MU
and each i, = zun"( ),

The proof of the lemma is routine, and we omit it.

Lemma 3.3.2. Let k be the completeness of a countably complete, non-
principal ultrafilter U on a set A. Then, for all n € w, V;ﬁtln(‘/; = V1.
Indeed all Ult,,(V;U) are k-closed, i.e. "(Ult,(V;U)) C Ult,(V;U).

Proof. Let i = iy. For each m € w, applying Lemma 3.2.11 in Ult,, (V;U)
gives us that

Ultrm1(ViU) 1 Ultn (Vi)
iO,m(ﬁ)‘i’l - iO,m(ﬁ)‘i’l
and that
Ulty (V3 U) 007 (Ultyy (Vi U)) C Ulbgr (V U).
Since
K< 2‘071(/4,) < 2‘072(/‘1) <L veey
the lemma follows by induction. U

The first assertion of Lemma 3.3.2 follows also from the special case n = 0
and the fact that crit(iy ,11) > &, and so, using Lemma 3.2.14:

Lemma 3.3.3. Ifj: V < M with M transitive and crit(j) = x then, for all
n e w, Vn+1 - ]O,H(V)

Let M be a transitive class model of ZFC and let 7 : M < N with N
transitive and j a class in M. The direct limit

(ML, G | m € 0))

of (((Mi;€) | n € w), (Jmn|m<new))is given as follows:
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For x € MJ, and y € M) and m < n, we let

<m,:c> ~ <n7y> NS <TL, y> ~ <m,x> Ad jm7n(x> = y
Let [m, x] be the equivalence class of (m,x) with respect to the equivalence
relation ~. We set

M) ={[m,z] |/mewAz e M}

w

For x € M/, and y € M?, we define

= Jmn(z) €y ifm <n;
[[ma l‘]] Ew I[na y]] < { T € jn,m<y) ifn < m.

Let MJ, = (MJ; EJ). Finally, we let j,.(z) = [m, z].

Remarks:

(a) We have used the natural notation “(j,,, | m < n € w),” but this
should not be construed literally, since we want the object to be a genuine
class (with sets as members). A similar comment applies to, e.g., “((M; e
)| new).”

(b) Since each M = jo (M), we could dispense with talk of ((MJ;€) |
n € w) and say that (J,, | m € w) is the direct limit of (jp,, | m <n € w).

Lemma 3.3.4. Let M be a transitive class model of ZFC and let j : M < N
with N transitive and j a class in M. Then for all natural numbers m and
n with m < n, Jmw = Jnw © Jmn. Moreover jy,., : (Mi;€) < (Mi,ﬁ]fu) for
allm e w.

Proof. The proof of the first assertion is routine, and we omit it. The second
assertion follows from the elementary chain theorem of Tarski-Vaught [1957].
Nevertheless, we give the proof: We proceed by induction on the complexity
of formulas ¢. The only non-trivial case is that of a formula ¢(vy, ..., v;) of
the form (Jvg) ¢ (vo, ..., v). Consider such a ¢ and ¥. Let m € w and let
(w1,...,2) € MI. If MJ, |= ¢[z1,..., 2%, then there is an 2y € MJ, such
that M), = ¥[zo,...,2]. By the induction hypothesis for ¢, we get that
Mﬂ; ): ¢[jm,w(x0)7 ce {jm,w(xk)] and so that MZ; ): 90[]~m,w(x1)~7 T ajm,w(xk)]'
Suppose then that M? = ©[7mw(21), ..., Jmw(Tr)]. Let T € M be such that
M= Y[E, Jmw(1), - Jmw(Tr)]. Let n € w and y € MJ be such that & =
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[n,y]. Assume, without loss of generality, that n > m. By induction and the
first assertion of the lemma, we have that M7 = Y[y, jmn(21), - - s Jmn(Tk)]-
Thus M? = @ljma(21), .., Jmn(zk)]. The elementarity of j,,, implies that
M = plry, ...,z O

Lemma 3.3.5. ([Gaifman, 1974]) Let M and j be as in the statement of
Lemma 3.3.4. Then M is wellfounded.

Proof. Assume that the lemma is false. There is an infinite sequence (g; |
i € w) such that

B g BL 1 B o
Hence there is such a sequence with ¢ of the form [n,y] and so of the form
Inw(y). Ifx = Kﬁk(y)ﬂ, then jo,(z) = ij:(rank(y)ﬂ) and so y € jon(z).
Hence there is an « € M such that there is a sequence (g; | i € w) with

.. Eﬁ, Yo E~ZJ U1 EUJJ Yo = Jow(T).

Let x € M have minimal rank with this property. Choose such a sequence
and let n and uw € MJ be such that §; = J,.(u). By the elementarity of
Jo.n, we have that jo,(z) is, in M, a w of minimal rank with the following
property P: There is an infinite sequence (Z; | i € w) such that

B 5 BT 5 BT 2 = ()ow(w),

But Mg" = Mi% and (Jn)km = Jntkn+m for all K < m € w. Thus P(w) is
equivalent with the existence of a sequence (Z; | i € w) such that

B 5 EI A B 5y = G (w).
But this is a contradiction; for u also has this property, and u € jy,(x) so
rank (u) < rank(jo,(z)). O
Lemma 3.3.6. Let M and j be as in the statement of Lemma 3.5.4. Then
(MZ; E7) is set-like.

Proof. Let § € MJ. Let n € w and = € M/ be such that § = [n,z], so that
U = Jnw(z). Suppose ZEJj. Let m € wand u € MJ, be such z = Jmw(W).
If £ > max{m,n}, then Jx,(jmxr(v)) = Z and Jiw(jni(r)) = ¢ and so the
elementarity of Ji, yields that j,, x(u) € jnx(z). We have then shown that
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for every 2 E’fa g there is a k > n and a v € j,x(v) such that Z = ji,(v). By
the Axiom of Replacement, {Z | Z E7 §} is a set. O

If M and j are as in the statement of Lemma 3.3.4, then Lemmas 3.3.5,
3.3.6, and 3.2.8 imply that there is a transitive class MJ such that (MJ; €)
is isomorphic to (M7; EJ). Thus we can extend the MJ and j,,, into the
transfinite. Our next goal is to carry this out.

First we introduce some general terminology for direct limits. A directed
relation on a set D is a transitive, reflexive relation R in D such that

(VxreD)(VyeD)(FzeD)(zRzNyRz).
A directed system of homomorphisms is something of the form

where R is a directed relation on D, each My is a class model, each jg 4 :
Mg — My is a homomorphism, and

(\V/dl € D)(\V/dz € D)(Vdg € D)(dl Rdy Rds — jd17d3 = jdz,d3 ojdl,dz)'

Such a directed system of homomorphisms is a directed system of elementary
embeddings if each jgqu @ Mg < Mg.

The direct limit of a directed system ((Mgy | d € D); (jaaw |d € DA €
DAdRd')) of homomorphisms is (M; (j4 | d € D)), where M = (M; E) and
the 4 are defined as follows. For d € D let My = (My, E;). For x € My and
y € My, define

<d, l’> ~ <d,, y) N4 (Hd”) (de” ANd Rd" A jd,d”(l’) = jdgd//(y)).
Note that the defining condition on the right is equivalent with
(Vd")((dRd"Nd Rd") = jaar(x) = ja,a(y)).

Let [d,z] be the equivalence class of (d,z) with respect to the equivalence
relation ~. We set

M ={[d,z] | d € DAz € M}.
For x € My and y € My, we define

ld,z] E I[d/, y] < (Hd//)(de” ANd Rd" N Jdar () Egr Ja.ar (y))-

Finally, we let ju(z) = [d, x].
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Lemma 3.3.7. Let (Mg | d € D);{jaaw | d € DANd € DANARA)) be a
directed system of elementary embeddings. Let (M; (74 | d € D)) be the direct
limit of this directed system. Then jq : My < M for all d € D. For all d
and d' in D, with d Rd',

Jd = Ja © Jad-
Moreover M is set-like if all the My are set-like.

We omit the proof of Lemma 3.3.7. The proof of the first two assertions
is similar to the proof of Lemma 3.3.4. The proof of the last assertion is like
that of Lemma 3.3.6.

Let M be a transitive class model of ZFC and let j : M < N with N
transitive and j a class in N. We define inductively (1) &;, which will be
either an ordinal number or Ord, (2) for a < &, transitive class models M,
and (3) for a < B < §;, embeddings jop : MZ < Mg (What we define
inductively is, of course, not §; but rather membership in §;, i.e. an ordinal’s
being < ¢;.) Our inductive definition will guarantee that the j, s commute:

for o < B <7< gja jom/ = jﬁ,’y Oja,ﬁ-
(i) 0< & and M = M.

(ii) If o <& then jy o = id.

(111) If a< é-j then o +1 < fj.

(iv) If o < & then joa+1 = Jou(j) and Mi+1 = Joatr1(MZ). (This latter
stipulation makes sense, as ja.41 is a class in M7.)

<V> If T<a< 5]' then j’y,aJrl = ja,aJrl o j’y,a-

(vi) If o < §; and « is a limit ordinal, we define ((Mi;E1), (Gpa | B < a))
to be the direct limit of ((M3;€) | B < a), (js, | B < v < @)). If
(MJ; EJ) is not wellfounded, then a = &;. If (M7; E7) is wellfounded,
then, since Lemma 3.3.7 implies that it is set-like as well, we let 7l
(MJ; E7) = (M3; €) be given by Lemma 3.2.8. We set j, o = 7, 0], 4.

Extending our notation from the case of finite «, let us set
j a — jO,a (] )
for a < §;.

Lemma 3.3.8. ([Gaifman, 1974]) Let M be a transitive class model of ZFC
andlet j : M < N with N transitive and j a class in M. Then & > OrdNM.



3.3. ITERATED ULTRAPOWERS 159

Proof. The proof is similar to that of Lemma 3.3.5. Assume the lemma is
false for j and M. In M define x to have minimal rank such that there is an
infinite sequence (y; | @ € w) such that

Ce Eg] gg Egj ?]1 Eg] ?jo = jo,gj (ZL’)
Choose such a sequence and let a < §; and u € M be such that §; = Ja¢, (u).

By the elementarity of jy ., we have that jo.(z) is, in M?, a w of minimal
rank such that there is an infinite sequence (Z; | i € w) such that

Bl HEP 2 EP Z = (o, (w).

But, since (Mg)7e = Miw and (Jo)g,y = Jat+paty for all B <y <&, we get
a contradiction as in the proof of Lemma 3.3.5: u as well as jy o(x) has this
property, and u € jyo(x) so rank (u) < rank(jo(x)). O

Let M be a transitive class model of ZFC and let 4 € M be in M a
countably complete ultrafilter on A € M. For each o < 51-51, so in particular
for each o < Ord N M, we let

Ulto (M;U) = MH |

Lemma 3.3.9. Let M andU be as in the preceding paragraph and let i = i}l

For each o < &, Uy = ioa(U) is, in Ulty(M;U), a countably complete

ultrafilter on igo(A). Moreover each Ulty1(M;U) = Ult(Ult,(M;U);U,)
. Ulta(MiU)

and each i, = 1y, )

Lemma 3.3.10. Let M be a transitive class model of ZFC. Let k be a cardi-

nal of M and letU € M be such that M = U is a uniform normal ultrafilter

on k.” Leti =14} . Let 8 be a limit ordinal such that 8 < &. Then the set

{io~(K) | v < B} is unbounded in igg(K).

Proof. Let n < igp(k). Because n belongs to Ultg(M;U), there must be
ordinals v < f and v such that n = i,4(v). If v > idg,(k), then n >
in8(t04(K)) = d08(k). Thus v < ip,(x). But crit (iy3) = io,(k), and so
n = v and thus n < iy, (k). O

Lemma 3.3.11. ([Kunen, 1968]) Let M be a transitive class model of ZFC.
Let k be a cardinal of M and let U € M be such that M = U is a uniform
normal ultrafilter on k.7 Let i = i} . Let a be a limit ordinal with o < &;.

Let X Cigq(k) with X € Ult,(M;U). Then
X €ipoa) < F<a)(V)(B<v<a—i,(k) € X).
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Proof. We begin by, in effect, doing Exercise 3.2.3 and half of Exercise 3.2.2.
Let 7 = ) and, for f: k — M with f € M, let [f] = |[f]]£{4

First we show that 7([id]) = x. Since 7([¢,]) < w([id]) for every n < &
by the uniformity of & in M, we know that x < 7([id]). If #([f]) < =([id]),
then the normality of ¢/ in M implies that [f] = [¢,] for some n < k. Thus
7([id]) < k.

Next we show that

U={YCkr|YeMANkreiY)}.
This is because, for Y C k with Y € M,
YeUw{n|idn) eY} el <+ n([id]) €i(Y) < r €i(Y).

Since « is a limit ordinal, there exist § < o and Y € Ultg(M;U) such
that X =i5,(Y). By the elementarity of iy 5, we have that

Y e igﬂ(“) — ioﬂ(lﬁ) € Zﬂ(Y)

Let v be such that 8 <y < a. Then X € igo(U) <Y €igpld) <> igs(k) €
i3(Y) > i (k) € igrs1(Y) <> Go(K) € iga(Y), where the last equivalence
holds because crit(iy11,4) > @0 (k). d

Lemma 3.3.12. ([Kunen, 1968]) Let M be a transitive class model of ZFC.
Let k be a cardinal of M and let U € M be such that M = ‘U is a uniform
normal ultrafilter on k.” Leti = i. Let o be a limit ordinal such that o < &
and cf(a) > w.

Then iy o(U) is the restriction to Ult,(M;U) of the closed, unbounded
filter on i o(K); d.e., if X € Ulty(M;U) and X Ciga(k), then X € igo(U)
if and only if X has a subset that is closed and unbounded in iy (k).

Proof. By the preceding lemma, it suffices to prove that {ip,(x) | v < a} is
closed and unbounded in iy, (). But this follows easily from Lemma 3.3.10.
U

Lemma 3.3.13. Let k be a cardinal number and let U be a uniform normal
ultrafilter on k. Let i = 1y.

(a) For all ordinals n and o with oo > 0, |ig(n)| < max{|n|*, |a|}.
(b) For every ordinal o > 2%, |ip (k)| = |a|.
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(¢) For every cardinal § > 2%, igs(k) = 0.

(d) For every cardinal 6 > 2% such that cf(d) > k and for every ordinal
a <6, ip4(d) =9.

Proof. We prove (a) by induction on «, simultaneously for all 7.

If n > 0 and [f], < [c,ly, then there is a g : K — 7 such that g ~y f.
This fact implies (a) for the case a = 1.

Assume that (a) holds for o. For any 7, we have that

ligat1(n)] < |i0,a(*’~)¢07a(77)|U1ta(v;u)

o,a([1]")

max{(|n]")", |}
= max{[n|", |af}.

IN

Here the first inequality is by the case o = 1 and the elementarity of i ,.
Finally assume that (a) holds for all & < A, where A is a limit ordinal.
For any 7,

lioa(m)] = supacplioa(n)]
S Supa<kmax{|7]|”,|a|}
= max{|n|", [A[}.

(b) follows easily from (a).

For (c), let § be a cardinal larger than 2. Part (b) of the lemma implies
that ig,(k) < ¢ for all v < J. Lemma 3.3.10 then gives that igs(k) = d.

For (d), let 6 > 2" be a cardinal with cf(d) > k. Let o < § be such
that (d) fails for 6 and « but holds for ¢ and all 8 < a.. Obviously « > 0.

Suppose that a = 1. Let f be such that 6 < m,([f],) < i(6). We
may assume that f : kK — 0. Since cf(d) > &, there is an 7 < ¢ such that
[k —n. But then m,([f],) < i(n). But this contradicts part (a), which
implies that i(n) < 4.

The fact that a # 1 implies that, for any 5, is(io5(0)) = i0(d). This
means that a cannot be a successor ordinal g + 1.

Thus o must be a limit ordinal. Let v be such that § < v < i4(J). Let
v < a and p be such that v =i, ,(p). Then p < iy(6) = 0. Hence p+1 < 4.
But v <iyo(p+1) <ipn(p+1), and this contradicts part (a), which implies
that ig..(n) < d for every n < 4. O
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Lemma 3.3.14. Let k and ' be a cardinal numbers with k < k'. LetU and

U" be uniform normal ultrafilters on k and k' respectively. Let i = iy. For
any o < K, igoU") =U" N Ult,(V;U).

Proof. By part (d) of Lemma 3.3.13, i (k') = & for every a < x'. It also
follows easily from part (d) of Lemma 3.3.13 that, for all a < &, the set W,
of all n <+’ such that 7 is a fixed point of i, belongs to U’.

We prove the lemma by induction on v > 1.

First consider the case o = 1. Let X = m,([f],,) belong to i(U’). Then
Z € U, where

Z={y<r|f(v)eUu}
Let Y = ., f(7). The r'-completeness of & implies that Y € U’. Since
{y <k |Y C f(y)} belongs to U, it follows by the Lo§ Theorem that
i(Y) € X. Now Y N W belongs to U’ and is a subset of i(Y), and so
i(Y) eU'. Therefore X € U'.

Assume that the lemma holds for a. By the elementarity of 7y, and the
case o = 1 of the lemma, we have that igo11(U) = 0o(U) N Ulterr (V;U).
This fact and our induction hypothesis imply that the lemma holds for a4 1.

Let A < &’ be a limit ordinal and assume that the lemma holds for all
a < A Let X € ig\(U'). For some o < X and some Y € Ult,(V;U),
X = ia(Y). By the elementarity of i, and our induction hypothesis,
Y el Hence YNW, el Since XCYNW,, Xecl O

Exercise 3.3.1. Let j: M < N with N transitive and j a class in M.

(a) Prove that joj = jj oj.

(b) Let © € N. Prove that j(z) = ji(z) if and only if = € range(j).

(c) Prove that j,i1(a) < j,(«) for all n € w and all ordinals o € M.

Hint. For (c), let a be an ordinal of M and let S be the least ordinal ~
such that j(v) > a. By the elementarity of 7, j(5) is the least ordinal v such
that j1(v) > j(a).
Exercise 3.3.2. Let U be a uniform normal ultrafilter on a cardinal . Prove
that Ult, (V;U) is not countably closed: Prove that there is an f : w —
Ult,, (V;U) that does not belong to Ult,,(V;U).

Hint. Prove that ((iy)on(k) | n € w) ¢ Ult,(V;U).

Exercise 3.3.3. Let U be a uniform normal ultrafilter on a cardinal x. Show
that iym = (iy)o,n for all n € w.

Exercise 3.3.4. Prove that part (a) of Lemma 3.3.13 remains true for n > x
if “<” is replaced by “=" in its conclusion.
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3.4 Sharps

In order to prove IT} determinacy from a hypothesis that is actually equiva-
lent with IT} determinacy, we need to introduce the notion of what are called
sharps. The existence of these objects follows from measurable cardinals,
but it is actually weaker. The simplest example of a sharp, 07, is a set of
natural numbers that codes up the entire universe L of constructible sets. To
introduce sharps, we must then first introduce L. We carry out this latter
task in a rather sketchy fashion, letting the reader consult other works, such
as [Kunen, 1980], for a complete treatement.

Godel’s constructible universe L and hierarchy of constructible sets are
defined as follows:

(1) Lo = 0.

(2) Lo is the collection of all subsets of L, that are first order definable
over L, from elements of L,. In other words, a set « belongs to L, if
and only if there is a formula ¢(vo, . . ., v,) of the language of set theory
and there are elements yy,...,y, of L, such that

$:{y0€La | (Las €) ):¢[y0a'~-ayn]}'

(3) If avis a limit ordinal, then L, = g, Ls-
(4) L= UaEOrd LO"

We now give the basic facts about L. Some of the proofs we outline and
some of them we omit altogether. See [Kunen, 1980] for details.

Theorem 3.4.1. (Gdodel [1939]) L is a transitive class model of ZFC.

Proof. We briefly sketch the proof. If x € L, and z C L,, the formula
Vo € vy witnesses that x € L. If L, is transitive, it follows that L, C L,
and that L., is transitive. By induction one easily shows that L, C Lg
whenever o < (8 and that each L, is transitive. Thus L is transitive. The
Axiom of Foundation holds in any transitive class. One readily constructs
formulas to show that, for limit ordinals «, L, is closed under pairing and
union. Since the formulas expressing vy = {vy, v2} and vy = | J vy are absolute
for L—and indeed for any transitive class—it follows that the Axioms of
Pairing and Union hold in L. (A formula (v, ...,v,) is absolute for a class
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N if whenever ay,...,a, are elements of N, then N = ¢[ay,...,a,] if and
only if V' |= ¢las, ..., a,].) By induction, using the formula “vy is an ordinal
number,” one can show that each ordinal a belongs to L, 1. Hence w belongs
to L,11 and, by absoluteness, witnesses that L is a model of the Axiom of
Infinity. If x € L, then P(z) N L is, by Replacement in V| a subset of some
L, and so a member of some L,. Thus, for each € L, the set P(z) N L
witnesses that the Power Set Axiom holds in L for x. If u € L and

(Ve eu)Blye L)L = p(z,y),

then Replacement in V' gives an « such that

(Ve eu)(Aly € Ly) L = p(z,y).

Thus Replacement holds in L if Comprehension does. By Replacement in V,
there are for each formula ¢(vy, ..., v,) arbitrarily large ordinals « such that

(Vay € L) -+ - (Va, € Ly) (Lo E @las, ..., a,] < L E ¢lag, ..., a,]).

(Such an instance of the schema called Reflection for L is proved by a kind
of Lowenheim—Skolem argument applied to the finitely many subformulas of
¢.) If w € L and we want to verify that (Jv)(Vz)(z € v < (x € uANL |
olx,u,y1,...,ys])), then we apply Reflection to ¢ to get an a with u € L,
and we deduce that the desired v belongs to L,.1. The Axiom of Choice
holds in L because there is a wellordering <, of L definable in L: First order
by ranky () = pa(x € Lyi1); for ranky (z) = ranky (y), order inductively by
the formulas and parameters from L.k, () Witnessing z and y in Lyani, (2)41-
(We assume in the sequel that some such specific definition of <; has been
fixed.) O

The Axiom of Constructibility asserts that V = L.
Theorem 3.4.2. ([Godel, 1939]) The Aziom of Constructibility holds in L.

Theorem 3.4.2 is proved by showing that the formula v € L is absolute
for L.

Lemma 3.4.3. ([Gddel, 1939]) For each infinite ordinal o, the cardinal num-
ber of Ly, is |a].
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Proof. Since each a € Ly, we have that |L,| > |a] for all infinite c.

We prove by transfinite induction that |L,| < || for all infinite a. It
is easy to see that L,,; = P(L,) for n € w. This implies that each L, is
finite and so that |L,| = Ng. Assume that « is infinite and that |L,| < |«
Each member of L, is determined by a formula and finitely many elements
of L. Thus |Loy1] < max{Ng,|Ls|} = |La| < |oo|]. Now assume that « is
a limit ordinal and that |Lg| < |B| for each infinite § < a. Then |L,| =

|Up<a Lol < 2opcalBl < 2pen |l = laf - laf = |af. O

Theorem 3.4.4. ([Godel, 1939]) The Generalized Continuum Hypothesis holds
in L.

The proof, which we omit, proceeds by showing that
(Vx € Ly) P(x) N L C Ly,

where as usual o™ is the least cardinal greater than «. The theorem then
follows by Lemma 3.4.3.

Lemma 3.4.5. (a) ZFC™ +V = L holds in L., for every uncountable regular
cardinal v, where ZFC™ is ZFC without the Power Set Aziom.

(b) If N is a transitive class model of ZFC™ + V = L, then either N = L
or N = L, for some limit ordinal c.

Part (a) of Lemma 3.4.5 is proved much as are Theorem 3.4.1 and Theo-
rem 3.4.2. Part (b) is proved by showing that V' = L is absolute for transitive
models of ZFC~.

For each limit «, the formula defining the wellordering <, of L described
in the proof of Theorem 3.4.1 is absolute for L,. The proof that the formula
in question defines a wellordering of L goes through in ZFC™.

The following striking result of Dana Scott was the inspiration for all
subsequent work about the impact of large cardinals on L.

Theorem 3.4.6. ([Scott, 1961]) If a measurable cardinal exists, then V' # L.

Proof. Let s be the least measurable cardinal. By Theorem 3.2.12, let
j:V < M with M transitive and crit(j) = x. By part (b) of Lemma 3.4.5,
J(L)=L. IfV = Lthen M = j(L) = L =V and so k is the least measurable
cardinal in M. But j(k) > &, and the least measurable cardinal in M is j(k).
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g

We now deduce some much stronger consequences of the existence of a
measurable cardinal for the relation of L to V. These consequences that will
give us the best possible hypotheses for the determinacy result of Chapter 4
and for some of the results of Chapter 5.

A class U is a class of indiscernibles for a transitive class M if

(a) U C Ord N M;

(b) if oy <-+- <y and fy < -+ < B, are elements of U and ¢(vy, ..., v,)
is a formula of the language of set theory, then

ME plag,...,an] & M Eo[B,..., 0]

Recall that a subset X of a limit ordinal A is closed if X is closed in
the order topology. Equivalently, X is closed if whenever o < A and X is
unbounded in « then oo € X.

Fix some recursive bijection ¢ + n, from the set ® of formulas of the
language of set theory whose free variables are among vy, v, ... to the set
w. If there is a closed unbounded subset C' of w; such that C' is a set of
indiscernibles for L, , then 0% is

{ncp(vl ..... Vi) | Lw1 ): (,0[011, s 70-/%]}'

Here i, is the greatest ¢ such that v; is free in ¢ if ¢ is not a sentence and
0 otherwise, and oy < --- < a,, are members of C. Since the intersection of
two closed unbounded sets is closed and unbounded, there is no dependence
on the choice of C. If such a C does not exist, then there is no 0%.

Remark. “07” is pronounced as “0 sharp.” It would perhaps then be
better if it were written “0f,” and it sometimes is. The notation with #
has its origin in the fundamental [Solovay, 1967]. 0% was introduced—and
most of the results of this section were proved—in Jack Silver’s dissertation,
[Silver, 1966], published in abridged form as [Silver, 1971].

Lemma 3.4.7. ([Rowbottom, 1964]) If k is a measurable cardinal and U
18 a uniform normal ultrafilter on k, then there is subset X of k such that
X €U and such that X is a set of indiscernibles for L,.
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Proof. Let x be a measurable cardinal and let & be a uniform normal
ultrafilter on k. For n € w and ¢ € [k]™, let (¢)1 < --- < (q)n be the elements
of q. For each formula ¢ € ®, let n be minimal such that ¢ is @(vy, ..., v,),
i.e. such that the free variables of ¢ are among vy, ..., v,. Let

Yo={a€[r]" | Li F @@, -, (@)n]}-

Let Z, =Y, if Y, € U and let Z, = [k]" \ Y,, otherwise. (The Rowbottom
ultrafilter U is defined on page 136.) By the definition of !, let X, CK
be such that X, € U and [X,]" C Z,. Let X = (), X,. Clearly X € U and
X is a set of indiscernibles for L,. O

If (v, v1,...,v,) is a formula of the language of set theory, then let us
define f, : "L — L by

xo L xo, L1, ..., Ty if (Jzo) L To, L1, - - -, Tpl;
f¢(x1,...,xn)—{“0 = eleo,r,. .. @] if Geo) L E plao @i, .., @)

10 otherwise.

Here the p-operator is being applied to the ordering <p. We also define
Jo :"La — Lo by replacing “L” by “L,” in the definition of f,.

For «v a limit ordinal and X C L,, let H(L,, X) be the closure of X under
all the functions fg. Note that

H(Lo, X)= | {fe(x. zn) | (21, 20) € "X}
©(v0,.--vn)

This is because compositions of the f& are also among the fJ. Note also that
H(Lo, X) < Lg, i.e. that id : H(La, X) < L,. More generally, H(Ly, X) <
H(Las,Y) when X CY. Any class model (M; E) of ZEFC™ + V = L has its
own internally defined version of the f,. Let us call the closure of X C M
under these functions H((M; E), X). (Note that when M is a proper class,
e.g. when M = L, then we are going beyond the language of ZFC in making
this definition.)

If (M;FE) is a class model and X C M, let us say that X generates
(M; E) if for every a € M there are n € w, f : "M — M and z1,...,z,
belonging to X such that f is definable (without parameters) in (M; E) and
a = f(z1,...,2,). This is equivalent to saying the closure of X under the
definable functions is all of M. If (M; E) is a class model of ZFC~ + V = L
and X C M, then it is easy to see that X generates (M; F) if and only if
H(M;E),X) =M. If o is a limit ordinal and X C L,, then X generates
L, (i.e. X generates (L,; €)) just in case H(Ly, X) = L.
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Theorem 3.4.8. ([Silver, 1966]) The following are equivalent:

(i) 07 exists.

(ii) There is an uncountable reqular cardinal vy such that there is an
unbounded subset of v that is a set of indiscernibles for L.

(iii) There is a closed unbounded proper class C such that C' is a class
of indiscernibles for L that generates L and such that, for every un-
countable cardinal n, H(L,C'Nn) = L,).

Proof. Clearly (i) implies (ii) and (iii) implies (i). We need then only show
that (ii) implies (iii). Let v be an uncountable regular cardinal and let X C ~
be unbounded in v and a set of indiscernibles for L. Since 7 is regular, X
has order type . Let o — z, be the order preserving bijection between -~y
and X.

We may assume that X has been chosen with the minimal possible value
of x,, i.e. that, for any unbounded subset X’ of v such that X’ is a set of
indiscernibles for L., the wth element of X' is at least as large as z,,.

We next show that we can replace X with a Y that has, in addition to
the properties of X, the additional property of generating L.

By Lemma 3.2.4, let

7 H(Ly, X) =N,

with N transitive. By part (a) of Lemma 3.4.5, N = ZFC™ + V = L. By
part (b) of the same lemma, N = L, for some limit ordinal a.. Since 7(5) < 8
for each ordinal 8 € H(L,, X), we must have o <. But |X| = 7, so we get
that o = ~. Let

Y ={r(z) |z e X}

Clearly Y is unbounded in ~y. Since 7 : H(L,, X) = L, and H(L,, X) < L.,
we get that Y is a set of indiscernibles for L,. Let o — y, be the order
preserving bijection between v and Y. We have then that
(a) Y is an unbounded subset of ;
(b) Y is a set of indiscernibles for L.;
(¢) Y has minimal wth element among sets with properties (a) and (b);
)

(d) Y generates L,.

We next prove some useful facts about Y and the f7.
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(1) l"ankL(ng(?Jl? s 7yn)) < Yn+1-
(2) If rankL(f(Z(yla e Yi Yir, - 7yj+’m>) < Yj+1, then
f;(yla---aijyj-i-la---7yj+m) :fg(ylw"7yj7ya17"'7yocm)
for any a,...,a,, such that j <o) <+ <y, < 7.

If (1) fails, then indiscernibility gives that rankr,(f)(y1,...,yn)) > ya for

every a < . Hence f(y1,...,yn) & L.
Suppose that the hypothesis of (2) holds and that the conclusion fails.

Thus we have j < a1 < - < a, < v and

Yj+1 > f;(yla"wyj?yj—&-l?"'7yj+m) 7& fg(ylu"'7yj7ya17"-)yam)'
Let ap, < By < -- < B If

fg(ylv"'ayjayoqv"'ayocm) = f;(ylv'"7yj7y517"'7y5m)7

then indiscernibility gives the contradiction that

f;(yla--'ayjayj-i-la---?yj-‘rm) = fg(ylw"ayjay/ﬁm--'ay,@m)'

We have then shown that for any oy < -+ < a, and p; < -+ < f3,, such
that j < ay, o, < B, and B, < 7,

fg(yh"‘7yj7y0417"‘7y0£m) # f;(ylw"Jyj7y517"'7yﬁm)'

By indiscernibility, we have that one of the following holds for all such
a1, ...,0, and B, ..., Bm:

f;(ylv"'7yjayoc17"'ayocm) <r fz(yla "7yjayﬁ1a"'7yﬁm)
f;l(yla'”?yjayala'”7yam) >L f;l(yla'”?yjuyﬁlw"7yﬁm)

Let a,p, = j+mp+k for p < yvand 0 < kK < m. If it is the second
inequality that holds, then (f2(y1,...,¥j»Yanos -+ s Yanma) | 7 € w) is an
infinite descending sequence with respect to the wellordering <. Thus it is
the first inequality that holds. By indiscernibility and the fact that z < 2’
implies ranky(z) < ranky(z'), we get that one of the following holds for all
any a < -« <y, < f1 < -+ < B, such that j < o and 3, < 7:

rankL(f;(yb e 7yj7y0£17 e 7yam)) = rankL(fg(yh s 7yj7y517 e 7y5m))
rankL(f;(ylv e YisYayy e 7yam)) < rankL(fg(yh e Y Ysyy e 7y5m))
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If it is the equation that holds, then there is an n < ~ such that

{f;(ylv s 7yj7yap,07 s 7y0lp,m—1) | P < /7} - LW‘

This is impossible, since |L,| < 7. Hence it is the inequality that holds. But
then

{rankL(fg(yla <o Yjy yozp,oa s 7yap7m_1)) | p < ’Y}

is readily seen to be an unbounded subset of v that is a set of indiscernibles
for L,. Moreover the wth element of this set is

f;(yh e Y Yoy - 7yw+m—1) <L Yw-

This contradicts property (c) of Y.

We use Y to generate a proper class model (M; E) as follows: Suppose
that ©(vo,...,v,) and ¥(vy,...,v,) are formulas and a; < -+ < «, and
By < -+ < B, are ordinal numbers. Let

q:{ala"'7anaﬁla"'7ﬁm}_> |{a15"'7an7517"'75’m}|

be the order preserving bijection. Set

< y Oy . e > <¢ 517--'7ﬁm>
f(yqal --quan)) f¢<yq(ﬁl e Ya(Bm))-

Let [, a1, ..., a,] be the equivalence class of (p, aq, ..., a,) with respect to
the equivalence relation ~, fixed up a la Scott to be a set. Let M be the
class of all the [y, a1, ..., a,]. Define, for g as above,

|[¢7a17"'7Oén]lE[[w7517"'aﬂm]l —
f;(yq(aﬁv ce 7yq(an)) € f;(yq(ﬂ1)7 cee ayq(ﬁm)>'

Suppose for a contradiction that (M; F) is not wellfounded. Then there
exists a sequence (a; | ¢ € w) such that each a;+1 F a;. Let a; = [@;, 01, ... Oin]-
Let g be the order preserving bijection between a countable ordinal and
{0ij [ i €w A j<n} Foreach i, let e; = 7 (Yg-1(51)s- > Yg1(5:,)) We
have the contradiction that each e;;; € e;.

For a set A of ordinals, let ot(A) be the order type of A, let « — a, be
the order isomorphism between ot(A) and A, and let

Ma = {[e,a0a,,---,04,] | ¢ aformula A oy <+ <, <ot(A)}.
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Suppose that ot(A) < 7. It is clear from the definition of (M; E) that
the correspondence given by

fg(yCYl?""yan) = |[g07aa17"'7aan]l

gives an isomorphism
ha: (H(Ly {ya | @ <ot(A)});€) = (Ma; E).

For any ordinal §, let z5 = [vg = v1,0]. Note that ha(ya) = 2., for each
o< 7.
If AC B C Ord and ot(B) < v, then the fact that

(H(Ly, {ya | @ <0t(A)}); €) < (H(Ly, {ya | o < 0t(B)}); €)

implies that
(Ma; E) < (Mp; E).

Thus, in particular,
(Ma; E) | AC Ord A A finite ),

together with the inclusions, forms a directed system of elementary embed-
dings. It follows from Lemma 3.3.7 that, for each finite A,

(Ma;E) < ( | Ma;E) = (M;E).
A finite

Hence, for every finite A,
ha: (H(Ly, {ya | @ < ot(A)}); €) < (M; E).

We use properties (1) and (2) of Y to show that (M; E) is set-like. Let
b=[pd1,...,00,] € M. Let A = {61,...,0n,0, + 1}. By property (1) of
Y we have that (M; E) |= ranky (ha(f(Ys,s- -5 ¥s5,))) < ha(ys,+1), i.e. that
(M; E) |=ranky(b) < zs,41. Suppose that @ E'b. Then (M; E) |=ranky(a) <
25,1+1- Let a = [Y, p1,..., pm]. We may assume that there is a j with 1 <
J < msuch that pj41 =6, +1. Using hp with B = {p1,..., pm, &jt1s - Em )
for arbitrary ordinals &;41,...,&, and using property (2) of Y, we get that

a=[Y,p1,- 055 €11, -, &m] for any i1 < -+ < &, with p; < &4 Thus
we have shown that each a such that a E'b is determined by numbers j and
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m, a formula 1, and a j-tuple of ordinals smaller than d,, + 1. The collection
of such a thus forms a set.

By Lemma 3.2.8, (M; E) is isomorphic to (N; €) for some transitive class
N. Since the z;s are distinct elements of M, we have that M is a proper class
and so that NV also is a proper class. By part (b) of Lemma 3.4.5, N = L. Let
7w (M;E) = (L;€). For ordinals « let ¢, = 7(2,). Let C' = {c, | @ € Ord}.

For each finite set A = {ay,...,a,} of ordinals with a; < --- < a,, let
I = mohys. We have that

hfq : H(L’ya {yla cee >yn}) < L.

Moreover h¥(y;) = c,, for each i. Using such functions A}, it is easy to see
that C'is a class of indiscernibles for L, that [¢, oq, ..., an] = fo(Cays- -\ Can)—
and so that C' generates L—and that C' has properties (1) and (2), i.e. that

(1) rankL(fcz(Ch s 7cn)) < Cp41-
(2) If rankr(f)(c1,. .-, ¢, ¢ty Cjam)) < Cjy1, then
f;(cla"'7Cj7cj+17"'7cj+m) :f;<017'"7Cj7COL17"'7COlm)
for any aq, ..., q,, such that j < a; < -+ < ay,.

We know that |H(L, {cg | B < n})| = |n| for each limit ordinal . By prop-
erties (1) and (2), we get that H(L,{cs | B < n}) = H(L,C) N Leup,_,cs =
Lgup < for all limit ordinals n. If 1 is an uncountable cardinal, these facts
imply that

L= H(L,{es | B < n}) = H(L,C ).

It remains only to show that C'is closed. Suppose that « is a limit ordinal
and that £ < ¢, (so that £ € L ). Let
§= fo(Cars-1C8)5CarCoiy v Coppn)s

where /1 < -+ < f; < a < & < ... < §j4m. By property (2) of C,
¢ e Lcﬁjﬂ, i.e. £ < cg, 1. This shows that the cg, 8 < «, are cofinal in c,. -

Corollary 3.4.9. If a measurable cardinal exists, then 0% exists.

Proof. By Lemma 3.2.15 and Lemma 3.4.7, clause (ii) of the theorem holds
for any measurable cardinal ~. U
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Corollary 3.4.10. Assume that 0% exists. If k and X\ are uncountable car-
dinals with k < X\, then L, < Ly < L.

Proof. This follows directly from clause (iii) of the theorem. O

It is easy to see that the class C' of clause (iii) of Theorem 3.4.8 is unique.
Indeed, the whole structure of H(L,C) is determined directly by 0%, which
gives us the relations among the values f¢'(ca,, . . ., Ca,) and so, since Ly, <
L, among the values f,(ca;,---,Ca,). We will refer to C' as the Silver class
of indiscernibles for L and to the members of C' as the Silver indiscernibles

for L. Note that the uncountable cardinals are among the indiscernibles for
L.

The concepts and theorems of this section can easily be relativized.

Let a be any set. Let the language £ be the result of adding to the
language of set theory a one-place predicate symbol P. We can expand any
transitive class model (M; €) to a class model (M; €, a) for £ by interpreting
P by the property of belonging to a. We define:

(1) Lola] = 0.

(2) Lay1lal is the collection of all subsets x of L,la] such that x is first
order definable over (L,; €, a) from elements of L,[al.

(3) Lla] = Uacora Lalal-

In general, a need not belong to L[a]. But it is always the case that
a N Lla] € L[a]. Moreover Lla] = Lla N L[a]]. If a C V,, or a is a set of
ordinals, then a € Lla]. From large cardinal hypotheses it follows that “w
does not belong to L[“w]; this will be shown in Chapter 9.

We omit the proofs of the following results. These proofs are essentially
the same as those of the corresponding unrelativized results.

Theorem 3.4.11. For every a, Lla] is a transitive class model of ZFC.

Theorem 3.4.12. For every a, L[a| = V = L[aN Llal]; thus Lja] E V =
Lla] if a € Lla]. Furthermore, if b0 L[a] = a, then L[a] = L[b].

Lemma 3.4.13. For each a and each infinite ordinal o, the cardinal number
of Lala] is |a].
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Theorem 3.4.14. If v is an ordinal and a C v, then for all cardinals k of
Lla] such that v < k, L[a] | 2" = k™. For each a C V,,, the Generalized
Continuum Hypothesis holds in L[a).

Lemma 3.4.15. Let a be any set.

(a) ZEC~ + V = Lla N Lla]] holds in L.[a] for every uncountable reqular
cardinal v such that a N L{a] € L,[al.

(b) Ifa € N and N is a transitive class model of ZEFC~ + V = L|a], then
either N = Lla] or N = L,la] for some limit ordinal .

Theorem 3.4.16. If k is a measurable cardinal and a C Vi, then V # L|a].

For any set a, let tclos(a) be the smallest transitive set of which a is a
member. In the special case when a is a set of ordinals, tclos(a) = {a} U S,
where (3 is the least ordinal of which a is a subset.

If M is a transitive class and if a € M, then a class U is a class of
indiscernibles for M, a if

(a) U COrdn M;

(b) if by, ..., by, are elments of tclos(a), if a; < -+ < ap and fy < -+ < B,
are elements of U, and if ¢(v1,...,0Un, Uni1,- -, Unin) is a formula of
the language of set theory, then

M):Sp[bla--wbma&l;---a@n] e M):So[blw-'abm;ﬂla--wﬁn]-

Let ¢ + n, be as in the definition of 0%. Let a be a set such that
a € L[a]. Let v be the least ordinal such that a € L,+[a]. If there is a closed,
unbounded subset C' of v* such that C' is a set of indiscernibles for L, +[a], a,
then a” is the set of all

such that
(Vi)(1 <i<m —b; €tclos(a)) A Ly+[a] = lbr, ... bm,a1,. .., a0},

where oy < - -+ < a,, are members of C. If there is no such C, then there is
#
no a”.

Remarks:
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(a) If a C V,, then all members of tclos(a) other than a itself are definable
in L, [a]. Thus a* is determined by {n € w | (n,(a)) € a*}, and so a* is
often defined to be this subset of w.

(b) We have not yet defined a* or even what it means for a# to exist
when a ¢ L]a]. We will do so later in this section.

Lemma 3.4.17. Let k be a measurable cardinal, let U be a uniform normal
ultrafilter on k, and let a € V,, with a € L[a]. Then a € L,[a] and there is
subset X of k such that X € U and such that X s a set of indiscernibles for
L.a],a.

For any set a, L[a] has a wellordering internally definable from a N
Lla]. Using the definition of this ordering we can define H(L[a], X) and
H(Lyla], X) for sets X such that a N La] € X, and we will have, e.g.,
H(Laa], X) < Lalal.

Theorem 3.4.18. Let v be an infinite cardinal and let a be such that a € V,+
and a € Lla]. The following are equivalent:

(i) a” emists.

(11) There is an uncountable reqular cardinal v > v such that a € L, a]
and there is an unbounded subset of v that is a set of indiscernibles for
L.[al],a.

(i1i)) a € L,+[a]. Moreover there is a closed, unbounded proper class
C such that C* is a class of indiscernibles for L[a],a, such that C* U
tclos(a) generates Lla] and such that, for every uncountable cardinal
n > v, H(Llal; (C*Nn)Utclos(a)) = Ly|al.

Corollary 3.4.19. If k is a measurable cardinal, then a” exists for every
a € V,, such that a € L|a].

Corollary 3.4.20. Let v be a cardinal, let a € V,+, and assume that a*
exists. If k and X\ are uncountable cardinals with v < k < A, then L[a] <
Ly[a] < Lia).

The C® of clause (iii) of Theorem 3.4.18 is unique. We call it the Silver
class of indiscernibles for L]a],a and we call its members the Silver indis-
cernibles for Lla],a. It is the same as the Silver class of indiscernibles defined
earlier in the special case a C V.
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When a ¢ L[a], we can still make sense of a*. This is done as follows.

Let a be any set. Let the language £, be the result of adding to the
language of set theory a one-place predicate symbol P, for each b € tclos(a).
We can expand any transitive class model (M;€) to a class model (M;e
,b,...) for L, by interpreting each P, by the property of belonging to b. We
define:

(1) Lo(a) = 0.

(2) Lay1(a) is the collection of all subsets x of L,(a) such that x is first
order definable over (L,(a); €,b,...) from elements of L,(a).

(3) L(a) = Uacora La(@)-

Note that a € L(a) and moreover that a € L,(a) if a € V,,.
L(a) need not satisfy the Axiom of Choice, but we still have the following
fact.

Theorem 3.4.21. For every a, L(a) is a transitive class model of ZF.
Theorem 3.4.22. For every a, L(a) EV = L(a).

Lemma 3.4.23. Let a be any set.

(a) ZF~ +V = L(a) holds in L. (a) for every uncountable reqular cardinal
v such that a € V, and v > |tclos(a)|.

(b) If a € N and N is a transitive class model of ZFC~ + V = L(a),
then either N = L(a) or N = L(a) for some limit ordinal c.

Let ¢ +— n, be as in the definition of 0#. Let a be any set. Let v be
the least cardinal such that a € V,+ and [tclos(a)| < v. If there is a closed,
unbounded subset C' of v such that C'is a set of indiscernibles for L,+(a), a,
then a” is the set of all

such that
(Vi) (1 <i<m —b; €tclos(a)) A Ly+(a) E @b, b, 00, ... an]},

where o < - -+ < a,, are members of C. If there is no such C, then there is
#
no a’.
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Lemma 3.4.24. Let k be a measurable cardinal, let U be a uniform normal
ultrafilter on k, and let a € V,,. Then a € L.(a) and there is a subset X of
K such that X € U and such that X is a set of indiscernibles for L.(a),a.

Since L(a) need not satisfy Choice, it certainly need not have an internally
definable wellordering. Nevertheless, every element of any L, (a) is definable
in L(a) from ordinals smaller than a and elements of tclos(a) by a formula
absolute for L,(a). Thus we can define H(L(a), X) and H(Lq(a), X) for any
X such that tclos(a) C X, and we have, e.g., that H(L,(a), X) < La(a).

Theorem 3.4.25. Let v be an infinite cardinal and let a € V,+ be such that
[tclos(a)| < v. The following are equivalent:

(i) a” emists.

(ii) There is an uncountable regular cardinal v > v such that there is an
unbounded subset of v that is a set of indiscernibles for L.(a),a.

(iii) There is a closed, unbounded proper class C* such that C* is a class
of indiscernibles for L(a),a, such that C*Utclos(a) generates L(a) and
such that, for every uncountable cardinal n > v, H(L(a);(C* N n) U
tclos(a)) = Ly(a).

Corollary 3.4.26. If k is a measurable cardinal, then a” exists for every
a€V,.

Corollary 3.4.27. Letv be a cardinal and let a € V,,+ be such that |tclos(a)| <
v. Assume that a” exists. If k and X are uncountable cardinals with v < Kk <

A, then L,(a) < Ly(a) < L(a).

The C* of clause (iii) of Theorem 3.4.25 is unique. We call it the Silver
class of indiscernibles for Lla],a and we call its members the Silver indis-
cernibles for Lla],a.

Exercise 3.4.1. Assume 0% exists. Prove that (w;)’ < w;. Indeed, prove
that w; is inaccessible in L.

Hint. Use the fact that all the uncountable cardinals are Silver indis-
cernibles for L.
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3.5 LU

Lemma 3.5.1. Let U be a uniform normal ultrafilter on a measurable car-
dinal k. Then LU | ZFC + ‘U N LU] is a uniform normal ultrafilter on

/f.”

Proof. That L[U] = ZFC follows from Lemma 3.4.11. It is easy to see that
LiU] E “UN LU] is a uniform ultrafilter on x,” and any counterexample to
normality in the model L[] would be a counterexample to normality in V.

0

To state an easy generalization of Lemma 3.5.1, let us introduce some
notation. For a function (a; | j € J), let us write

{aj | j € J}
for
{G,0) 1 j€J Abeas}.
Let us also write, for sets ay,as, ..., a,,
Llay, ag, ..., ay)
for

Li{a; | 1 <i<mn}.

To see the point of this notation, note that L[(a;,as)] = L and that if Us,
f < «, are uniform normal ultrafilters then L{{Us | 8 < )] = L. (See
Exercise 3.5.1.)

Lemma 3.5.2. Let (kg | f < o) and (Us | B < ) be such that each Uz is a
uniform normal ultrafilter on the measurable cardinal kg. Let a be any set.
Then Lla,{Us | B < a)] = ZFC + “for all f < o, Us N Lia, {Us | B < a)] is
a uniform normal ultrafilter on rkg.”

The next two theorems, which will be used in Chapter 5, are from [Kunen, 1968|.

Theorem 3.5.3. Let k and U be such that LIU] = U N LIU] is a uniform
normal ultrafilter on k.” In LU, U N L{U] is the unique uniform normal
ultrafilter on k.
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Proof. Let us assume for notational simplicity that & = U N L{U]. Assume
that the conclusion of the Theorem fails. Let X C k be least in the canonical
wellordering of L[] such that X € U <+ X ¢ V for some uniform normal
ultrafilter V on k in L[U]. Let V witness this fact. By Exercise 3.2.3, whose
proof is given during the proof of Lemma 3.3.11, this means that

K € Zu(X) < K ¢ ZV(X),
where we write i;; and 4y, for sz Ul and z'{j[u] respectively. Now let

M = Ul (U(LULU); i (U));
N = Ulte)y+ (ULL(LU]; V);iv(U)).

Since the canonical elementary embeddings j : Ult(L{U];U) < M and k :
Ult(L[U]; V) < N do not move &, it follows that

k€ (X)) < k¢ k(ip(X)).

Part (c) of Lemma 3.3.13, applied in L{i] and in Ult(L{U]; V), yields that
Jliy(k)) = (2")" = k(iy(k)). Lemma 3.3.12 thus implies that j(iy(U)) =
F N M and k(iy(U)) = F N N, where F is the closed, unbounded filter on
(2%)*. The elementarity of j o4y gives that M = L[j(iy(U))] and therefore
that M = L[F N M] = L[F], by Theorem 3.4.12. Similarly N = L[F]. From
this it follows that j(iy,(U)) = k(iy(U)) and that M = N. But X is definable
in L{U] from U; thus j(iy (X)) = k(iy(X)), a contradiction. O

Theorem 3.5.4. Let (k, | v < &) be a strictly increasing sequence of ordinal
numbers such that o < ko. Let a € V. Let (U, | v < a) be such that
Lia,{U, | v < a}| = U, N Lla,{U, | v < a}] is a uniform normal ultrafilter
on k,” for each v < a.

In Lla,4U, | v < a)], Uy, N Lia,{U, | v < a)] is the unique uniform
normal ultrafilter on rk, for each v < k.

Proof. We may assume that a = a N Lja,{U, | v < a)| and that U, =
U, N Lia,{U, | v < a}] for every v < a. As in the proof of Theorem 3.5.3,
argue by contradiction. Let § < « and suppose that X C ks is least in the
canonical wellordering of L{a,{U, | v < a}| such that X € U; < X ¢ V
for some V that in L[a,{U, | v < a}] is a uniform normal ultrafilter on .



180 CHAPTER 3. MEASURABLE CARDINALS

Let V witness this fact. Taking iterated ultrapowers with respect to Uy, 1, if
necessary, we may assume that ks > (27)". Let

M = Ultgrsy+ (Ult(L]a,{Uy | v < o] Us);ius (Us));
N = Ultgrsy+ (Ult(Lla,{Uy | v < a}]; V)siv(Us)).

Let j : Ult(L[a,{U, | v < a}];Us) < M and k : Ult(Lla,{U, | v < a}]; V) <
N be the canonical elementary embeddings. If we can show that j(iy, (Us)) =
k(iyv(Ug)) for all B < a such that § # 0, then we can obtain a contradiction
as in the proof of Theorem 3.5.3. (Note that, e.g., k(iv({U, | v < a))) =
{(k(iv))U,) | v < a), since a < Kg.) For f < 0, what we need to show
follows from the fact that both crit(j o dy,) and crit(k o i) are greater than
kg. For f > ¢ it follows from Lemma 3.3.14 applied in La,{U, | v < a}|
and in Ult(L[a,{U, | 7 < a}]; V). O

Remark. In [Kunen, 1968, stronger uniqueness theorems are proved. For
example, it is shown that if L{U] = “U is a uniform normal ultrafilter on x”
and L[V] = “V is a uniform normal ultrafilter on k7 then U = V.

Suppose that there is a U € L[U] such that L[U] satisfies “U is a uniform
normal ultrafilter on x” for some ordinal x. If U# exists, then the set of all
n € w such that (n, (U)) € U* is called 07. (See page 174 for the definition of
U#. The name “0'” is due to R. Solovay.) This definition of 0T might seem to
depend upon the choice of U, but it does not; see Exercise 3.5.2. If there are
two measurable cardinals, then 0f exists. The existence of 0 is equivalent to
the determinacy of a certain class of games. (See Exercise 5.3.5.) One can
also define the notion of a' and one can define analogues of 0 for models
L{U, | v < ay] as in Theorem 3.5.4. These generalizations also appear in
determinacy results in Chapter 5.

Exercise 3.5.1. (a) Show that, for any finite set a, L[a] = L. (It follows
that, with any of the standard definitions of n-tuples, L[(a1,...,a,)] = L for
any sets ay,...,ay.)

(b) Let @ be an ordinal number. For § < a, let Uz be a uniform normal
ultrafilter on a measurable cardinal k. Show that L[{Usz | B < a)] = L.
(Hint. No Uz belongs to L.)

Exercise 3.5.2. Prove that 0f is well-defined, i.e., that 0T as defined above
does not depend on the choice of U. (Hint. Use Lemma 3.3.12.)



Chapter 4

H% Games

The classes IT} and X{ were defined on page 84. (We will repeat these
definitions in §4.1 below.) By Theorem 2.2.7, if A C [T'| belongs both to IT}
and to X} (that is, if A € A}), then G(A;T) is determined. We would like
to extend this determinacy result to sets that belong to only one of II} and
1. The use of a dummy first move, as in the proof of Theorem 1.2.4, shows
that the determinacy of all I} games is equivalent with the determinacy of
all 31 games. Hence we may restrict our attention to proving the former.
Unfortunately, IT} determinacy, even in countable trees, is not provable in
ZFC. (See Exercise 4.1.1.) If we are to prove I} determinacy, we must then
assume principles that go beyond the ZFC axioms.

In §4.1 we prove the determinacy of all IT} games in an arbitrary game tree
T from the hypothesis that there is a measurable cardinal larger than |T'|. In
the remainder of the chapter, we present three variants of this proof. In §4.2
we show that the proof of §4.1 may be organized in terms of the machinery
of semicoverings, a machinery similar to that of Chapter 2. In Chapter 5 we
will use semicoverings to get determinacy proofs for wider classes of games.
The result of §4.2 will play in Chapter 5 a role analogous to the role that
Lemma 2.1.7 played in Chapter 2. In §4.3 we reorganize the proof of §4.2
in terms of the machinery of homogeneous trees. The determinacy proofs of
Chapters 8 and 9 will use this machinery. (Those of Chapter 5, however,
will make no use of it.) In §4.4 we show that—as Robert Solovay observed
in the case of countable |T'|-our II} determinacy proof in §4.1 goes through
with the existence of a measurable cardinal larger than |T'| replaced by the
existence of a? for every subset a of |T'|. By a a theorem of Leo Harrington,

181



182 CHAPTER 4. TI} GAMES

for countable T, this is equivalent with the determinacy of all IT} games in 7T'.
(See Exercises 4.4.1.) The only later section that depends upon §4.4 is §5.3.

4.1 TII} Determinacy

Recall that a subset A of [T'] belongs to ITj if and only if there is a closed
C C[T] x“w (= [T] x [<“w]) such that

(Ve e [T))(xz € A+ (Yy € “w) (z,y) ¢ O).

Recall also that A C [T'] belongs to X1 just in case [T] \ A € IT}.

The following lemma was proved in the course of proving Theorem 2.2.3.
The two sentences of the lemma state the propositions (a) and (b) occurring
in that proof. For the definition of open-separated union, see page 80.

Remark. The reader who has skipped §2.2 should now read the proof of
Lemma 2.2.3. Such a reader may ignore the the parts of that lemma and this
one that are concerned with open-separated unions.

Lemma 4.1.1. Every clopen set belongs to I13 and to 1. Both Il and i
are closed under countable unions and open-separated unions.

Remark. It will be convenient to deal with game trees 7' such that there
are no terminal positions in T". To see that this is justified, let T be a game
tree. Consider the tree

T'=TU{p(0,...,0) | pis terminal in T'}.

The obvious f : 7" — T induces a homeomorphism from [T"] to [T'| such
that, for each A C [T], G(A;T) is determined if and only if G(f~(A);T")

is determined.

We next prove two standard representations of II] sets. The second of
these will be useful for determinacy proofs. To avoid unnecessary details, we
do not state the most general versions of these lemmas. For later applications,
however, we state the lemmas in slightly more general form than we will need
in this section.

If T is a game tree, let us denote by [T] the set of all infinite plays in T
If there are no terminal positions in 7', then [T] = [T']. If T is a game tree
with taboos and every play normal in T is infinite, then [T = [T].
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Lemmas 4.1.2 and 4.1.4 give ways to characterize the members of a IT} set
that belong to [T']. With a little more complex characterizations, we could
remove the qualification “that belong to [T7].”

Lemma 4.1.2. Let T be a game tree and let A C [T]. Then A € I1} if and
only if there is a relation R C T x <“w, such that

(a) R(D,0);
(b) (Vp € T)(Vs € =w)(R(p, s) — (h(p) = {h(s));
(c) (Vp € T)(Vs € “Pw)(¥n < lh(p))(R(p,s) = R(p [ n,s [ n)).

(d) Yz e[T))(ze A+ Vye“w)(Tnew)-R(x [n,y[n)).
(Here we have written R(p,s) for (p,s) € R.)

Proof. Suppose that C' witnesses that A € II}. Let R(p, s) hold if and only
if th(p) = ¢h(s) and

p=s=0V Fzxe[T)Fye“w)plx AsCyA (z,y) € C).

It is trivial that R has properties (a), (b), and (c¢). Let z € [T]. If = ¢ A,
then there is a y € “w such that (x,y) € C; thus R(z [ n,y [ n) holds for
every n € w. If x € A, then the fact that C is closed guarantees that for all
y € “w there is an n such that ([Ty,] X [(F“w)ym]) N C = 0. Thus R has
property (d).

Suppose now that there is an R with properties (a), (b), (¢), and (d). Let

C={(zy) |z [TI\[T]V (Vnew) Rz [n,y[n)}

It is easy to see that C' witnesses that A N [T] € II]. Since A\ [T] is open,
it follows by Lemma 4.1.1 that A € II1. O

To prove what for us will be the most useful characterization of II; sets,
we need the definition and the lemma that follow.
The Brouwer-Kleene ordering <B¥ of <“w is defined by

s <PXt e (s DtV (In <min{lh(s),th(t)})(s[n=t]n A s(n) <t(n))).

The Brouwer—Kleene ordering is a linear ordering of <“w. It agrees with the
lexicographic ordering <.« except that when s D ¢ then ¢ <jx s but s <BK ¢
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Lemma 4.1.3. Let S be a subtree of <“w. Then S is wellfounded (i.e.,
[S] = 0) if and only if the restriction to S of <BX is a wellordering.

Proof. Assume first that S is not wellfounded. Let y € [S]. Then (y [ n |
n € w) is an infinite descending sequence with respect to <B¥ and so <BX
is not a wellordering.

Now assume that <BX 'S is not a wellordering. Since it is a linear order-
ing, it must not be wellfounded. Let (¢; | i € w) be an infinite descending
sequence with respect to <B¥ with each t; € S.

We prove by induction on m € w:

(i) for all but finitely many ¢ € w, ¢h(t;) > m;

(ii) lim; (¢; [ m) exists.

(i) and (ii) trivially hold for m = 0. Suppose that (i) and (ii) hold for m.
Let i,, be such that

At most one of the t;, ¢ > i,,, can be t; | m and this one, if it exists, must
be t;, . Therefore ¢h(t;) > m + 1 for every i > i,,. By the definition of <BX,

tipr1(m) >t 1o(m) > -

Thus lim; ¢;(m) exists.
Now let y € “w be given by

y(m) = lim; t;(m).

Since each y | n is extended by some ¢;, it follows that each y [ n belongs to
S. Thus y € [S], and hence S is not wellfounded. O

The following characterization of I} sets is a well-known variant of those
of [Kleene, 1955] and [Lusin and Sierpinski, 1923].

Lemma 4.1.4. Let T be a game tree and let A C [T']. Then A € I} if and
only if there is a function p — <, with domain T' such that

(1) for allp € T, <, is a linear ordering of (h(p) with greatest element
0 (if th(p) > 0);
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(2) forallp CqeT, <, is the restriction of <, to th(p);

(8) Ve e [T))(x € A < <, is a wellordering), where <, is the relation
<zn-

Proof. Suppose first that A € IIj.

Let n — s, be a bijection from w to <“w such that whenever s,, C s,
then m < n, i.e. such that no sequence is enumerated before a sequence it
properly extends. Let R C T x <“w be given by Lemma 4.1.2.

For p € T and m and n smaller than ¢h(p), we let m <, n just in case
one of the following holds:

(i) ~R(p [ th(sm), sm) N R(p [ €h(sn), sn);
(ii) m <n A =R(p | th(sm),sm) N ~R(p | th(s,), Sn);
(iii) s <PX s, A R(p | th(sm),sm) A R(p | lh(sy,),s,).

In other words, we place all the n < ¢h(p) such that =R(p [ (h(s,), s,) at the
beginning of the ordering <, in their natural order, and we then order the
remaining numbers n < fh(p) according to the Brouwer—Kleene ordering of
the corresponding sequences s,,.

The fact that no s precedes in the enumeration any of its proper initial
segments guarantees that (h(s,) < n and so that <, is well-defined. It is
clear that <, is a linear ordering of ¢h(p) for every p € T. Since sy = 0,
property (a) of R and the fact that () is maximal with respect to <BX imply
that 0 is maximal with respect to every <,. Thus (1) holds.

Condition (2) is obvious from the definition.

To prove (3), fix x € [T] and let

S={te~*w| R(z|n,t)}.

Properties (b) and (c) of R imply that S is a subtree of <“w. Property (d)
implies that
reA« [S]=0.

By Lemma 4.1.3,

[S] =0 « <P¥ ]S is a wellordering.

Since <, is isomorphic to the natural ordering of {n | s, ¢ S} followed by
<BK r S,
<BK 1S is a wellordering +» <, is a wellordering.
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For the other half of the lemma, suppose there is a function p — <,
satisfying (1), (2), and (3). Define C' C [T x “w by

(r,y) € C & (z ¢ [T]V (Vnew)(y(n +1) <z y(n))).
Clearly we have that
(Ve [T])((x € [T] N <, is a wellordering) < (Vy € “w) (z,y) ¢ C).

Thus C witnesses that AN [T] € II]. Lemma 4.1.1 implies that A € IIj.

For later use, we also give a proof using Lemma 4.1.2 of this “if” half of
the lemma: Let <, have properties (1), (2), and (3). Define R C T x ““w
by letting R(p,s) hold if and only if ¢h(p) = ¢h(s) and, for all n such that
n+1 < ¢h(p),

(s(n) < fh(p) A s(n+1) < th(p)) = s(n+1) <, s(n).

It is easy to check that R satisfies (a)—(d) of Lemma 4.1.2. That lemma thus
gives that x € A. Il

We will sometimes want to point out sharper lightface versions of our
theorems. We make the following definitions explicitly only for subsets of “w,
but the definitions extend in an obvious way to subsets of finite products of w
and “w. A subset A of “w belongs to I} if there is a relation R C <¥w x <“w
with properties (a)-(d) of Lemma 4.1.2 such that R is recursive. A set
A C “w belongs to 31 if “w \ A € II]. For x € “w, the classes IT}(x) and
¥1(z) are similarly defined, with “recursive in z” replacing “recursive.” It is
easy to see that

I = | m(a);

rEYwW

sio= U sl

TEYwW

Here is the lightface version of Lemma 4.1.4:

Lemma 4.1.5. Let A C <“w. Then A € 11} if and only if there is a recursive
function p — <, with domain ~*w such that

(1) forallp € <“w, <, is a linear ordering of th(p) with greatest element
0 (if fh(p) > 0);
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(2) for allp C q € ““w, <, is the restriction of <, to (h(p);

(3) (Vr €“w)(x € A <> <, is a wellordering), where <, is the relation
UnEw <1’m

The proof of the “only if” part of Lemma 4.1.5 is just like that of
Lemma 4.1.4, except that the function n — s, must be chosen to be re-
cursive. The proof of the “if” part of Lemma 4.1.5 is just like the second
proof of the “if” part of Lemma 4.1.4.

Lemma 4.1.4 and the Rowbottom ultrafilters introduced in §3.1 provide
us with the tools for proving IT} determinacy from the existence of large
enough measurable cardinals.

Theorem 4.1.6. ([Martin, 1970]) Let T be a game tree. Assume there is a
measurable cardinal larger than |T|. Then all TI{ games in T are determined.

Proof. As we argued on page 182, we may assume that there are no terminal
positions in 7" and so that [T] = [T7].

Let A C [T] with A € II}. Let p — <, and © — <, be as given by
Lemma 4.1.4.

Let k be a measurable cardinal with |T'| < x and, by Lemma 3.1.7, let U
be a uniform normal ultrafilter on .

We describe a game tree T™ by describing the legal plays in 7™:

I (a0, &o) (az,&1) (as,&2)

11 aq a3

Each (a; | i < n) must be a legal position in 7. Each & must be an ordinal
number smaller than . Let 7 : T — T be given by

w({{ag, &), a1, ..., aan—1 [, (a2n,&)])) = (ag, a1, ..., asn—1 [, aznl).

7 induces a continuous function, which we also call 7, from [T™*] to [T7].
Consider the set A* C [T*] given by

<<CL0, 60)7 ay, <a27 51), as, . . > cA* &
<vm € w)(Vn < w)<m <<ai|i€w> n <> ém < £n>

I wins a play z* of G(A*;T*) if his ordinal moves ¢; give an embedding of
(w5 <r(e+)) into (x5 <). In particular this means that 7(A*) € A. Thus I wins
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a play z* of G(A*; T*) if he not only succeeds in making 7(z*) € A but also
verifies that m(2*) € A by embedding of (w; <r(+)) into (k; <).

The set A* is closed; so, by Lemma 1.2.4, G(A*; T*) is determined.

Suppose first that G(A*; T*) is a win for I. Let 0* be a winning strategy
for I for G(A*;T*). Let o be a strategy for I in 7" such that o (7w (p*)) is the first
component of o*(p*) for every p* consistent with o*. (This condition fixes o
on all positions consistent with 0.) A play consistent with ¢ is thus the image
under 7 of a play consistent with ¢*. It follows that every play consistent
with o belongs to A and so that o is a winning strategy for G(A;T).

Suppose now that G(A*;T*) is a win for II. Let 7* be a winning strategy
for II for G(A*; T*). We will define a strategy 7 for II for G(A;T).

Let n € w, let p = {ag, ai, ..., as,) be a position in T, and let v € []"*1.
There is a unique

q*(pv U) - <<a07£0>7 Qry- .-y <a2n7£n>>
such that w(¢*(p,v)) = p and i — & embeds (n + 1; <,) into (v; <). Let
Tp) =a & {vel]"" |7 (p,v)) = a} U™,

where Y"1 is the Rowbottom ultrafilter defined from U/ as on page 136.
Since |T| < x and U is k-complete, 7(p) is defined. Let

Zy ={ve " [7(p) = 7"(¢"(p,v))}-
7, belongs to U+

Remark. Equivalently, we may define 7(p) by

7(p) = / (¢" (p, v))dp"

ntl given by

where p"*1 is the measure on [x]

i = {

Thus one might call the technique by which 7 is obtained from 7* integration.

1 if X ey,
0 otherwise.

Since each Z, belongs to U1, we may, by the definition of M1 let
X, C k be such that X, € Y and [X,|"™ C Z,. Let

X =X, |peT A th(p) odd}.
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Since U is k-complete and |T'| < k, we have that X € Y. Moreover, for every
n and every p € T of length 2n + 1,

(Vo € [X]") 7(p) = 7(¢* (p, v)).

To show that 7 is a winning strategy for 11 for G(A;T), let € [T] be
consistent with 7. Assume for a contradiction that = € A. Since |X| =k >
Vo, let i — &; embed the wellordering (w; <) into (X; <). Let 2* be the play
in T* with these values of the ¢ and with 7(2*) = z. Clearly z* is a win for
Iin G(A*;T*). But, for each p* C z* of odd length,

2 (th(ph)) = 7(w(p")) = 77(¢" (x (p*), {& | 20 < Lh(p")})) = 77 (p")-

Thus z* is a play consistent with the winning strategy 7%, and this contradicts
the fact that x* is a win for I. O

Exercise 4.1.1. Assume that all II{ games in countable trees are deter-
mined and prove that w; is inaccessible in L. Deduce that IT} determinacy
is not provable in ZFC.

Hint. First show that every uncountable II} subset of “2 (= [<“2]) has
a perfect subset (a nonempty subset without isolated points). To do this, let
A C“2 with A € II] and let R witness that A € II;. Consider a game tree
T plays in which are as follows:

I So S1 59
11 €0 €1

Each e; must belong to 2 (= {0,1}). Each s; must belong to <“2, and each
S;+1 must satisfy

Siy1 2 s (eq).

Let G(B;T) be the game that I wins if and only if | J,., si € A. Prove that
G(B;T) is a win for I if and only if A has a perfect subset. Prove that
G(B;T) is a win for II if and only if A is countable. (This argument, the
same as alluded to in Exercises 1.1.2 and 1.1.4, is from [Davis, 1964]. See
pages 295-297 of [Moschovakis, 1980].)

Now prove the result of Godel [1938] that if V' = L then there is an
uncountable subset of “2 belonging to IT{ and without a perfect subset. Note
that the proof works under the weaker hypothesis that (w;)X = w;. Relativize
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the proof to get an uncountable set in IIj(z) without a perfect subset if
(wi)Hel = Wy for any = € “w. (See page 283 of [Moschovakis, 1980].)

The results of the preceding two paragraphs and the assumption of the
exercise imply that (w;) ! is countable for every x € “w, and this implies
that that w; is inaccessible in L.

The first part of the exercise implies that, under the assumption of the
exercise, L,, = ZFC. The last part of the exercise follows by the Second
Incompleteness Theorem of Godel. Of course, the last part follows simply
from the fact that I} determinacy is false in L.

Exercise 4.1.2. Prove that the determinacy of all IT{ games in <“w is not
provable in ZFC.

Hint. Show that IT determinacy is false in L, by coding as games in <*w
the games G(B;T') of the hint to Exercise 4.1.1.

4.2 Semicoverings

The proof of Theorem 4.1.6 is reminiscent of those of Chapter 2. The function
7 occurring in the former plays a role like that of the functions 7 that are
components of coverings. The construction of the strategies ¢ and 7 from
the strategies o* and 7* respectively gives an operation like the ¢ component
of a covering. Nevertheless, these operations do not in general give rise to
a covering. The difficulty concerns the ¥ component of a covering. In the
proof of Theorem 4.1.6, we were given a play x consistent with 7 and we
constructed an z* consistent with 7% such that 7(x*) = x, but we were able
do this only because we made the assumption that z € A. This assumption
provided us with the ordinals &; used to define x*.

It is a theorem of Itay Neeman that, under a large cardinal hypothesis,
every I} set can be unraveled by a covering. We will discuss this theorem
on page 309.

The proof of Theorem 4.1.6 does give rise to what we will call semicover-
ings. Semicoverings are enough like coverings that (1) any set A unraveled by
what we will call an A-semicovering is determined and (2) certain operations
on semicoverings yield semicoverings. In this section we will define semicov-
erings and use them to reprove I} determinacy from measurable cardinals.
In Chapter 5 we will use semicoverings to get further determinacy results.
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As we did with coverings, we will define semicoverings in terms of game
trees with taboos. If T is a game tree with taboos, then a semicovering of
T is a quadruple (T, 7, ¢, ¥) such that

T is a game tree with taboos;
T = T,

a
b

— o~ —

¢
d

~— —  ~—

T
o T2 T,
VU : domain (V) — [T'], the domain of W is a subset of

—~

{(6,2) | 5 € S(T) A z € [T] A z is consistent with ¢(5)},
and, for all (¢, x) € domain (),

(i) U(&,z) is consistent with &;
(i) 7(¥(7,x)) C z;
(iii) either (1) m(¥(F,2)) = = and ¥(F,z) and x are both normal or
both taboo for the same player or (2) ¥(d,z) is taboo for the
player for whom ¢ is a strategy.

The only difference between a covering of T and a semicovering of T is
that clause (d) above, unlike the clause (d) on page 66, does not demand that
(5, x) be defined for every pair (&, z) such that & € S(T) and z is a play
in T consistent with ¢(&). On the one hand, this means that every covering
of T is a semicovering of T. On the other hand, it means that the notion of
a semicovering is a very weak one. For example, domain (V) may be empty.
Thus a semicovering will not be of much use to us unless the domain of ¥
satisfies some further conditions.

We say that a semicovering (T, , ¢, ¥) of T unravels a subset A of [T]
if w=1(A) is a clopen subset of [T]. Here 7 : [T] — [T] is defined as on
page 65.

The existence of a mere semicovering of T that unravels A does not imply
the determinacy of G(A;T). (See Exercise 4.2.1.) For A C [T, let us then
define an A-semicovering of T to be a semicovering (’i‘, 7, ¢, V) of T such
that

(e) If & € S(T) and z witnesses that ¢(#) is not a winning strategy for
G(A;T) (i.e., if x is a play consistent with ¢(&) that is a loss in G(A; T)
for the player for whom & is a strategy), then (6, x) € domain ().
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An A-semicovering is exactly what is needed to make the proof of Lemma 2.1.3
go through:

Lemma 4.2.1. If A C [T] and there is an A-semicovering of T that unrav-
els A, then G(A;T) is determined.

Proof. The proof of Lemma 2.1.3 works here too, since we may assume that
the play x occurring in that proof is a win for the bad player. U

Just as we needed the notion of a k-covering, we will need in Chapter 5
the notion of a k-semicovering. Let T be a game tree with taboos and let
C = (T, 7w, ¢, V) be a semicovering of T. For k € w, C is a k-semicovering of
T if

(i) »T =4T;
(ii) = I w7 is the identity;
(iif) ¢ | S(,T) is the identity.

The proof of Theorem 4.1.6 adapts fairly easily to give an A-semicovering
of T that unravels A (under the hypothesis that there is a measurable cardinal
larger than |T'|). But for our unraveling results in Chapter 5 for sets more
complicated than I} sets, we will need a stronger result for IT{. Of course
we will need A k-semicoverings for arbitrary k € w and we will need a bound
on the size of the T of the semicovering, but we will need even more. To
state this stronger result, we require another definition:

If T is a game tree with taboos and if A and B are subsets of [T], then
an (A, B)-semicovering of T is an A-semicovering (T, 7, ¢, ) of T such that

(f) for every & € S(T') and for every = € B such that z is consistent with
¢(7), the pair (¢, z) belongs to the domain of ¥;

(g) every normal play in T belongs to ' (B).

Lemma 4.2.2. Let T be a game tree with taboos. Let B C [T] with B € I1}.
Let k € w. Suppose that k is a measurable cardinal larger than |T)|.
(i) There is a (B, B)-k-semicovering <T,7T,¢, W) of T such that |T| < k.
(i) There is a ([T] \ B, B)-k-semicovering (T, 7,6, 9) of T such that
7| < k.
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Proof. We give the proof of (i). The proof of (ii) is similar, with the roles of
the players reversed. Also, to keep the proof closer to that of Theorem 4.1.6,
we do the case k = 0. (We will indicate briefly how to handle the case k > 0.)
Let p — <, and o — <, be as given by Lemma 4.1.4. Let U/ be a uniform
normal ultrafilter on k.
Define T as follows. Plays in T are of the form

I (ao, &o) (az,&1) (as,&2)

11 aq a3

Each (a; | i < n) must be a legal position in 7. Each & must be an ordinal
number smaller than x. So far the definition is like that of 7™ in the proof
of Theorem 4.1.6. But we impose a further restriction. We demand that

.....

for all m and m' no greater than n. Thus all legal positions p in T are such
that i — & embeds (n; <)) into (k; <), where

7r((<a0750>,a1, <a2,§1>,a3, - > = <a0;a17a27a3, .. >

and where n is the greatest number such that 2n < ¢h(p) + 1. If a terminal
position p in T is such that 7(p) is taboo in T, then p is taboo for the same
player in T. If  is terminal in 7" and 7(p) is terminal and normal in T, then
p is taboo for I in T if 7(p) ¢ B and p is normal in T if n(p) € B. If j is
terminal in T but 7(p) is not terminal in T then § is taboo for I in T. (Such
a p must have some even length 2i. It occurs when I cannot play &; so as to
obey the order restriction.)

Clearly |T| < &.

If 7 is an infinite play in 7', then i + & embeds (w; <) into (x; <),
so w(Z) € B. If & is a finite normal play in T, then also 7(x) € B. Thus
7 (B) = [T].

To define ¢ and W, suppose first that & € S;(T). For positions p consistent
with &, let (¢(5))(m(p)) be the first component of 6(p). For other positions
p € T, define ¢(&) arbitrarily, subject to the constraints of clause (iii) in the

definition of ¢ : T2 T (In the proof for k£ > 0, the constraints of clause
(iii) in the definition of a k-covering must be met also.) We define ¥ (7, z)
for every play z consistent with ¢(5). Fix such an z. There is a unique play
T such that 7 is consistent with & and 7(z) C z. Let ¥(7,z) = 7.
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Now suppose that 7 € SH(T). Let n € w, let p = (ag,as,...,as,) be a
position in T, and let v € [k]"™'. As in the proof of Theorem 4.1.6 there is
a unique

q(p,v) = ({ao, %), a1, ..., (a2, &)

such that 7(g(p,v)) = p and i — & is order-preserving from (n + 1;<,) to
(v;<). Let

@ ) p) =a < {ve " [F(dpv) =a} U™,

(Here, as in the proof of Theorem 4.1.6, we are using the fact that |T'| < k.)
Let

Zy ={v e [s]"" ] (o(7))(p) = 7(q(p, v))}.
7, belongs to UMY, Let X, C & be such that X, € U and [X,]"*! C Z,.

Let
X =X, |peT A th(p) odd}.

We have that X € U and that, for every n and every p € T of length 2n + 1,

(Vv € [X]") 7(a(p, v)) = (¢(7))(p)-

We define ¥(7, z) for every play x consistent with ¢(7) such that either z € B
or else z is finite. Fix such an x. If x € B and =z is infinite, let ¢ — &; embed
(w; <;) into (X;<). If = is finite, let ¢ — & embed (¢h(x); <,) into (X; <).
Let (7, ) be the play & with these values of the §; and with (%) = «.

We leave to the reader the easy verification that our functions 7, ¢, and
U have the required properties.

For k > 0, the main change is that plays in 7" are of the form

ag cee <a2j, fo) <a2j+2, §2)
II a . a2j+1

where j is large enough that 27 > k. Other changes are the obvious ones.
For example, if p = (ay, ..., asj12,), then ¢(p,v) is defined for v € [s]"*1; if
th(p) <25 then g(p,v) = p. O

Lemmas 4.2.1 and 4.2.2 give a different proof of Theorem 4.1.6. But the
importance of these lemmas is that they provide ingredients for proving in
Chapter 5 the determinacy of wider classes of games. For the sharpest results
in Chapter 5, we need the following refinment of Lemma 4.2.2.
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Lemma 4.2.3. Let T be a game tree with taboos. Let B C [T] with B € I1}.
Let k € w and m € w. Suppose that k is a measurable cardinal such that
|T| < k and such that

(Vp € T)(¢h(p) > m — |T,| < k).

(i) There is a (B, B)-k-semicovering (T, 7, ¢, ¥) of T such that |T| < k
and such that

(Vp € T)(¢h(p) > max{k,m} + 1 — |T| < k).

_ (i) There is a ([T] \ B, B)-k-semicovering (T,7,¢,9) of T such that
IT| < k and such that

(Vp € T)(¢h(p) > max{k,m} +1 — |Tj| < k).

Proof. The proof is like that of Lemma 4.2.2. We indicate only the changes.
Define T as in the proof of Lemma 4.2.2, but with max{k,m} as the k of
that proof, i.e. with moves (as(;+4),&;) for the least j with 25 > max{k, m}.

The fact that |T'| < k was used twice in the proof of Lemma 4.2.2. The
first time was to guarantee, for each position p in T of odd length, that
7(q(p,v)) took fewer that x values. But in the present situation ¢(p,v) = p
unless ¢h(p) > 2j > m. If th(p) > 27 then, since the values 7(¢(p,v)) belong
to the set T, whose size is less than x, we get the desired conclusion. The
other use of the fact that |T'| < k was to guarantee that the set X = {X, |
p € T A lh(p) is odd} belonged to U. Instead of considering X, we can define
sets

X =({Xy | P €T, A th(p) is odd}

for p € T. If ¢h(p) > m, then X? € U. In defining V(7, z), we can replace
X by X? for p C z and (h(p) =m + 1.

Let us verify that any |Tj| < & for every p € T such that (h(p) > 2j.
Since, 25 < max{k,m} + 1, this will complete the proof. Recall that 0 is
maximal in <, for every p € T'. Thus every legal position in T is such that
& < & for each i > 0. Therefore, if p € T and ¢h(p) > 2j, then |Tﬁ| is no
greater than the maximum of (a) |75 |, (b) the cardinal of the &, given by
P, and (c) Ny. But all these cardinal numbers are smaller than . O

Remark. The replacement described above of X by X? would work for
the original proof of Lemma 4.2.2 also, with any value of n. Indeed the use in
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question of the hypothesis that |T'| < k was unnecessary altogether: Instead
of considering X or the X?, we could have defined, for each play =z € [T'],
the set X* = ({X, | p € = A (h(p) is odd}. The set X* is a countable
intersection of sets in U, and so it belongs to Y. In defining ¥(7,x), we
could then have used X* in place of X or an X?. We did not do this because
of a later application of the method (Lemma 5.2.12), where we will not be
able to use the X”.

Exercise 4.2.1. Let T be any game tree with taboos. Show that there is a
semicovering of T that unravels every subset of [T].

Hint. Let T = {0}.

Exercise 4.2.2. Prove that the semicovering of T constructed in the proof
of Lemma 4.2.2 need not extend to a covering of T. Indeed prove that there
need not be any covering of T extending the T and 7 constructed in that
proof. Hint. Let T = (<“2,0,0), let A = {x | (In € w)z(2n) = 1}, and let
k = 0. Let 7 be the strategy for IT in T such that

7(p) =1 < p—(1) is terminal in T".

4.3 Homogeneous Trees

In this section we present still another way to organize the proof of Theo-
rem 4.1.6. No use of the ideas and results of this section will be made until
Chapter 8, but they will be the basis of all our determinacy proofs from that
point on.

Let X and Y be arbitrary sets. If B C X x Y, then

pB={reX | (FyeY)(z,y) € B}.

Thus pB is the projection of B onto the first coordinate.

If E is a topological space and k is a cardinal number, a subset A of F is
k-Souslin if there is a closed C' C [T'] x “k such that A = pB.

We will mainly be interested in k-Souslin subsets of [T, where T" has no
terminal positions. As we have remarked on page 182, this involves no loss
of generality as far as determinacy results are concerned.

Lemma 4.3.1. Let T be a game tree and let k be an infinite cardinal number.
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(a) If N\ < Kk and A C [T] is A-Souslin, then A is k-Souslin.

(b) Every X1 subset of [T] is k-Souslin.

(c) The class of k-Souslin subsets of [T] is closed under unions of size
< K.

(d) The class of k-Souslin subsets of [T'] is closed under countable in-
tersections.

(e) Both the class of k-Souslin subsets of [T'] and the class of co-k-
Souslin subsets of [T'] (the class of complements of k-Souslin subsets
of [T]) are closed under open-separated unions.

Proof. (a) is obvious, since if A < x then “\ is a closed subset of “k.
It is immediate from the definitions that

Ais Rg-Souslin <+ A € 7.

From this (b) follows with the help of (a).

The proofs of (c¢) and (d) are a trivial modification of the proof of the
proposition (b)(i) occurring in the proof of Theorem 2.2.3, and the proof of
(e) is a trivial modification that of (b)(ii) of the the proof of Theorem 2.2.3.
We leave them to the reader. (The reader who has skipped §2.2 may skip

().) O

To present and study an alternative characterization of x-Souslin sets, we
need to make a few definitions:
If T'is a game tree, then the field of T, field (T'), is

{p(i) |p € T Ni < th(p)}.

If X is a set, then a tree on X is a game tree T such that field (7') C X.
If p and ¢ are finite sequences of the same length , then we let

(p,q) = ({p(n),q(n)) | n < {h(p)).

If T is a game tree and p is a finite sequence, then let

Tlpl ={qa | {p,a) € T}.

If T is a game tree and if = is an infinite sequence, then let
T(x)= U Tz [ n].
necw

Note that T'(x) is always a game tree if it is nonempty.



198 CHAPTER 4. TI} GAMES

Lemma 4.3.2. Let T be a game tree, let A C [T], and let k be a cardinal
number. Then A is k-Souslin if and only if there is a tree U on field (T') x k
such that

A={ze[T]|[U(z)] # 0}

Proof. If C witnesses that A is xk-Souslin, then let
U= {{p,sh | (Fr 2p)(Fg 2 5) (z,9) € C}.
If U is as in the statement of the lemma, then let
C={{x,g)[ze[l] N (Vnew){zn,gln)eU}
d

Remark. Recall that a game tree is wellfounded if 2T is wellfounded on
T, i.e. if every nonempty subset X of T has an element p with no proper
extensions in X. The Axiom of Choice gives that T' is wellfounded if and
only if there are no infinite plays in 7. Thus the last line of the statement
of Lemma 4.3.2 can be reformulated as

A={xe|[T]|U(zx) is not wellfounded}.

It will be useful to have a third way to express this relation between A and
U. For any tree T, any set Y, and any tree U on field (T") x Y, let us say
that the T-projection of U is {x € [T] | U(z) # 0}. Thus the last line of the
statement of Lemma 4.3.2 says that A is the T-projection of U.

We have already mentioned the fact that X} is identical with the class
of all Np-Souslin sets. We now show, as is essentially proved in Shoenfield
[1961], that all TI] sets are W;-Souslin.

Lemma 4.3.3. If T is a game tree and if A C [T with A € TI}, then A is
Ny -Souslin, and so A is k-Souslin for every uncountable k.

Proof. Let T be a game tree and let A C [T] with A € TI}. Though the
last clause of the statement of the lemma follows from the preceding one, we
will directly verify the last clause. Let x be an uncountable cardinal number.
The set A\[T'] is open and so is k-Souslin by Lemma 4.3.1. By Lemma 4.1.1,
AN|[T] € II}. By Lemma 4.3.1 again, it suffices to prove that AN [T] is k-
Souslin. Without loss of generality, let us then assume that A C [T7.
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Let the functions p — <, and x — <, be as given by Lemma 4.1.4.

We could get a tree U witnessing that A is x-Souslin directly from the
tree T™ occurring in the proof of Lemma 4.1.6 by replacing the moves a; of
player II in 7% by (a;,0). Instead we prefer to use a slightly different tree.
Let

U={{p,s) |peT N sembeds ((h(p); <,) into (k;<)}.

Let z € [T]. If g € [T'(z)], then g embeds (w; <.) into (k; <), and so
x € A. If x € A, then there is a g embedding the wellordering (w; <,) into
(k; <), and any such g belongs to [T'(x)]. O

Remark. Not every N;-Souslin set belongs to IT}. See Exercises 4.3.2 and
4.3.3.

A set is Souslin if it is k-Souslin for some . Sometimes the word “Souslin”
is used in a more restricted sense, synonymous with “Ng-Souslin.” We will
mostly talk of Souslin sets in the context of the concepts that we now define.

Suppose U and V are countably complete ultrafilters on sets A and B
respectively. Suppose that y : B — A is such that

(VX eld){beB| x(b) e X} eV.

Then we say that V projects to U by x. In this situation, we can define

Wy H(V§ €) < H(V; €)

u

by

where
(X (f))©@) = f(x(b)).

We omit the routine verification that 4y, is well-defined and is an elemen-
tary embedding.

Let T be a game tree, let Y be a nonempty set, and let U be a tree on
field (T) x Y. We say that U is homogeneous for T if there is a system

(U [peT)

satisfying the following conditions:
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(1) Each U, is a countably complete ultrafilter on U|[p].

(2) The U, are compatible: For all p C q € T, U, projects to U, by Xqp,
where x,, : Ulgl = Ulp] is given by x,,(s) = s [ fh(p).

(3) Let x € [T] and let (Z,, | n € w) be such that each Z, belongs to Uyy,.

Then
Ux)]#0 - Bf :w—=Y)Vnew)fneZ,.

Remarks:

(a) Implicit in clause (1) is the requirement that U[p| be nonempty for
each p € T. There is an variant notion of homogeneity that does not make
this requirement. (See Exercise 4.3.5.)

(b) Each Ulp] is a subset of “P)Y"| and so each U, induces—and is essen-
tially the same as—an ultrafilter on ®*®Y".

(¢) The “—” in the last line of condition (3) can be replaced by a “«».,”
since any f satisfying the right hand side must belong to [U(z)].

There is an equivalent of condition (3) that will be of use to us later:
Suppose that (1) and (2) are satisfied. For p € T, let m, = my, : [, (V€
) = (Ult(V;Uy);€). Forp Cqe T, let

. _ . _1
tpg = Tq © Wy Uy, xqp © Tp -

For each x € [T, let
(Ma; (i, | 1 € W)

be the direct limit of the directed system of elementary embeddings

((UIL(V Uain) | 1 € W); {iatm,apn | m <1 € w)).

(3) (Ve e [T)([U(x)] #0 — M, is wellfounded).

Lemma 4.3.4. If (1) and (2) hold of T and (U, | p € T) and if v € [T,
then x witnesses the falsity of (3) if and only if © witnesses the falsity of (3').
Thus a tree U on field (T') x Y is homogeneous for T if and only if there is
a system (U, | p € T') satisfying (1), (2), and (3').

Proof. Let U be a tree on field (') x Y and let (U, | p € T) satisfy (1) and
(2).
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Suppose first that = and (Z,, | n € w) witness the failure of (3). Let
S={seU(x)| (Vn<(th(s))s|n e Z,}.

S is a game subtree of U(x) with no infinite plays. Thus S is wellfounded.
By the elementarity of i,

M, =i (S) is wellfounded.

But let

))-

It is easy to see that each s, € ij(5) and that, for m < n € w, s, C s,.
Thus | J,,c,, s» belongs to [i§(S)], and so i§(S) is not really wellfounded. Thus
|35 (S)|| as computed in M, is an “ordinal” of M, that is not wellordered
by the membership relation i§(€) of M,. (See page 25 for the definition of
|S]].) This implies that M, is not wellfounded.

Now suppose that z witnesses that (3') fails. Let (z, | n € w) be an
infinite descending sequence with respect to ij(€). For each n € w, let
my, and a, € Ul(V;Uyzm,) be such that z, = i, (a,). Without loss of
generality, we may assume that

Sn = iﬁrn(ﬂxrn(ﬂidU[anﬂuzr

n

(Vn' e w)(Vn ew)(n' <n — muy < m,).

Let g, € UMl be such that

Tt (9ekis,. ) = o

mn,

For each n € w, let

Zmnir = {8 €Ulw I mnga] [ gnia(s) € gnls [ ma)}.

For each m € w such that m is not of the form m,y, let Z,, = Ulz [ m].
For each m € w, we have that Z,, € Uy,,. But if f : w — Y is such that
(Vmew) fIm € Z,, then (f(m,) | n € w) is an infinite descending sequence
with respect to €. Thus no such f exists, and we have a counterexample to

(3). 0

Remark. By Lemma 4.3.4 and our earlier remark about (3), the “—” in
condition (3') can be replaced by “.”
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For T a game tree, Y a set, and k a cardinal number, a tree U on field (T") x
Y is k-homogeneous for T if there is a system (U, | p € T') witnessing that
U is homogeneous for 7" and having the further property that each U, is
k-complete.

Let T be a game tree and let A C [T]. A is homogeneously Souslin if there
is a tree U on field (T") x Y for some Y such that U is homogeneous for 7" and
A is the T-projection of U. For cardinal numbers x, A is k-homogeneously
Souslin if it is the T-projection of a k-homogeneous tree.

Remark. Note that the last of the definitions just given says nothing
about the size of the k-homogeneous tree. A set can be x-homogeneously
Souslin without being s-Souslin.

Theorem 4.3.5. For any game tree T, all |T|*-homogeneously Souslin games
in T are determined.

Proof. Without loss of generality, we may restrict ourselves to game trees
T without terminal positions. Let T" be such a tree and let A C [T] be
|T|*-homogeneously Souslin. Let U and Y be such that U is a tree on
field (T') x Y, U is |T|"-homogeneous for T, and A = {z € [T] | [U(z)] # 0}.
Let (U, | p € T) witness that U is |T'|* homogeneous for 7. Let T* be the
game tree plays in which are as follows:

I <G0, b0> <a2, b1> <CL4, b2>
I a as

Each (a; | i < n) must belong to T" and each b; must belong to Y.

Define 7w : T* — T and the induced 7 : [T*] — [T] as in the proof of
Theorem 4.1.6.

Let A* be the set of plays in 7™ such that each ({a;,b;) | i < n) belongs
to U. The game G(A*;T") is closed and so is determined.

Suppose first that o* is a winning strategy I for G(A*;T*). Let o be
a strategy for I in 7" gotten as in the proof of Theorem 4.1.6. If = is a
play consistent with o, then there is an z* consistent with ¢* such that
m(x*) = z. Since z* € A*, z* gives an element ((a;,b;) | ¢ € w) of [U] with
r=(a; |1 €w). Thus (b; | i € w) € [U(x)], and so x € A.

Suppose now that 7* is a winning strategy for II for G(A*;T*). For each
p=1{a; |i<2n) €T and each s € "V let

7 (p,s) = <<a07 3<0)>7 g, <a2n7 3<n)>>
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Each ¢*(p, s) is a position in 7% and is such that 7(¢*(p,s)) = p. Define a
strategy 7 for Il in T setting

T(p)=a < {scUpn+1][7(¢(p,s)) = a} € Uppnra,

for p € T with ¢h(p) = 2n + 1. Since Upn41 is |T|T-complete, 7 is well-
defined. To see that 7 is a winning strategy for II for G(A;T), let = be a
play consistent with 7. Assume for a contradiction that x € A, i.e. that
[U(z)] # 0. For each n € w let

Zpy1 ={s€Ulxn+1] | 7"(q" (z [ 2n+1,5)) = z(2n + 1),

and let Zy = {0@}. For each n € w, Z, € Uy,,. Hence clause (3) in the
definition of homogeneous trees gives us an f : w — Y such that f [n € Z,
for every n € w. By the definition of 7, this means that

v = ({x(0), £(0)), 2(1), (x(2), f(1),2(3), .. )

is a play in T™ consistent with 7*. Since z* € A*, we have our contradiction.
O

Theorem 4.3.6. If T is a game tree and k is a measurable cardinal greater
than |T|, then every II} subset of [T] is k-homogeneously Souslin and is
witnessed to be k-homogeneously Souslin by a tree on field (T') X k.

Proof. Let T be a game tree, let k > |T'| be a measurable cardinal, let V be
a uniform normal ultrafilter on x, and let A C [T] with A € II]. Let p — <,
and x — <, be as given by Lemma 4.1.4. Let U be defined as in the proof
of Lemma 4.3.3:

U={(p,s)|peT A sembeds (¢th(p); <,) into (k; <).

Let p € T. For each v € [k]™®) there is a unique bijection s? : fh(p) — v
such that (p,sf) € U. Define an ultrafilter U, on Ulp| by

X cU, & {velr])™ | s c X} eyl

We know from the proof of Lemma 4.3.3 that A is the T-projection of
U. The system (U, | p € T') obviously has property (1) in the definition of
homogeneity, and it is easy to check that it has property (2). For (3), let
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x € [T] and let (Z,, | n € w) be such that each Z,, € Uy,,. Fix for the moment
n € w. Let
Zn={velr"]|s"" e Z,}.

By the definition of U,,, we have that Z, € V"l By the definition of VI,
let X,, € V be such that [X,]” C Z,. Now let X = Mpew Xn- Thus X €V
and, for all n, [X] C Z,. Assume that [U(z)] # 0. Then x € A, and so
<, is a wellordering of w. Let f embed (w;<,) into (X;<). To see that f
is as required by (3), let Let n € w. We have that f [ n € Ulz | n] and
range (f [ n) € Z,. But then f [n € Z,. O

Remark. The name “homogeneous tree” may seem not to be descriptive
of the concept: It is not clear that homogeneous trees need be homogeneous
in any standard sense. Historically, the paradigm example of a homogeneous
tree was essentially the tree U of the proof just given. The tree U is homo-
geneous in the straightforward sense that

VX Cr)(|X| =k = U X 2U),

where U [ X = UN{{p, s) | range (s) C X}. A related property is that mem-
bership in U[p] of s € ®®)x depends only on the order type of the sequence
s. It is these homogeneity properties that made possible the verification of
(3). A.S. Kechris and Martin began applying “homogeneous” to trees like U
and trees whose fields consist of transfinite sequences and which have similar
homogeneity properties. Such trees arose in work on the Axiom of Determi-
nacy by Kenneth Kunen and later by Martin. Finally Kechris and Martin
independently abstracted from the particular class of examples and began
using “homogeneous tree” in the current sense (Kechris in [Kechris, 1981],
and Martin in lectures). The idea is that a tree must have some kind of
homogeneity if (3) in the definition of homogeneous trees is to be satisfied.
The definition leaves the nature of this homogeneity unspecified.

Exercise 4.3.1. Let A C [T']. Show that

(In € w) A is n-Souslin «++ A is 1-Souslin <> A is closed.

Exercise 4.3.2. A subset X of [T belongs to 3} if there is a subset B
of [T x “w such that B € II} and A = pB. Prove that every A € X1 is
N;-Souslin.
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Exercise 4.3.3. It is relatively consistent with the ZFC axioms that in
countable trees 3} is identical with the class of R;-Souslin sets. The hy-
pothesis MAy, + (w1)! = wy, for example, implies that this is the case. (See
[Martin and Solovay, 1970].)

(a) Show, on the other hand, that the continuum hypothesis implies that
every subset of [T'] is Ny-Souslin if 7" is countable.

(b) Deduce that it is relatively consistent with the ZFC axioms that not
every Nj-Souslin subset of “w belongs to 33.

(c) Show that the determinacy of all II} games in countable trees implies
that not every N;-Souslin subset of “w belongs to 31

Hint. First prove that, for any game tree T, every subset A of [T'] is | A|-
Souslin. This gives (a). For (b), use (a) and the fact that the class of all 33
subsets of “w has size 2. For (c) prove that the determinacy of all IT} games
in <“w implies that every uncountable 3} subset of “2 has a perfect subset.
To do this, let B € I} witness that A C “2 belongs to X}. Use the game of
Exercise 4.1.1 modified so that I’s moves have extra components belonging
to w. I wins the modified game if and only if the extra components form a
y such that ((J,., si,y) € B. (This trick, called unfolding, is due to Robert
Solovay, though this is not his application of it.) To complete (c¢) construct,
by a diagonalization, an uncountable subset of “2 without a perfect subset,
then from this get a set of size Ny with no perfect subset.

Exercise 4.3.4. Show that it is consistent with the ZFC axioms that the
only homogeneously Souslin subset of [T is [T] itself. (But see Exercise 4.3.5.)

Exercise 4.3.5. Redefine the concept of a tree’s being homogeneous for T’
as follows: Replace (U, | p € T) by (U, | p € T"), where T" is allowed to
be an arbitrary subtree of 7. Require that if z € [T] and [U(z)] # 0 then
x [n €T for every n € w. Replace “T” by “T"” in clause (2) of the original
definition.

Prove in ZFC that every closed set of [T'] is homogeneously Souslin in this
modified sense. Prove that if a measurable cardinal exists then the same sets
are homogeneously Souslin under the original and the modified definitions.

The modified definition is perhaps more natural, and it has other virtues.
We do not adopt it as our official definition simply because it would make
our notation more cumbersome.
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4.4 Sharps and II! Determinacy

We have already seen in Exercise 4.1.1 that the determinacy of all IT} games is
not provable from the ZFC axioms alone. On the other hand, Theorem 4.1.6
shows that it is provable if we adjoin the hypothesis that there is a measurable
cardinal. That hypothesis is, however, stronger than necessary. When I told
Robert Solovay the proof from a measurable cardinal, he observed that the
proof needed only the existence of 0%.!

Similarly the proof—which we will present in this section—of IT} deter-
minacy in a tree T' goes through in ZFC plus the hypothesis that every subset
of |T'| has a sharp. A theorem of Harrington shows that this hypothesis is op-
timal for countable T in that it follows from the determinacy of all II} games
in ““w. (See Exercise 4.4.1.) For T' = <“w, this equivalence is lightface. (See
Theorem 4.4.3 and Exercise 4.4.1.)

We first prove a well-known lemma about the existence of definable strate-
gies for open and closed games.

If T is a game tree, then let us say that a subset D of T generates an
open subset A of [T if

A={ze[T]|(3deD)dC z}.

Lemma 4.4.1. Let T be a game tree and let A C [T']. Let D C T be such
that D generates A or D generates —A. Let M be any transitive class model
of ZFC such that T € M and D € M. Let < be any wellordering of field (T)
that belongs to M. Then there is a strateqy o € M that is definable in M
from T, D, and < and is a winning strateqy for G(A;T). Moreover, M =
‘o is a winning strategy for Gz € [T] | (3de D)d C xz};T).”

Proof. We may assume that D generates A.

We now give what is essentially the construction of Exercise 1.2.4. For
each ordinal number «, we define P,, a set of positions of even length in 7.
The definition proceeds by transfinite induction on . Let p € F, if and only
if (3d € D)d C p. For a > 0, let p € P, if and only if p € Py or there is a
Move ¢ at p such that either (i) ¢ € D N [T or (ii) ¢ ¢ [T'] and, for every
Move 7 at ¢, r € Ug., Ps-

T should have given credit for this to Solovay in [Martin, 1970].
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If we turn this inductive definition into an explicit definition in the stan-
dard way, then it is absolute for M: For o € Ord N M, the P, defined in M
is the same as that defined in V.

It is clear that

b <a— P 8 CP,.

Since each P, C T, Comprehension in M gives that J, .o Fo € M.
By X1 Replacement in M, there must then be an ordinal v € M such that
P, = P,4y. From this it follows that (Voo > ) P, = P,. Let P = P,.

Suppose first that ) € P,,. Define a strategy o for I as follows: If p €
P\ Py, Let a be the <-least element of the field of 7" such that either (i)
p~(a) € DN [T] or (ii), for every Move r at p~(a),

r€ Py N up(re Pg) <uB(pe Ps).

If p does not belong to P, \ Py, then let o(p) be the <-least element of
field (T"). Evidently o satisfies the definability condition. It is easy to show
by induction that every position consistent with o belongs to P,. To see
that o is a winning strategy for G(A;T), let = be a play consistent with o.
For n € w and 2n < (h(z), let

Bn = pb (x| 2n € Pp).
For each such n, it follows from the definitions that one of the following holds:

(a) B, =0and so (Im <2n)z [ m € D;
(b) ¢h(z) =2n+1 and = € D;
(¢) fh(z) > 2n+ 2 and B,11 < B

Since (c¢) cannot hold for every n € w, there is an n for which (a) or (b) holds.
Thus x € A. Notice that the argument shows that (3d C z)d € D. Hence in
M the strategy o is winning in the game G({z € [T'] | (3d € D)d C z};T).

Now suppose that (§ ¢ P,. If p € T'\ Py and if ¢h(p) is even, then for
every Move ¢ at p either ¢ € [T']\ A or else there is an a € field (T") such that
g~ {a) € T\ Py. Define a strategy o for II by letting o(q) be the <-least a
such that ¢~ (a) € T\ P if such an a exists and 0 otherwise. It is easy to
check that ¢ has the required properties. O

Remark. The proof does not really require that M is a model of full ZFC.
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Theorem 4.4.2. Let \ be an infinite cardinal number. Assume that
(Va C \) a™ exists.

Then, for every game tree T such that |T| < X, all TI1 games in T are
determined.

Proof. Let T be a game tree with [T| < A. Without loss of generality,
assume that field (7') C A and that 7" has no terminal positions. Let A C
[T] = [T] with A € II}. Let p — <, and = — <, be as given by Lemma 4.1.4.

Let T be defined exactly as in the proof of Theorem 4.1.6, but with
k= AT. Let A* C [T*] be defined as in the proof of Theorem 4.1.6. As in
that proof, A* is closed and so G(A;T*) is determined.

The proof that if I has a winning strategy for G(A*; T*) then I also has
a winning strategy for G(A;T) is exactly like the corresponding part of the
proof of Theorem 4.1.6.

Suppose that G(A*; T*) is a win for II.

Let g : YA X w X w — A be one-one and such that g € L. Let

a={g((p,m,n)) | peT N m<,n}.

Since
T={pec=Xlyg(p1,0) € a},

we have that 7" € L[a] and that T is definable from a in L[a]. Since T* is
definable from 7" and A" in any transitive class model of ZFC to which both
T and A" belong, it follows that T* is definable from a and A* in La]. Let
D* be the set of all p* € T* such that, for some n with 2n < ¢h(p*), the
function i — & given by p* does not embed (n + 1; <r(p+)m1) into (AT; <).
We also have that D* is definable from ¢ and AT in L[a]. Let <* be the
restriction to field (7) of the wellordering of Ord U (Ord x Ord) which is the
natural ordering of Ord followed by the lexicographic ordering of Ord x Ord.
The relation <* is definable from a and A" in L|a].

Let 7% be the o given by Lemma 4.4.1 with T* for T', A* for A, L[a] for
M, D* for D, and <* for <. Since G(A*;T*) is a win for II, 7* is a strategy
for II. Thus 7* is a winning strategy for II for G(A*;T*), and 7* is definable
from a and A" in Lla].

Define the positions ¢*(p,v) as in the proof of Theorem 4.1.6. It is easy
to see that the function ¢* is definable from a and A" in La.
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By the hypothesis of the theorem, a” exists. Let C be the Silver class
of indiscernibles for L[a],a. Let a + ¢% be the order-preserving bijection
between Ord and C®. It follows from (iii) of Lemma 3.4.18 that ¢}, = A*.

Define a strategy 7 for Il in T as follows. For n € w and p € T with
lh(p) =2n+ 1, let

7(p) = 7(q" (P, {cG, -, Cp}))-

By indiscernibility and the fact that range (7%) C A, we have that
(Yo € [C*N AT ™) 7(p) = 7 (¢*(p, v)).

To show that 7 is a winning strategy for G(A;T), let x be a play consistent
with 7. Assume for a contradiction that x € A. Then <, is a wellordering of
w. Let i — & embed (w; <;) into (C*NAT; <). Let 2* be the play in T* with
these values of the & and with m(z*) = z. As in the proof of Theorem 4.1.6,
one can show that z* is consistent with 7%, contradicting the assumption that
x € A O

Here is the lightface version of Theorem 4.4.2.
Theorem 4.4.3. If 0% exists then all TI} games in <“w are determined.

Proof. Let A C “w with A € TI. Let p — <, and = — <, be as given by
Lemma 4.1.5. Proceed as in the proof of Theorem 4.4.2, with 7" = <“w and
A = w. The a we get is definable in L. Thus L[a] = L and the Silver indis-
cernibles for L are the Silver indiscernibles for L]al, a. Using the existence of
0%, we can then proceed as in the proof of Lemma 4.4.2. O

Exercise 4.4.1. Show that the determinacy of all [T} games in <“w implies
that 0% exists. From this, the main result of [Harrington, 1978], and from
Theorem 4.4.3, it follows that II} determinacy is equivalent with the existence
of 07.

Hint. First show that the existence of 0% follows from the existence of an
a € “w such that every a-admissible ordinal is a cardinal in L. (This result
is due to Jack Silver, but the proof we now sketch is due to J.B. Paris.)

Let a € “w be such that every a-admissible is a cardinal in L. Work in
Lla]. Let X < L,,[a] with | X|=¥; and “X C X. Let 7 : X = L,[a]. Note
that a is a-admissible.
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Let j = 7' : Ly[a] < Ly,[a]. Let v = crit(j). Let
U={Y €Lya]|Y Ty AyejY)}

Show that U is a uniform normal L-ultrafilter on v: i.e., that U is a filter on
v, that every subset of v in L belongs to U/ or else its complement does, that
for all f:~v — P(y) with f € L the set {8 <~ | f(8) € U} belongs to L,
and that ¢/ is uniform and normal in the obvious senses.

Prove that Rowbottom’s result, Lemma 3.1.8, holds for ¢/ in the following
sense. If n € w and Z € L is a subset of [7]", then thereisa Y e U N L
such that either [Y]* C Z or [Y]" N Z = (. Use this fact and the countable
closure of X to get a set of indiscernibles for L of size 7.

Remark. The notion of an L-ultrafilter is from [Kunen, 1968]. There
Kunen proves that the existence of 0% follows from the existence of an ele-
mentary embedding j : L < L. Kunen’s proof begins by using j to define
an L-ultrafilter &/. But it then proceeds by forming iterated iterated ul-
trapowers Ult,(L;U), showing that they are all wellfounded, and showing
that {i05(7) | B € Ord} is a closed unbounded class of indiscernibles for L.
Kunen’s method also works here, and it could replace the argument suggested
in the preceding paragraph.

Now consider the following game G in <“w. For each play of G let I's

part of the play code a relation R in w and let IT’s part code a relation E
in w. If R is not a wellordering of w, then I loses. If R is a wellordering of
w, let 8 be its order type. Then II wins if and only if (w; E) is a model of
Extensionality and there is a

g:Lg—w
that embeds (Lg; €) into (w; E) as an initial segment, i.e. such that

(a) (Yu€ Lg)(Vv € Lg)(u € v <> g(u) E g(v));
(b) (Vue Lg)(Vm E g(u))(Fv € Lg) m = g(v).

Note that ¢ is unique if it exists.

Show that G is II}. Assume that o is a winning strategy for I for G.
Show that there is a countable ordinal v such that the 5 given by any play
consistent with ¢ is smaller than . Use this fact to get a contradiction.
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Assume IT} determinacy, getting that G is a win for II. Let 7 be a winning
strategy for II for G. Let a € “w code 7. To show that 07 exists, it is enough
to prove that every a-admissible ordinal is a cardinal in L. By absoluteness
under the collapse of cardinals, it is enough to prove that every countable
a-admissible ordinal is a cardinal in L.

Suppose that v < 8 < wy, that b is a subset of L, belonging to Lg, and
that z is a play consistent with 7 whose associated R is a wellordering of w
of order type . Show that b € L., [z]. To do this, first let g witness that z
is a win for II and prove that g [ L, € L. 4,.

For each ordinal «, let (Q(a); <,) be the following partial ordering: The
members of Q(a) are those pairs (¢, h) such that

(i) t is a finite tree on w;
(i) h:t — waU{oo};
(iii) h(0) = oo;
(iv) (Vret)(Vset)((r & s A h(r) #o00) — h(s) < h(r)).
Let
(th) <o (1) < (L CtARIE =1).

Show that if G is sufficiently Q(«)-generic and T" and H are respectively
the union of all the first components of elements G and the union of all the
second components of elements of G, then (1) T is a tree on w, (2) H is a
surjection from 7 onto wa U {co}, and (3) (Vs € T) H(s) = ||s||”. (Here
|s||* is ||Ts|| if T} is wellfounded and is oo otherwise.)

If p=(t,h) € Q(a) and § < a, define p(§) € Q(&) by p(§) = (t, '),

where
, h(s) if h(s) < w&;
h(s):{ oo if h(s) > wg

and where we consider oo > 3 for every ordinal f3.
Let p € Q(a), p' € Q(/), and ¢ < min{a, a’}. Suppose that p(§ + 1) =
P'(§ +1). Prove that

(*) (Vg <ap)(3¢' <ar 1) q(§) = ¢'(£).

Define a class S, the class of ranked sentences, and an ordinal rank of
each element of S as follows:

(a) If s € <“w, then s € T is a ranked sentence of rank 1.
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(b) If S C S then AS € S and

rank(AS) = sup{rank(p) + 1| ¢ € S}.

(c) If p € S, then - € § and rank(—p) = rank(p) + 1.

For any tree T on w, each member of § has an obvious interpretation.
Define a forcing relation |, between elements p of Q(«) and sentences
¢ € § inductively as follows:

(a) p|Fas € T if and only if p = (¢, h) and

set VvV (Ir Cs)(lh(r)+1=1"rh(s) A h(r) #0).

(b) pla AS if and only if (Vo € S) p [Fa ¢
(¢) p o if and only if (Vg <, p)q [-a ¢

Prove that if { < o, £ </, p € Qq, P’ € Qu, and @ is a sentence of rank
&, then

(1) p) =p'(&) = @lFav < P lFae).

Proceed by induction on &, using (). (This result is from [Steel, 1976], where
the partial orderings Q(«) are introduced.)

Let o < w; be a-admissible. Assume for a contradiction that « is not a
cardinal in L. Then there are ordinals v < o and § < w; and there is a set
b € Lg such that b C v and b codes a wellordering of v of order type a. Let
G be Q(B+ 1)-generic over Lygi,lal. Let (T, H) be given by G. There is an
s € T such that ||s||T = 5. Hence there is an 2 € “w such that z is recursive
in T and z codes a wellordering of w of order type 3. Let z be the play of G
consistent with 7 in which I plays . Then b € L,,[2] and so b € L4 ,[a,T].
Prove that, for some n € w, there is in L,,[a] a function that associates
with each § < 7 a ranked sentence which we call § € b such that

(i) rank(éd € b) < w(y + n);
(ii) & € b is true for T' if and only if § € b.
To get the sentence § € b, let n > 0 be such that b € L,;,[a,T]. There is a

formula 1 (v) with parameters from L.,_;[a] that defines b over L,,_1[a, T].
Show that for § < v there is a ranked formula of rank < w(y + n) that is
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true for any 7" if and only if L, ,_1[a,T'] = [d]. Consider the ranked
sentence @:

AN{SED|SerNblU{=8€b|dey\b}).

The sentence ¢ belongs to Lgy,[a] and has some rank £ < w(y+w). Since ¢
is true for T, there is some p € G such that p |51 ¢. By (1) it follows that
p(&) |Fep. Hence p(&) F¢d € bif 6 € band p(§) |Fe—d € bif § ¢ b Since
{6 € b| ) € v} belongs to L.4,a], it follows that b € L., ,[a]. But b codes
a wellordering of 7 of order type «, and so this contradicts the a-admissiblity
of a.

Exercise 4.4.2. If every II} game in “w is determined, then a¥ exists for
every a € “w.

The proof is like that of Exercise 4.4.1. The conclusion of the theorem—
and so its hypothesis—implies that every countable subset of w; has a sharp.
I don’t know whether the converse of Theorem 4.4.2 is true.
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Chapter 5
oz—H% Games

Let T' be a game tree and let a be a countable ordinal. Recall that a subset
A of [T belongs to a—TII}, the ath level of the difference hierarchy on ITj, if
there exists (A | 8 < a) such that each Ag C [T'] and such that

(1) each Ag € II};
(2) (Vee[T])(xe A & pub(r ¢ Az V f=a)is odd).

Recall also that Diff (I1}) = U, o a—TII}. These definitions make sense for
arbitrary topological spaces in place of [T7].

In this chapter we aim to deduce a~IIj determinacy from the weakest
possible large cardinal hypotheses. Ultimately we will succeed in this. We
will get implications whose converses are also theorems of ZFC.

Because such optimal results require the technical concepts of sharps and
iterated ultrapowers, we will begin with stronger hypotheses than we need.
In §5.1 we deduce (wa)-II} determinacy for games in T from the existence
of (an increasing sequence of) a measurable cardinals larger that |7'|. This
proof makes use of the concepts and results of §4.2. It needs no material on
measurable cardinals beyond what is found in §3.1.

In §5.2 we use iterated ultrapowers and Al determinacy (Theorem 2.2.8)
to prove the determinacy of all games G(A;T') such that both A and —A are
(w?a + 1)-TI from the existence of o measurable cardinals larger than |T].
A little use is made in §5.2 of the concept of relative constructibility that we
introduced in §3.4.

In §5.3 we prove the determinacy of a—TI} games in T for all o < w? from
the existence of a? for all subsets a of |T|. We then combine this proof with

215
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the methods of §5.2 to get that
(VB < w?(a+ 1)) all B-TI} games in T are determined

from the existence, for each b C |T'|, of indiscernibles for an inner model M
such that b € M and such that M |= “there are o measurable cardinals larger
than |T|.” The theorems of §5.3, including the lightface versions of those
just mentioned, are optimal: the converses also hold. (See Exercises 5.3.4
and 5.3.5.) All the results in the text of §5.1-85.3 are due to the author. All
except Theorems 5.2.31 and 5.2.32 were proved during the 1970’s. Several of
the exercises of §5.3 are concerned with work of Derrick DuBose giving deter-
minacy equivalents of large cardinal hypotheses stronger than the existence
of 0% and weaker than the existence of a measurable cardinal.

In §5.4 we derive from large cardinal hypotheses the determinacy of games
in XY(IT7) (the class of countable unions of Boolean combinations of IT}
sets) and a little more. In Exercise 5.4.2, this is extended to games in
Diff (TI(I13)), where ITI(I1}) is the dual class of X{(ITj). The large car-
dinals involved are those in the hierarchy of generated from measurable car-
dinals by the operation of taking measurable limits. These results, due to
John Simms, are mostly known to be optimal. For converses, due mainly to
Simms and John Steel, see Exercises 5.4.5, 5.4.3, and 5.4.4.

5.1 o-TI} Determinacy

In this section we will use Lemma 4.2.2 to construct semicoverings unraveling
sets belonging to Diff(IT}). To do this we first give some operations on
semicoverings analogous to the operations on coverings introduced in §2.1.

Suppose that C; = (T4, 7, ¢1, V1) is a semicovering of Ty and that Cy =
(T, w9, ¢2, Uy, ) is a semicovering of T;. We define the composition Cy o Co
of C; and C,y to be

(To,m 0o, 1 0 o, V),

where V(o,z) = Uy(o, VUi(¢pa(0),z)). (This definition implicitly determines
domain (¥).) Here is an analogue of Lemma 2.1.5:

Lemma 5.1.1. Let Ty be a game tree with taboos. Let A, By, and By be
subsets of [To]. Let C; = (T, 71, ¢1, V1) be an (A, By)-semicovering of Tq
and let Cy = (T, Ty, b2, Vs,) be a (w7 (A), 7 (By))-semicovering of T.
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Then Cy0Cy is an (A, ByN By) semicovering of To. If ki and ke are natural
numbers and Cy and Cy are ky- and ky-semicoverings respectively, then CyoCo
is @ min{ky, ks }-semicovering.

Proof. The proof is routine, so we omit it, except for the verification that
Cy 0 Cy is an A semicovering. For that verification, let ¢ € S(T3) and let
x € [Ty] witness that ¢;(¢2(0)) is not a winning strategy for G(A; Ty). Then
Uy (po(0),x) is defined, and clause (d) in the definition of a semicovering
implies that Wy (¢po(0), x) witnesses that ¢o(0) is not a winning strategy for
G(m (A); T1). Thus Wy(o, ¥y (¢o(0), 7)) is defined, as required. d

The next lemma is the analogue of Lemma 2.1.6.

Lemma 5.1.2. Let k € w. Let 'T;, © € w, be game trees with taboos. Let A
and By, i € w, be subsets of [To|. Let (kji, T, ¢ji, U | i < j € w) be such
that

(1) if i <j€w then Cj; = (T, 74, 54, V™) is a

(o (A),moi () (Bn))

i<n<j
k;;-semicovering of T,
(2) ’Lf 11 <1y < ig € w then Cis,il = Cig,il o Ci37i27'
(3) inficjenki > k;
(4) lim,e infjs ik ; = oo; i.e., for allm € w there is an i € w such that

kj j >mn forall j' > 5 > 1.

Then there is a To, with |Tao| < > ... |Ti| and there is a system

1EW

(Too,is Poo,is ghee | i€ w)

such that each Coo; = (Too, Too iy Poois Uh®) is a

(7700,2'_1 (A), 7700,i_1< ﬂ By))

i<n€w

k-semicovering of T; and such that, fori < j € w, Cx,; =Cj;0Coo;-
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Proof. The proof is similar to that of Lemma 2.1.6, and we omit it.
O

We begin for simplicity’s sake with an application of Lemmas 4.2.2, 5.1.1,
and 5.1.2, getting (by an appeal to Lemma 4.2.1) a proof of a—IIj determi-
nacy for games in T from the existence of o measurable cardinals larger than
|T|. Later in this section, we will use Lemma 4.2.3 to improve the a of the
conclusion to wa. In §5.2 we will use more sophisticated methods to get still
another factor of w.

We first document a simple but useful fact about (A, B) semicoverings
and o-TIj sets.

Lemma 5.1.3. Let T be a game tree with taboos. Let o be a countable
ordinal and let (Ag | B < ) witness that A € a-TIj. Let v < a and let A’
be the set witnessed to belong to v-1I1 by (Ag | B < 7).

Then every (A',(s.., Ap) semicovering of T is an (A,(Vg_, Ag) semicov-
ering of T.

Proof. Let C = (T, ¢, ¥) be an (A", Mg, Ap) semicovering of T. Let

& € S(T) and let x be a play in T consistent with ¢(&) such that z is a
loss in G(A;T) for the player for whom & is a strategy. We must show
that (7,2) € domain (V). If x ¢ (s, A, then x is a loss for the same
player in G(A’;T), and so the fact that C is an A’ semicovering gives that
(6,2) € domain (V). If x € (,_, Ag, then the fact that C is an (A',(,_, Ap)
semicovering gives directly that (7, z) € domain (V). O

Theorem 5.1.4. Let a be a countable ordinal > 1. Let'T be a game tree with
taboos and let (kg | B < a) be a strictly increasing sequence of measurable
cardinals with kg > |T|. Let (Ag | B < «) witness that A C [T] belongs
to a-IIy. Let k € w. Then there is an (A, (g, Ag) k-semicovering C =

<’i‘,7r,¢, W) of T such that |T| < SUPg K-

Proof. We proceed by induction on a. Assume then that the lemma holds
for every 8 with 0 < 8 < a, for all trees, all sequences of measurable cardi-
nals, all sequences of IT} sets, and all natural numbers.

Suppose first that o« = 7+ 1. We consider only the case that 7 is even.
The other case is similar, with the roles of the two players reversed and with
the appeal to Lemma 4.2.2 (i) replaced by an appeal to Lemma 4.2.2 (ii).
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If v > 0, we apply our induction hypothesis to T, to (ks | 5 < 7), to
(Ag | B <), to the associated v-IIj set A’, and to k, getting

C = (T, 7, ¢, ).

If v=0,let C" = (T',7',¢', W) be the trivial covering of T. If v > 0 then
C"is an (A',(Ng., Ap) k-semicovering of T such that |T'| < sups., rig < K.
Whether or not v > 0, we have that |7”| < k,. By Lemma 5.1.3, we get that
C'is an (A, (5., Ap) semicovering of T.

We next apply Lemma 4.2.2 (i) with T” as the T of that lemma, with
w'"Y(A,) as the B, with k, as the k, and with k as the k. Let C* =
(T*, 7%, ¢*, U*) be the (w'~'(A,),w"*(A,)) k-semicovering of T’ given by
that lemma. Since every normal play in T’ belongs to = '([s., Ap), we
get that w'~1(A) = «'~1(A,). Thus C* is also a (w'~*(A),n'1(4,)) k-
semicovering of T’. By Lemma 5.1.1, we have that C = C' o C* is an
(A;(Ngeq A) k-semicovering of T. Since [T*| < k., C satisfies the condi-
tions of the lemma.

Now suppose that « is a limit ordinal. Let (§; | ¢ € w) be an increasing
sequence of nonzero ordinals such that sup;c,& = a.

We are going to do a construction analogous to the one that occurs in
the proof of Lemma 2.1.8. Let Tg = T. By induction on j' € w, we define
T, and Cjr; = (T, mjrj, ¢y, W'Y for j < j' such that Cyr; = Cj; 0 Cjr
for all « < j < 4/, such that each C; ; is a (773',0_1(14>7Wj,o_l(ﬂgjgg<§j, Ag))
(k + j)-semicovering of T, such that |Tj| < Supg.e, g for j' >0, and such
that C; j is the trivial covering.

Suppose that we have defined T, and the C; ; for all 7' < n. For v < o let
A’ be the subset of [T] witnessed to be y-II} by (Ag | 8 < 7). By our induc-
tion hypothesis, let C, = (T*, 7%, ¢*, U*) be a (w0~ (4, ), 71'7170_1(ﬂgng/@«n+1 Ap))
(k + n)-semicovering of T, such that |T*| < supg., . k3. By Lemma 5.1.3,
we have that C,, is a (7,0~ (A), 00~ (Mg, <p<e,,, As)) (k+n)-semicovering
of T,,. For j <mn,let Cpy1,; = CpjoCp; let Cpi141 be the trivial covering.
The required properties of the C,,; ; follow from Lemma 5.1.1.

If we let k;; = k + 4, then the hypotheses of Lemma 5.1.2 hold. Let T
and, for i € w, Cooi = (Too, Toosis Poois Yo™) be as given by Lemma 5.1.2. If
C = Cx,, then C is satisfies the conditions of the present lemma. O

Corollary 5.1.5. Let T be a game tree with taboos. Let o be a nonzero
countable ordinal. If the class of measurable cardinals larger than |T| has
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order type at least «, then every a-TIj subset A of [T is unraveled by an
A-semicovering of T.

Proof. Assume that (kg | f < «) is a strictly increasing sequence of mea-
surable cardinals with ko > |T'|. Let A C [T] and let (Ag | f < a) witness
that A € a-II}. Let C = (T, m, ¢, ¥) be as given by Theorem 5.1.4. We need
only show that C unravels A. But 7([T]) C Ng<a A, and this set either is
contained in A or is disjoint from A, depending on whether « is odd or even.
Thus 7w~ '(A) either is [T] or else is empty. O

Corollary 5.1.6. Let T be a game tree with taboos. If 0 < a < wy and if
the class of measurable cardinals larger than |T| has order type > «, then all
a-TI1 games in T are determined.

Proof. The corollary is an immediate consequence of Corollary 5.1.5 and
Lemma 4.2.1. U

Our original proof of Corollary 5.1.6 was somewhat different from the one
given here. For each «, we directly constructed the T' of what we now call the
(AN s<a Ap) semicovering of Theorem 5.1.4, and we used the determinacy

of what we now call G(w~!(A); T) to prove the determinacy of G(A4;T).
After we rearranged in terms of coverings our original proof (Martin [1975])
of Borel determinacy, we noticed that our proof of a~II} determinacy could
be similarly rearranged. The new way of presenting the proof has a number
of advantages, but it has the disadvantage that the structure of games in T
is not directly exhibited. In the next paragraph, we try to make up for this
omission by describing the T given by the proof of Theorem 5.1.4.

In T the players—in addition to making their moves a; in T—are choosing
ordinals 5’? < kg for B < a. I chooses the ff for even (; I chooses the ff
for odd 3. The purpose of the Sf is to verify that © = (a; | i € w) belongs
to A by making i — £ embed the ordering (w; <?) into (kg; <). If one of
the players is unable to do this, then the play is taboo for the first player
who reaches a position where it is impossible to to choose a required 5? SO
as to extend the embedding for 5. If no one loses in this way and no taboo
position (a; | i < n) in T is reached, then I wins the game G(mw~'(A); T) if
and only if « is odd.

We close this section by using Lemma 4.2.3 to improve the conclusion of
Theorem 5.1.4 by a factor of w. What Lemma 4.2.3 allows us to do is to
reuse infinitely often a single measurable cardinal to unravel I} sets.
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Theorem 5.1.7. Let a be a countable ordinal > 1. Let T be a game tree with
taboos and let (kg | B < a) be a strictly increasing sequence of measurable
cardinals with kg > |T|. Let 1 < § < wa. Let (Ag | B < 0) witness that
A C [T] belongs to 6-I1;. Let k € w. Then there is an (A,(Ng_5As) k-

semicovering C = (T, 7, ¢, ) of T such that

(a) if 6 = wy, then |T| < SUPg, K5
(b) if n € w and § = wy +n, then |T| < k., and

(Fm € w)(Vp € T)(h(p) > m — |Tj| < k).

Proof. The proof is like that of Theorem 5.1.4. An induction on J replaces
the induction on « in the earlier proof, and the appeal to Lemma 4.2.2 in the
successor case of the earlier proof is replaced by an appeal to Lemma 4.2.3.
We omit the details. O

The T given by the proof of Theorem 5.1.7 differs from the corresponding
tree (described above) given by the proof of Theorem 5.1.4 in that the ordinals
£ are all chosen from the same measurable cardinal x.. The trick that
makes this possible is embedded in the proof of Lemma 4.2.3, but we can say
how it works as follows: For n < n’ € w, the ordinal £ is chosen before
any of the ordinals §f7+",. This means that, for plays consistent with some
strategy for the player choosing the &7, all moves £&7*" that depend on
opponent’s moves 5;’%"/ are bounded by the ordinal &7 < k.. We call
this trick the ordering trick. Doing Exercise 5.1.2 is a good way to see how

the ordering trick works.

Corollary 5.1.8. Let T be a game tree with taboos. Let a be a nonzero
countable ordinal. If the class of measurable cardinals larger than |T| has
order type at least o, then every wa-TI1 subset of [T] is unraveled by an A
semicovering of T.

Proof. The proof is just like that of Corollary 5.1.5, with the use of Theo-
rem 5.1.4 replaced by a use of Theorem 5.1.7. Il

Corollary 5.1.9. Let T be a game tree with taboos. If 0 < o < wy and if
the class of measurable cardinals larger than |T'| has order type > «, then all
wa-TI} games in T are determined.
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Proof. The corollary is an immediate consequence of Corollary 5.1.8 and
Lemma 4.2.1. ]

Exercise 5.1.1. Give a proof of Corollary 5.1.6 in the style suggested by
the remarks following that corollary. (For A an a—II} subset of [T], directly
define T and 7 and directly prove that the determinacy of G(mw~'(A); T)
implies that of G(A;T).)

Exercise 5.1.2. Do for Corollary 5.1.9 what you did in Exercise 5.1.1 for
Corollary 5.1.6.

5.2 A Factor of w

Limits are known on how much determinacy can follow from measurable
cardinals. The existence of a measurable cardinal does not (if consistent)
imply the determinacy of all (w? 4+ 1)-TI] games in countable trees. (See
Exercise 5.3.5). In general (w?« + 1)-TI} determinacy in trees of size A does
not follow from the existence of o measurable cardinals larger than A. (See
Exercise 5.3.6.) The goal of this section is to get the strongest determinacy
consequences of measurable cardinals that are not ruled out by these negative
theorems. We will first show that the existence of a measurable cardinal
larger than |T'| does imply that all w?-TI} games in T are determined. Then
we use the results of §2.2 to improve the conclusion to the determinacy of
all G(A;T) such that both A and —A belong to (w? + 1)-TI}. Finally we
deduce, for countable ordinals «, the determinacy of all G(A;T) such that
both A and —A belong to (w?a + 1)-TI} from the hypothesis that there are
a measurable cardinals larger than |7

A good deal of preparation must be done before we can prove any of these
theorems. To see why this is so, let us consider informally the problem of
deducing w?-TI! determinacy for games in T from the existence of a mea-
surable cardinal larger than |T'|. Let U be a uniform normal ultrafilter on a
measurable cardinal x > |T].

The ordering trick allows us to prove w-II} determinacy in T, but clearly
that is all the work it will do. No ordinal larger than w can be mapped in
an order preserving manner into w. Another way of making this same point
is as follows: The number m in the hypothesis of Lemma 4.2.3 is smaller
than the number max{k, m} + 1 of the conclusion of that lemma. Hence the
lemma licenses only w reuses of a single measurable cardinal.
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To get w?-TI! determinacy, we need somehow to come up with infinitely
many copies of our measurable cardinal k. The plan is to do this with the
aid of iterated ultrapowers. Let j = 4. The jo,(k), n € w (as defined on
page 153), are the desired infinitely many copies of &.

Using the sequence (jo,(k) | n € w) to replace the sequence (k, |€
w) from the a = w case of Theorem 5.1.7 does not, however, allow us to
prove the literal conclusion of that theorem. For n > 0 the jy,(x) are not
really measurable cardinals. The filters jj, (i) are ultrafilters only in the
corresponding model MJ. Thus they do not make it possible to prove the
relevant cases of Lemma 4.2.3.

It turns out, nevertheless, that the jg, (i) are sufficiently like ultrafil-
ters to yield analogues of Theorem 5.1.7 and Corollary 5.1.8 that are strong
enough to imply the desired determinacy result. The reasons why this is so
turn up when we try to imitate the proof of the a = w case of Theorem 5.1.7
using the jo,(k) in the roles of the x,. The first point is that we do not
need ¢(5) to be defined everywhere in S(7'). We wish only to prove that
a game of the form G(A;T) is determined, and an inspection of the proof
of Lemma 4.2.1 (i.e., of the proof of Lemma 2.1.3) reveals that this requires
only that ¢(5) be defined for some winning strategy & for G(mw*(A);T).
The second point is that the definitions of T and 7 depended only on T,
(p= <Pl B <w?), (AsNT | B <w?), and (k, | n € w); i.e., these definitions
did not involve the U,. Thus T and m belong to any transitive class model
of ZFC that contains T, (p — <] f < w?), and (k, | n € w). In particular,
they belong to all the M. The third point is that, because of the second
point, there is a winning strategy for the open or closed game G(w1(A); T)
that belongs to all the MJ. The final point is that to carry out the construc-
tion of ¢() and to define the corresponding ¥ (&, x) for such a &, it is enough
that in each model M7 the filter jy,(U) is an ultrafilter.

In our actual constructions, we will not use the jo,(x) and the jo,(U).
Instead we will use the jo ., (n41)(%) and the jo ., m+1)(U). This change in the
sketch just given is in preparation for the next section. For the results of this
section, the change is not necessary. (See Exercise 5.2.4.)

There will be very little in the way of really new ideas in this section,
which will consist primarily of adapting the constructions of §4.2 and §5.1
to fit into the plan just sketched. Nevertheless, the section will be very long,
and so it will be divided into subsections to help orient the reader.
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5.2.1 Semicoverings with Respect to Models

We first define the appropriate weak version of a semicovering;:
If T and T are game trees with taboos and M is a class, we write ¢ :

T Sijy T to mean that
(i) ¢ : domain (¢) — S(T'), domain (¢) € S(T), and

{(6eS(T) | (Ynew)s | ,T € M} C domain (¢);

(ii) each ¢() is a strategy for the same player as is 7;

(iii) for each n € w, the restriction of ¢(&) to postions of length < n depends
only on the restriction of & to positions of length < n; that is, if & and
&' both belong to domain (¢) and agree on positions of length < n,
then ¢(5) and ¢(6’) agree on positions of length < n.

This definition differs from that of ¢ : T 2T only in clause (i). The corre-

sponding clause in the definition of ¢ : T2 T requires that domain (¢) be
all of § (T) For almost all our applications, we could weaken the last clause
of (i) to require only that S(7') N M C domain (¢). (See Exercise 5.2.4.)

If M is a class and T is a game tree with taboos, then a semicovering of
T with respect to M is a quadruple (’i‘, 7, ¢, ¥) that satisfies the definition
of a semicovering of T on page 191, with the following two changes: Clause
(c) is replaced by the condition that ¢ : T T Clause (d) is modified by
replacing “6 € S(T)” by “6 € domain (¢)” in the condition on the domain
of U.

Related concepts have the obvious definitions: Let C = (T,W,gb, U) be
a semicovering of T with respect to M. If A C [T], then C unravels A if
7w~ (A) is clopen, where 7 is defined as usual. If A is a subset of [T], then C
is an A-semicovering of T with respect to M if (&, x) € domain (V) whenever
x witnesses that ¢(¢) is not a winning strategy for G(A; T). If A and B are
subsets of [T], then C is an (A, B) semicovering of T with respect to M if it
is an A semicovering of 7 with respect to M and

(f) for every ¢ € domain (¢) and for every x € B such that x is consistent
with ¢(&), the pair (7, x) belongs to the domain of U;

(g) every normal play in T belongs to 7w~ !(B).
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These are just clauses (f) and (g) in the definition of an (A, B) semicovering,
except that clause (f) has been modified in the obvious way. C is also a
k-semicovering of T with respect to M if

(i) +T =4 T;
(ii) = I T is the identity;
(iii) ¢ | {p € S(T) | (36 € domain (¢)) p C &} is the identity.

These are just the clauses (i), (ii), and (iii) defining a k-semicovering of T,
except that (iii) has been modified in the natural way.

In all the definitions above, the only real change from the earlier concepts
concerns domain (¢). There is no change in the requirements on ¥ that is not
the direct result of the weakened demands on domain (¢). For example, if C
is an A-semicovering with respect to M and ¢ € domain (¢), then ¥(4,z) is
defined for every x € V that witnesses that ¢(¢) is not a winning strategy
for G(A;T), not just for every x € M with this property. Furthermore, the
components of C do not have to belong to M, though in our applications T
and m—and sometimes the restrictions of ¢ to the S(,7)—will belong to M.

5.2.2 Unraveling, Determinacy, and Codes

Here is the basic fact that makes semicoverings with respect to models useful
for proving determinacy.

Lemma 5.2.1. Let M be a transitive class model of ZFC. Let T be a game
tree with taboos. Let A C [T). Let (T,m, ¢, U) be an A-semicovering of T
with respect to M such that T € M. Assume that there is a winning strateqy
& for G(w=Y(A);T) such that & | ,T belongs to M for each n € w. Then
G(A;T) is determined.

Proof. Clause (i) of the definition of ¢ : T = implies that & €
domain (¢). As in the proof of Lemma 4.2.1, i.e., as in that of of Lemma 2.1.3,
¢(0) is a winning strategy for G(A; T). O

Remarks:

(a) We could have weakened the hypothesis that T € M, but our appli-
cations give us no reasons to do so.
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(b) The hypothesis of Lemma 5.2.1 concerning ¢ is true if & is a winning

strategy for G(w~!(A); T) that actually belongs to M. This will be the case
in most, but not quite all, of our applications.

We want to use Lemma 5.2.1 to get an appropriate version of Lemma 4.2.1.
In proving this and subsequent results, we will make use of the absoluteness
of wellfoundedness. Let us first officially document this simple but important
fact. Recall that a relation R is wellfounded if every nonempty set has an
element x that is minimal with respect to R (i.e. to which nothing bears R).

Lemma 5.2.2. Wellfoundedness is absolute for transisitive class models of
ZF¥C; that is, if M is a transitive class model of ZFC and R € M is a relation,
then R is wellfounded if and only if M |= “R is wellfounded.”

Proof. Suppose first that M = “R is not wellfounded.” Let then Y € M be
such that M | “Y is a nonempty set with no R-minimal element.” By easy
absoluteness facts, Y is a nonempty set with no R-minimal element. Thus
R is not wellfounded.

Now suppose that M = “R is wellfounded.” Then we may define in M
by transfinite recursion on R || ||® : field (R) — Ord N M by

]| = sup{llyll +1 | y R}

(See Theorem 5.6 of Kunen [1980].) To see that R is wellfounded in V', let
Y # (). Let z € Y be such that ||z||” is minimal. Clearly x is an R-minimal
element of Y. U

Now we prove our analogue of Lemma 4.2.1.

Lemma 5.2.3. Let M be a transitive class model of ZFC. Let T be a game
tree with taboos. Let A C [T). Let (T,m, ¢, ¥) be an A-semicovering of T
with respect to M that unravels A and is such that T € M. Let D € M be a
subset of T that generates an open subset B of [T with BN [T] = 7w~ 1(A).
Then G(A;'T) is determined.

Proof. By Lemma 5.2.1, it is enough to show that there is a winning strategy

o for G(w~1(A); T) such that & belongs to M. )
To get such a 7, we argue as follows. In the model M, the set D generates

BN M and w7 (A)N M = BN MnN [T]. Thus in M the open game
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G(w'(A) N M;T) is determined. In M let & be a winning strategy for
G(m ' (A)N M;T). We will argue that & is also in V a winning strategy for
G(w(A);T).

Assume first that ¢ is a strategy for I. If Z is an infinite play consistent
with & such that & € M, then # extends some d € D. Thus the tree

S ={peT|pis consistent with & A ﬂ(EIJE D) dC P}

is wellfounded in the model M. By the absoluteness of wellfoundedness, S is
wellfounded in V' as well. Hence every infinite play consistent with & extends
some d € D and so belongs to w~!(A). But every finite play consistent with
& belongs to M and so belongs to AN M or else is taboo for IT in T. Thus
& is a winning strategy for G(mw~1(A); T).

Now assume that ¢ is a strategy for II. Suppose Z is an infinite play
consistent with & such that # € w'(A4). Then there is a d € D such that
d C z. Fix such a d. Tn the model M the tree

§é = {p€Ty|pis consistent with 5}

is wellfounded. By absoluteness, we get the contradiction that SP is well-
founded in V also. As in the first case, it follows that ¢ is a winning strategy

for G(w=1(A); T). O

Remarks:

(a) It looks at first as if the existence of & follows directly from Lemma 4.4.1.
But the earlier lemma is not about game trees with taboos, and G(7—(A); T)
is not necessarily open as a game in T. There are various ways to deal with
this fact, but the simple ones yield proofs of Lemma 5.2.3 that appeal both
to Lemma 4.4.1 and to the absoluteness of wellfoundedness. Therefore we
gave a direct proof using the absoluteness of wellfoundedness.

(b) As with Lemma 4.4.1, we do not need that M is a model of full ZFC.

We did not actually use the clopenness of w=1(A). Only the openness
of w~1(A) was used. But it was crucial that the open set w=!(A) was gen-
erated by a set D € M. We next want to get a more general result, with
openness replaced by quasi-Borelness or—equivalently, by Theorem 2.2.3—
by membership in Al. For this we need an appropriate notion of generating a
quasi-Borel set or of generating a A} set. With an eye to other applications,
we will deal with Al sets.

Let us say that c is a II} code if ¢ is a triple (T, E, f), where
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a) T is a game tree with taboos;
(a)
(b)y ECTN[T];

(c) f is a function p — <, with domain 7" such that (1) for all p € T', <,
is a linear ordering of ¢h(p) with greatest element 0 (if and (2), for all
p CqeT, <, is the restriction of <, to ¢h(p).

If c= (T, E, f) is a I} code, then c is a II} code for A (equivalently, A
is the I set coded by c) if

A=EU{xe[T]|<, is a wellordering}.

By a A} code we mean a pair {ci,cy) of II} codes with the same first
components T, such that the IT} sets coded by ¢; and ¢, are complementary
subsets of [T]. If {(c;,cq) is a Aj code, then (cj,cy) is a A} code for A
(equivalently, A is the Aj set coded by (cy,cy)) if A is the ITj set coded by
c; (and so —A is the IT} set coded by c»).

Lemma 5.2.4. Let M be a transitive class model of ZFC. Let ¢ = (T, E, f)
belong to M. Then (1) ¢ is a I} code if and only if M = “c is a II} code,”
and (2) if ¢ is a I code then, for all x € [T] N M, x belongs to the I1} set
coded by c if and only if M = “z belongs to the I1} set coded by c.”

Remark. The lemma says precisely that the formulas expressing being a
I1! code and belonging to the II} set coded by a ITj code are absolute for
transitive class models of ZFC.

Proof. (1) is easy to verify. For (2), assume that c is a IT{ code. We have,
for all x € [T], that x belongs to the II} set coded by ¢ if and only if z € F
or else x € [T] and <, is a wellordering, where <, is given by f. Membership
in £ and being an infinite element of [7T] are easily seen to be absolute. Thus
it is enough to prove the absoluteness of “<, is a wellordering of w.” But
this is another example of the absoluteness of wellfoundedness, since being a
linear ordering of w is easily seen to be absolute. U

Lemma 5.2.5. let M be a transitive class model of Z¥C with wy € M. Let
(c1,€2) € M. Then (1) {c1,¢c2) is a A} code if and only if M = “(cy,ca)
is a Ai code,” and (2) if {c1,cz) is a Aj code then, for allz € [T|NM, x
belongs to the Al set coded by (cy,cy) if and only if M = “x belongs to the
Al set coded by (cy,co).”



5.2. A FACTOR OF w 229

Proof. By part (1) of Lemma 5.2.4, we may assume without loss of generality
that ¢; and cy are ITj codes, both in V and in M. Let A be the IT} set coded
by ¢; and let B be the IT} set coded by cp. By part (2) of Lemma 5.2.4 the
IT] sets coded in the model M by c¢; and ¢y are AN M and BN M. Tt is
clear that if A and B are complementary in V' then AN M and BN M are
complementary in M. Assume then that ANM and BNM are complementary
in M. Let S be the set of all {p,{q,q2)) such that p € T and, for i €
{1,2}, ¢; is an embedding of (¢h(p); <)) into (wi; <), where <} is given by
the third component of c;. Since w; € M it follows that S € M. Since
ANBN[T]NM = (0, where T is the first component of the ¢;, we have
that S is in M a wellfounded game tree. By absoluteness, it follows that S
is wellfounded in V' as well and so that AN BN[T] = 0. Hence AN B = 0.
Now let S” be the set of all {p, (s1,s2)) such that p € T" and, for ¢ € {1,2},
s; : th(p) — w and

(Vn < th(p))(Vn' <n)((si(n) < th(p) A s;(n') < (h(p)) — si(n) <, s;(n')).

Then S € M. Moreover any member of [S’] would give a member z of [T
and a witness that neither <! nor <2 was a wellordering. Since (AN M) U
(BNM) = [T]NM, it follow that S" is in M a wellfounded game tree. From
this and absoluteness we get that AU B = [T]. This completes the proof of
(1).

(2) follows from part (2) of Lemma 5.2.4. O

Remark. Lemma 5.2.5 remains true if the hypothesis that wy, € M is
replaced by the weaker hypothesis that M is uncountable. The same is true
of Lemma 5.2.6 below. (See Exercises 5.2.1 and 5.2.2.)

Lemma 5.2.6. Let M be a transitive class model of ZFC with wy € M. Let
c = (T,E, ) belong to M and be a TI} code. Let A be the I1} set coded by
c. Let c € S(T)NM. Then o is a winning strategy for G(A;T) if and only
if M = ‘o is a winning strategy for G(AN M;T).”

Proof. The “only if” part of the lemma follows easily from Lemma 5.2.4. For
the “if” part, assume that M = “o is a winning strategy for G(A N M;T).”

Suppose first that o is a strategy for I. Let f be p — <,. Let S’ be the
tree of all (p, s) such that p € T, s : fh(p) — w, and

(Vn < fh(p))(Vn' <n)((s(n) < fh(p) A s(n’) < th(p)) — s(n) <, s(n')).
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Then S’ € M and S’ is in M a wellfounded game tree. By absoluteness, S’
is wellfounded in V' also. Thus there is no infinite play that witnesses that o
is not a winning strategy. As in the proof of Lemma 5.2.3, it follows that o
is a winning strategy.

Now suppose that o is a strategy for I1. Let S be the tree of all (p,q)
such that p is a position consistent with ¢ and such that ¢ embeds (¢h(p); <)
into (wy; <). In the model M, S is a wellfounded game tree. Thus S is in V'
a wellfounded game tree. Once again it follows that ¢ is a winning strategy.

O

Lemma 5.2.7. Let M be a transitive class model of ZFC. Let T be a game
tree with taboos. Let A C [T]. Let (T, 7, ¢,¥) be an A-semicovering of T

with respect to M such that T € M. Let (ci,co) € M be a Al code for
w1 (A). Then G(A;T) is determined.

Proof. By Lemma 5.2.1, it is enough to show that there is a winning strategy
& for G(m'(A); T) that belongs to M.

To get such a &, we first apply Theorem 2.2.8 in the model M to establish
the determinacy in M of the game G(w'(A) N M;T). Theorem 2.2.8 is
applicable, since by Lemma 5.2.5 we have that w#='(4) N M is in M a A}
set, namely the Al set coded by the A} code (ci,cy) € M. Let then & be in
M a winning stategy for G(w~'(A) N M;T).

By Lemma 5.2.6, ¢ is also in V' a winning strategy for G(7 ' (A); ’i‘)

U

5.2.3 Operations for Unraveling Il Sets

Our next goal is to get a result that will play the role Lemma 4.2.3 played
in §5.1. One of the things we want to pay attention to is the operations that
gave us the components of the semicoverings of Lemma 4.2.2. We also want
to pay attention to the absoluteness of these operations. The basic picture
will be the following:

(a) The operations F; and Fy; that gave the components T and 7 are quite
absolute.

(b) The operation that gave ¢ can be relativized to any model M of ZFC.
The operation defined by this relativized definition generates an operation

that we call Fé‘ﬁi. The values of Fé\ﬁi are functions ¢ : T e
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(¢) The operation that gave ¥ can be relativized to any model M of ZFC.
Moreover a restriction of the operation given by this relativized definition
can be extended to an operation that we call FJi. The values of F)J, to-
gether with those of the other operations, constitute (B, B) semicoverings

with respect to M.

We first consider the operations Fy and F; given by the proof of Lemma 4.2.3.
The common domain of these two operations is the set of all {(c, k,m, k, )
such that

For i =1 or 2, Fi(c, K, m, k,i) and Fp(c, k,m, k,i) are respectively the tree
T and the function 7 given by the proof of part (i) of Lemma 4.2.3, with B as
the II! set coded by c¢ and with the obvious values of the other parameters.

The construction and proof of Lemma 4.2.3 yields the following two lem-
mas.

Lemma 5.2.8. The operations Fy and Fp; are absolute for transitive class
models of ZFC. That is, if M is a transitive class model of ZFC, then do-
main (Fy) as defined in M is just domain (Fy) M, and the two operations as
defined in M are just the restrictions of the operations to domain (Fy) N M.

Lemma 5.2.9. Let M be a transitive class model of ZFC. Let
(c,k,m,k,i) € domain (Fy) N M

with ¢ = (T, E, f). Let T = Fi(c,k,m,k,i) and let 7 = Fpile, k,m, k,i).
Then

(a) T is a game tree with taboos;

(b) m: T =T;

(¢) both T and 7 belong to M ;

(d) if M = |T| < |k| then M = |T| < r
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(e) if (Yp € T)(th(p) > m — M [= |T,| < |xl), then (Vp € T)(¢h(p) >
max{k,m} +1 — M = |T5| < |k]|);

(f) «T =, T;

(9) ™ | T is the identity;

(h) Every normal play in T belongs to the 1} set coded by c.

Proof. Clauses (a), (b), (f), (g), and (h) follow from the proof of Lemma 4.2.3.
Clauses (d) and (e) follow from the same proof as applied in M, and to apply
it in M is legitimate by Lemma 5.2.8, which also implies clause (c). U

The proof of Lemma 4.2.3 also gives an operation JFpp;. The domain of
Foni is the set of all (c, k,m, k,i,U) such that
(i) (c,k,m,k,i) € domain (Fy);
(ii) (VpeT)(¢h(p) > m — |I,| < ), where T is the first component of c;
(iii) U is a uniform normal ultrafilter on k.
The value Fppni(c, k, m, k,i,U) is the ¢ that comes from the proof of Lemma 4.2.2.

The following lemma then comes from the obvious application of the proof
of Lemma 4.2.3.

Lemma 5.2.10. Let (c,x,m,k,i,U) € domain (Fpn) with ¢ = (T, E, f).
Let T = Fi(c,k,m, k,i) and let ¢ = Fpni(c, k,m, k,i,U). Then

(a) o T2 T;
(b) ¢ | S(T) is the identity.

This operation is absolute for transitive models of ZFC, but that fact does
not interest us here, for we will be applying our operations in models where
there is a measurable cardinal that may not be measurable in V. For M
a transitive class model of ZFC, let us then define an operation fé‘ﬁi whose
domain is the set of all (c,x, m, k,i,U) € M such that

(i) (c,k,m,k,i) € domain (Fy);

(ii) M = (YpeT)(lh(p) > m — |1, < k), where T is the first component
of ¢;

(iii) M = “U is a uniform normal ultrafilter on x.”



5.2. A FACTOR OF w 233

To define fé‘ﬁl, first let (Fpni)™ be the operation given by the definition
of Foni as applied in M. Now let (c,x,m,k,i,U) belong to M and satisfy
(1)—(iii). We let

domain (F.(c, k,m, k,i,U)) = {5 €S(T) | (Vkew)s | T € M}.

p

For & € domain (FJY;(c, k,m, k,i,U)) and for k € w, we set

(FMA(c,k,m, k,i,U))(5) = ((}"phi)M(c, k,m, k,i,U))(5"),

p

for some &' € M such that & | ,T = &' | xT. By clause (a) of Lemma 5.2.10,
applied in M, and by clause (iii) of the definition of ¢ : T 2 T, there is no
dependence on the choice of ¢’.

The close relationship between the operations (Fopi)™ and ]:é‘l/{l provides
at least some justification for our using almost the same notation for the two.

In all transitive class models N of ZFC such that M C N and M is a class
of N (is definable in N from members of N), one can define the operation
(Fpni)™. If one applies the definition of FJ; in such an N, it may not give
the true fé\ﬁi, but only because there may be strategies ¢ that do not belong
to N but all of whose restrictions to positions of length k& do belong to N.

Clause (c) of the following lemma does not correspond to any clause of
Lemma 5.2.10. This clause follows from the fact that ¢ [S(,T) = ¢ [ (S(»T)N
M) = (('thl) (C7 K, m, ]{Z,Z,Z/[)) [ (8< T) N M)

Lemma 5.2.11. Let M be a transitive class model of ZFC. Let

(c,k,m, k,i,U) € domain (Ff,)

p

be such thatc = (T, E, f). Let T = Fy(c, k,m, k,i) and let ¢ = Foile,w,m ki, U).
Then

(a) 6. T T;
(b) ¢ | (S(T)N M) is the identity.
(c) (Ynew)o | (SLT)NM)e M.
The proof of Lemma 4.2.2 also gives us an operation JF,s whose domain
is the same as that of Fpopi. Fpsi(c, k,m, k,i,U) is the U given by the proof

of Lemma 4.2.2. We could catalogue the properties of this operation and
its relations to those already defined. Instead we proceed directly to the
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operations in which we are really interested. For each transitive class model
M of ZFC, we will define an operation F*. The domain of FM is the

set of all (c,x,m,k,i,U) € domain (FJ) srilch that every interselz:tion (in
V) of countably many elements of I/ is nonempty. Since the complements
of singletons belong to U, this condition implies that every intersection of
countably many elements of U is uncountable. If (c, x,m, k,i,U) belongs to
domain (]:Ij,‘gfi), then the domain of ]:I{‘gi(c, k,m, k,i,U) is the set of all pairs
(5,z) such that & € S(T) and (Vk € w)é | ,T € M, such that z is a play
(not necessarily in M) that is consistent with (F)(c, ,m, k,1,U))(5), and
such that at least one of the following holds

(i) i =1 and ¢ is a strategy for I;

(ii) ¢ =2 and & is a strategy for I[;
(iii) z is finite;
(iv) x belongs to the II} set coded by c.

Let us see how the proof of Lemma 4.2.3 yields such a function. Let
(c,k,m,k,i,U) € domain (]:Iﬁ‘fi). Let p — <, be the third component of c.
Let T = Filc,k,m, ki), let m = Fpi(c,k,m, k, i), and let ¢ = Fé\ﬁi(c, kymy ki, U).
We want to define
v = Fi

s (C My ki, U).

First let & € S;(T) be such that each & N, T € M. Then it is easy to sce
that, for every play = consistent with ¢(5), there is a unique play Z consistent
with & such that m(z) C z. Let U (5,x) = 7.

Next let 7 € S;;(T) be such that each 7 N T € M. Let B be the II! set
coded by c. For p € T with ¢h(p) odd, let the set X, be defined as in the
proof of Lemma 4.2.2. Each X, belongs to U. For p € T, define, as in the

proof of Lemma 4.2.3,
XP = ﬂ{Xp/ | p' € T, A (h(p') is odd}.

Since 7 need not belong to M, we cannot conclude that X? € U if (h(p) > m.
Nevertheless we have for each odd n > m that

(WXy [P €T, A th(p)) =n} € U.

Thus for ¢h(p) > m the set X? is an intersection of countably many elements

of U. By the definition of domain (FJ), it follows that X is uncountable if
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¢h(p) > m. Finite plays all belong to M, so we can define V(7, z) for all finite
x by carrying out the proof of Lemma 4.2.2 in M. Thus we need consider
only infinite plays x € V' such that x is consistent with ¢(7) and = € B. Fix
such an z. Then (w;<,) is a wellordering. Let p C z with ¢h(p) = m + 1.
Since XP? is uncountable, its order type is > w;. Thus there is a function
i — & embedding (w; <;) into (X?;<). We may then let U(7,z) be a play
Z with 7(Z) = x and with the &; given by such an embedding.

The following lemma generalizes Lemma 4.2.3, and provides the basic
ingredient for using measurable cardinals in iterated ultrapowers to replace
genuine measurable cardinals.

Lemma 5.2.12. Let M be a transitive class model of ZFC. Let ¢ = (T, E, f)
be a II} code belonging to M and let B C [T be the I1} set coded by c. Let
k be an ordinal that is a measurable cardinal in the model M. Let U € M
be such that M | ‘U is a uniform normal ultrafilter on k” and such that
every intersection of countably many elements of U is nonempty. Let m and
k belong to w. Let m = max{k, m}+ 1. Suppose that N |= |T'| < k, and that

(Vp e T)(th(p) > m = (M [= |T,| < w)).
For i€ {1,2}, let

Ti = Ft(c7"iam7 k,l),
™ = -Fpi(ca /fam?lﬁia);
¢i = JT:M (C, l{,m,k,i,Z/I);

phi
U, = FM(c,k,m,k,iU).

psi
Then

(i) (Tl,m,¢1,\111) is a (B, B) k-semicovering of T with respect to M
such that

(a) both Ty and m belong to M ;

(b) M):|?1|S/i; )

(¢) (Vb€ T)({h(p) > 1 — (M |= |(T1),| < K)).
(d) (Vnew) oy [ (SGT) N M) e M.

(ii) (Ta, s, do, W) is a ([T]\ B, B) k-semicovering of T with respect
to M such that
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(a) both Ty and T belong to M;

(b)) M = |To| < &; ]

(c) (P To)(Eh(p) > i — (M = |(Fa)y| < x);
(d) (Vnew)dy | (S(nTo)N M) € M.

Proof. The proof can readily be gotten from the proof of Lemma 4.2.2,

together with the arguments given in the course of defining Fé\é. U

5.2.4 Composition and Limit Operations

Our next task is to assemble the two basic kinds of operations needed for
iterating the operations JFi, etc.: composition and the formation of limits.

Suppose that C; = (T, 7, ¢1, V1) is a semicovering of Ty with respect
to My and that Cy = (Tq, ma, 2, Uy, ) is a semicovering of T with respect to
M;. We define the composition C; o Cy of C; and Cy to be

(To,m 0o, 1 0 o, V),

where V(o,z) = Uy(o, VUi(¢pa(0),z)). (This definition implicitly determines
domain (¢) and domain (¥).)

Lemma 5.2.13. Let Ty be a game tree with taboos. Let A, By, and By be
subsets of [Tg]. Let My be a transitive class model of ZFC. Let My C M;.
Let Cy = (T4, 71,01, V1) be an (A, By) semicovering of Ty with respect to
M such that Ty € M;. Let Cy = <T2,7T2,¢2,\112,> be a (Wl_l(A),ﬂl_l(Bl))
semicovering of Ty with respect to My such that Ty and mo belong to My and
such that ¢(o) [, 11 belongs to My for every o € S(To) N My and everyn € w.

Then Cy 0Cy is an (A, By N By) semicovering of T with respect to M. If
ki and ko are natural numbers and if, for i € {1,2}, C; is a k;-semicovering
with respect to M;, then Cy o Cy is a min{ky, ks }-semicovering with respect to
Mg.

Proof. Most of the proof is like the proofs of Lemmas 2.1.5 and 5.1.1.
In addition we must show, for every strategy o € S(7T5) such that every
o | Ty € My, that o belongs to the domain of ¢; o ¢5. This is true because
the ¢o(0) | ,11 belong to M; and C; is a semicovering with respect to M.
We leave the rest of the proof to the reader. O
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The proof of Lemma 5.1.2 (or, more precisely, the construction given in
the proof of Lemma 2.1.6) gives us four limit operations.
First of all, it gives us operations Z; and Z,;. The domain of Z; is the set
of all
(T i € w), (mya | § < j € w))

such that

(1) if i < j € w then 7;; : T; = T, and 7, is the identity;
(2) if il S ’ig S ig € w then Tisi1 — Tigyip © Tigio)

(3) There exists (k;; | i < j € w) such that each k;; € w and

(a) lim;e, infjrs k5 = oo;
(b) if 4 <jEw then kj,iTj = kj,iTi;
(c) if i <j € wthen 7;; [ 4,;,T; is the identity.

The domain of Z,; is domain (Z;) X w. If d € domainZ;, then Zi(d) is the
T given by the proof of 5.1.2, and for j € w the value Z,;(d, j) is the 7 ;
given by that proof. (Zi(d), (Z,i(d,j) | j € w)) is really just the inverse limit
of the system d. The existence of the inverse limit is guaranteed by clause

(3)-

We omit the proofs of the following two lemmas.

Lemma 5.2.14. The operations Ly and I,; are absolute for transitive class

models of ZFC.

Lemma 5.2.15. Let M be a transitive class model of ZFC. Let d = ((T; |
i €w),(mj;|i<j€w)) € domain(Zy) N M. Let Too =Zi(d) and fori € w
let moo: = Tpi(d, 7).

(1) T is a game tree with taboos;

(2) ifi € w, then T, : Too = Ty;

(3) (View)(Vj€ew)(i <J— Mooi =TjiO Tooj);

(4) if (kj; | i < j € w) witnesses for d clause (3) in the definition of
domain (Ly) and if inf,< ;e kj; > k, then

(a) for alli € w, yToo = 1 Ty;
(b) Tooi | kT oo is the identity.
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Ifd=((T;|icw),(m,;|i<jecw)) andif n € w, then let
d" = ((Tosi | 0 € W), (Tnpjint | 1 < J € w)).
Similarly, if d* = (T, (Too; | < j € w)) and if n € w, then let
(d*)" = (Too, (Tooty [ 1 < J € w)).

An inspection of the construction in the proof of Lemma 2.1.6 shows that
the following lemma holds:

Lemma 5.2.16. If d € domain (Z;) and n € w, then d" € domain (Zy),
Zy(d™) = (Zy(d))™, and

(Zpi(d",0) i € w) = ((Zpi(d,d) [ 0 € w))"

Note that the T, given by the proof of Lemma 5.1.2 is a subset of the
union of the T;. Thus we have the following absoluteness result:

Lemma 5.2.17. Letd = ((T; | i € w),(m;; | ¢ < j € w)) belong to the
domain of Zy. Let M be any transitive class model of ZFC to which T, =
Zi(d) and (T; | i € w) belong. Then

M = [To| < supe, | Til-

A third kind of operation that can be extracted from the construction of
Lemma 2.1.6 is given as follows. Let (M, | i € w) be a sequence of transitive
class models of ZFC such that M; O M; for i < j € w and such that, for
all i € w, the subsequence (M;;; | j € w) is a class in M;, in the sense that
{(j,a) | a € M;1;} is a class in M; (is a subclass of M; and is definable in M;
from members of M;). Then we have an operation Iéﬁ?'iem whose domain is
the set of all (d’,n) with n € w and with

d' = ((Ti | i € w), (mj, ¢ | i < j € w)),
where

(1) foreachi e w, ((T;|i<jew),(my;|i<j<j €w)) e M;
(2) ((T;]iew),(m,;|i<jecw)) € domain (Z);
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(3) if ¢ < j € w then domain (¢;,;) = {c € S(Tj) | (Vnew)o [, 1; € M,;}
and ¢ : T- S’——]\fj T;; ¢, is the identity;

(4) ifi <jew, if o eST;)NM,, and if n € w, then ¢;,(0) [ ,1; € M;;

(5) if i1 <dp <13 € w then @i, = Gig iy © Piy i

(6) there exists (k;; | i < j € w) such that

(a) (kj; | 1 < j € w) satisfies for ((T; | i € w),(m; | i < j € w))
clause (3) in the definition of domain (Z;);
(b) ifi <j € wthen ¢;; [ S(x,,T) N M; is the identity.

Remark. Clause (4) actually follows from clauses (3) and (5).

For (d’,n) € domain (Iéﬁ?'iew ), the ValueI LRSS (@7 ) s the dog,, given
by the proof of Lemma 5.1.2. The ¢, have the common domain

{0€S(Tx) | (Vnew)o [ T € (| M}

€W

Lemma 5.2.18. Let (M; | i € w) be such that Zéﬁ{”iew) is defined. Let
d = (T |i€cw),(md;|i<jew)) besuch that, for j € w, (d,j)
belongs to the domain ofIM‘zem. Let d be the member of domain (Zy)
associated with d'. Let To = Zi(d). Fori € w let moo; = Zpi(d, i) and let
Gooi = TSN i), Then

phi

(a) ifn € w then (poo;i [ T | @ € w) € My;

SMiew, M;
(b) ifi € w then ¢ Too né T;;

(c) ifi <j€w then oo = @ji © Do j;

(d) ifi € w, if 0 € domain(¢so;), and if n € w, then ¢ooi(0) [ 1; € M;;
if, for each i € w and eachn € w, (¢;; [ (SGTy)NMy)|i<j<j e
w) € M;, then (¢ooj | S(nT) | i < J € w) belongs to M;;

(e) if (kj; | 1 < j € w) witnesses clause (6) in the definition of do-
main (Iéﬁ/i[ |Zew>), and if infi<je ki > k, then, for each i € w, ¢oo; |
(S(xT;) N M;) is the identity.
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Ifd =T |icw),(mi¢;i|i<jecw)) and if n € w, then let
d” = ((Tuys | i € W), (Tutjmtis Pjrnian | 1 < J € w)).
Similarly, if d” = (T, (T j, Pooj | # < j € w)) and if n € w, then let
(d")" = (Too, (Toomss Poomt | 1 < J € w)).

As with Lemma 5.2.16, we have the following:

Lemma 5.2.19. Ifn € w and ifd’ is such that (d’, j) belongs to domain (Iéﬁf”“‘iem)
for all j € w, then (Vj € w)(d™, j) € domain (Iéf\f‘iem) and

(Zyn = (d ) | d € w) = (ZHS(d, 1) | i € w))™,

phi phi

If (M; | i € w) is such that the operation Ié]}\f"“ew) is defined, then the
construction in the proof of Lemma 2.1.6 yields also an operation Ié]s\f”iew

The domain of Iéi\fi”em is the set of all (d”,n) with n € w and with

d" = (((T; | i € w), <7Tj,ia¢j,i,\lli’j |1 <jew)),
where

(1) (((T; | i € w),(mjs, P54, © < j € w)),n) belongs to the domain of

(M;|icw)
Iphi ’

(2) ifi <j € w, then (T, 7, ¢4, ¥"7) satisfies clause (d) in the definition
of a semicovering of T};

(3) if i1 < iy < i3 € w and (0,z) € domain (V""), then U1 (o,z) =
s (0-’ etz (¢i3,i2 (0-)’ m))
If (d”, n) € domain (I<M"|i€w>), then Z'M1) (d”,n) is just the U™ given by

psi psi
the proof of Lemma 5.1.2.

Lemma 5.2.20. Let k € w. Let T;, 1 € w, be game trees with taboos. Let
M;, © € w be transitive class models of ZFC such that, for each i € w,
the sequence (M; | i < j € w) is a a class in M; (in the sense described
on page 238). Let A and B;, i € w, be subsets of [To]. Let k € w and
(kjiy iy djiy U | i < j € w) be such that
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(]) ZfZ S] € w then Cj,i = <Tj77rj,i;¢j,ia \Iji’j> 18 a

(w0~ (A)s o, () (Ba))

1<n<g

k;i-semicovering of T; with respect to M;;
(2) 2f 11 <ip < Z-3 € w then Ci3,i1 = Ciz,il © Cis,iz y
(3) infigja,_,kj’i Z k,’
(4) 1, infjis ke ; = 0o;
(5) View)(T;,my|i<j <jew)eM;
(6) ifi <j € w, then
(a) domain (¢;;) = {c € S(T;) | (Vnew)o |, 1j € M;};
(b) if o € S(T;) N M; and n € w, then ¢;,(0) [ ,1; € M;.
Let
To =L((T; | i €w),(m,; |i <jew)).

Forn e w, let

Toom = Lif(((Ti|iew), (m,|i<jew)n);
boem = Tt " i € w), (b |1 < j € w)),m);
wree = ZEMEN (T | € w), (my, 050, 0 |6 < € w)),n).

Then

(a) each Cooi = (Too, Mooir Poo,ir ¥H°) is a

(7700,2'_1 (4), 7700,@'_1( m B))

i<n€Ew

M-

k-semicovering of 'T; with respect to ) 5

1<jEw

Proof. The only thing left to check is the properties of the W%, We leave
this task to the reader. U
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5.2.5 Operations for Unraveling w—TI] Sets

We have now assembled all the ingredients necessary for iterating the op-
erations Fi, etc. Our first step in this iteration process is to define some
operations F;, etc. that do for w-TI} pretty much what the operations JFi,
ete. do for ITj. ) )
First we define operations Fy and F;. The common domain of these two
operations is the set of all ({(c; | i € w), k, k) such that
(i) (c; | i € w) is asequence of IT} codes, all with the same first component;
(ii) ~ is an ordinal number;
(ifi) & € w.
For ((c; | i € w),k,k) belonging to this common domain, we define
Fi((ci | i € w),k, k) and Fpi({c; | i € w), K, k) as follows:
First we define by induction a system

d={T;[i€w) (m;|i<jcw).

Let Ty be the first component of the c¢;. Assume that T; and 7;; have been
defined for all 7 < 7 < n € w and that they satisfy:

(1) if i < j < nthen m;; : T; = T,, and m;; is the identity;
(2) if ’il S ig S ?:3 S n then Tisi1 — Tig,iq © Tigias

For i € w, let ¢; = (T, E;, f;), where f; is p — <fo. For 7 € w, let
C? = <Tm 777;,%)<Ei)’ fzn>7

where
fi(p) = <irn,0(p) :
Thus ¢} is a IT} code for 7, {(p).
Now let
T,1 = Flch, kymp,k+n,iy,);
Tontin = Fpi(Chy K, My, k+n,1y),

where m,, = k +n, and where i, is 1 if n is even and 2 if n is odd. For i < n,
let 114 = Tpi © Tpt1s. 1t is clear that (1) and (2) are satisfied.
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Conditions (1), (2), and (3) on membership in domain (Z) are satisfied by
the system d we have defined. The values k;; = k + ¢ witness that condition
(4) is satisfied as well. Thus we may let

Fil{ci i €w),k, k) = Zy(d);

Foil{ci|iew),r k) = Zy,(d,0).

By the definitions and by Lemmas 5.2.8 and 5.2.14, we get the following
lemma:

Lemma 5.2.21. The operations F, and F; are absolute for transitive class

models of ZFC.
We also have the following analogue of Lemma 5.2.9:
Lemma 5.2.22. Let M be a transitive class model of ZFC. Let
((c; | i € w), K, k) € domain (F) N M,

with T the common first component of the c;. Let T = Fy((c; | i € w), K, k)

and let m = Fpi({c; | i € w),k, k). Then

(a) T is a game tree with taboos;

(b)) 7: T=T;

(¢c) T and 7 belong to M;

(d) if M [ |T| < || then M = |T| < |s;
(e) vT =, T;

(f) 7 | T is the identity;

Every normal play in T belongs to the intersection of the TIL sets
(9) Y play g !
coded by the c;.

Proof. The lemma follows easily from the definitions and Lemmas 5.2.9,
5.2.15, 5.2.17, and 5.2.21. Perhaps a word about clause (d) is in order. The
hypothesis of (d) guarantees that the hypothesis of clause (d) of Lemma 5.2.9
holds, with m = 0, for the Ty of our inductive construction, namely for T.
The construction gives inductively that the hypothesis of clause (d) holds,
with m = k + n, for the T,, of the construction. The concnlusion of clause
(d) then follows by Lemma 5.2.17.
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g

~ We next define, for each transitive class model M of ZFC, an operation

F i whose domain is the set of all ((c; | 7 € w), &, k,U) € M such that

(1) ((c;|i € w),k, k) € domain (F);
(ii) M = |T| < k, where T is the common first component of the c;;
(iii) M = “U is a uniform normal ultrafilter on x.”
To define Fl((c; | i € w), K, k,U), we repeat the construction of the T;

and the 7;; used in defining F; and Fp;, except that we also define ¢;; for
1 < J € w, thus producing a system

d' = (T |i€w), (T li <jew)).

We assume inductively that

(2) if iy <dp iy < mothen ¢y = Gigiy © Digin-
(3) if m e wand ¢ < j < n then ¢;; [ S(,,Tj) € M;
In the induction step, we set
an—&-l,n - é\}{i(C27 Ry My, k + n, ln,U)

For i <n we let ¢py1,;, = @ni © Gpt1n. We finally define

FM((c; | i € w), kb, U) = TN 0).

phi phi

Lemma 5.2.23. Let M be a transitive class model of ZFC. Let

((c; | i € w), K, k,U) € domain (Fy)

be such that T is the first component of all the c;. Let T=Flc|ic
w), k, k) and let ¢ = Fi({c; | i € w), K, k,U). Then
(a) : T E T,

(b) ¢ [ (S(T)N M) is the identity;

(c) forallnew, ¢ [ (SGT)NM)e M.
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Finally we define, for each transitive class model M of ZFC, an operation
F2E whose domain is the set of all ((¢; | i € w), s, k,U) € domain (FJ)
such that every intersection of countably many elements of U is nonempty.
The definition of F)%({(c; | i € w), k, k,U) is the obvious one: We repeat the
construction of the sytem d’, execept that we also define ¥ for i < j € w,

producing a system
d” = ((T; | i € w), (w4, 055, ¥ | i < j € w)).
In the induction step, we set

gt — FMien gk U).

psi

Uit (g, z) = U (o, U™ (¢41.,(0), ). We finally define

—M
fpsi

({c; | i € w),k, k,U) = Iéff"“e“’)(d”,o),
We are almost ready to state our analogue of Lemma 5.2.12. Before doing

so, we note that Lemma 5.1.3 holds also for semicoverings with respect to
M:

Lemma 5.2.24. Let T be a game tree with taboos and let M be any class.
Let a be a countable ordinal and let (Ag | B < a) witness that A € a-TI.
Let v < « and let A’ be the set witnessed to belong to v-113 by (Ag | B < 7).

Then every <Al’mﬁ<v Ag) semicovering of T with respect to M is an
(A, ﬂﬂq Ag) semicovering of T with respect to M.

Proof. The proof of Lemma 5.1.3 goes through without change. U

Here finally is the analogue of Lemma 5.2.12. The only extra ingredient
beyond what would be in a pure analogue of the earlier lemma is the appear-
ance of the model N. In our applications, the model N will be Ult,, (M;U).

Lemma 5.2.25. Let N and M O N be transitive class models of ZFC. Let
(c; | i € w) € N be a sequence of I} codes with the same first component
T. Fori € w let A; be the II] set coded by c;. Let A be the subset of [T
that (A; | i € w) witnesses to belong to w-IIj. Let k be an ordinal that is a
measurable cardinal in the model M. Let U € M be such that M = U is a
uniform normal ultrafilter on k7 and such that every intersection of countably
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many elements of U is nonempty. Let k € w. Suppose that M = |T| < k.
Let

= Fillci|iew),r k)
= Ful(ci|i€w),rK,k);
_é\ﬁi«ci i €w),k k,U);

= FM(ci|i€w),k kU).

psi

SIS T
|

Then

(i) (T,m1,d1,91) is a (A, Nicw Ai) k-semicovering of T with respect to
M ;

(ii) both T and 7 belong to N, and N }= |T| < k;

(iii) for allm € w, ¢ | (S(,,T)N M) belongs to M.

Proof. The lemma follows easily from our earlier lemmas. In particu-
lar, Lemma 5.2.24 giving that the (T;,m;;, ¢;;, ¥"/) occurring in the defi-
nition of ¥ are (m;0(A), (<, ; An) semicoverings, as required for applying
Lemma 5.2.20. That N | |T] < k can be seen as follows. Since k is a
cardinal in M and M = |T| < k, it must be that N = |T'| < k. Thus
Lemma 5.2.22 is applicable with N as the M of that Lemma. Clause (c) of
that lemma gives that N = |T| < &. O

5.2.6 Operations for Unraveling w?*-II] Sets

We are now going to define operations F, etc. that do for w?-II} something
like what the operations F;, etc. do for w-TIl. In doing so, we will at last
use iterated ultrapowers with respect to an ultrafilter ¢/.

We begin with the operations F; and F pi- The common domain of these
two operations is the set of all ({cg | 8 < w?), (\; | i € w), k) such that

(i) (cs| B < w?) is a sequence of I} codes, all with the same first compo-
nent;
(ii) (\; | ¢ € w) is an increasing sequence of ordinal numbers;

(iii) & € w.
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For ((cs | B < w?),(\; | i €w), k) belonging to this common domain, we
define Fy({cg | B <w?), (N | i € w), k) and Fpi({cs | B < w?),(\; | i € w), k)
as follows.

First we define by induction a system

d=((T, i €w), (m | i < jE€w)).

Let T be the first component of the cg. Assume that T; and 7;; have been
defined for all « < 7 < n € w and that they satisfy:

(1) if i <j <nthenm,, : T, = T,, and m;; is the identity;

(2) if il < ig é ig S n then Tisi1 — Tig,ip © Tigigs

For § < w?, let cg = (To, Eg, f3), where fg is p — <5. For < w?, let

Cg = <Tm 7'(';10(E5)7 fg>=

where
n __B
f5(P) =<4 o) -

If cg is a ITj code for a set B, then c} is a IIj code for 7, 0(B).
Now let

Toot = Ful(chs i€ W)k +n)

Tn+1 = fpi(<CZn+i | i € w>7 )‘n7 k + TL)

For i < n, let m,41,; = Tp; © Tpy1n. 1t is clear that (1) and (2) are satisfied.

Conditions (1), (2), and (3) on membership in domain (Z;) are satisfied by
the system d we have defined. The values k;; = k + 7 witness that condition
(4) is satisfied as well. Thus we may let

Fulles | B <w’), (i li€w) k) = T(d)

‘Fpi(<cﬂ | p < W2>7 </\l | (S w>7k> = Ipi(dvo)'

By the definitions and by Lemmas 5.2.21 and 5.2.14, we get the following
lemma:

Lemma 5.2.26. The operations ]?t and .fpi are absolute for transitive class
models of ZFC.
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We also have the following analogue of Lemma 5.2.22:
Lemma 5.2.27. Let M be a transitive class model of ZFC. Let
(leg | B < w?), (N |iew), k) e domain (Fy) N M

with T the common first component of the c;. Let T =Fu({cs | B <w?), (N |
i € W), k) and let m = Fpi((cp | B <w?), (N | i €w),k). Then

(a) T is a game tree with taboos;

(b) 7: T =T;

(¢) both T and 7 belong to M ;

(d) if M |= |T| <[] then M | |T| < supje,|Adl;

(e) +T = ,T;

(f) 7 T is the identity;

Every normal play in T belongs to the intersection of the TI! sets
(9) Y play g 1
coded by the cg.

Proof. The lemma follows easily from the definitions and Lemmas 5.2.22,
5.2.15, and 5.2.26. 0

We next define, for each uncountable transitive class model M of ZFC, an
operation JF %1- To make this definition, we introduce the following notation:
If M is an uncountable transitive class model of ZFC satisfying ‘U is a

uniform normal ultrafilter on the measurable cardinal x,” then, for all n € w,
let

M,(U) = Ulty, ey (M;U);
AU = i 0.1 (n+1) (K)
V,(U) = iil,\{/lo,wl(n-l-l)(u)'

Remark. Lemma 3.3.12 implies that, for each n € w, every intersection
of countably many elements of V, (i) is nonempty.

The domain of ]?%i is the set of all ({cg | 8 < w?), K, k,U) € M such that
(i) M = “T| < k,” where T is the common first element of the cg;

(i) M E “U is a uniform normal ultrafilter on K”;
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(i) ((cg | B < w?), N(U) | i € w), k) € domain (Fy).

To define ,thl((cﬁ | B <w ) K, k), we repeat the construction of the T;

and the 7;; used in defining F, and ]-"pl, with \; = A\, (U), except that we
also define ¢;; for 7 < j € w, thus producing a system

d' = (T |i€w), (M5 |1 <jew)).
We assume inductively that

(2) if il S ’iQ S i3 S n then ¢i3,i1 = ¢i2,i1 e} (bis,iz'
(3) if m € wand i <j <nthen ¢;; [ S(:nT;) € M;(U);

In the induction step, we set

¢n+1n - ‘FM” (< o.erz | Z S w> )\ (Z/{),k + n,Vn(Z/{)),

phi

and we let ¢,11, = @i © Ppni1n for i < n. We finally define

FM((cs | B < w?), ki k,U) = THr @@, 0).

ph1

Lemma 5.2.28. Let M be an uncountable transitive class model of ZFC.
Let
{{cg | B < w?), K, k,U) € domain (thl)

be such that T is the first component of all the cg. Let T = .7?13(((:5 | B <
W), (NU) | i € w), k), and let ¢ = Fhl.((cs | 8 <w?),k, k,U). Then

M; (U
(a) ¢: T e @ g,

(b) ¢ 1 (SGT) N (Vyew Mi(U) is the identity;
(c) foralln € w, ¢ SLT) e M.

Finally we define, for each uncountable transitive class model M of ZFC,

an operation ]-"ggl whose domain is the same as that of ]: M. To define

fﬁgl((cﬁ | B <w %), k, k,U), we repeat the construction of the sytem d’ used

in defining ]t—g/}[m execept that we also define W7 for i < j € w, producing a

system N
d" = ((T; | i € w), ()4, 055, ¥ |1 < j € w)).
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In the induction step, we appeal to the remark after the definition of V, (i)
and set

Ut = Fr (s [ 1€ @) AalUd), b V).
For i < n we let U (g, z) = U (g, U (py, 11 ,(0),2)). We finally
define

M < _ p(MU)]icw)  qn
]-"pSI(<ci i €w), K, kU) =T (d 0).

The next lemma is the analogue for w?-II} of Lemma 5.2.25. The only
disanalogy is that the earlier lemma yielded a semicovering with respect to M,
while the lemma below gives only a semicovering with respect to (. M;(U).
In our applications, we will have N C (.. M;(U).

1EW

€W

Lemma 5.2.29. Let N and M O N be uncountable transitive class models
of ZFC. Let (cs | B < w?) € N be a sequence of II} codes with the same
first component T. For B < w? let Ag be the II] set coded by cg. Let A
be the subset of [T] that (Ag | B < w?) witnesses to belong to w?-II}. Let
k be an ordinal that is a measurable cardinal in the model M. LetU € M
be such that M = ‘U is a uniform normal ultrafilter on k.” Assume that
(V;(U) |i € w) € N. Assume also that M |=|T| < k. Let k € w. Let

= Flles| 5 <)
= Fuilleg | B <o’
‘thl(<c/3 ‘ 5 <w
= Frilleg| B <o’

psi

AiU) [1 € w), k);
iU) |1 € w), k)
) Ky kU,
)k, kU).

)

Koo 3 M
|

Then

i) (T, m, ¢, ) is a (A, » Ag) k-semicovering of T with respect to
B<w B

ﬂiEw Ml(u)7

(ii) both T and 7 belong to N, and N = |T| < k;

(iii) for alln € w, ¢ [ (S(T) N Ne, MiU)) belongs to M.

Proof. The lemma follows easily from our earlier lemmas. U
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5.2.7 The Main Theorems

Theorem 5.2.30. If T is a game tree with taboos and there is a measurable
cardinal greater than |T|, then all w*-1II} games in T are determined.

Proof. Let T be a game tree with taboos. Let (As | 8 < w?) witness that
A C [T] belongs to w*II}. Let U be a uniform normal ultrafilter on a
cardinal k > |T'|. We will show that G(A;T) is determined. We may assume
without loss of generality that field (7) C ¢ for some cardinal 6 < k. Let
(cg | B < w?) be such that each cg is a I} code for Ag. Let M = V. Let N
be any transitive class model of ZFC such that

(i) {T.(cs | B < w?), (A(U) | i € w)} C N:
(i) N C e Malth).

For example, we could take N to be the smallest transitive proper class model
of ZFC such that (i) is satisfied. (Formally this model is L[a], where a is the
set of all

<p7p17p27 /67p,7 m,n, Z.7 >\>

such that p € T, py € Trorpy =0, ps € Trror pp =0, B < Ww? p € Ej
or pf =9, (m,n) € fz(p), i € w, and A = \;(U), where cg = (T, Es, f3).)
Alternatively, N could be taken as the smallest transitive class model N’ of
ZFC such that {(\;(Uf) | i € w)} U Ult,,,(V;U) C N'.

Apply Lemma 5.2.29 with k = 0. Let (T, 7, ¢, ¥) be given by that lemma.
Then (T, 7, ¢, ) is (A, (<2 Ap) semicovering of T with respect to N.
Moreover w1 (A) = (), and so (T, 7, ¢, ¥) is an A-semicovering with respect
to N that unravels A. By Lemma 5.2.26, T € N. If we set D = 0, the
hypotheses of Lemma 5.2.3 are satisfied. Thus G(A;T) is determined. [

Derrick DuBose noticed that Theorem 5.2.30 could be improved by an
appeal to Borel determinacy. Suppose everything is as in the proof of the
theorem, except that we have (A | 8 < w?) witnessing that A is (w?+1)-1I}
instead of (Ag | B < w?) witnessing that A is w* II}. Suppose further that
A,z is Borel. Repeat the construction as in the proof of the theorem, ignoring
Au2. The (T, 7,6, U) we get is still an A-semicovering with respect to M,
but it no longer unravels A. Nevertheless, we have that w=1(A4) = w1 (Ay2)
is a Borel subset of [T] and so is determined. We can also argue that

G(m'(A); T) has a winning strategy in N and deduce that it is determined.
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The results of Section 2.2 were proved in order to make the application below
of DuBose’s idea.

Theorem 5.2.31. (Martin [1990]) If T is a game tree with taboos and there
is a measurable cardinal greater than |T'|, then G(A;T) is determined for
every A C [T] such that both A and [T] \ A belong to (w? + 1)-TI}.

Proof. Let T be a game tree with taboos. Let (B | 8 < w? 4+ 1) witness
that A C [T] belongs to (w? + 1)-II} and let (Cj | 8 < w?+ 1) witness that
[T] \ A belongs to (w? + 1)-TI1. Let

Agy1 = CgN Bgyy for B < w?;
Ayn = B, forn e w.

Note that

(a) (Ag | B <w?) U {(w? B,:)} witnesses that A belongs to (w? + 1)-I13;
(b) for all z € [T], if z € 5., Ap, then

rE€A € B rxdCpe.

Let U be a uniform normal ultrafilter on a cardinal x > |T]. We will
show that G(A;T) is determined. As in the proof of Theorem 5.2.30, we
may assume without loss of generality that field (1) C ¢ for some cardinal
§ < k. Let {cg | B < w?) be such that each cg is a IT] code for Ag. Let ¢’ be
a ITj code for B,z and let ¢” be a I} code for C,2. Let M = V. Let N be
any transitive class model of ZFC satisfying

(1) {{es | B <w), " (NU) [ i €w)} CN;
(i) N C Moo MaWh).

(The second version of the N of the proof of Theorem 5.2.30 will also work
for N here, and the first version can easily be modified to work here.)

As in the proof of Theorem 5.2.30, we apply Lemma 5.2.29 with V" as the
M of that lemma and with £ = 0. Let C = (T,W,qb, U) be given by that
lemma. By Lemma 5.2.24, C is an (A;( ;.2 Ap) semicovering of T with
respect to N. Let ¢/ = (T, E’, f') and let ¢ = (T, E”, f"). Let

¢ = <'::[‘=7T_1<E/>7f*>§
C** — <T ﬂ_fl(E//)’f**%
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where f*(p) = f'(n(p)) and f**(p) = f"(n(p)). The pair (c*,c**) belongs to
the model N. Moreover c* and c¢** are I} codes for w=1(B,z2) and w=(C,z)
respectively. By (b) above, the pair (c*,c**) is a A] code for w~1(A). Thus
we may apply Lemma 5.2.7 with N as the M of that lemma and with (c*, ¢**)
as its (cy, c2), concluding that G(A;T) is determined. O

An alternative way to prove Theorem 5.2.31 would have been via an A-
semicovering that actually unravels A. See Exercise 5.2.3.

The next theorem gives an optimal determinacy consequence of the exis-
tence of a measurable cardinals.

Theorem 5.2.32. Let o be a countable ordinal. If T is a game tree with
taboos and the class of measurable cardinals greater than |T| has order type
> «, then G(A;T) is determined for every A C [T] such that both A and
[T]\ A belong to (w?a + 1)-II.

Proof. Let T be a game tree with taboos. Let (Bs | f < w?a + 1) witness
that A C [T] belongs to (w?a + 1)-II7 and let (Cjs | 8 < w?a + 1) witness
that [T] \ A belongs to (w?a + 1)-TI}. Let

Agyy = CgN Bgyy for f < wo;
Ayy = B,y forvy <wa.

Note that

(a) (Ag| B < w?a)™(By2,) witnesses that A belongs to (w?a + 1)-TI3;
(b) for all z € [T, if z € Ny_,2, Ap, then

r €A x € B, ¢ Cpe,.

Let (K, | v < «) be an strictly increasing sequence of measurable cardinals
with kg > |T'|. For each v < «, let U, be a uniform normal ultrafilter on ..
We will show that G(A;T) is determined. We may assume without loss of
generality that field (') C X for some cardinal A\ < kg. Let (cs | 8 < w?a)
be such that each cg is a IT} code for Az. Let ¢’ be a II} code for B,z, and
let ¢” be a I} code for C,z,.

Let a C X be such that {cg | 8 < w?a), ¢/, and ¢” all belong to L[a] and
such that « is countable in Lia].



254 CHAPTER 5. o-TI} GAMES

We define transitive class models M., v < a, of ZFC and simultaneously
define ordinals A}, v < @ and ¢ € w. Let

Mo = Lfa,{U; | v < a}];
A= N(Uy, N M)
M, = La,AX | € <7,i € wh AU |y <€ < a)l.

By Lemma 3.5.2, UMM, is in M., a uniform normal ultrafilter on k¢ whenever
v < & < a. Note that, for each v < «, the sequence (M, | v <7 < ) is (in
the sense of page 238) a class in M,.

For each limit v < «, let g, : w — 7 be a strictly increasing function
whose range is cofinal in v and such that ¢,(0) = 0. Choose the g, such that
(g, |7 < a) € M,

For 8 < w?a, let cs = (Ty, Egs, f5), where f5 is p H<5.

We define by induction on v < a a system

(Ty |7 < a), <7r%£’¢%£7\115ﬁ <y <a)).
Our definition will be such that
(i) if ¢ <y < and
Cre = <T’W T8 Prés \D&’y%

then C,¢ is a (W;é(A),ﬂ';é(ﬂw5§6<w,y Ag)) semicovering of T, with
respect to M, such that T, and m,¢ belong to M, and such that
by e | STy N M) € M for all n € w;

(i) if p<E&<y<athenC,,=CcpoCp.

We begin the inductive definition by setting Ty = T.
Next we deal with the case of successor ordinals v+ 1 < a. For 8 < w?a,
let

= (T, m,0(Es), f3),
where f3(p) =< o) We define C,41 5 by setting

Ty = :G%!ﬁ7<ﬁ<ﬁw+)%Oﬂzewkhm
Ty+ly = :pl <Cﬁ | Wiy < B <Py +1)), (N i €w), k());
ratn = Fai((c) | Wiy < B <w(y+ 1)), Ky, k(7), Uy N M,);
Pt = Fh((c) | wy £ B < wi(y + 1)), ky, k(9),Uy N M),
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To complete the successor case, we preserve commutativity by defining, for
£<,
Ty+1e = Te © Tytlys
Dyt = Py © Dyt
U (o, 0) = W (0, U8 (hy414(0), ).

To complete the definition, let v be a limit ordinal < «a. For i € w, let us
write ¢ for g,(¢). We set

T'Y = L(<Tg | 1 E w),(wm ‘ 1 S]E w>);

MTyi = Ip1(<Ti |i€w>,<7rj7i |Z§j €w>,i);
Mj|new . . . .
Oyg = Ilf,hi (T | i e w), (T30, 055 | 1 < J € w),i);

ot = M e W), (g, 050, U | < G € W), ).

psi

Foricwand i< ¢ < i/—l—\l, we preserve commutativity by defining

Tye = 7T¢/+\17§ e} ﬂ-%ﬂ_\ﬁ
Pre = Pie © Oy
U (o,x) = Vo, U5 (g, 5(0), ).

We leave to the reader the verification that this inductive definition makes
sense and has the stated properties. In particular, this means that that
(Ta, Ta0, a0, T) is a an (A, Ng<w2a Ap) semicovering of T with respect
to M,. The rest of the proof is like that of Theorem 5.2.31.

O

Exercise 5.2.1. Prove the assertion that results if, in the statement of
Lemma 5.2.5, the condition “w; € M” is replaced by the weaker “M is
uncountable.”

Exercise 5.2.2. If U is a tree on field (T') x w and c is a II} code for a subset
B of [U7, then we say that ¢ is a 3 code and the X set coded by c is

{z € [T]|U(x) # 0}.
(U(x) is defined on page 197.)

Prove the following version of the Shoenfield Absoluteness Theorem (Shoen-
field [1961]): If ¢ is a 3} code, then membership in the 32 set coded by ¢
is absolute for uncountable transitive class models of ZFC. Use this result to
do Exercise 5.2.1 and to reprove Lemma 5.2.6.
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Exercise 5.2.3. Let T be a game tree with taboos. Let A C [T] be such
that both A and [T]\ A belong to (w? + 1)-II. Assume that there is a
measurable cardinal larger than [T]. Prove that there is a transitive class
model N of ZFC such that there is an A-semicovering C* = (T* 7%, ¢*, ¥*)
of T with respect to N that unravels A such that T* € N. (From this it
follows by Lemma 5.2.3 that G(A; T) is determined.)

Hint. Proceed exactly as in the proof of Theorem 5.2.31, getting a transi-
tive class model N of ZFC and a (A4, (,_,2 Ap) semicovering C = (T, 7, ¢,0)
of T with respect to N such that there is a A} code in N for w—1(A). Note
that the proof gives that T and 7 belong to N. Now show that the proofs
of Theorems 2.2.6 and 2.2.3 actually give a covering C' = (T', 7', ¢/, ¥') of of
T that unravels w=!(A) and is such that T', 7/, and ¢ belong to N. Now
apply Lemma 5.2.13 to show that C o C' is the desired C*.

Exercise 5.2.4. Redo (and simplify) Section 5.2 as follows.

(1) In the definition of ¢ : T =g T, replace the last conjunct of clause (i)
by

S(T)NnM C domain (¢).

(2) Strengthen the hypothesis of Lemma 5.2.1 to require that 6 € M.
(3) Redefine FJ to be (Fyni)™
(4) Replace clause (c) of Lemmas 5.2.11, 5.2.23, and 5.2.28 by

¢ e M.

Replace clause (i)(d) and (ii)(d) of Lemma 5.2.12 by the assertions that ¢,
and ¢ belong to M. Make similar changes in the hypotheses of Lemma 5.2.13,

the definition of Ié%ilie“)), clause (d) of Lemma 5.2.18, and the hypotheses

of Lemma 5.2.20, the definitions of fé\ﬁi and F oni7, and the conclusions of
Lemma 5.2.25 and 5.2.29.

5) (Optional) Replace, in the definitions of the domains of F and FM
(5) (Op p

psi psi?
the requirement that the intersection of countably many elements of U be

nonempty by the requirement that x > w;. Add the latter requirement to

the definition of domain (Fpp™). Add x > w; to the hypotheses of Lem-
mas 5.2.12, 5.2.25, and 5.2.29.

(6) In the definitions of M, (U), \,(U), and V,(U), replace “wi(n + 1)” by

[43 7

n.
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5.3 Reversible Implications

Let X be an infinite cardinal number. Theorem 4.4.2 shows that if a” exists
for every a C A then all TI} games in trees of size < \ are determined.
Our first goal in this section is to improve that theorem, replacing “II}” by
“U B B-TI1” in its conclusion. Afterward we will generalize this result. We
will prove, for all & < w; and for all 8 < w?(a + 1), that the determinacy of
all B-TI} games in trees of size A follows from the existence, for each a C ),
of indiscernibles for M, a, where M is a transitive class model of ZFC with «
measurable cardinals. (Our first result will thus be the special case o = 0.)
For countable A, the conclusion of this implication implies its hypothesis for
every «, and so the implication is really half of an equivalence. This is also
true of the lightface version. (See Exercises 4.4.1 and 5.3.4, 5.3.5, and 5.3.6
for the converses.)

The proof of Theorem 4.4.2 is like that of Theorem 4.1.6, except that A\
replaces the measurable cardinal of the proof of Theorem 4.1.6. Assuming
the hypothesis of Theorem 4.4.2 and using

n

—
AP AT A

in place of n measurable cardinals, one can imitate the proof of Theorem
5.1.4 and prove the determinacy of n—TI! games. With the aid of the ordering
trick (see page 221), one can prove the determinacy of wn-TI} games for each
n € w. (One cannot get an even stronger conclusion by using infinitely many
cardinals. To see why the attempt to do so breaks down, note, for example,
that any finite set of cardinals belongs to L but, if 07 exists, then no infinite
set of uncountable cardinals belongs to L.)

We present the details in terms of semicoverings. We begin with an
analogue of Lemma 4.2.2.

Lemma 5.3.1. Let b be a set such that b € L[b] and such that b¥ exists. Let
T € L[b] be a game tree with taboos. Let B C [T] be such that B € TI} and
such that some I1} code ¢ for B belongs to L[b]. Let k € w. Suppose that k
is an uncountable cardinal (of V') such that b and T belong to L,[b].

(i) There is a (B, B) k-semicovering (T, m, ¢, W) of T with respect to L[b]
such that T and 7 belong to L[b], such that ¢(&) [, T belongs to L[b] for every
& € domain (@) and for every n € w, and such that L[b] = |T| < k.
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(i4) There is a ([T]\ B, B) k-semicovering <’i‘,7r, o, V) of T with respect

to L[b] such that T and 7 belong to L[b], such that ¢(c) [ ,T' belongs to L[b]
for every & € domain (¢) and for everyn € w, and such that L[b] = |T| < k.

Proof. As in the proof of Lemma 4.2.2, we consider only (i) and only the
case k = 0. Define T and 7 as in the proof of Lemma 4.2.2, with the third
component of ¢ as p — <.

The domain of ¢ will be the set of all & € S(T) such that & | , 7' € L[b]
for each n € w.

For & € S;(T) N L[b], define ¢(5) as in the proof of Lemma 4.2.2. Tt is
clear that ¢(5) € L[b] for such &. Now extend ¢(5) in the obvious to its full
domain. Define ¥(5,z), for = a play consistent with ¢(¢), as in the proof of
Lemma 4.2.2.

Suppose that 7 € S;;(T') belongs to domain (¢). For p € T with ¢h(p) =
2n + 1 and for v € [k]"™!, define G(p,v) as in the proof of Lemma 4.2.2. Let
Y0, - - -, Ym be such that both 7 | 9,417 and § are definable in L[b] from b and

b b

Cogs++rCo - Let B, < K be larger than any ~; that is smaller than x. For

p € T with ¢h(p) = 2n + 1, let

(B (P) = F(ap. Ak, - n}).

Note that the restriction of ¢(7) to positions of length 2n+1 is defined in L[]
from b,c ..., 4 1y, ). Thus ¢(7) | T belongs to L[b] for each
n € w. Forn € w, let X,, = {cg | 6, < & < k}. By indiscernibility and the

fact that 7 takes fewer than x values, for every p € T' with ¢h(p) = 2n + 1,

(Vv € [Xa]"™) 7(4(p,v)) = (8(7))(p)-

For plays x consistent with ¢(7), define ¥ (7, x) as in the proof of Lemma 4.2.2,
with () .. X, replacing the X of the earlier proof. U

new

Next we prove an analogue of Lemma 4.2.3.

Lemma 5.3.2. Let b be a set such that b € L[b] and such that b% exists. Let
T € L[b] be a game tree with taboos. Let B C [T| be such that B € II;
and such that some IIi code ¢ for B belongs to L[b]. Let k € w and m € w.
Suppose that k is an uncountable cardinal such that b € L.[b], T C L[b],

and
(Vp e T)(¢h(p) > m — T, € L,[b]).
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(i) There is a (B, B) k-semicovering (T, 7, ¢, V) of T with respect to L[b
such that T and m belong to L[b], such that $() [, T belongs to L[b] for every
¢ € domain (¢) and for every n € w, such that T C L,[b], and such that

(Vp € T)(th(p) > max{k,m} + 1 — Ty € Ly[b]).
, 0, W) of T of with respect

T
T belongs to L[b] for every
C L,[b], and such that

(i4) There is a ([T]\B, B) k-semicovering (T,
to L[b] such that T and m belong to L[b], ¢(7) [ »
o € domain (¢) and for every n € w, such that T

(Vp € T)(¢h(p) > max{k,m} +1 — Ty € L.[b]).

Proof. Define j, T, and 7 as in the proof of Lemma 4.2.3. Define ¢ and
the X,, as in the proof of Lemma 5.3.2, but replace “¢/h(p) = 2n + 1”7 by
“h(p) =2(j +n) + 1.7 For p € T with ¢h(p) = 2(j +n) + 1, we have that

n>m = (Vv € [X,]") 7(q(p,v)) = (6(7))(p)-

This allows us to define ¥ as in the proof of Lemma 5.3.1, i.e., as in the proof
of Lemma 4.2.2. 0

Next we want to extract the operations implicit in the proof of Lemma 5.3.2.

The operations giving T and 7 are just those of §5.2.3, F; and Fpi re-
spectively.

The operation giving ¢ we call F,;. The domain of F; is the set of all
(b, c, k,m, k,i), where

(1)

(i) b € L[b] and b* exists;

(iii) c € L[bl;
)

(iv) K is an uncountable cardinal number such that b € L.[b], T C L,[b],
and

(c,k,m, k,i) € domain (F);

(Vp e T)(¢h(p) > m — T, € L,[b)),

where T is the first component of c.

The analogue of Lemma 5.2.11 holds:
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Lemma 5.3.3. Let

(b,c,k,m, k,i) € domain (F;)

be such thatc = (T, E, f). LetT = Fi(e,k,m, k,i) and let ¢ = Fyi(b,c, k,m, k, ).
Then

(a) ¢:T S T;
(b) ¢ 1 (S(T) N Lb]) is the identity;
(¢) for all ¢ € domain (¢) and for alln € w, ¢(5) [, T belongs to L[b.

*

The operation F; giving the ¥ of the proof of Lemma 5.3.2 has the
same domain as F};. Moreover, if (b,c,k,m,k,i) € domain (F}), then
the domain of F;(b, ¢, k,m, k, i) is the set of all pairs (7, z) such that & €
domain (¢), such that z is a play (not necessarily in L[b]) that is consistent
with (F5(b, ¢, k,m, k,4))(5), and such that at least one of the following holds

(i) ¢ =1 and ¢ is a strategy for I;

(ii) ¢ = 2 and & is a strategy for I[;
(iii) « is finite;
(iv) z belongs to the I} set coded by c.

The next lemma is analogous to Lemma 5.2.12.

Lemma 5.3.4. Let b be a set such that b € L[b] and such that b% exists. Let
c=(T,E, f) be a II} code belonging to L[b] and let B C [T] be the I1] set
coded by c. Let m and k belong to w. Let m = max{k,m} + 1. Suppose that
K is an uncountable cardinal such that b € L[b], T C L.[b], and

(Vp e T)(¢h(p) > m — T, € L,[b]).
Fori e {1,2}, let

T, = Filc,k,m,k,i);

T = ‘Fpi<caﬁ7mak7i7);

¢7ﬁ = ;hi(bac7 K’7makai);
U, = Frilbc k,m,k,i).

Then
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(i) (T, 71, b1, U,) is a (B, B) k-semicovering of T with respect to LI[b]
such that
(a) both Ty and m, belong to L[b);
(b) TI - Ln[b];
(¢) (¥p € T)(¢h(p) > i — (Th), € Lib]);
(d) (V& € domain(¢y))(Vn € w) () [, T € L[b].
(v) (T, 7, ¢, Vs) is a ([T]\ B, B) k-semicovering of T with respect
to L[b] such that
(a) both Ty and 7 belong to L[b];
(b) TQ g Lm[b];
(c) (¥p € To)(¢h(p) > m — (Tn), € L[b]);
(d) (V& € domain(¢ps))(Vn € w) ¢o(6) [, T € L[b].

We do not need to define any new composition and limit operations, so
we turn to the task of defining operations for unraveling w-TI1 sets.

The old operations F; and -7:p1 will still play their roles in the present
context. We have the following refinement of clause (c) of Lemma 5.2.22.

Lemma 5.3.5. Let b be a set and let
{{c; | i € w), K, k) € domain (F;) N L[b],

with T the common first component of the ¢; and with k an uncountable
cardinal number. Let T = Fi((c; | i € w),k, k). Then

T e Lb] — T C Lbl.

We next define a opertion F7; whose domain is the set of all (b, (c; | i €
w), K, k) such that
(i) ({c; | i € w), kK, k) € domain (F,);
(i) b € L[b] and b* exists;
(ili) c e L[b];
)

(iv) s is an uncountable cardinal number such that T € L,[b], where T is
the common first component of the c;.



262 CHAPTER 5. o-TI} GAMES

The definition of F:(b, (c; | i € w), &, k) is exactly like that of ]iﬁ@((ci EXS
w), K, k,U), with two exceptions. First, induction hypothesis (3) is replaced
by

(3)if m € wand i < j < n then ¢;,;(0) | ,I; belongs to L[b] for all
o € domain (¢;,;).

Second, in the induction step of the definition of d’, we set
¢n+17n = ;hi(ba CZ, R, My, k + n, Zn)
We have the following analogue of Lemma 5.2.23.

Lemma 5.3.6. Let

(b,{ci | i € w), K, k) € domain (F};),

with T is the common first component of the c;. Let T=F((ci|i€w),nrk)
and let ¢ = Fj(b,{(c; | i € w), k, k). Then

(a) ¢: T “Hr,
(b) ¢ | (S(T) N Lb|) is the identity.
(¢) for all ¢ € domain (¢) and for alln € w, ¢(&) |, T belongs to L[b].

Proof. We content ourselves with sketching the proof of (c). Let T;, i € w,
be as in the definiton of F; and let ®ji, 1 < j € w, be as in the definition
of F)L, for M = L[b]. For i € w, let ¢oo; : S(T) — S(T;) be the canonical
function. Then ¢ = ¢;p 0 ¢oo;. For each n, there is an ¢ such that ¢oo; |
S(,,T) is the identity. Thus (c) follows from the definitions and clause (c) of

Lemma 5.3.3. 4

Finally we define an operation f;si whose domain is the same as that
of F%,. The definition of F

hi- si(b,{ci | i € w), K, k) is exactly like that of

]:"Ifs[ib]“ci | i € w), Kk, k,U), except that, in the definition of d”, we make the

changes noted above when we defined (b, (¢; | i € w),k,k), and, in the
induction step, we set

\I/n,n—i-l — f*

ilbsens kM b+ ny ).

) n)

We have the following analogue of Lemma 5.2.25.
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Lemma 5.3.7. Let b be a set such that b € L[b] and such that b* exists. Let
(c; | i € w) € L[b] be a sequence of TI} codes with the same first component
T. Fori € w let A; be the I1} set coded by c;. Let A be the subset of [T] that
(A; | i € w) witnesses to belong to w-TIi. Let x be an uncountable cardinal
such that b and T belong to L.[b]. Let k € w. Let

= Fil{c; | i €w),k,k);
= ]:"pi(<cl- | i € w), K, k);
_;hi(b> <Ci | (S w)?"’ivk);

= Frib,(c; | i €w),k, k).

psi

ESEECUEETIN S L
Il

Then

(i) (T, 71, ¢1,W1) is a (A, Ve, Ai) k-semicovering of T with respect to
M.

)

(ii) both T and 7 belong to L[b] and T C L,[b];
(#ii) for all 6 € domain (¢) and for alln € w, ¢(&) [, T belongs to L[b].

We are now ready to deal with wn-TI]} sets.

Lemma 5.3.8. Let b be a set such that b € L[b] and such that b* exists. Let
n € w. Let (cg | B < wn) € L[b] be a sequence of I1; codes with the same
first component T. For 3 < wn let Ag be the II} set coded by cg. Let A be
the subset of [T] that (As | B < wn) witnesses to belong to w-II}. Then
G(A;T) is determined. Indeed, there is a winning strategy o for G(A;T)
such that o [ /T belongs to L[b] for each i € w.

Proof. Let k be an uncountable cardinal such that b and T belong to L, [b].
Let k1 = K and, for 1 < m < n, let K11 = (km) ™"

For 3 < wn, let cg = (T, Eg, f3), where fg is p —<b.

By induction on m < n we define a system

<Tm ‘ m < n>a <7Tm,m’> ¢m,m/7 \Ijm’,m ‘ m S m’ S n>)
Our definition will be such that
(i) if m <m’ <n and

m,m’
Cm’,m = <Tm’a7rm/,ma¢m’,malp ’ >7
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then Cppm is a (7,0(A), 700 (Numesewn: As)) semicovering of T,
with respect to L[b] such that T, and m,, ,, belong to L[b], such that
T C Ly ,[b], and such that ¢, m(0) [ /15, belongs to L[b] for every
o € domain (¢, ) and every i € w.

(ll) lf m S m, S m” S n then Cm//’m = Cm”,m’ @) Cm/’m,

We begin by setting Ty = T.
Now let 0 < m < n. For 8 < wn, set

CZL = <Tm77r771,10(Eﬁ)7fgz>7

where f5'(p) = < o) We define C,,+1,, by setting

Tm

Tm+1 = ﬁt(<c,gn |wm§ﬁ<w(m+1)>,ﬁ,0>);
Tm+1m = pi <Cgl |wm < B <w(m+1)),k,0));
¢m+1,m = 7;hi(b7 <ch | wm < f < w(m + 1)>7 K, O)),
gt = Fro(b, (e |wm < B < w(m+ 1)), £,0)).

For m' < m we define 711/, Gma1m, and W™ ag required by (ii).
By (i), Cno is an (A,(;.,,,) semicovering of T with respect to L[b]. Since
7, 0(A) is empty, C, o unravels A. O

Lemma 5.3.8 gives us our strengthening of Theorem 4.4.2:

Theorem 5.3.9. Let A\ be an infinite cardinal number. Assume that
(Va C \) a™ exists.

Then, for every n € w and every game tree T such that |T| < X, all wn-II;
games in T are determined.

Proof. Let T be a game tree with taboos with |T'| < A. Let n € w. Let
(Ag | B < wn) witness that A C [T] belongs to wn-II}. We will show
that G(A;T) is determined. We may assume without loss of generality that
field (T') C \. Let (cg | B < wn) be such that each ¢z is a I1j code for Ag. It
is easy to see that there is a b C X such that both (cs | 5 < wn) belongs to
Ly+[b]. Since b* exists, Lemma 5.3.8 implies that G(A; T) is determined. O

Remarks:
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(a) (Exercise 4.4.2) implies the converse of Theorem 5.3.9 for the case
of countable A\. Thus the two theorems together give that the determinacy
of all TI} games in countable trees implies the determinacy of all all S-TI}
games in countable trees for all 3 < w?. To my knowledge, no direct proof is
known of this latter fact.

(b) A special case of Theorem 5.3.9 is due to Friedman [1971a]. (See
remark (b) following Theorem 5.3.10 below.)

(c) The converse of Theorem 5.3.9 was first proved by the author. (See
remark (c) following Theorem 5.3.10.)

Suppose that « is an ordinal smaller than the ordinal called w¥; i.e.,
suppose there is a recursive wellordering of a (recursive) subset of w of order
type a. If A C “w, then A belongs to the lightface class a—II! if there are
sets Ag, B < a, and there is a one-one g : @« — w such that

(1) {(9(7),9(B)) | v < B < a} is recursive;
(2) {{g(B),z) | B<a A weAg}ell.

Condition (1) can be modified without changing the concept defined. One

can replace “recursive” by “Al” and, in the other direction, one can require

that range (¢) = w for « infinite. There are fairly reasonable notions of a—II}

for larger classes of countable ordinals, notions that we will not discuss.
Here is the lightface version of Theorem 5.3.9.

Theorem 5.3.10. If 0% exists then, for all n € w, all wn-11} games in <“w
are determined.

Proof. The proof of Theorem 5.3.9 proves the present theorem, for our
hypotheses allow us to take the b of that proof to be (. O

Remarks:

(a) Harrington’s Exercise 4.4.1 implies the converse of Theorem 5.3.10.
The two theorems together imply that, for all n € w, the determinacy of all
wn—II} games in <“w is a consequence of the determinacy of all IT} games in
<“w. No direct proof is known of this last fact.

(b) In Friedman [1971a] there is a proof of the determinacy of all 3-
[T} games from the existence of 0#. That proof easily generalizes to n-II}.
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(Friedman apparently did not notice that the class he was considering was
the third level of a hierarchy.)

(¢) The converse of Theorem 5.3.10 was proved by the author before
Harrington’s result, but after Theorem 5.3.10 itself. He showed that the
determinacy of all 3-TI! games in <“w implies the existence of 0%,

We now turn to the many-measurable-cardinals generalization of Theo-
rem 5.3.9. For this we will need a slight strengthening of the basic determi-
nacy result, Lemma 5.2.1.

Lemma 5.3.11. Let M be a transitive class model of ZFC. Let T be a game
tree with taboos. Let A C [T). Let (T,m, ¢, V) be an A-semicovering of T
with respect to M that unravels A and is such that T € M. Assume that
there is a winning strateqy ¢ for G(w=1(A);T) such that, for every k € w,
o | «T belongs to M. Then G(A;T) is determined.

Proof. Since & € M, ¢ € domain (¢). As in the proof of Lemma 4.2.1, i.e.,
as in that of of Lemma 2.1.3, ¢(¢) is a winning strategy for G(A;T). O

Theorem 5.3.12. Let a be a countable ordinal. Let X be an infinite cardinal
number. Assume that for every a C X there is a transitive proper class model
M of ZFC such that

(i) the class of kK > A such that M = “ is a measurable cardinal” has
order type > «;

(ii) there is a proper class C of indiscernibles for M, a.

Then, for every B < w?(a+ 1), all B-TI} games in trees of size X are deter-
maned.

Proof. Let n € w. Let T be a game tree with taboos with field (T') C A.
Let (Ag | B < w?a + wn) witness that A C [T] belongs to (w?a + wn)-TI].
For 8 < w?a + wn, let cg be a II} code for Ag.
Let a C X be such that (cs | 8 < w?*a+wn) belongs to L[a] and such that
a is countable in Lfa]. Let M be as given by the hypotheses of the theorem.
Let (ky | ¥ < ) enumerate the first o measurable cardinals of M in order
of magnitude. Let (U, | v < ) € M be such that M = ‘U, is a uniform
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normal ultrafilter on x,” for every v < a. Replacing M by Ult,, (M;Uy) if
necessary, we may assume that kg > wy. Let

N = LlaAth | 7 < .

By Theorem 3.5.4, (U, N N | v < «) is definable in M from a and
(ko | v < @). Thus property (ii) of M gives us the existence of ({a,{U, NN |
v < app)F.

Observe that the construction and proof of Theorem 5.2.32 go through
unchanged if we replace the assumption that each U, is in V' a uniform normal
ultrafilter on . by the hypothesis that each U, N L{a,{U, | v < a}] is in
Lia,{U, | v < a)}] a uniform normal ultrafilter on ., provided that we add
the assumption that kg > wy. (Without this last assumption, we might have
A} > ko for with v < 9/ < a.) In the present context, we can thus repeat
the earlier definitions and construction, getting a Co o = (T4, Ta.0, a0, T%)
that is an (4, (5.2, Ap) semicovering of T with respect to M, = Lla, (A8
E<a Niew).

Note that the existence of ({a,{U, NN | v < a})})# implies the existence
of ({a, (XS | € < a A i€ w))y)#.

The hypotheses of Lemma 5.3.8 are satisfied with {a, (\{ | € < a Ai € w)}
as b, with and (c(,,,. | £ < wn) as (cg | B < wn), and with A, the set
witnessed to be wn~TI} by (7 {(Auzate) | € < wn), as A. Hence Lemma 5.3.8

gives us a winning strategy o for the gameAG(/l; T,) with the property that,
for every i € w, o T, € M,. But A = m_(A), and so we get the
determinacy of G(A;T) as in the proofs of Theorems 5.2.31 and 5.2.32. [

Remarks:

(a) For ordinals such that a lightface notion a~II} is definable, the light-
face version of Theorem 5.3.12 holds. See Exercise 5.3.1.

(b) For each o and A, the converse of Theorem 5.3.12 holds. (This is also
true of the lightface version.) See Exercises 5.3.4, 5.3.5, and 5.3.6.

(c) Using the Diff*(II}) hierarchy, one can remove the condition that

« be countable from Theorem 5.3.12 and its converse. See Exercises 5.3.2
and 5.3.7.

Theorem 5.3.12 and Exercise 5.3.6 imply that, for all countable ordinals «,
for all infinite cardinals A, and for all ordinals 3 and v with 1 < 8 < v < w?,
the determinacy of (w?a+ 3)-TI} games is equivalent to that of (w?a+-)-TI}
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games. Analogous results hold for uncountable a (Exercises 5.3.2 and 5.3.7)
and for the lightface case. For classes of the form (w?a)-TI}, determinacy
turns out not to be provably equivalent to the determinacy of any of the
classes just mentioned. We already know half of this fact. Consider, for
simplicity, the lightface case, for small enough a. The determinacy of (w?« +
1)-TI} games implies the existence of indiscernibles for a transitive proper
class model of ZFC with o measurable cardinals, and the strictly weaker
assumption that there exists a transitive proper class model of ZFC with «
measurable cardinals implies w?a~TI} determinacy.

It turns out that there is a rich structure of classes lying between |, ., wn-1I}
and (w? + 1)-TI} with inequivalent determinacy questions.

Derrick DuBose has found classes whose determinacy is equivalent with

(1) the existence of 0¥# where 0'# = 0% and 0*+V# = (0*#)# for 1 < k €
w (DuBose [1990] and Exercise 5.3.10);

(2) the existence of a proper class of indiscernibles for L[#], where #; is
the sharp function on “w (DuBose [1992] and Exercise 5.3.14;

(3) the existence of a proper class of indiscernibles for L[#j], where #;
is the sharp function on type k objects (DuBose [1995] and Exer-
cise 5.3.15).

Equivalence results for classes intermediate between those of (2) and (3) are
in DuBose [1992a] and DuBose [1997].

DuBose and the author independently proved that determinacy for a cer-
tain class is equivalent with the existence of a proper class of indiscernibles for
L[#], where # is the sharp function on arbitrary objects. See Exercise5.3.17.

Philip Welch has found a large cardinal hypothesis equivalent with the
determinacy w?-TI} games. Indeed, Welch [1996] gives large cardinal equiva-
lents for w?y-TI} determinacy for, e.g., all recursive ordinals y. Welch [1977]
gives, for each such v, an equivalent for the determinacy of games G(A; ““w)
such that both A and —A belong to w?~-II}.

Exercise 5.3.1. Let a < w%. Assume that there is a transitive proper

class M such that {x | M = “k is a measurable cardinal”} has order type
> « and such that there is a proper class of indiscernibles for M. Prove that,
for every 8 < w?(a + 1), all B-II] games are determined.

Remark. The lightface version of Exercise 5.3.6 gives a strong converse
to this result, with “8 = w?a + 1”7 replacing “for every 8 < w?(a + 1).”
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Exercise 5.3.2. Show that Theorem 5.3.12 remains true if the restriction
that a be countable is removed, provided that “g-TI}” is replaced by “(3-
I1])*” in its statement. (See page 50 for the definition of the generalized
difference hierarchy.) This theorem of the author was proved around 1990.

Hint. Use the methods of §2.2 to generalize the limit operations of §5.2.4.

Exercise 5.3.3. Work in ZF and assume the Axiom of Determinacy. Prove
that w; is a measurable cardinal. Indeed prove that the filter generated by
the closed unbounded subsets of w; is an ultrafilter. (This result of Solovay
was perhaps the main cause for set theorists’ becoming interested in AD.)

Hint. Let X C w;. We define a game G = G(A; ““w), describing A im-
plicitly as follows. Dividing the even and odd natural numbers into infinitely
many infinite sets, construe I’s part of a play z as a sequence (x7 | i € w) of el-
ements of “w and construe /1’s part as a sequence (y? | i € w). Foreachi € w,
let rf = {{m,n) | 27(m) < xi(n)} and let s7 = {(m,n) | y7(m) <y;(n)}. If
r? is a wellordering, let n? be its order type. If s7 is a wellordering, let (7 be
its order type.

The winning conditions for GG are as follows:

(1) If some r? or s7 is not a wellordering, then I wins if and only if, for the
least such ¢, r7 is a wellordering.

(2) If all 7 and all s7 are wellorderings, then let

z

p* = sup;e,max{n;, (7}
I wins if and only if p* € X.

Assume for definiteness I has a winning strategy o for G.
For 7 € w, show that there is a closed unbounded subset C; of w; such
that, for all plays z consistent with ¢ and all £ € C|

(Vj <i)(¢f is defined and ¢ < & — 77 is defined and n; < §).
To do this, note that if £ < w; and
Be = {7 | z is consistent with o A (Vj <i)((; is defined and ¢} < &)},

then By € X} and the r7 associated with members of B¢ are all wellorderings.
By the boundedness principle (Moschovakis [1980], Exercise 4A6), the set of
all order types of these wellorderings is bounded in ws.
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Let C =), C;. Show that every member of C; is p* for some play z

1Cw
consistent with . Thus C' is a closed, unbounded subset of X.

Remark. The proof outlined in the hint is Solovay’s original proof. Varia-
tions of it are used in the following exercises. There are other, very different,
proofs. One such proof, due to the author, uses Turing determinacy, i.e.,
P(“w) Turing determinacy as defined in Exercise 1.4.3. By Exercise 1.4.4,
Turing determinacy gives a countably complete ultrafilter on the set of all
degrees of unsolvability. Mapping each Turing degree d to, e.g., the least
d-admissible ordinal, one induces a countably complete ultrafilter on w;.

Exercise 5.3.4. Assume that all lightface (w?+1)-II] games are determined
and prove that there is a transitive proper class model for ZFC + “There is
a measurable cardinal.”

Hint. Divide up the natural numbers as in the hint to Exercise 5.3.3, but
now let let I’s part of a play z give z(0) plus (25 | 8 < w?) and let II’s part
give (y3 | < w?). For < w?, define 73, s3, 13, and (§ by analogy with
(and under the same conditions as) the corresponding concepts in the earlier
hint. For n € w, let

pfz - SupiEwmaX{nZnJri? Cfm+i}7

provided that all the 77, ,; and all the ¢, ; are defined.
Let G be the game in <“w with the following winning conditions:

(1) If some 7 or s is not a wellordering, then I wins if and only if, for the
least such 3, rj is a wellordering.

(2) If all r5 and all sj are wellorderings, let x* = sup,,c,p;, and let U* be
the filter on x* generated by the tails of the sequence (p? | n € w), i.e., let

U ={X Cr*|(Tm)(Vn>m)p; € X}.
I wins if and only if

(i) thereis f : % — % such that f € Ly 7], such that {y [ f(7) <
~v} € U*, and such that f is not constant on a set belonging to U*;

(ii) for f* the <pyq)-least f witnessing (i),

(a) (Ynew) f*(p;) < pi;
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(b) f2(p7) > f*(p5) < 2(0) > 0.

Prove that G is (w? + 1)-111.

Assume that o is a winning strategy for I for G.

Use the boundedness principle to show that there is a closed unbounded
subset C' of w; such that for every strictly increasing sequence (§, | n € w) of
elements of C' there is a play z consistent with o such that (Vn € w) pZ = &,.

Let (pe | € < wq) enumerate C' in order of magnitude. Let A be a limit
ordinal such that py = A. Let Kk = py1,,. Let U be the filter on x generated
by the tails of the sequence (prin, | 1 € w).

Let f be least in the canonical wellordering of L[] such that {~ | f(v) <
v} € U but such that f is not constant on an element of . (Because there
is a play Z consistent with o such that each p? = py.,, there must be such
an f.)

First show that

(1) (V€< A+ w) f(pe) < pe.

To do this, assume for a contradiction that £ < A+ w and f(pe¢) > pe. Let
z be a play consistent with o such that pj = p¢ and p; = pmaxirej4n for
all n > 0. It is clear that U* = U. Therefore f* = f, and so f(p§) > p§,
contrary to the assumption that o is a winning strategy for I for G.

Assume that o calls for I to play z(0) = 0. There must be an n € w
such that f(pasns1) > f(pain), for otherwise f would be constant on a tail
of the pyy, and so on an element of U. Let m be the least such n and let
z be a play consistent with ¢ such that p? = pximn for all n € w. Then
f2(p}) > f#(p), contradicting the assumption that o is a winning strategy.

Thus o calls for I to play z(0) > 0. If there exist & and & such that
& < & < A and such that f(pe,) < f(pg,), then one can contradict the
assumption that o is a winning strategy by letting z be consistent with o
and such that p§ = pg,, p7 = pe,, and p, = payn for alln > 2. Thus f[(CNA)
is order preserving. From (1) it follows that f [ (CNA): CNA— A But
A was chosen such that C'N A has order type A. Thus range (f [ (C'N X)) is
unbounded in A. Since f(py) < A by (t), there must be a £ < A such that
f(pe) > f(px). From this one can once again contradict the assumption that
0 is a winning strategy.

By the determinacy assumption, let 7 be a winning strategy for 11 for G.
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Use the boundedness principle to show that there is a closed unbounded
subset C' of wy such that for every k € w, for every strictly increasing sequence
(€, | n € w) of elements of C', and for every 0 < wy, there is a play z consistent
with G such that 2(0) = k, such that (Vn ew) p? = &,, and such that 77, > §

Let (§, | n € w) be an increasing sequence of elements of C' and let
K = Sup,c,&n. Let U be the filter generated by the tails of the sequence
{En |1 € w).

Assume that U N L[U] is not in L[U] a uniform normal ultrafilter on k. By
an absoluteness argument, there is a countable § such that U N L[] is not
in Ls[U] a uniform normal ultrafilter on . Let f be least in the canonical
wellordering of L[U] such that {v | f(v) < v} € U but such that f is not
constant on an element of Y. Thus f € Ls[U]. Let m be least number such
that f(&,) < &, for all n > m. Let z be a play consistent with 7 such that
P = &mn for all n € w, such that z(0) = 0 if and only if f(§n41) < f(&m),
and such that 7°, = d. Then z is a win for I, contradicting the assumption
that 7 is a winning strategy for I for G.

Remark. The result of the exercise, the a partial converse of Theo-
rem 4.4.2; is due to the author. The earliest result of this general kind
was proved by Robert Solovay, who deduced the existence of a transitive
proper class model for ZFC + “There is a measurable cardinal” from the
hypothesis that all IT} games in <“w are determined. After further results
by Harvey Friedman (in Friedman [1971a]) and by the author, Solovay suc-
ceeded in weakening his hypothesis to the determinacy of all A} games and
in improving his conclusion to get models with many measurable cardinals.
All these results were based on the author’s proof of the measurabilty of w,
under AD, the proof sketched in the remark after the hint to Exercise 5.3.3.
(Note that the proof of the optimal result, that of the present exercise, is
based on Solovay’s original proof of the measurability of w;.)

To get a model with a single measurable cardinal, Solovay proceeded as
follows. To each degree of unsolvability d, he associated the sequence of
the first w d-admissibles. He thus associated with d the filter generated by
the tails of this sequence. Turing determinacy guarantees that any question
about d and its associated sequence is constant on a cone. A result of Ronald
Jensen guarantees that any infinite increasing sequence of d-admissibles is
the sequence of the first w d’-admissibles for some d’-admissibles for some
d’ > d. These facts make possible an argument much like that given in the
hint to the exercise.
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Exercise 5.3.5. Assume that all lightface (w?+1)-TI} games are determined
and prove that 0T exists. (See page 180 for the definition of 07.)

Hint. Consider a game G like that of the hint to Exercise 5.3.4, but
modify the earlier game so that II’s part of a play z also gives a y2,, and
so an associated s”,. For convenience, arrange the division of w so that
the moves related only to zZ, and yZ. consititute, when all other moves are
ignored, a genuine play of a game with I and I1 moving alternately. By
regarding 72, as IR and s°, as E, one may construe this play as a play of
the G of the hint to Exercise 4.4.1 and so as a play of the GG}, of the hint to
Exercise 4.4.2, for any subset b of a countable ordinal.

Player I wins a play of G if (a) I wins according to conditions (1) and
(2) as on page 270 or (b) the p?, n € w, are all defined and I wins the play
of Gypznewy given by 22, and 372,.

The game G is (w? + 1)-II} and so is determined by assumption.

Assume that o is a winning strategy for I for G. Use the boundedness
principle and the argument of the hint to Exercise 5.3.4 to show that there
is a closed unbounded subset C' of w; such that for every strictly increasing
sequence {(p, | n € w) of elements of C' there is a sequence (yz | 8 < w?) of
elements of “w such that, for every 1,2 € “w, the play z consistent with o
with each y3 = ys has the following properties:

(i) z does not satisfy condition (a), i.e., z is no a win for I via condi-
tions (1) and (2);

(i) (Vn € w) s = pu:

(iii) 7?7, is less than the next element of C' after (J, ., pon-

Let (pn | » € w) be any strictly increasing sequence of elements of C'. Fix
(ys | B < w?) as given by (p, | n € w) and the stated property of C. Letting
Y.2 Tange over “w, one sees that o gives a winning strategy fo I for Gy, jnew)-
But, as in the hint to Exercise 4.4.1, it is easy to see that [ cannot have such
a winning strategy.

Let 7 be a winning strategy for I for G. Use the boundedness principle
to show that there is a closed unbounded subset C' of w; such that for every
strictly increasing sequence (p,, | n € w) of elements of C' there is a sequence
(xg | B < w?) of elements of “w such that, for every k € w and every
T2 € “w, the play 2 consistent with 7 with 2(0) = k and each y; = ys
satisfies (Vn € w) pZ = pp.
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Let (p, | n € w) be any strictly increasing sequence of elements of C'. By
the argument of the hint to Exercise 5.3.4, U N L[] is in L[] a uniform
normal ultrafilter on sup,,c,pn, Where U is the filter generated by the tails of
the sequence.

Fix (5 | B < w?) as given by (p, | n € w) and the stated property of
C. Letting y,2 vary over “w, one sees that 7 gives a winning strategy for
G {pnnew}- But this means that {p, | n € w}* exists and thus that (UNLU])*
exists. Thus 0f exists.

Remarks:

(a) The results of this exercise and the next were proved by the author
shortly after Harrington proved the result of Exercise 4.4.1. Harrington’s
argument made it possible to weaken the hypotheses of earlier theorems of
the author.

(b) By the case a = 1 of Exercise 5.3.1. the existence of 0 implies the
determinacy of all S-TI1 games for every 8 < w?2. The result of the present
exercise is a strong converse of that result. Combining the two, we get that
the determinacy of all (w?+1)-II} games implies the determinacy of all 3-TT}
games for every f < w?2.

Exercise 5.3.6. Let a be a countable ordinal, and let A be an infinite car-
dinal number. Assume that all (w?« + 1)-TII] games in trees of size < \ are

determined. Prove that for every a C A there is a transitive proper class
model M of ZFC such that

(a) the class of k > A such that M |= “k is a measurable cardinal” has
order type > «;

(b) there is a proper class C' of indiscernibles for M, a.

Hint. The proof is a fairly routine modification of the proof for Exer-
cise 5.3.5. (Exercise 5.3.5 is the lightface version of the case a = 1.) One
difference is in the properties of the sets C given by the boundedness prin-
ciple: “for every strictly increasing sequence (p, | n € w) of elements of C”
should be replaced by “for every strictly increasing sequence (p, | v < wa)
of elements of C' containing none of its limit points.” Another difference is
that the method of Exercise 4.4.2 has to be used when A is uncountable.

Remarks:
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(a) Essentially the same proof gives the lightface version of the exercise,
for ordinals a such that the lightface version makes sense.

(b) Combining the exercise with Theorem 5.3.12, one gets the equivalence,
for all @ and A, of (1) the hypotheses of Theorem 5.3.12 (i.e., the conclusion
of the exercise), (2) the conclusion Theorem 5.3.12, and (3) the hypotheses
of the exercise. By the equivalence of (2) and (3), the determinacy of all
(w?a+ 1)-TI} games in trees of size < X implies the determinacy of all 3-TI}
games in such trees for every 8 < w?(a+1). An analogous remark applies to
the combination of the lightface version of the exercise with Exercise 5.3.1.

Exercise 5.3.7. Show the result of Exercise 5.3.6 remains true if the restric-
tion that a be countable is removed, provided that “S-TIj” is replaced by
“(B-TI})*” in its statement. (See page 50 for the definition of the generalized
difference hierarchy.)

Hint. The method for modifying the proof of Exercise 5.3.6 is analo-
gous to the method for modifying the proof of Exercise 4.4.1 to get that of
Exercise 4.4.2.

Exercise 5.3.8. The remaining exercises for this section concern results giv-
ing equivalents of determinacy for classes between the classes wn—II} and the
class w?*-TI}. Each of these results is due entirely or (in one case) partly to
Derrick DuBose.

DuBose [1990] introduces, for classes I', two notions of what one might
describe as “wn-II with n given by a I' condition.” Both notions allow for
the possibility that the “I" condition” fails to yield a number n. The two
notions differ precisely in how such failure is treated.

If T is a class of sets, then say a subset A of “w belongs to (I')* if there
are (Ag | B < w?) and g : w? — w witnessing that some set is w?-I1} and
there is a B € I' with B C w x “w such that, for all x € “w,

€A < (n)((n,z) e BA N <n)nz)¢ BAxeA,),

where, for 8 < w?, Aﬁ is the set witnessed S-II7 by (A, | v < ), and where
we construe 0-TI} as having @ as its unique member.

Say that A C “w belongs to (I')% if there are (Ag | § < w?), g, and
B witnessing that some set A* belongs to (I')* and there are m € w and
D € wm-TI; such that, for all z €¥ w,

r€A & (reA"V ((Vn)(n,x) ¢ B ANz € D)).
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The boldface notions (I')** and (I')** are analogously defined, with “II{”
replacing “IT}.”

Remark. Note that the definitions for (I')* and (I')% agree when there
is an n such that (n,z) € B. When there is no such n, the (I')* definition
stipulates that « ¢ A, but the (I')% definition stipulates that x € A <> x € D.

(a) Show that (31)* = w?-II].
(b) Let T' C A} and let A € (T')*. Show that there are (A5 | 8 < w?), g,
and B witnessing that A € (I')* such that

(i) if 8 <y <w? then Ag D A;

(ii) if n < m € w and (n,x) € B, then z € A if and only if z € Awm,
where the Ag, 8 < w? are as above;

(i) Vyewe As =0,

Hint. In (b), to arrange for (i) and (iii), intersect the given II} sets Aj
with

{re“w]|(Fnecw)(n,x)y e B N (VYmew)lwm <[ — (m,x) ¢ B)}.

Exercise 5.3.9. Let A € (A})*. Prove that both A and “w \ A belong to
w1

Exercise 5.3.10. Let 1 < k € w, let I" be a class of sets, and let X be a
topological space. A subset B of w x X belongs to the class (k % I') if there
are Ry, ..., Ri_1, such that

(1) each R; is subset of w x X belonging to I’

(2) for all (n,z) € w x X, (n,x) belongs to B if and only if there are
i < kand j € w with (j,z) € R; and, for the lexicographically least
such (i, j), 7 = n.

Let 0°% = () and, for k € w, let 0F+1# = (0#)#.

Let 1 < k € w. Prove that 0*# exists if and only if of all (k * X9)* games
are determined.

Remark. The definition and the theorem are from DuBose [1990]. For
the case k = 1, the theorem gives a new equivalent of the existence of 0%.
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For each k, the boldface version of “only if” part gives a new equivalent of
“(Va € “w) 2™ exists.”

Hint. For the “only if” part, proceed by induction on k as follows.

First let b € L[b] such that b# exists, let A C “w, and let ¢ be a (1xX9)**
code (in the obvious sense) for A that belongs to L[b]. (See Exercise 5.3.8 for
the definition of (I')**.) Prove that there is a winning strategy for G(A; <“w)
that belongs to L[b#]. To do this, use ¢ and the proof of part (b) of Ex-
ercise 5.3.8 to get (Ag | B < w?) and B that belong to L[b], witness that
A € (1% X))*, and satisfy (i)—(iii) of part (b) of Exercise 5.3.8. Let
(cg | B < w?) € L[b] be such that each cg is a II code for Ag. Let R
be the witness given by c that B € (1 % X9).

For any p € T" and for any n € w, if

(Vz € [T,]) (n,x) € R,

then (ii) implies that AN [7,] is the same as the wn-II set given by (A |
B < wn). Therefore the proof of Lemma 5.3.8, applied in L[b#], shows that
there is a winning strategy G(A4;T,) that belongs to L[b*].

Now let & > 1 and assume by induction that if 0*# exists then every
(k * £9)* game has a winning strategy belonging to L[0*#]. Assume that
0+1# exists and let A € (k+1%%9)*. Let (Ag | B < w?), g, and B witness
that A € (k+ 1% X0)*. Let Ry..., Ry witness that B € (k + 1% X?). Using
Ry and Ry, ..., Ry_; respectively, define A € (1% %9)* and A € (k * X9)* in
the obvious way.

Let E be the set of all z € “w such that one of the following holds:

(a) z € Aand (Vm < k)(Vn €w) (n,z) ¢ Ry;

(b) (a) fails, and there is a position p C z such that (Im < k)(In €
w)(Vr € [T]) (n,x) € Ry, and, for the shortest such p, player I has a
winning strategy for G(A4; <“w) that belongs to L[0*#].

The set E has a (1 % X9)** code belonging to L[0¥#]. Therefore there is a
winning strategy for G(E; <“w) that belongs to L[0**+V#]. Show that such a
strategy yields a winning strategy for G(A4; <“w) that belongs to L[0*+V#],
For the “if” direction of the Exercise, also proceed by induction. Let
k € w, and assume that 0F* exists.
Let ¢(vo, ..., v;) be a formula of the language of set theory. Consider a
game G in ““w defined as follows. Construe I's part of a play x as giving
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(xZ | n € w) with each z? € “w, and let 2§ code a relation 7% in w. Similarly
let 11I’s part of the play give (y2 | n € w) and let y§ code a relation s* in w. For
n and ¢ € w, if the restriction of 7* to {a € w | ar* a7} is a wellordering,
then let n7,,; be the order type of this wellordering. Analogously define
ordinals ¢7,,;. For n € w, if nj and (j are defined for all 8 < w(n + 1),
then let p; = sup;c, max{n;,;, ,4:}- The winning conditions for G are as
follows.

(1) Let ZFCj; be the conjunction of the first 7 axioms of ZFC, for some large
enough natural number N, which we leave unspecified. Unless (w;7?) is a
isomorphic to an w-model M; of ZFC; + V = L[0*#] and unless (w;r?) &=

“xZ_ (i) is an ordinal” for all n and i € w, I loses. (See page 44 for the
definition of w-model.)

(2) Unless either I loses by (1) or else (w; s*) is a isomorphic to an w-model
My of ZFC;, + V = L[0¥] and (w; s*) E “yZ.,(i) is an ordinal” for all n
and ¢ € w, I loses.

(3) Suppose that no one loses because of (1) or (2). Suppose also that there
is a K such that 1 < k' < k and

(4 £ (0o,

Let k* be the least such &', and let the formula *(vy, . .., v,=) be such that
Tz (vg,....0m=) 1S the smallest number d such that

d e (0F#YMi  d ¢ (OF#)yMir,

(Here and in the remaining exercises of for this secition, assume that n, > m
whenever v, is free in ¢.) If there is a § < w(m?® + 1) such that at least one
of nj and (7 is undefined, then I wins if and only if, for the least such 3, 7j
is defined. If there is no such £, then let

a = (O(kz—l)#)MI — (O(kz—l)#)MH'

Then I wins if and only if

Lz lal = ¢%[a,p5, - - pr= 1]

(4) Suppose that no one loses because of (1)—(3). If there is a f < w(n+1)
such that at least one of 7§ and (j is undefined, then I wins if and only if,
for the least such 3, nj is defined.
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(5) Suppose that no one loses because of (1)-(4). Let b = (0*)M1 =
T, en / wins 1t and only 1
(0"#)YM11 Then I wins if and only if

LP; [b] ): gO[b, pga cee 7/);71]-

Show that G is (k + 1% X9)*. Indeed, show that G € (k * X9)%.

Assume that o is a winning strategy for I for G. Use the boundedness
principle to show that there is a closed unbounded subset C' of w; such that
every member of C' is a Silver indiscernible for each L[0¥#], k' < k, and
such that the following condition holds: Let (§; | i € w) be any strictly
increasing sequence of elements of C'. Then there is a play z consistent with
o such that M;; = ZFCjy, such that M;; = L., for some v > sup;. &, such
that (0¥#)Mr = 0F# for each k' < k, and such that, if m? is defined and
m < m* + 1 or if m* is undefined and m < j + 1, then p?, = &,,. Deduce
that, for (&, | m < n) any strictly increasing n-tuple of elements of C,

L[Ok#] ): go[ok#7€17"'>€n]-

Prove an analogous result under the assumption that /7 has a winning
strategy for G. Deduce that 0F+)# exists.

Exercise 5.3.11. Let 1 < k € w. Prove that the existence of 0*# is equiva-
lent with the determinacy of all (k — 1 % X9)% games.

Remark. This result is also from DuBose [1990]. It would remain true
if we redefined (I')% by requiring that D € IIj rather than merely that
D € wm-TI} for some m. Then one would have to use a game like that of
Exercise 4.4.1 in place of part of the game in the hint to the “if” half of
Exercise 5.3.11 (the part involving the formuala ¢).

Exercise 5.3.12. Generalize the both the definitions and the theorem of
CK

Exercise 5.3.11 from k € w to, say, the case a < wj
Exercise 5.3.13. Let M be a transitive class model of ZFC and let T € M
be a game tree with taboos. A strong M-covering of T is a C = (T, w, ¢, ¥)
such that

(1) in M, C has properties (a), (b), and (c) of a covering of T, as defined
on page 66;
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(2) for every ¢ € S(T) N M and for every & € [T'] such that z is con-
sistent with &, U(4, z) is defined and satisfies (c)(i), (c)(ii), and (c)(iii)
on page 66.

Let A C [T] be such that A has a Al code that belongs to M. Prove
that there is a strong M-covering of of T that unravels A (in the obvious
sense).

Hint. Verify that when the constructions of Chapter 2 are applied in M
they yield strong M-coverings.

Remark. This observation is literally due to the author, though DuBose
had earlier in effect made use of special cases.

Exercise 5.3.14. Let #; be the function = — 27 with domain a subset of
P(w)
(a) Prove that if

L[#1] | (Vo Cw)r¥exists,

then all (I19)* games are determined.
(b) Prove that the existence of a proper class of indiscernibles for L[#1]
is equivalent with the determinacy of all (II9)*% games.

Remark. These results are from DuBose [1992]. The boldface version of
(a) gives a new equivalent of the hypothesis that every subset of w has a
sharp.

Hint. For (a) suppose that (As | 8 < w?), ¢, and B witness that A
belongs to (T19)*. Let (cs | B < w?) € L be such that each cg is a IT] code
for Ag. For f < w?, let Az be the set witnessed to be f-TI! by (A, | v < ).

Let T = (““w,0,0), a game tree with taboos.

Define T, another game tree with taboos, as follows. A play 7 in T begins
with a (possible empty) sequence of pairs of moves, with pair number i being

I <m2z,X¢>
]I <<2,7’>,m2i+1>

The play may simply consist of infinitely many such pairs, or there may be
a number k£ = k; such that the play continues by

1 <m2k7 Xk> mok+2
11 (1, moj41) Mok43
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When k; exists, the play may be finite or infinite.
For uniformity, let us regard k; as always existing, taking it to be w when
it is not a finite number. A play & must satisfy the following conditions.

(1) Each m; belongs to w.
(2) Each X, belongs to L[#].
(3) Xo is a subtree of (W) ().
(4) For n >0, X, is a subtree of (Xy,_1)(m;|j<2n)-
()
(
(

a) r, € Xy;

b) ¢h(r,) > 2n+ 2,;

() T 2 (my |1 <2n+1);

(d) r, D1y forall n’ < n;

e) {xe“w|r, Cx A (nz)€ B} = 0.

(
(6) For n < kz and i < ¢h(ry,), (m; |7 <i) Cry,.

(7) If ks is finite, 2k; +2 <4, and (m; | j < i) & Xy, then (h(7) =
and Z is taboo for [ in T.

(8) If kz is finite and {w € “w | (m; | j < i) S A (ks x) € B} =0,
then (h(Z) = ¢ and 7 is taboo for I1 in T.

(9) Unless x | i is terminal because of (7) or (8),  is infinite.

Note that T belongs to L[#].

Show that there are w, ¢, and ¥ such that C = <’i‘,7r,¢>, V) is a strong
L[#]-covering of T. (This is a minor variation on the constructions of §2.1.)

Prove that G(7'(A); T) has a winning strategy that belongs to L[#].
For this observe that, for a position p C T witnessing that k;z is finite,
G(n ' (A); Tp) is essentially identical with G(Ag,;T. ) for a tree T" €
L[X4.]. The existence of (X,)# guarantees that the latter game is deter-
mined (and has a winning strategy belonging to L[#1]).

The proof that the existence of a proper class of indiscernibles for L[#]
implies the determinacy of all (II)*% games (half of part (b) of the exercise)
is similar to the proof of (a). Begin by deducing the hypothesis of (a) from
the current hypothesis. Next ignore the set D and define T and C as before.
Given D and given (Djs | 8 < wm) and h witnessing that D € wn-TI3, let
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(dg | B < wm) € L be such that each dg is a I code for Dg. Finally use
the (D, (Ngepm Dp) semicovering of T with respect to L[#] that is given by
the proof of Lemma 5.3.8.

Now consider the other half of (b). Assume that all (II{)* games are
determined.

Assume first that there is an x € P(w) N L[#,] such that 2% does not
exist. Let u be the <pp4,-least such x. Let ¢(vo, ..., vx) a formula such that
there is no closed unbounded subset C' of w; such that

o(u,ag,...,ag) < o(u, B, ..., 0k

for (v, ..., ax) and (By,. .., Bk) any two increasing sequences of elements of
C.

Consider the following game G in ““w. Let the objects zZ, vy, r*, s7,
N, (3, and p? be as in the hint for Exercise 5.3.10. The winning conditions
for G are as follows, where ZFCj, is as in the hint for Exercise 5.3.10.

<

(1) Unless (w;r?) is a isomorphic to an w-model M of ZFC; + V = L[#4]
and unless (w;7?) = “x?, (i) is an ordinal” for all n and ¢ € w with n > 1
and also |= “there is an 2 € P(w) N Lyz(o)[#1] such that z# does not exist,”
I loses.

(2) Unless either I loses by (1) or else (w;s?) is a isomorphic to an w-model
My of ZFC +V = L[#4] and (w; s*) = “yz, (i) is an ordinal” for all n and
i € wwith n > 1 and also = and “there is an x € P(w) N Lyz(o)[#1] such
that % does not exist,” I loses.

(3) Suppose that no one loses because of (1) or (2). Suppose also that there
is a w € P(w) N M;N M;j; such that both M; and M satisfy “w? exists”
and such that

(w#)MI £ (w#)MU_
For any such w, let i be the element of w sent to w by any isomorphism from
(w;r*) to My, and let jZ be the defined analogously from s* and M. Let

the formula 17, (vo, . . ., Umz ) be such that ny: (, ) is the smallest number
d such that

de (wH)M o d¢ (w)Mo,

.....

where the ordering is first by maximum and then by the lexicographic order-
ing.
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If there is a 3 < w(m?*+1) such that at least one of 73 and (j is undefined,
then [ wins if and only if, for the least such 3, nj is defined. If there is no
such 3, then I wins if and only if

Loz [w*] | 7w, 05, - s Plpe 1)

(4) Suppose that no one loses because of (1)—(3). If thereis a § < w(2k+1)
such that at least one of 73 and (f is undefined, then I wins if and only if,
for the least such 3, nj is defined.

(5) Suppose that no one loses because of (1)—(4). Then p3, belongs to the
wellfounded parts of both M and M;;. Let o < nf be the order type of the
initial segment of ui = w™M’ with respect to the (<pp,))"" and let 57 < (¢
be the corresponding ordinal for u%; = uMi and My;.

(a) Assume first that o < %, It follows that uj € My;. Then 11 wins
if and only if

L/Jgk [uI] ): QD[U';, pga s apZ—l] = gp[ui, pia s 7p§k:—1]'

(b) Assume next that 5% < o®. Then I wins if and only if

Loz [urr] & oluir, 05, 0kl < @luin pi - -5 pop_i]-

(c) Assume finally that o = §%. It follows that u = u3,. Then I wins if
and only if

Lﬂi [Uﬂ ): @[uia pga toe >PZ—1]-

Prove that G is (II9)%.

Assume that ¢ is a winning strategy for I for G. Use the boundedness
principle to show that there is a closed unbounded subset C' of w; such that
the following condition holds: Let (& | ¢ € w) be any strictly increasing
sequence of elements of C' and let v > sup,,&. There is a play z consistent
with o such that M; = L, [#;] and such that p, = &, for all m such that
m* exists and m < m?® or m* does not exist and m < 2k. Argue that, for
any such play z, u7 = uj; = v and

Llu] = ¢lu, &, - - &l

This contradicts the definition of w.
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Get a similar contradiction from the assumption that /I has a winning
strategy for G.

Now prove that a proper class of indiscernibles exist for L[#;] by consid-
ering a game like G, but where clauses (4) and (5) are replaced by clauses
analogous to the (4) and (5) of the hint to Exercise 5.3.10.

Remarks:

(a) The use of the machinery of Chapter 2 is not really needed for the
exercise, and it was not used in DuBose’s original proof (though it was used
in the proof in DuBose [1992]). This machinery is needed, however, for the
following exercise.

(b) If (I')% were redefined as suggested in the remarks to Exercise 5.3.11,
then the result of the present exercise would still hold.

Exercise 5.3.15. For 1 < k € w, let #; be the function  +— 2# with
domain a subset of P*(w). (See page 94 for the definition of P*(X).)
(a) Prove that if k£ € w and

Li#i] E (Vo€ PH(w) 2™ exists,

then all (TT9)* games are determined.

(b) Prove that, for k € w, the existence of a proper class of indiscernibles
for L[#}] and is equivalent with the determinacy of all (II})*% games.

(c) Generalize the results of (a) and (b), which are proved in DuBose
[1997], from the case k € w to the case k < wt

Hint. For (a) and one part of (b), use the constructions of Chapter 2 (of
§2.3, in particular) followed by the construction of the hint to Exercise 5.3.14
For the other part of (b), imitate the proofs for the corresponding part of
Exercise 5.3.14.

Exercise 5.3.16. (a) Let A € (I17)*. Prove that there are (45 | 8 < w?), g,
and B witnessing that A € (I1})* such that for every x € “w there is at most
one n such that (n,z) € B.

(b) Prove the result analogous to that of (a) with “(II})%” replacing
“(H%)*.”

Remark. This observation is due to DuBose.
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Hint. Let (A, | B < w?), g, and B’ witnessing that A € (II})*. Let B
belong to T} and uniformize B’. Let

€ Apri & (An>k)(n,x)e BN (ze A,V (3i<k)(jz)eB)).

Exercise 5.3.17. Let # be the class function z + 2% with domain a sub-
class of the class of all sets of ordinals.

(i) Prove that the existence of a proper class of indiscernibles for L[#]
implies the determinacy of all (II7)* games.

(ii) Prove that the determinacy of all (IT{)* games implies that

L[#] E (Vo COrd) z¥exists.
(iii) Prove the converse of (i).

Remarks:

(a) The class L[#] would be unaffected if # were the general sharp func-
tion, defined on every set that has a #. Similarly, the conclusion of (ii) would
be unaffected if “C Ord” were deleted.

(b) Part (i) is due to DuBose and the author jointly. The proofs outlined
in the hints to Exercise 5.3.14 and 5.3.15 incorporate elements of the more
recent proof of (i).

(c) Part (ii) is due to the author. Note that it implies the failure of the
analogue of Exercise 5.3.14, part (a) and Exercise 5.3.15, part (a).

(d) At the time when DuBose proved the theorems of Exercises 5.3.14
and 5.3.15, Philip Welch and the author independently noticed that Du-
Bose’s methods would yield part (iii) of the present exercise. This led to the
conjecture that part (i) should hold.

(e) It seems likely that the determinacy of all (II})* games implies the
existence of a proper class of indiscernibles for L[#] (and so implies the
determinacy of all (I17)* games). Using techniques of Steel [1982] and Ronald
Jensen’s theorem on the X correctness of the core model, the author has
proved that this implication holds under the assumption that every subset
of w has a #.

Hint. For (i), assume that there is a proper class of indiscernibles for
L[#]. For classes X C L[#], define H(L[#], X) just as H(L, X) was defined
on page 167, but using L[#] and <pg in place of L and <j. Show there
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is a closed unbounded proper class C' of indiscernibles for L[#] such that C'
generates L and such that, for every uncountable cardinal n, H(L[#],CNn) =
L,[#]. To do this, imitate the proof of Theorem 3.4.8.

First consider the case of (I17)*. Let (Ag | 8 < w?), g, and B be as given
by Exercise 5.3.16. Let (¢ | 8 < w?), (A3 | B < w?), and T be as in the hint
to Exercise 5.3.14.

Let

B*={z €“w| (3n) | (n,z) € B}.

Let ¢ € L be aII! code for B*. Imitating the proof of part (i) of Lemma 5.3.1,
show that there is a (B*, B*) semicovering C' = (T', 7,4/, V') of T with
respect to L[#] such that T/ and ©’ belong to L[#] and such that |T"| = N;.

Since every normal play in T’ belongs to 7w'~1(B*), it follows that '~ (B)
has a A} code belonging to L[#]. By a sequence of applications of Exer-
cise 5.3.13, let C = (T, 7, ¢, ) be a strong L[#]-covering of T’ that unravels
7' '({z | (n,z) € B}) for each n € w. Because, T# belongs to L[#], the
game G(m ' (w'~'(A)); T) has a winning strategy & that belongs to L[#].
(One way to prove this is to generalize to uncountable trees the & = 1 case
of Exercise 5.3.10.) Since C is a strong L[#]-covering, it follows that ¢(5) is
defined and is a winning strategy for G(7'~(A); T’). Since ¢(5) belongs to
L[#], this implies that ¢'(¢(5)) is a winning strategy for G(A4;T).

Now let A € (II3)* and let (Ag | 8 < w?), g, B, and D be as given by
Exercise 5.3.16. Let (cs | B < w?), (Ag | B < w?), T and B* be as above.
Let D, (Dg | B < wm), h, and (dg | f < wm) € L be as in the hint to
Exercise 5.3.14. For § < wm, let

Dy = DgU B*.

Let D}, = B*. Let D* be the set witnessed (wm +1)-TI} by (D} | § < wm).
Imitate the proof of Lemma 5.3.8 to show that there is a (D*,(;<,,, Dj)
semicovering C' = (T', 7'y, ¥') of T with respect to L[#] such that T and
7' belong to L[#] and such that |T’| = R,,11. Now let C = (T, 7, ¢, ¥) be
a strong L[#|-covering of T’ that unravels 7'~ *({z | (n,x) € B}) for each
n € w. Argue more or less as above.

For (ii), assume that there is a set a of ordinals such that a € L[#]
and such that a” does not exist. Let u be the < r#-least such a. Define
©(vg, . .., v) as in the hint to Exercise 5.3.14, with “L[#]” replacing “L[#].”

Define a game G in ““w as follows. Let the objects xZ, yZ, r*, s*, npg,
s, and pZ, be as in the hint for the last half of part (b) of Exercise 5.3.14.
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Winning conditions (1) and (2) are like (1) and (2) for the earlier game,
except that “#,” is replaced by “#” and “P(w)” is replaced by “P(z75(0).”

(3) Recall from the definition of “w-model” on page 44 that the wellfounded
parts of Mj; and Mj; are identical with the transitive sets to which they
are isomorphic. Suppose that no one loses because of (1) or (2). If nj is
undefined, then [ loses. If 7§ is defined and and does not belong to the
wellfounded part of My, then IT loses. Assume that neither player loses for
these reasons. Then there is a set w C 7§ such that w € M;NM;; and such
that at least one of the following holds.

(a) w=uMr.

(b) w = uMir,

(c) Both M; and My satisfy “w? exists,” and (w#)M1 # (w#)Mi1,

Let w® be the (<p ) -least such w. If (c) holds, let d* be the least number
d such that
d € (w)")M « d g ((w)*)Mr.

Determine which player wins as in the last part of (3) in the hint to Exer-
cise 5.3.14. If (a) or (b) holds, determine who wins as in (4) and (5) of the
hint to Exercise 5.3.14.

Prove that G € (IT1)* and then proceed as in the hint to Exercise 5.3.14.
The proof of (iii) is similar to that of the analogous part of Exercise 5.3.14.

5.4 X{(IT}) Games

In this section we go beyond the difference hierarchy on IT} and present work
of John Simms (Simms [1979]) concerning the first level of the o-algebra
generated by Boolean combinations of ITj sets. In any topological space, let
3Y(IT}) be the collection of all countable unions of Boolean combinations of
sets belonging to IT{. We prove Simms’ result that the determinacy of all
3O(I1}) games in a game tree T follows from the existence of a x > |T'| such
that x is a measurable limit of measurable cardinals. Simms [1979], plus later
work of John Steel, William Mitchell, and the author, further shows, for any
infinite cardinal ), that the determinacy of all X9(IT1) games in trees of size
A is equivalent to the existence, for each subset a of A, of a proper class of
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indiscernibles for M, a, where M is a transitive proper class model ZFC +
“There is a proper class of measurable cardinals” with a € M. We prove
one half of this equivalence and also a strong version, due to Simms, of this
half. We outline in hints to the exercises the proofs of the other half of the
equivalence and of related results. We also present lightface equivalences. In
the exercises we indicate how to generalize the equivalence theorems to the
difference hierarchy on the dual class IT{(IT3), using the “measurable limit
of” hierarchy.

The following lemma shows that “differences of II! sets” can replace
“Boolean combinations of IT{” sets in the definition of X{(IT}).

Lemma 5.4.1. Let T be a game tree and let A C [T]. Then A € (1)) if
and only if A is a countable union of differences of I} sets.

Proof. The “if” part of the lemma is trivial. For the “only if” part, let
A = U, Bn with each B, a Boolean combination of IIj sets. Using the
basic properties of Boolean algebras, we can show that, for each n € w,

Bn = U Bn,i;

1<mp,

where each m,, € w and each B, ; is a finite intersection of Il sets and
complements of ITj sets. Since II is closed under finite intersections and
unions, each B,,; is a difference of I1} sets. But then

A= U Bn,i7

new
< mp

so A is a countable union of differences of IT} sets. 4

We can also define Y(IT7), the lightface version of X{(ITj). Say that
A C “w belongs to X9(IT}) if there are C C w x “w and D C w x “w such
that C and D belong to T} and such that

A={re“w|(In€cw)(n,z) e C\ D}.

We next present a characterization of X{(I1) that will be a key ingredient
in the determinacy proofs for games in this class. In order to do this, we will
first prove a technical result.
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For any class linear ordering A, define wfo(A) as follows. If every ordinal
is order isomorphic to an initial segment of A, let wfo(.A) = Ord. Otherwise
let wfo(.A) be the largest ordinal that is order isomorphic to an initial segment
of A.

Let us extend our notion of a IT} code (defined on page 228) to the simpler
case of game trees without taboos or terminal positions. For such a tree T,
say that (T,p — <,) is a II] code if (T,0,p — <,) is a II] code, where
T = (T,0,0). Let us also define a lightface notion. Say that (<“w,p — <,)
is a [T code if it is a I} code and p — <, is recursive.

Lemma 5.4.2. Let T be a game tree without terminal positions. For each
n € wletc, = (I,p—<}) be a Il code. Then there is a I} code ¢ =
(T, p — <,) such that, for all x € [T,

(1) the induced ordering <, of w is not a wellordering;

(2) every non-zero i € w has an immediate successor with respect to <,;

(3) for everyn € w, if <P is a wellordering then there is an i € w such
that

(w; <) = ({Jewli <ai};<a);
i.e., wio(w; <) is larger than the order type of any of the (w; <) that
are wellorderings.

Moreover, if T = <“w and if (n,p) = <} is recursive, then c is a 1} code.

Remark. The essential clause of the lemma is (3). If we deleted clauses
(1) and (2)—and so deleted the corresponding clauses from Lemmas 5.4.3
and 5.4.4, only slight changes would be needed in the proofs of our determi-
nacy theorems.

Proof. Our proof will proceed in three steps:
(i) We define a continuous function x — S* with domain [7]. Each S*
will be a game subtree of ~“w.

(ii) We show that, for each x € [T, the restriction of the Brouwer-Kleene
ordering <PX to S® has wfo larger than the order types of the (w;<")
that are wellorderings. (The ordering <B¥ is defined on page 183.)

(iii) We use (ii) to construct p — <.
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For step (i), let (n,i) — k' be a bijection from w X w onto w with the
property that k' < k7 whenever i < j. For ¢ € ““w, let ¢ € S* provided
that, for all n such that kff < ¢h(q) and q(kf) =0,

(Vi = 1)k < thiq) — q(ky) <z a(k)).

The idea is that, for each n, the value ¢(ky) is a guess at whether or not
<7 is a wellordering. The value 0 is a guess that it is not a wellordering. If
q(ky) = 0, then the values of ¢ on the arguments k7', k%, ... must must verify
the correctness of this guess by forming a strictly decreasing sequence with
respect to <. If g(k{) > 0, then the guess is that <7 is a wellordering, and
no conditions are placed on the values of ¢ on arguments of the form £

For step (ii), fix = € [T].

We show that [S*] is nonempty by defining y € [S*] as follows. For each
n € w, set
0 if <? is not a wellordering;

1 otherwise.

i) = {

If n € wand y(kj) = 0, then let (y(k") | 1 <i € w) be a strictly decreasing
sequence with respect to <7. If n € w and y(k{) > 0, then let y(k') = 0 for
all ¢ > 1. Evidently y belongs to [S¥].

Now let z be the leftmost branch of S*, defined inductively by:

2(1) = min{m € w [ [S%; ] 7# 0}

Thus z € [S*] and, for all y € [S*] with y # 2, z(i) < y(i) for the least ¢
such that z(i) # y(i). By the definition of <BX this means that the subtree
S* of S* defined by

S*={qeS" | (Vicw)q<® 21i}

is wellfounded. By Lemma 4.1.3, it follows that the restriction of <B¥ to S*
is wellfounded.

Let n € w be such that <” is a wellordering. Let ¢* = (z | kf)~(0).
Clearly [(S7)<] = 0. Hence z(kj) > 0, and so ¢* € S*. We will prove that
the restriction of <BX to {q€ 5% | ¢ < ¢*}, i.e., to {g€S* | ¢ < ¢*}, has order
type at least as great as that of <?. Since whenever ¢ and ¢’ are elements of
<“w with ¢ C ¢ then ¢ <B¥ ¢, it suffices to prove that |¢*||°" is at least as
great as the order type of <.



54. XO(I1!) GAMES 291

Let S be the subtree of (5%),. defined by
S ={a€(8)g | (¢vm)(Vi)((m #n A K" < h(q)) — q(k]") = 2(k}")) }.

It is enough to prove that |¢*||° is at least as great as the order type of <”.
There is a natural embedding h of the tree U of all finite sequences that are
strictly descending with respect to <! into the tree S'Q*, and embedding that
sends () to ¢*. Thus ||U]| < ||S,+]|, and a routine induction shows that ||U]|
is at least as great as the order type of <.

For step (iii), let i — s; be a bijection from w to <“w as on page 185. De-
fine x — < by letting <% be the natural ordering of w\{i | s; ¢ S*} followed
by the ordering of {i | s; € S*} that makes i — s; an order isomorphism into
of (S%;<BR). For each z € [T], < is a linear ordering of w that is not a
wellordering, and its wellordered initial segment has order type greater than
that of any of the < that are wellorderings.

The function z — <% is continuous in the sense that <X [{i € w | i < j}
is determined by x [ 7’ for some j' € w. But it is not continuous in a strong
enough sense to induce the desired p — <,,.

We deal with this problem as follows. For each z € [T] and each j € w,
let f.(j) be the least 5/ > f.(j) such that <! [{i €w | i < j} is determined
by x | j'. Note that f,(0) = 0 and that f,(1) = 1. For each z € [T, define
<, by letting

L+1) < G +1) & i<t)
and by placing {i € w | i + 1 ¢ range (f;)} at the beginning of <,, in the
natural order. Since 0 is maximal in <7, it follows that 0 is maximal in <,. It
is easy to check that <, has the strong continuity property needed to induce
our function p — <.

It is evident that clauses (1) and (3) of the lemma hold. We see as follows
that clause (2) holds. If S” C “w is any game tree, then, as is easily verified,
every s € S’ except () has an immediate successor with respect to <BX 5"
For each x € “w, (w; <,) is a wellordering followed by an ordering isomorphic
to such an (S'; <BXK 197).

It is easy to check that, under the hypothesis of the last part of the lemma,
our construction gives a recursive p — <, as required. ]

Remark. Lemma 5.4.2 is in effect well-known. The usual proof is based
on a relativization of the construction of a subtree S of <“w such that [S] # ()
but [S] N A = 0. The more elementary proof we have given is due to John
Steel.
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The following normal form result is due to the author.

Lemma 5.4.3. Let A C “w. Then A € X(I1}) if and only if there is a
B C w x “w with B € 11} and there is a recursive function p — <, with
domain <“w such that

(1) <g= 0 and, for all p € T\ {0}, <, is a linear ordering of ¢h(p)
with greatest element 0O

2) for elements p and p' of T, if p C p' then <, C <,
p p

(8) for all x € “w, <, is not a wellordering of w, where

new

(4) for all x € “w, every non-zero member of w has an immediate suc-
cessor with respect to <;

(5) for all x € “w, x € A if and only if
(Feew)(<, [{€'| € <, e} is a wellordering A (e,x) ¢ B).

Proof. First assume that A € 39(II3). Let A = (U, ,(Cy \ D»), where
C,={z|(n,z) €C}, D,={zx|(n,x) € D}, and C and D belong to II;.

It is easy to show that there is a recursive function (n, p) — <7 such that,
for all n € w, (*“w,p — <) is a II} code for C,. By Lemma 5.4.2, let
¢ = (Yw,p > <,) be a II] code satisfying clauses (1), (2), and (3) of the
conclusion of that lemma. The fact that c is a IT{ code means that p — <,
satisfies clauses (1) and (2) of the present lemma. Clause (1) of Lemma 5.4.2
gives clause (3) of the present lemma, and clause (2) of that lemma gives
clause (4) of the present lemma.

Define B C w X “w by letting (e,x) belong to B just in case, for every
n € w, if (w;<?) can be embedded into ({¢' | ¢ <, e}; <), then x € D,,.
A routine calculation shows that B € II. To verify clause (5), let z € “w.
Assume first that x € A. Let n be such that = € C,, \ D,. By clause (3) of
Lemma 5.4.2, the order type of (w; <%) is less than wfo(w; <,). Therefore let e
be such that <, [{€' | ¢/ <, e} is a wellordering and (w; <%) can be embedded
into ({e’ | ¢ <, e};<;). Since x ¢ D,, it follows that (e, x) ¢ B. Now assume
that z ¢ A and let e € w. Assume that <, [{¢' | ¢’ <, e} is a wellordering,.
For any n € w, if (w;<%) can be embedded into ({¢’ | ¢ <, e};<,) then
x € C, and therefore x € D,,. Thus (e, x) € B.

The other half of the lemma is easy to verify. O
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Lemma 5.4.4. IfT is a game tree without terminal positions and A C [T,
then A € 3U(I1}) if and only if there are I1} sets B., e € w, and there is a
function p — <, with domain T such that

(1) <p= 0 and, for allp € T\ {0}, <, is a linear ordering of (h(p)
with greatest element 0;

(2) for elements p and p’ of T, if p C p’ then <, C <p;
(3) for all x € [T], <, is not a wellordering of w, where

<z = U <zln;

new

(4) for all x € [T, every non-zero member of w has an immediate suc-
cessor with respect to <, ;

(5) for all x € [T], x € A if and only if

(Feew)(<, [{e' | € <, e} is a wellordering A = ¢ B,).

The proof of Lemma 5.4.4 is similar to that of Lemma 5.4.3, and we omit
it.

Theorem 5.4.5. (Simms [1979]) Let T' be a game tree. If there is a measur-
able limit of measurable cardinals that is larger than |T|, then every 39(I11)
game in T is determined.

Proof. We may assume without loss of generality that T" has no terminal
positions and so that [T = [T]. (See page 182.)

By Lemma 5.4.4, let (B. | e € w) and p +— <, witness that A C [T
belongs to X9(IT;). For each e € w, let p — <¢ and x +— < be the functions
given by Lemma 4.1.4 with B, as the A of that lemma.

Let x > |T'| be a measurable limit of measurable cardinals. Let (k, | a <
k) be the strictly increasing sequence of all of all measurable cardinals smaller
than x that are not limits of measurable cardinals. Let ¢ be a uniform normal
ultrafilter on x and, for each a < &, let V, be a uniform normal ultrafilter
on K.

Let h : w X w — w be a bijection such that

(i) (Ve €w)h(e,0)>e;



294 CHAPTER 5. o-TI} GAMES

(i) (Ve € w)(Vm e w)(Vn € w)(m < n — h(e,m) < h(e,n)).

We describe a game tree T™ by describing the plays in 7™:

I <a0,§0> <a2,£1> <a4,£2)
11 {a1,mo) (as,m)

Each (a; | i < n) must be a position in 7". Each & must be an ordinal number
smaller than . For all elements e and n of w it must be that

Nh(en) < Kg,-

Let m: T* — T be given by
m(({ao; €0), (@1,70), - - - 5 (@201, 1) [, (@2n, §n)]))

= (ao, Ay, ...,02n-1 [, azn]>-

The function 7 induces a continuous function, which we also call 7, from [T
to [T1].
We define A* C [T*] as follows. Fix a play

" = (ao, &), (a1,M0); - - -

in 7. Let x = w(2*) = (a; | i € w). Since <, is not a wellordering, we have
that
Let k be the smallest max{i, j} for such ¢ and j (in the sense of the natural

ordering of w). Then z* € A* if and only if there are elements e, m, and n
of w such that

h(e,m) <k A h(e,n) <k A (m <1 Mnem) < Mhien))-

We can describe A* more informally as follows. At some point in a play z*,
I must fail in the endeavor to make the ordinal moves &; give an embedding
of (w; <z(z+)) into (k; <). I wins just in case this failure is preceded by II’s
failure, for some e, to make the ordinal moves 7y(,) give an embedding of
(w; <§ () into re. (Note that, by the properties of h, the ordinal & is
chosen before any of the 7))

Let us say that p* € T is good if the neither player has yet failed
in the sense described in the preceding paragraph. In other words, p* =
((ao, &), (a1,m0) - - - is good if
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(a) (Vi) (V5)((20 < th(p*) A 25 < lh(p*)) = (i <apr) J < & < &));
(b) (¥i)(¥Ym)(Vn)((2h(i,m) + 1 < (h(p*) A 2h(i,n) + 1 < fth(p*)) —
(M <) T4 Nagiym) < NMa(im)))-

The set A* is clopen, and so the game G(A*;T™) is determined.

Suppose first that G(A*;T*) is a win for 1. Let 7* be a winning strategy
for 11 for G(A*;T*).

We first define a strategy 7 for I for G(A;T). The idea is that the
first components of I1’s moves given by 7* are independent of the second
components of I’s moves, as long as these second components are in the
right order and are members of a certain set belonging to U.

Let p € T with ¢h(p) = 2k + 1. For v € [k]**1] if there is a good ¢* € T*
such that 7(¢*) = p, ¢* is consistent with 7%, and all the &, belong to v, then
let ¢*(p,v) be the unique such ¢*. By Lemma 3.1.8, there is set X, € U such
that one of the following holds.

(1) For all v € [X,]**1, ¢*(p,v) is undefined.

(2) There is an a such that, for all v € [X,]*™, ¢*(p,v) is defined and the
first component of 7*(¢*(p,v)) is a.

Choose a strategy 7 for I for G(A;T) as follows.

If (2) holds for p, let 7(p) be the common first component of the 7*(¢*(p, v))
for v € [X,]**1 If (1) holds, let 7(p) be arbitrary.

It is easy to see by induction on ¢h(p) that (2) holds for every p that is
consistent with 7.

We will prove that 7 is a winning strategy for G(A;T'). The idea is that,
for each e, the components 7y ) of 11’s moves given by 7* are independent
of the components & of I's moves for e <, €, as long as these moves are in
the right order and are members of a certain set belonging to U.

For p € T, let us abuse notation by writing T for ({T}. | ¢* € T A
m(q") = p}.

Let e € w and p € T with (h(p) > e. Let TS be like T except that
second components & and 7 ) are played only if €’ <; e, where p is the
longer of p and the sequence of first components of the position in Tj. Let
wg : T3 — T5 be the obvious function and also call 75 the associated function
from [T7] to [Ts]. Write . for the obvious functions from T to T} and from
[T5] to [T5). Let us define good positions in T by the obvious modification of
the definition of good positions in 7*; that is, replace “(Vi)” and “(Vj)” by
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2

(Vi <pure ) €)7 and “(Vj <pur. @) €)” respectively in clauses (a) and (b) of
the earlier definition.

For the next three paragraphs, fix p € T with ¢h(p) > e and fix k € w
and p € T with (h(p) = 2k + 1. Let m,, be the number of ¢’ < k such that
¢ <pur.,(p) € 1.e., let m, be the number of ¢’ < k such that p(2¢’) has a
second component. Let v € [k]™». If there is a good ¢* € T, 5 such that ¢* is
consistent with 7, 7¢(¢*) = p, and all £ belong to v, then let ¢*(p,v) be
the unique such ¢*.

Note that the definition of ¢*(p,v) just given does not depend on e or p.
Note also that, for p € T'NT5, the definition just given of ¢*(p, v) agrees with
the earlier one.

By Lemma 3.1.8, there is a set X, € U such that one of the following
holds.

(1) For all v € [X,|™, ¢*(p,v) is undefined.

(2) There is an @ and, if k = h(e’,n) with €’ <pur, () €, there is an a < &,
such that, for all v € [X,]", ¢*(p,v) is defined, the first component of
7*(¢*(p,v)) is a, and the second component of 7*(¢*(p, v)), if it exists,
is a.

To see that Lemma 3.1.8 applies, observe that h(e’,n) must be smaller than
the k¢, given by ¢*(p,v).

For e € wand p € T', choose a strategy 75 for 11 in T7 as follows. Let p be
as in the preceding paragraphs. (a) If (2) holds for p, let 7¢(p) be the common
value of 72(7*(¢*(p, v))) for v € [X,|™», provided that this is a legal move at
p in T¢. (The only way this proviso can fail is if fh(p) < ¢h(p), and the the
first component of 7%(¢*(p, v)) is different from p(¢h(p)).) (b) Otherwise, let
75(p) be arbitrary.

Suppose that p is consistent with 7. By induction on ¢h(p) we show that,
for every good p of odd length that is consistent with 75,

(i) 75(p) is defined by (a);

p
(ii) p~(75(p)) is a good position in T¥.
Assume that p is good, that ¢h(p) = 2k + 1, and that (i) holds for p [ 2k —1
if £ >0. Let X = X191 if k> 0andlet X =xif k =0. Let v € [X]™
and let v be the image of {€' <k | € <pur, ,(» €} under the isomorphism
between ({¢/ <k | € <pur. ,(p) €} <pume,(p)) and (v; <).
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Assume for the moment that k£ > 0. Then (2) holds for p [ 2k — 1, and so
q*(p | 2k — 1,v") exists. Since ¢*(p [ 2k — 1,?') is good and 7* is a winning
strategy, we get that ¢*(p [ 2k — 1,0 )~ (7*(¢*(p | 2k — 1,v))) is good. But

P2k —17(75(p [ 2k — 1)) = m5(q"(p | 2k — L,V )~ (7" (¢"(p | 2k — 1,0)))),

and hence p [ 2k — 17 (75(p [ 2k — 1)) is good. Since v’ is an arbitrary member
of [X]™mei2k=1 we have shown that (ii) holds for p [ 2k — 1. The goodness of
7 (p12k—1,v")~(7*(¢"(p 2k —1,v))) and the consistency of p with 75 imply
that ¢*(p, v) exists.

Since ¢*(p,v) obviously exists if &k = 0, we have established its existence
whether or not £ = 0, and so we know that (2) holds for p. Since p is
consistent with 7, we have that 7 (q*(p, v)~7*(¢"(p, v))) belongs to T;. This
fact and the fact that v is an arbitrary member of X show that (i) holds for
.

Suppose that both p and p’ are positions in T" consistent with 7 and that
both have length greater than e. If p € T'N T and p is good and consistent
with 7, then 7(p) is identical with the first component of 75(p). If p € T;F‘IT;,/
and p is good and consistent with both 77 and Tg,' , then the first components
of 75(p) and T;// (p) are the same, and the second components are the same if
both exist.

Let X C k be the set of all § < k such that

(i) forallpe T, e X,

(ii) for all e € w, for all p € T with (h(p) > e, and for all p € Ty, if every
second component of a move in p is smaller than 3, then g € X,,.

Using the normality of U, one readily verifies that X € U.
Let x be a play in T consistent with 7. Let E be the wellordered initial
segment of w with respect to <,. We will define

(i) (& |e€ E);
(ii) (Mnen) | e € E A n€w).
We will arrange that the following conditions are satisfied.

(a) Each & € X.
(b) The function e — &, embeds (E; <,) into (k; <).
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(c) For each e € E, the function n — () embeds (w; <g) into (ke,; <).

(d) Foreache € E, if x is augmented by the second components &, € <, e,
and Ny(ern), € <z € and n € w, then the resulting z. is a play in T
that is consistent with 77, ;.

Since condition (c) implies that X € B, for every e € E, we will have proved
that = ¢ A.

We define & and the 7y ) by transfinite induction on e with respect to
the wellordering <, of F.

If E is empty then there is nothing to define, so assume that F is
nonempty. Note that (d) holds for the the <,-least e, since Ty, .| = Thjetn
and x is consistent with 7. Note also that, if e is not the immediate <,-
successor of any ¢ and if (d) holds for every ¢ <, e, then (d) holds for e.
This is because of the agreement mentioned earlier between the strategies
Toter1 and Tgre, 41 and because for each k € w there is a ¢’ <, e such that
Te [k =xo | k.

Let e € E. Assume that we have defined & and (e n) | 7 € w) for all
¢’ <, e in such a manner that (b) is not violated, (a), (c), and (d) hold for
all ¢/ <, e, and (d) holds for e if e is a <,-successor. By the remarks in the
the preceding paragraph, (d) holds for e whether or not e is a <, successor.

Let & be the least member of X that is larger than & for every e’ <, e.
Note that (a) holds for e and that (b) is still not violated. Let & be the
immediate successor of e with respect to <,. Suppose 1) is defined for
n' < n so as not to violate (c) for e or (d) for e. Let ¢ = h(e,n). Let ny(en)
be the second component of Tf[é 1 applied to the good position p’ in T7,,,
given by z. [ 2 + 1, &, and the ey for n' < n. Clearly (d) is still not
violated for e. Since p'~(7.(p')) is good, (c) is still not violated for e.

Suppose now that G(A*;T*) is a win for I. Let ¢* be a winning strategy
for I for G(A*; T*).

To define a strategy for I for G(A; T') and to prove this strategy is winning,
we use the fact that I's moves in T" given by ¢* are independent of I1’s moves
Nh(en) and I’s moves & are independent of II's moves ny(er n, for e <, €,
provided that these moves by I are in the right order and are from certain
members of the V,.

Lemma 5.4.6. Let k € w and let p € T with th(p) = 2k. Let ey <, -+ <,
er—1 be all natural numbers smaller than k.
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For all j such that 0 < j <k, there are sets Xo,; € Vo, a < Kk, with the
following property. Let U, ; be the set of all good positions q* of even length,
consistent with o*, such that w(q*) C p, and such that Nh(e,n) € X, pgr for

J

every j' and n with j < j' < k and 2h(e;,n) < th(q*). For ¢* € U, ,,

(a) the first component of o*(q*) depends only on W;?ej+1(q*),'

(b) for ¢h(q*) = 2e; with 7 < j, the second component of o*(¢*) depends
only on W;fej+1(q*).

Proof. We prove the lemma by induction on k& — j.

Let j < k, and assume by induction that the X, , ; are defined for j* > j
and that the lemma holds for j + 1 if j + 1 < k. Our induction hypothesis
implies that the lemma holds for j for ¢* € U, ; such (h(g*) < 2e;. This is
because such positions ¢* contain no move components of the form nyc; n)-
One consequence of this is that, for ¢* € U, ; with fh(g*) > 2e¢;, the &, of ¢*
depends only on w;}6j+1(q*) (in fact, only on W;J[ej+1(q*) [ 2¢;).

Let 7 < k with e; > e;. Let W, ,; be the set of all good ¢* such that
th(g*) = 2e;, ¢" is consistent with o, m(¢*) C p, and M, ) € Xee, w for
every j' and n with j < j* < k and 2h(e;,n) < ¢h(q").

For ¢* € W7,

(a) the first component of o*(¢*) depends only on W;fej+1(q*) plus (Mn(e,m) |
2h(e, j) < th(q"));

(b) if 7 < j, then the second component of o*(¢*) depends only on W;]feﬁl (q%)
plus (Ma(e,m) | 2h(e, j) < th(g")).

Furthermore, if 7 < j then, for ¢* € W, ;;, the second component of o(g*) is
smaller than the &, of ¢* (which is smaller than r, ). Let

Vosig={r €T, | B¢ € Wy mjle 1 (07) =1}

Let r € V,;; and let & (r) be the &, determined by it. There is a set
Y, € Ve, (r) such that, for ¢* € W ;; with W;fejJrl(Q*) = r and and with each
nh(ej,n) € Y;’a

(a) the first component of o*(¢*) is constant;

(b) if 7 < j, then the second component of o*(¢*) is constant.
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For each 7 and for each o < k, there are no more than max{|7|, |a|}
elements 7 of V,, ;; with & (r) = a. For a < &, set

Xopi = [ WY | GT<E)(r € Vs A &, (r) = a}.

The X, ;, along with the given X, , j/, 7/ > j, witness that the lemma holds
for j. ]

For a < &k, let
Xo =) Xapi-

P.j
Evidently X, € V, for each a.
Let U be the set of all good positions ¢* of even length, consistent with
o*, and such that 7, n) € X, for every e and n with 2h(e,n) < ¢h(q*). Note
that U C U, ; for all p and j. Thus Lemma 5.4.6 gives that, for ¢* € U,

(1) the first component of 0*(¢*) depends only on 7(g*);

(2) for ¢h(g*) = 2e, the second component of o*(¢*) depends only on

Mgy er1(47)-

Choose a strategy o for I for G(A;T) as follows. If (a) there is a ¢* € U
such that 7(¢*) = p, then let o(p) be the common first component of o*(¢*)
for all such ¢*. If (b) no such ¢* exists, let o(p) be arbitrary.

We show that (a) holds for every p consistent with . To do this we prove
the stronger fact that, for every p consistent with o and for all (Y, | a < k)
with each Y, a subset of X,, of order type k,, there is a ¢* witnessing that (a)
holds for p such that 7y € Ye, for every e and n with 2h(e,n) < ¢h(q*).
This is true trivially for p = (). Let ¢h(p) = 2k and assume that it is true
for p. Let p’ O p with (h(p’) = 2k + 2. Assume that p’ is consistent with o.
For a < k, let Y, be a subset of X, whose order type is k. For each «, let
Yo = {Ban | ¥ < Ka}, where v <+ = ., < Ba, for all a, v, and +'. For
o < K, set

Yci = {ﬁa,2’7+1 ’ 2y < 5a}'

Let ¢* witness the truth of our induction hypothesis for p for the Y. Let
k = h(e,n). Let 0*(¢*) = (a,a). By the definition of ¢ and the consis-
tency of p’ with it, a = p'(2k). Clearly there is a § € Y, \ Y. such that
(o (q"), (' (2k + 1), 5)) is a good position in T*.
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For e € w and p € T with (h(p) > e, choose a strategy o5 for I for
G(A;T) as follows. If (a) there is a ¢* € U such that w5(¢*) = p, then let
oc(p) be the common value of 7¢(0*(¢*)) for all such ¢*, provided that this
is a legal move at p in T5. If (b) no such ¢* exists, let o5(p) be arbitrary.

Suppose that p is consistent with . Then for every good p of even length

that is consistent with o7,

(i) (a) holds;

(ii) p~(os(p)) is a good position in T7.

The proof of (i) is similar to the proof of the analogous fact about o. (ii) fol-
lows because, for good ¢*, ¢*~(c*(¢*)) must be good since ¢ is a winning
strategy.

Suppose that both p and p’ are consistent with o and that both have
length greater than e. If p € T'NT7 and p is good and consistent with o,
then o(p) is identical with the first component of o (p). If p € T3 N T;,/ and

p is good and consistent with both o7 and ag;, then the first components of
oc(p) and agf (p) are the same, and the second components can differ only in
that one or the other might be absent.

Let = be a play in T' consistent with o. Assume, in order to derive a
contradiction, that x ¢ A. Let E be the wellordered initial segment of w
with respect to <,. Since x ¢ A, x € B, for each e € E. Thus <¢ is a

wellordering of w for each e € . We will define

(i) (&l e€ E);
(i1) (Mntem) | € € E A n € w).

We will arrange that the following conditions are satisfied.

) For each e, & < k, and each ny(cn) € Xe,.

) The function e — &, embeds (F; <,) into (k; <).

(c) For each e € E, the function n — () embeds (w; <g) into (ke,; <).
)

For each e € E, if x is augmented by the second components &/, €' <, e,
and (e ny, € <z e and n € w, then the resulting z. is a play in Trert
that is consistent with o, ;.

We define £ and the 7y by transfinite induction on e with respect to
the wellordering <, of F.
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If E is empty then there is nothing to define, so assume that FE is
nonempty. Note that (d) holds for the the <,-least e, since Ty, . = Tyjet1
and x is consistent with o. Note also that, if e is not the immediate <,-
successor of any ¢ and if (d) holds for every ¢ <, e, then (d) holds for
e.

Let e € E. Assume that we have defined £ and (fpern) | 7 € w) for all
¢’ <, e in such a manner that (b) is not violated, (a), (c), and (d) hold for
all ¢/ < e, and (d) holds for e if e is a <,-successor. By the remarks in the
the preceding paragraph, (d) holds for e whether of not e is a <, successor.

Let € be the immediate successor of e with respect to <,. Let & be the
second component of o, (7. [ 2¢). Now z. [ 2e is good and is consistent
with 0%, and so with o7 ;. Therefore z. [ 2¢7(05.,,(z [ 2¢)) is a good
position in 77, ;. This implies that (b) is still not violated. Moreover, it is
already clear that (d) will hold for € if (a) and (c) hold for e.. Let n — ny(en)
embed the wellordering (w; <$) into X . Note that (a) and (c) hold for e.

Recall that (w; <,) is not a wellordering. Let ey be the least member of
w\ F with respect to the natural ordering of w. Given e, € w\ E, let e, be
the least member e of w \ F such that e <, e,. Note that e, 1 > e,. Let &,
be the second component of o*(z, [ 2¢9). For n € w, let & ., be the second
component of 7.7 | (Ze, [ 2€n11).

We derive our contradiction by showing that &, ., < &, for each n € w.
Let ¢* € U be such that 77, .,(¢") = e, [2e,11+1. The second component
of ¢*(2€en+1) is &, and the second component of ¢*(2e,) must be &,. Since
q* is good, this implies that &, ., <&,. U

The hypothesis of Theorem 5.4.5 can be weakened to get the following
result.

Theorem 5.4.7. Let A\ be an infinite cardinal number. Assume that for
every a C X there is a transitive proper class model M of ZFC such that

(i) the class of k > X such that M |= “< is a measurable cardinal” is
unbounded in the ordinals;

(i) there is a proper class C of indiscernibles for M,a.

Then all X(I1}) games in trees of size X are determined.

Proof. We sketch the proof.
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Let T be a game tree with field (1) € A\ and with no terminal nodes.
Let A, (B. | e € w), p =<y, and (p —=<;| e € w) be as in the proof of
Theorem 5.4.5. Let a C X be such that T', p =<, and (p —<5| e € w)
are all definable from a in L[a]. Let M be given by the hypothesis of the
theorem.

We may assume that M = “There is no k > X such that x is a measur-
able limit of measurable cardinals.” To see this, assume that ~ is the least
measurable limit of measurable cardinals of M that is larger than A. Let
W be such that M | “W is a uniform normal ultrafilter on 7.” Let N =
Nacora Ulta(M;W). (N is what one might call the Voq of Ultowa(M;W).)
In the class model N, there is a proper class of measurable cardinals, but
there is no x > X that is a measurable limit of measurables. Furthermore,
{i}f0.a(7) | @ € Ord} is a proper class of indiscernibles for N, a.

Generalizing Theorem 3.5.4 (see Mitchell [1974]), we may assume that

M = Lla,{V, | @ € Ord}],

that M |= “every measurable cardinal is larger than \,” and that, for each
ordinal a, M | “V, the unique normal ultrafilter on the ath measurable
cardinal k,.”

By the hypothesis of the theorem, together with constructions and argu-
ments like those of the proof of Theorem 3.4.8, we may assume that there is
a closed proper class C' of indiscernibles for M, a such that C'N AT has order
type AT,

Let k = AT. Define T* and A* as in the proof of the proof of Theo-
rem 5.4.5. Observe that 7' € M and that T is definable in M from x and a.
Observe also and that there is set D that is definable in M from x and a such
that D generates the open set A*. (See page 206.) By Lemma 4.4.1, there
is a winning strategy p for G(A*;T*) such that p is definable in M from
and a and such that M = “p is a winning strategy for G(E*; T*), where E*
is the open set generated by D.”

Suppose first that p is a strategy ¢* for I. Applying in M the proof of
Theorem 5.4.5, we get a strategy o in T" such that 0 € M and such that M
= “o is a winning strategy for G(F;T), where F is the set witnessed X9(I1I})
by p =< pand (p —»<j| e € w).” (The measurability of x was not used
in this part of the proof of Theorem 5.4.5.) By absoluteness, ¢ is a winning
strategy for G(A;T).

Now suppose that p is a strategy 7 for /1. Proceed as in the proof of
Theorem 5.4.5, using for X, the set of members of C' larger than all second



304 CHAPTER 5. o-TI} GAMES

components of moves of p. The construction and proof go through essentially
unchanged. They define a strategy 7 for I1 for G(A;T') and they show that
T is a winning strategy. U

Here is the lightface version of Theorem 5.4.7.

Theorem 5.4.8. (Simms [1979]) If there is a transitive proper class model
M of ZFC + “there are arbitrarily large measurable cardinals” and there is a
proper class of indiscernibles for M, then every Y9(I11) game is determined.

It is unknown whether the converse of Theorem 5.4.8 holds. But Simms
[1979] strengthened both Theorems 5.4.7 and 5.4.8 by deriving stronger con-
clusions from their hypotheses, and Simms proved the converses of the re-
sulting theorems (except that the converse of Theorem 5.4.7 in case that A is
uncountable was proved later by the author.) The converse of Theorem 5.4.7
itself is known to hold. This follows by combining results in Steel [1982] and
Mitchell [1992]. The Steel and Mitchell theorems almost, but not quite, give
the converse of Theorem 5.4.8.

We will next give Simms’ improved versions of Theorems 5.4.7 and 5.4.8.
Exercise 5.4.5 concerns the converses of these results. Exercise 5.4.4 presents
the converse of Theorem 5.4.7.

To state Simms’ theorems, we need to introduce a hierarchy built on
39(I1}) and an analogous lightface hierarchy. To avoid having to prove nor-
mal form results analogous to Lemmas 5.4.3 and 5.4.4, we choose somewhat
artificial defintions of these hierarchies, with the normal forms built into the
definitions.

Let T be a game tree without terminal positions. For countable ordinals
« and sets A C [T, say that A € 39(II])-« if there are sets Bs,, 8 <
and e € w, and there functions p —<g,, 8 < «, such that each p — <z, has
domain 7" and such that

(1) for all B, <gg=0 and, for all p € T'\ {0}, <p,, is a linear ordering of
¢h(p) with greatest element 0;
(2) for all g and for elements p and p’ of T', if p C p’ then <g, C <g,;

(3) for all g and for all x € T, every non-zero member of w has an imme-
diate successor with respect to <g,, where

<Bz = U <B,zln}

new
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(4) for all = € [T], x € A if and only if, for the least 5 such that

(a) (Je€ew)(<p. [{€ | € <pz e} is a wellordering A = ¢ Bg,) or
(b) <. is not a wellordering of w or

(c) B=a,
then (3 is odd if (c) holds or (a) fails and [ is even otherwise.

Remark. Suppose that we have sets and functions satisfying (1), (2), and
(3), and let A be defined by clause (4). For each f < «, let Az be the set
of all # € [T] such that condition (a) above holds for x and 8. For each 3,
Az € BY(I13). For z € [T] and v < o, let x € C,, just in case conditions (a)
and (b) both fail for z and every 8 < v. Each C, € II}. Furthermore, for all
x € [T], x belongs to A if and only one of the following conditions holds.

(i) ais odd and z € C,.
(ii) thereis a 8 < a such that x € Ag.

(iii) x ¢ Cy and (VB < a)((Beven Az € Cg) — x € Cgyq) and (VB <
a)((Bodd AN xeCy) —a¢ Ag).

It is not hard to see that the set of all  satisfying condition (i) or (ii) belongs
to XY(I17) and that the set of all z not satisfying (iii) belongs X9(IT}). Thus
-A € 2-(X{(I1})). Switching “even” and “odd,” we see also that A € 2-
(X9(11})). Thus the entire X9(I1})-« hierarchy is properly contained within
the first two levels of the difference hierarchy on X{(II}), and so within the
first two levels of the difference hierarchy on the dual TT9(IT}).

For game trees T with terminal nodes, let 7/ O T be the gotten from T’
by adding one play extending each terminal node of T'. Say that A C [T]
belongs to XY(IT})—« just in case A belongs to X9(IT1)—a as a subset of [T7].

For o < wPK, the lightface class X1 (1T} )—« is defined in the obvious way.
We leave the formulation of the definition to the reader.

Here is Simms’ improvement of Theorem 5.4.7.

Theorem 5.4.9. Let A\ be an infinite cardinal number. Assume that for
every a C X there is a transitive proper class model M of ZFC such that

(i) the class of kK > X such that M = “k is a measurable cardinal” is
unbounded in the ordinals;
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(ii) a € M and there is a proper class C of indiscernibles for M, a.

Then for every a < w? all LY(II1) -« games in trees of size X are determined.

Proof. The theorem is related to Theorem 5.4.7 as Theorem 5.3.9 is related
to Theorem 4.4.2. We could prove the theorem as Theorem 5.3.9 was proved,
using semicoverings. Instead we proceed in a more direct manner, using a
single auxiliary game. We will content ourselves with defining this auxiliary
game, leaving to the reader the task of modifying the proof of Theorem 5.4.7
to show that the determinacy of the auxiliary game implies that of the given
39(I1])—wn game.

Let T be a game tree with field (t) € A and with no terminal nodes. Let
n € w. Let (Bge | B <wn A e € w)and (p—<p,| f < wn) witness that
A € BY(IT})-wn. For f < wn and for e € w, let p =<5, and 2 =<5, be
the functions given by Lemma 4.1.4, with Bg. as the A of that lemma. Let
a € A be such that T, (p —<p,| 8 < wn), and (p =< | e € w) all are
definable from @ in Llal.

Let M = Lla,{V, | @ € Ord}] and (k. | @ € Ord) be as in the proof of
Theorem 5.4.7. Let Ay = AT and, for 1 < m < n, let \,,;1 = A\, We may
assume that there is a closed proper class C' of indiscernibles for M, a such
that C'N A, has order type A, for 1 < m <n.

Let g : wn X w — w be a bijection such that

(i) (Ym<n)(Vk ew)(VK ew)(k < k' — glwm + k,0) < g(wm + k,0));
(i) (V8 < wn)(Ve € w)(Ve' € w)(e < ¢ — g(B,e) < g(B,¢");
(iii) (VB <wn)(Ve € w)(B even <« g(f,e) even ).
Let h:wn X w X w — w be a bijection such that
(i) (V8 < wn)(Ve € w) h(a,e,0) > g(B,e);
(i) (VA<wn)(Veew)(Vmew)(Vm'ew)(m < m' — h(B,e,m) < h(B, e, m);
(iii) (VB <wn)(Ve € w)(Ym € w)(P even <« h(f,e,m) even ).

We describe a game tree T™ by describing the plays in 7T™:

I (a0, o) (ag,m,&2) (ag,m3,&4)
11 (a1, Mo, 1) (as,m2,&3)
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Each (a; | i < n) must be a position in 7. For all m < n, for all k € w, and
for all e € w, &ywm+k,e) Must be an ordinal number smaller than A,,;;. For
all § < wn and for all e and m, it must be that

Nh(B.em) < Kegg.e)-

Let m : T* — T and the associated 7w : [T*] to [T] be defined in the
obvious way. (See the proof of Theorem 5.4.5.)
We define A* C [T™] as follows. Fix a play

Tt = <a0750>a <a17770a§1>7 s

in 7% and let © = w(z*) = (a; | i € w). If there is no f < wn such that either

(1) Be)Ee)(e <pw € A ype) £ Egpen) OF
(2) (F)Em)@Em')(m <G, m" A Nhgem) £ Ng(sem));
then x ¢ A*. Suppose that there is a (3 satisfying (1) or (2). Let

i = min{max{g(5,c),g(5,¢)} | Be,¢ as in (1)}
j = min{max{h(8,e,m),h(B,e,m)} | B,e,m,m" as in (2) }.

In each case we declare the min be w if it is otherwise undefined. If i < j,
then x € A* just in case i is odd. If j < 7, then x € A* just in case j is even.

Remark. In playing game G(A*; T*), the players are simultaneously play-
ing wn copies of the game of the proof of Theorem 5.4.7, with I in the role
of the first player for even numbered copies and /7 in that role for odd num-
bered copies. The first player to lose any one of these games is the player
who loses the play of G(A*;T™).

Since A* is easily seen to be open, G(A*;T*) is determined. We leave
it to the reader to prove that whoever has a winning strategy for G(A*; T*)
also has a winning strategy for G(A;T). The proof is an elaboration of
the proof of Theorem 5.4.7 (which was a slight modification of the proof of
Theorem 5.4.5). The extra ingredient is that moves y3 ) and ny(g.e,m) given
by a winning strategy are independent of the opponent’s moves £y o) and
Nhs'e'my for B > B, provided that these moves are in the right order and
are from indiscernibles in the one case and measure one sets in the other. [

Here is Simms’ lightface version of Theorem 5.4.9.
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Theorem 5.4.10. If there is a transitive proper class model M of ZFC +
“there are arbitrarily large measurable cardinals” and there is a proper class
of indiscernibles for M, then for every a < w? all 9(I1})-a games are
determined.

As we have already said, the converses of Theorems 5.4.9 and 5.4.10 both
hold. See Exercise 5.4.5. The theorems and their converses generalize to
higher levels of the (X{(IT}))—« hierarchy, with each w? steps up this hierar-
chy corresponding to one more measurable limit of measurable cardinals. See
Exercise 5.4.5 for a precise statement of the boldface version of this general
theorem.

Exercises 5.4.2 and 5.4.3 concern a more interesting generalization by
Simms of the equivalence results, with (a + 1)—(TI(I1})) replacing TI{(I1})
and the ath level of the “measurable limit of” hierarchy replacing the 0-th
level. Exercise 5.4.4 discusses a sharpening of this theorem.

No equivalence theorems for determinacy and large cardinals have been
proved for classes strictly between Simms’ and the class Al. For countable
ordinals «a, define 39 (T13}), TI°(I1}), and AY(TI}) in the obvious way. John
Steel and the author found a proof of the determinacy of AY(II}) games
in any given T from the existence of a cardinal k > |T| of level kT in the
“measurable limit of” hierarchy, but they did not prove an implication in the
other direction. There are larger classes for each of which has been proved
half of what should be an equivalence theorem. One such class is A(TI}),
which we now define.

For a class T" of subsets of a set X, a subset A of X belongs to A(T") just
in case there are sets By, s € <“w, such that each B, € I" and

VreX)(re A+ (Jye“w)(Vnew)x € By).

Steel [1982] proves that, if there is a transitive model of ZFC + “there is a
cardinal x of Mitchell order x™*,” then there is such a model in which not all
A(II}) games in countable trees are determined. “Mitchell order” is the order
introduced in Mitchell [1974]. The hint to Exercise 5.4.4 indicates briefly the
technique Steel uses to prove this and related results. From a combination
Steel’s theorem and a generalization in Mitchell [1992] of a result of Ronald
Jensen, it follows that the determinacy of all A(IIj) games in countable trees
implies the existence of a proper class of indiscernibles for a class model of
ZFC + “there is a cardinal x of Mitchell order x™.” One suspects that the
converse of this implication should also hold.
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This conjecture about the determinacy of A(IT}) games is related to the
question of whether every IT} subset of [T] can be unraveled by a covering of
T. Suppose that, from some hypothesis H, one could prove such an unraveling
theorem for arbitrary trees or that one could prove, for a some fixed tree T,
that any countable family of IT} sets can be simultaneously unraveled by
a covering of T. Then one could prove from H that all games in the o-
algebra generated by the II} subsets of [T] are determined. Combining
the unraveling proof with the ideas introduced in §2.2, one might in fact be
able to prove the determinacy of G(A;T) for all A such that both A and
—-A are A(I1}). Should such unraveling theorems be expected? Mixing the
techniques of Steel [1982] with those of Friedman [1971], Steel proved that, for
positive integers n, if there is a transitive model of ZF — Power Set + “there
is a k of Mitchell order k™" such that P"(k) exists,” then there is such a
model in which not all all 39 _,(IT}) games in countable trees are determined.
This result has a generalization to the transfinite. Thus the situation looks
similar to that for Borel games, and this makes one anticipate that unraveling
theorems for TI} subsets of [T] will be proved in a weak set theory from the
assumption of the existence of a cardinal £ > |T'| of Mitchell order x*.

Exercise 5.4.1. Prove the converses of Theorems 5.4.9 and 5.4.10.

Hint. We consider the case of Theorem 5.4.10. The other case is similar,
except that the method of Exercise 4.4.2 has to be used when A is uncount-
able. We sketch Simms’ original method of proof. The hint to Exercise 5.4.4
indicates a very different method for proving a stronger result.

Let ¢(v1,...,v5) be a formula of the language of set theory. Consider the
following game G in <“w.

Let I's part of a play z give a relation 7* in w, elements mj, § < wn, of
w, and elements ¢f; ¢ € w and f < w?, of w. Similarly, let II’s part of the
play give a relation s* in w, numbers nj, S < wn, of w, and numbers d; 4
i € wand B < w?

For § < wn, if r* wellorders the set of numbers that bear 7* to mj, then
let n§ be the order type of this wellordering. If r* wellorders w, let nZ; be
the order type of this wellordering. For i € w and 8 < w?, if r* wellorders
the set of numbers that bear 7% to cfs, then let 7 5 be the order type of this
wellordering. Similarly define {3, 8 < wn, and vj4, i € w and § < w?, from
s* and the nj and the d; ; respectively.

For each i such that r* wellorders the set of r*-predecessors of i, let f(7)
be order type of this wellordering. Similarly define g(i) from s* and .
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The winning conditions for GG are as follows:

(1) I loses unless all of the following hold.

(a) r* is a linear ordering of w.

(b) (VB <wn)(Vy <wn)(B <~ — mir*mZ).

(c) (View)(Vjew) (VB <w?)(ir?j —= ¢ 5717 Cy).
(d) (View)(VB<w?)(Vy <w?)(B<vy—cigrici,).

(2) If I does not lose becouse of (1), then I loses unless all of the
following hold.

(a) s

(b) (VB <wn)(Vy <wn)(B < v — njrini).

(c) (View)(Vjew) (VB <wH)(ir j — di g7 d).
(d) (View)(VB<w?)(Vy <w?)(B <y —digred;,).

# is a linear ordering of w.

(3) Assume that no one loses because of (1) or (2). Assume also that
there is an ordinal o and there are numbers ¢ and j such that both the set of
r*-predecessors of ¢ and the set of s*-predecessors of j have order type a and
such that, for some < w?, at least one of yi7 5 and 1/} 5 is undefined. Consider
the least such «, along Wlth the corresponding ¢ and j. Consider the least (3
for this value of . I loses if y1 5 is undefined and I loses otherwise.

(4) Assume that no one loses because of (1), (2), or (3). Assume also
that at least one of (w,r?) or (w,s?) is not a wellordering. Let p < wn be
least such that one or the other of 77 and £ is undefined. I loses if 7 is
undefined, and I loses otherwise.

(5) Assume that no one loses because of (1)—(4). Let f*: (v*; <) = (w,77)
and g% : (0%;<) = (w;s®) be isomorphisms. For o < max{v*,§*} and for
m € w, let

PZ,m = SupkEMHlaX{fZ(Oé), gz<&)}7

where we take undefined values to be 0. For such a; let 7, = supwp;, ,,, and let
VZ be the filter on 7 generated by the tails of the sequence (o7 ,, | m € w).

If there is an o < max{y* 6%} such that V2 N Lyax(yzs:}[{V. | o <
max{v*, 6%} }] is not a normal ultrafilters Lyaxyz -3 [{VZ | @ < max{y?,6*}}],
then let v be least witnessing this and let h : k% — k7 be the Liyaxyz 523 [{V7 |
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a < max{~y?*, 6*}}|-least h' : kZ — kZ such that {a | (o) < a} € VZ but A/
is not constant on any set in VZ. I wins just in case h(pZ ;) > h(pf ).

For j < n, let (7 = supye, max{nZ; , &7 4, )- If all V7 are normal ultra-
filters, then I wins just in case

Laxiye 53 [{V5 | @ < max{y*,6*}}] = ¢l -, Gyl

Show that G is a L{(I1})-wn + 1 game. (This is a bit of work, because
we formulated our definition of the hierarchy so as to facilitate the proof of
Theorem 5.4.9. Other formulations would make that proof harder and the
present computation easier.)

Let o be a winning strategy for one of the players for G. Let (p, |
« < wi) be any strictly increasing sequence of countable ordinals containing
none of its own limit points and such that each p, is admissible relative
to (o,{(ps | B < a)). Let ((; | j < n) be a strictly increasing sequence of
ordinals such that each (, is closed under a — p,, and is admissbile relative to
(0, (pa | @ < (n)). Use boundedness to show that there is a play z, consistent
with o such that (7 = (; for all j < n, max{y*,0°} = (,, and p}, = pa
for all @ < (,. Now consider the model LV, | « € Ord}], with each V,
being the filter generated by the tails of (pua+k | £ € w), where ps is the fth
o-admissible. Use techniques from the hints to exercises in §3.3 to show that
all V, are normal ultrafilters in this model and that the o-admissible limits
of o-admissibles are indiscernible in the model with respect to ¢. Since ¢
was arbitrary, this completes the proof.

Exercise 5.4.2. The results of this and the next exercise are due to Simms
[1979].

For any ordinal number o > 0, say that a cardinal x is measurable, if k is
measurable and, for each 8 < «, the set of A < k such that A is measurableg
is unbounded in k.

Let A be an infinite cardinal number. Let o be a countable ordinal.
Assume that for every a C ) there is a transitive class model M of ZFC such
that

(i) forall 8 < 14a, the class of kK > A such that M |= “k is measurables”
is unbounded in the ordinals;

(ii) @ € M and there is a proper class of indiscernibles for M, a.
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(a) Prove that all (a + 1)-(TI%(IT})) games in trees of size A are deter-
mined.

(b) Formulate and prove a theorem that is related to part (a) of the
exercise as Theorem 5.4.9 is related to Theorem 5.4.7.

(c) Similarly formulate and prove the analogue of Theorem 5.4.10.

Hint. For (a), begin by proving the following normal form theorem. If
a > 0, T is a game tree without terminal positions, and A C [T], then
A € o IIY(I1}) if and only if there is a game tree S C <“w such that

(1) S]] =1+e;

(ii) for all t € S and all e € w, t~(e) € S and ||t~ (e)||” is odd if and
only if ||t]|¥ is even;

and, for every ¢t € S such that t is not terminal in S, there is a function
p = <}, with domain T such that

(1) <p=0and, for all p € T\ {0}, <}, is a linear ordering of ¢h(p) with
greatest element 0;

(2) for elements p and p' of T, if p C p then <}, C <L ;

(3) for all x € [T], every non-zero member of w has an immediate suc-
cessor with respect to <!, where

<t = <omi

necw

(4) for all z € [T], whenever both t~(e) and ¢~(¢’) belong to S and
[t (eI < 1t~ (e)]1°, then e <, €;

and such that, for all z € [T], x € A if and only if 3, is odd, where 3, is
the least 3 such that either 3 = « or else there is a t € S with [[t]|® = 8+ 1
such that <% is not a wellordering but, for all n with n < ¢h(¢), the (obvious)
Brouwer-Kleene ordering restricted to {s€ .S | s(n) < t(n)} is a wellordering.

Now let A € (o + 1)-TI{(IT}). Let S and the p —<! be given by the
normal form theorem. Consider an auxiliary game where I tries to em-
bed <! into the ordinals for ||t||* even and IT for [|t||® odd. Require that
the ordinal assigned to €’ in trying to embed <% be less than the nth
measurable;~ .y s_1, where 7 is the ordinal the opponent has assigned to e
in trying to embed <.
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Exercise 5.4.3. Prove the converse of the result of part (c) of the result of
Exercise 5.4.2.

Hint. The proof is analogous to that for Exercise 5.4.5, except that instead
of just the ¢} 5 and the df 5, one needs ¢Z ; 5 and d ;5 for each v < 1+a. When
both players meet all Wellfoundedness condltlons then define ordinals p? .,
and the x7 - in the obvious way. In the good case, £Z . will be in the model
the 1 + Cth measurable, that is not measurable, ;. (What we are omitting
from this hint is the winning conditions when wellfoundedness fails. This
omission leaves the reader a genuine problem, though not a terribly difficult
one.)

Exercise 5.4.4. (a) Prove the converse of Theorem 5.4.7.
(b) Prove the converse of the result of part (a) of Exercise 5.4.2.

Hint. (a) We drop the set a and assume that A = w in order to indicate
the sense in which the method of proof we sketch gives a partial converse to
Theorem 5.4.7. When A is uncountable, use the methods of Exercise 4.4.2.

The plan is as follows.

(1) Assume that L = L[{U, | v < p}], where p < Ord. Assume that
(U, | v < p) is coherent in the sense of Mitchell [1974]. Assume finally that
in L there is no measurable limit of measurable cardinals. Show that the
canonical wellordering <; of “w in L is G-X9(IT}). That is, show that with
there is a X{(II}) subset A of (“w)? such that, for all elements x and y of
<ww,

r <;y <> I has a winning strategy for G({z | (z,y,z) € A}; ““w).

Do this using a set A such that, for z and y belonging to L, the game
G({z | (x,y,2) € A};<“w) has a winning strategy that belongs to L.

(2) Use the following result of Kechris [1978] to deduce that no L as in (1)
satisfies “All LI(IT}) games are determined”: Let T' be any class of subsets
of “w closed under recursive preimages. If all I' games are determined, then
there is no G-I' wellordering of “w.

(3) Use the theorem of Mitchell [1992] on the X} correctness of the core
model do deduce the converse of Theorem 5.4.7.

Remark. Steel [1982] carries out steps (1) and (2). Step (3) had to await
Mitchell’s generalization of Ronald Jensen’s 3% correctness theorem for the
classical core model (Jensen [1981]).
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To accomplish (1), fix elements x and y of “wN M Consider the following
game G, in ““w.

To specify the winning conditions for G, ,, let z be any play. Let I’s part
of z code a relation 7* in w and let I1’s part code a relation s* in w. Player I
loses unless (w; r*) is isomorphic to a transitive model M* = L{V, | a < u}|
of ZFC~ + “(V, | a < p) is coherent” + “there is no measurable limit of
measurable cardinals” such that x <,;- y. If such an M? exists, then I loses
unless (w; s*) is isomorphic to a transitive model N* = LKW, | a < v}] of
the analogous theory and such that y <y: x.

Suppose both M* and N* exist. Then define (M, 105 | @ < < nr) and
(Na, Jap | @« < B < npp) as follows. Assume that (M,,i.5 | @ < 8 <€) and
(Na, jap | @ < B < &) have been defined and are such that

(i) My = M? and Ny = N?;

(ii) all M, and N, are transitive;

(iii) each i4,5: M, < Mg and each j, 5 : Ny < Ng;

(iv) for « < B <y <&, Gy =18~ 0 lap a0d Joy = I3y © Ja,8-

If ¢ is a limit ordinal and the direct limit model of (M,,i,0 | a < 8 < &)
is wellfounded, then let M, be the transitive set isomorphic to it and define
the i, ¢ so as to preserve (iii) and (iv). Otherwise let & = n;. Similarly define
N¢ and the j, ¢ or let £ = ny;.

Suppose £ = a + 1. Let (VS | v < iga(p)) = d0a({Vy | v < w)) and
similarly define (WS | v < joo(v)). For v <iiga(n), let x5 be the cardinal on
which V7 is a normal ultrafilter. Similarly define A from W2 for v < jo.o(v).
Let 7, be the least v such that V¥ and WY exist and

VN My NN, # W20 M, NN,

(Show that the existence of such a v is implied by the fact that x <,;, y
and y <y, z.) If k&5 < A] , then let M = Ult(Mg;VS)) and Ne = N,. If
NS < kS, then let Me = M, and let Ne = Ult(Ny; W), If 65 = AS ; then
let M = Ult(Mg; V5) and let N = Ult(Ny; Wy ).

I wins if and only if there is a ¢ < wP¥(z) such that M, exists but N,
does not. In other words, I wins just in case 7;; < min{n;,w{¥(2)}.

Verify that {(x,y,z) | z is won by I in G,,} belongs to X{(I}).

Prove that I has a winning strategy for G, if + <; y and that I has
a winning strategy for G, if y <; x. Indeed, show that in each case it is
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a winning strategy to play a model isomorphic to an initial segment of L
to which both x and y belong. In the case that x <; y, use the fact that
L has no measurable limits of measurables to show that no play against I’s
strategy has n;; > wi(2).

Step (2) of the plan comes immediately from step (1) and Kechris’ theo-
rem.

For step (3), assume that there is no indiscernibles exist for any model of
ZFC + “There is a proper class of measurable cardinals.” Then Theorem 1.2
of Mitchell [1992] implies that if

(Vo € “w) 2¥ exists,

then there is a class model like our L above that is X} correct. By step (2),
either some x € “w has no # or else there is a X{(II}) game that is not
determined in this class model and hence is not determined in V. Since the
determinacy of just all II} games implies (Vo €“w) z# exists, our assumption
gives the existence of an undetermined X9(IT}) game.

(b) Proceed with steps (1)—(3) in the hint for (a), with the following
changes. Instead of assuming that in L there is no cardinal that is measurable;
assume that in L there is no cardinal that is measurable; . Assume that a
is countable in M. Replace X(IT}) (in the general case, 3Y(I1})) by (a+1)-
ITY(I1}). Change the winning conditions for G, by making I’s winning set
be the (a + 1)-TI{(II7) set given by (A | 8 < ), where the Ag are defined
as follows. A play z belongs to Ay just in case

nr < wch(z) — N < Nr.

For odd 3, z ¢ Ag just in case min{ny, n} < wS¥(z) or else there are 3, &,
and  such that

iii) & is an cardinal of Ng;

(
(
(
(iv) in Ng, k is measurableg but not measurableg 1;
(v) for all & with £ < & < wi¥(2), )\%/ < Jeg (K);

(

vi) In Ng, k is the least measurableg that is > )\gg.
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The definition for the case of even § > 0 is analogous, with the obvious
replacements.

Remark. As with part (a) of the exercise, steps (1) and (2) were known
to Steel at the time of Steel [1982].

Exercise 5.4.5. Prove the converses of Theorems 5.4.9 and 5.4.10.

Hint. We consider the case of Theorem 5.4.10. The other case is similar,
except that the method of Exercise 4.4.2 has to be used when A is uncount-
able. We sketch Simms’ original method of proof. The hint to Exercise 5.4.4
indicates a very different method for proving a stronger result.

Let ¢(v1,...,v5) be a formula of the language of set theory. Consider the
following game G in ~“w.

Let I's part of a play z give z(0), together with a relation r* in w and
with elements ¢j g, @ € w and § < w?, of w. Let ID'’s part of the play give
relations £% and s* in w, together with numbers d; 45, 7 € w and § < w2,

For i € w and B < w?, if r* wellorders the set of numbers that bear r*
to c¢jg, then let p7 5 be the order type of this wellordering. For ¢ € w and
B < w?, if s* wellorders the set of numbers that bear s* to dig, then let 174
be the order type of this wellordering.

For each i such that 7* wellorders the set of r*-predecessors of 7, let f*(i)
be order type of this wellordering. Similarly define ¢*(¢) from s* and i.

The winning conditions for GG are as follows:

(1) I loses unless all of the following hold.

(a) r* is a linear ordering of w.
(b) (View)(Vjew) (VB <w?)(ir*j —= cizr?ciy).

(c) (View)(V8 <w?)(Vy <w?)(B<vy—=cfzr7cis).

(2) If I does not lose because of (1), then II loses unless all of the
following hold.

(a) s* is a linear ordering of w.
(b) (Vi €w)(¥j € w)(VF < w)(i s j = diys° ).
(c) (View) (VB <w?)(Vy<w?)(B <y —digs d,).
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(3) Assume that no one loses because of (1) or (2). Assume also that there
is an ordinal a and there are numbers i and j such that f*(i) = ¢°(j) = «
and such that, for some 3 < w?, at least one of i g and v7 g is undefined.
Consider the least such «, along with the corresponding ¢ and j. Consider the
least [ for this value of a. I loses if i 5 is undefined, and 17 loses otherwise.

(4) Assume that no one loses because of (1), (2), or (3). If (w;r?) is not
a wellordering, then I loses.

(5) Assume that no one loses because of (1)—(4). If (w;s*) is not a
wellordering whose order type is > the order type of (w;r?) , then IT loses.

(6) Assume that no one loses because of (1)-(5). Then there are v* and
0% such that f#: (w;r?*) = (% <) and ¢* : (w; s%) = (6%;5%). For o < * and
for m € w, let

pz,m = SupkEwmaX{lu’ffz)*l(a),wm+k7 Vfgz)*l(a),wm-l—k}‘

For a <%, let ki, = sup,,c,p; ., and let V7 be the filter on 7, generated by
the tails of the sequence (p7,, | m € w).

If there is an o < 7* such that V2 N L,-[{V? | @ < ¥*}] is not a normal
ultrafilter in L,:[{V? | a < ~*}], then let o be least witnessing this and
let h* : KZ. — KZ. be the <sz[{vg|a<72}]_lea8t h : K;. — kK. such that
{7 | h(y) <~} € V2 but h is not constant on any set in V.. [ wins just in
case both

(a) (Ynew)h* (i) < Pin;
(b) h(piy) > h(po) < 2(0) > 0.

(7) Assume that no one loses because of (1)—(6). Then /1 wins if and
only if (w; E) is a model of Extensionality and there is a

k:L:{V:|a<vy)} —w

that embeds L.:[{VZ | o < 7*}] into (w; E*) as an initial segment.

Show that G is a X{(II}) game.

Assume that there is a winning strategy o for I for G. Let (&, | o < wy)
be any strictly increasing sequence of countable ordinals containing none of
its own limit points and such that each &, is admissible relative to (o, ({5 |
f < «a)). Let ¢ < w; be any countable limit point of {{, | @ < w;} such
that ¢ is admissible relative to (o, (¢, | @ < ()). Use boundedness to show
that there is a play z consistent with ¢ such that no one loses because of
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(1)-(5), v* < 0 = C(, Pom = warm for all @ < 7* and all m € w, and
(w; %) 2 L= [{VZ | o < ¥*}]. Use techniques from the hint to Exercise 5.3.4
to derive a contradiction.

By the determinacy hypothesis, let 7 be a winning strategy for I for G.
Let a € ww code 7.

Let (&, | @ < w;) enumerate in order of magnitude the countable a-
admissibles that are not limits of a-admissibles. Let ( be any a-admissible
limit of a-admissibles. Show that there is a play z consistent with 7 such
that no one loses because of (1)-(5), 7v* = ¢, and p, ,,, = Eua+m for all a <7
and all m € w. For a € Ord, let k, = sup,,c Swatm and let V, be the filter
on K, generated by the tails of ({010 | M € w).

Use techniques from the hint to Exercise 5.3.4 to argue that L, [{V, |
a € Ord}| E “V, is a normal ultrafilter on «,” for all @ < w; and so that
L{V, | @ € Ord}| = “V, is a normal ultrafilter on &,” for all a € Ord.

The rest of the proof is an adaptation of the proof outlined in the hint
for Exercise 4.4.1.

First show that that the existence of indiscernibles for L[{V, | o € Ord}]
is implied by the assertion that, if \ is any a-admissible limit of a-admissibles
and v < A, then every subset of  that belongs to L|{V, | & € Ord}] belongs
to Lyla]. To do this, follow closely the first part of the hint for Exercise 4.4.1
to get an uncountable set of indiscernibles for L[{V, | « € Ord}|. To show
that this gives a proper class of indiscernibles for the model, use techniques
from §1.4 and from Mitchell [1974].

For § < wy, say that a play z of G is -good if (a) z is consistent with
7, (b) clause (1) does not cause z to be a loss for I, (c) the relation r* is a
wellordering of w of order type 3, and (d) the sequence (u? ..k | ¥ € w)
has limit &1, for every a < § and every m € w.

Show that if v < 8 < wy, if b is a subset of 7 belonging to Lg, and if 2 is
a f-good play of G, then b € L, ,[z].

For each countable ordinal a let the partial ordering (Q(«); <, ) be defined
as in the hint to Exercise 4.4.1.

For each countable ordinal «, let (Q*(«); <%) be the following partial
ordering: The members of Q*(«) are those triples (t, h, k) such that

(i) {t,h) € Q(a);
(ii) k is a function with domain ¢;

(iii) for each s € t such that h(s) = oo, k(s) € Q(&ua);
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(iv) for each s € t such that h(s) < wé, k(s) is a pair (£, h) that satisfies
the conditions for belonging to Q({.a) with condition (iii) replaced by
the requirement that h(0) = &)

Let (t,h, k) <! (t',h', k') hold if and only if (¢, h) <, (t,h’) and, for all s € ¢,
if k(s) is (f,h) and k'(s) is (£, h'), then ¥ Ct A h [ = h'.

The definition in the hint to Exercise 4.4.1 of the operation (p, &) — p(&)
makes sense whenever p = (¢, h) satisfies conditions (i), (ii), and (iv) for
membership in Q(«a) for some ordinal o > €. Let us regard the definition as
applying to all such p and &.

Ifp={(thk) € Q(a) and o < a, define p[a/] € Q*(a/) by setting
plo/] = (t, W, k'), where (t,h') = (t,h)(c’) and where k'(s) is (k(s))(Ewa) for
each s € t.

Prove the analogue of the assertion (k) in the hint to Exercise 4.4.1.

Define a class &* of ranked sentences by imitating the definition of the
class §* in the hint to Exercise 4.4.1, except for clause (a), which should now

be

(a) If s € <“w then s € T is a ranked sentence of rank 1 and, if s’ € <“w,
then s’ € T is a ranked sentence of rank 1.

Define a forcing relation |- between elements of Q*(«) and elements of
S* by imitating the definition of |, in the hint to Exercise 4.4.1, with the
necessary modification of clause (a).

Prove the analogue of the assertion (f) in the hint to Exercise 4.4.1.

Let A < w; be a-admissible and a limit of a-admissibles. Assume for
a contradiction that there is are v < X\ and f < w; and there is a set
b € Lg[{V. | @ € Ord}] such that b C vy and b ¢ Ly[a]. Let G be Q*(5 + 1)
generic over Lgi,[a] (= Lyptwla]). Let (T, H, K) be the obvious triple given
by G. If K is the function s — (T, H®), let K be the function s — T°%.
Show that there is a 8-good play of G that is recursive in (a,T, Ky). From
this it follows that b € L,4,[a, T, Ko]. Imitate the last part of the hint to
Exercise 4.4.1 and derive the contradiction that b € L., [a].

Let o < w; be a-admissible and a limit of a-admissibles. Assume for a
contradiction that « is not a cardinal in L[(V¢ | £ € Ord)]. Then there are
ordinals 7 < a and < wy and there is a set b € Lg[(Ve | £ € Ord)] such that
b C 7 and b codes a wellordering of v of order type a. Let G be Q(5 + 1)-
generic over Lygy,lal. Let (T, H) be given by G. There is an s € T such
that [|s||T = 3. Thus there is an s’ € T such that <B¥ |s' has order type 3.
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Let z be the play consistent with 7 in which r* =<B¥ s/,
c;, = the unique j such thath(j) = 0724445

and z(1) =, say, 0.
As in Exercise 4.4.1, b € L,1,[2]. Hence b €



Chapter 6

Woodin Cardinals

The main goal of this chapter is to introduce Woodin cardinals and prove the
consequences of their existence that will be used in the determinacy proofs
of Chapter 8. Along the way we give a general survey of large cardinal
properties stronger than measurability. The chapter can be read by anyone
who has read the first three sections of Chapter 3.

Woodin cardinals and certain other large cardinals cannot be character-
ized in terms of individual ultrafilters but only in terms of systems of ultra-
filters. These systems are called extenders, and we will introduce and study
them in §1. Extenders will play a central role in Chapters 7 and 8. In §2
we introduce a variety of strong large cardinal axioms and we relate them to
one another and to ultrafilters and extenders. We also prove Kunen’s results
on the limits of large cardinal axioms. Woodin cardinals are introduced in
§2, but they are not singled out for special attention. Section 3 is devoted to
some of the basic theory of Woodin cardinals. It ends with a technical result
that will be an important tool in Chapter 8.

It is possible to proceed directly from §6.1 to Chapter 7. In a sense this is
a more logical order than the order of the book. The concepts and theorems
of Chapter 7 do not depend on the material in §6.2-3, and the technical
result of §6.3 mentioned above will be used only to construct iteration trees,
which are the subject matter of Chapter 7. We chose the actual order only
because it put what seemed less technical material first.

321
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6.1 Extenders

Suppose that j : V' < M with M transitive and crit (j) = . In the proof of
the (c¢) = (a) part of Theorem 3.2.12, it is shown that if

U={XCk|krejX)}

then U is a k-complete non-principal ultrafilter on x (and the proof of
Lemma 3.2.13 shows further that ¢/ is normal). The following lemma gives a
general version of this construction of an ultrafilter from such an embedding

VE

Lemma 6.1.1. Let j : V. < M with M transitive and crit (j) = k. Let
y € M. Let A be any set such that y € j(A).

U—{XCA|yejx)h
Then

(i) U is a k-complete ultrafilter on A;
(i1) U is principal if and only if y € range (7).

Proof. (i). The proof is very much like that of the (c) = (a) part of
Theorem 3.2.12. Since y € j(A), the definition of U gives that A € U. By
the elementarity of j, we have that j()) = () and so that y ¢ j()). Thus
U satisfies clause (a) in the definition of a filter. The elementarity of j also
gives that (X NY) = j(X)Nj(Y), that X CY — j(X) C j(Y), and that
J(A\ X) = j(A) \ j(X); therefore U satisfies clauses (b), (c), and (d) in the
definition of an ultrafilter. To verify the k-completeness of U, let § < k and
let X = (X, |~ <6) be a sequence of elements of ¢. The elementarity of j
and the fact that 0 < crit (j) yield that

j(me) = ﬂ (](X))w = mJ<Xv)

v<é 7<3(9) ¥<d

But y € (N, 5 J(X;), s0 ), Xy €U.

(ii). The ultrafilter ¢ is principal if and only if there is an a € A such
that {a} € U. But {a} € U if and only if y € j({a}) = {j(a)}, i.e. if and
only if y = j(a). O
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Many large cardinal properties are like measurability in that they can be
formulated in two basic ways: in terms of ultrafilters and in terms of ele-
mentary embeddings. In some cases an elementary embedding corresponds
to a single ultrafilter, as is the case for measurabilty, but in other impor-
tant cases an elementary embedding corresponds to whole system of ultra-
filters. Such systems of ultrafilters were first studied in [Mitchell, 1979],
and a refinement of Mitchell’s concept was formulated by Dodd and Jensen.
(See [Dodd, 1982].) This refinement is the notion of an extender, to which
we now turn. All the results of this section were known to Dodd and Jensen
and, in a different form, to Mitchell.

First we introduce a standard item of notation, related to the notation
[2]7. For sets z and cardinals ~, define

[]5" ={z S 2| x| <~}

Let j : V < M with M transitive and crit (j) = . Let A be an ordinal
number with k < A < j(k). The (k, \)-eztender derived from j is the system

(Ea | a € [A]™),
where the F, are defined by
E,={X C[s]" |a e j(X)}.

To state the next lemma, we state a useful convention and a few defini-
tions. First the convention: If n € w and z € [Ord]™ then we write z; for
the ith member of z in order of magnitude, that is, z = {z1,..., z,} with
21 < -+ < z,. To give the definitions, let us fix n € w, b € [Ord]", and a C b.
Let a = {b;,,...,b;, }, with i3 <--- <. For z € [Ord]" set

Zap = {Ziys -, 2 I
For @ € Ord and X C [a]*, define X%* C [a]™ by
X4 ={z ]z, € X}.
Similarly, for @ € Ord and f : [a]* — V, define f**: [a]® — V by

fa,b(z) = f(za,b>'
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Before proceeding to the lemma, let us introduce one more piece of nota-
tion. For any function f and any set x C domain (f) let

f"r =range (f | ).

We have earlier in the book written “f(z)” for f”z, but from now on we will
reserve “f(z)” for the value of f on the argument x.

Lemma 6.1.2. Let j : V < M with M transitive and crit (j) = k. Let
K< X< jK) and let E = (E, | a € [\|=¥) be the (k, \)-extender derived
from j. Then E has the following properties:

(1) For each a € [N|<“, E, is a k-complete ultrafilter on []*, and E,
1s principal if and only if a C k.

(2) (Compatibility) If a Cb € [N<¥ and X € E,, then X* € Ej,.

(8) (Normality) Let a € [N<“. Let f : [k]lY = k and i < |a| be such
that
{z| f(2) < z:} € E,.

Then there is a < a; such that
{Z € [H]IGU{ﬁ}I ‘ f(za,au{ﬁ}) = Zk} € EaU{B}a

where = (aU{B}).

(4) (Countable Completeness) Let {(a; | i € w) be such that each a; €
[A]<“. Let X; € E,, for each i € w. Then there is an order preserving
h:U;e, @ — & such that h"a; € X; for all i € w.

Proof. The first assertion of (1) follows directly from part (i) of Lemma
6.1.1. Since if a C j(k) but a € « then a ¢ range (j), the second assertion of
(1) follows from part (ii) of Lemma 6.1.1.

For (2), let n € w, let @ C b € [A\]*, and let X € E,. By definition, we
have that a € j(X). Now a = by, 80 bap € j(X). But this just means that
b€ (j(X))jiy = J(X2*) and so that X2t € Ej.

Let a, 4, and f be as in the hypothesis of (3). By the definition of E,,
we get that a € {z € [j(r)]" | (5(f))(2) < z}. Hence (j(f))(a) < a;. Let
B =(j(f))(a). Let k be such that (a U {8})r = 8. Then

(()a) == (aU{B})
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By the definition of Eqysy, we have that

{z € [’f]mu{ﬁ}' | f(Za,au{ﬁ}) =2} € Eaugpy-

Let a = <al | i € w) and X = (X, | i € w) be as in the hypotheses of (4).
Let b= |, . If b is finite, then (j [ b)~': j(b) — b witnesses that

ZEUJ

M = (Elh)(h j(b) = j(k) A his order preserving
A (View)h"(j(a)): € (5(X)))-

The desired conclusion follows by the elementarity of j. If b is infinite, then
we cannot assume that 7 [ b € M, and so we do not know that its inverse
belongs to M. Instead we let

U={s|(Fkew)(s:Ujcpa — k A sis order preserving
A (Vi<k)s'a; € X;)}

If s and t belong to U define
§ <1 <« s2t.

The inverse of j [ b witnesses that j(=<) is not wellfounded in V. The abso-
luteness of wellfoundedness implies that j(<) is not wellfounded in M. The
elementarity of j then implies that < is not wellfounded. If (s; | i € w) is an
infinite descending sequence in <, then |, s; is our desired h. 0

If k is an uncountable cardinal number and A > & is an ordinal number,
then a (k, \)-extender is a system (F, | a € [\|<¥) that satisfies clauses (1)
(4) of Lemma 6.1.2. An extender is anything that is a (k, \)-extender for
some pair (K, \).

Remarks.

(1) There can be a (k,A)-extender only if x is a measurable cardinal.
A (kr,k + 1)-extender is essentially a uniform normal ultrafilter on k. See
Exercise 6.1.1.

(2) There is no real reason for the demand that A < j(k) in order for
the (k, A)-extender derived from j to be defined. Removing this requirement
would give us ultrafilters E, that are not all on [x]<“. See Exercise 6.1.2.
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Let E = (E, | a € [\]*) be a (k, \)-extender. We define

[Tv;e),

E

which we call the ultrapower of (V; €) with respect to E, even though it is
not literally an ultrapower.
Let
Dp={{a,f)lac N A f:[s]" =V}

If (a, f) and (b, g) are elements of Dg, define

(a, f) ~g (b,g) <> {2 € Mmub\ | f(za,aub) = g(Zb,aub)} € Eap.

It is easily verified that ~g is an equivalence relation on the class Dg. For
(a, f) € Dg, let [a, f]z be the set of all elements of minimal rank belonging
to the equivalence class of (a, f). (We will omit the subscript “£” when there
is no danger of confusion.) The universe of our ultrapower [[;(V; €) is the
class of all the [a, f] for (a, f) € Dg. The relation, which we write €, is
given by

I[(l, f]‘E €E [[b7 g]‘E A {Z € [’i]MUbl | f(za,aub) S g(zb,aub)} S Ean-

Remark. An alternative way of defining [[;(V; €) is as a direct limit of
the ordinary ultrapowers [ (V; €). See Exercise 6.1.3.

Theorem 6.1.3. Let E = (E, | a € [A<¥) be a (k,\)-extender. Let
o(v1, ..., v,) be any formula of the language of set theory. Let {(ay, f1), ..., (an, fn)
be elements of Dg. Let b= U1§z’§n a;. Then

[s(Vi€) Eellay, f1], - fan, fu]] <
{zels" [ (Vi€) E @lfilzas), - fulza,p)]} € Bb.

Proof. The proof is similar to those of Theorem 3.2.1 and Theorem 3.2.5,
and we omit it.

As with ordinary ultrapowers, we get a canonical elementary embedding
which we call ¢ of (V;€) into [[(V; E), where i, is defined by, e.g.,

ip(x) = [0, c:] -

Here () could be replaced by any other a € [A]<“ without affecting the defi-
nition.
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Lemma 6.1.4. If E is an extender then [[,(V; €) is wellfounded.

Proof. Let E = (E, | a € [\]*) be an extender and suppose for a contra-
diction that
Sy o [a2,f2]] S¥o I[alafl]] €E |[a07f()]l-

az‘,Ui/Siai

Replacing each a; by Ui/gi ay and each f; by f; , we may assume that
ap Ca; C.... Let Xy = [x]l%l and for each i let

X ={z¢€ [R]‘aiﬂl | fi1(2) € fi(Zaiai01) }-

For each i € w, we have that X; € F,,. By countable completeness (property
(4) of extenders), let h : |J,.,a; — & be order preserving and such that
h'a; € X; for all i. We get the contradiction that

(V’L c Cd) fi+1(h”ai+1) € fi(h”ai). O

The wellfoundedness of [[,(V; €) is actually equivalent with the count-
able completeness of E:

Lemma 6.1.5. If E = (E, | a € [\|<¥) has properties (1)-(3) of (k,\)-
extenders, then E is countably complete (i.e., E is a an extender) if and only

if [15(V; €) is wellfounded.

Proof. The “only if” part of the corollary is Lemma 6.1.4.

For the “if” part, assume that (a; | ¢ € w) and (X; | i € w) are a
counterexample to the countable completeness of E. Replacing, if necessary,
each a; by ;... a; and X}, by (Xk)zk’uiskai, we may assume that a; C ay, for
all i < k € w. Next replacing, if necessary, each Xj by (,c,(Xk)%%, we
may assume that -

(Vz e Xi)(Vi < k) 24,0, € X

As in the proof of Lemma 6.1.2, let

U={s|(3kew)(s:ar — k A sis order preserving
A s"a, € Xi)}

and define, for elements s and t of U,

5§ <t <> s2t.



328 CHAPTER 6. WOODIN CARDINALS

To say that (a; | i € w) and (X; | ¢ € w) are a counterexample to the
countable completeness of E is just to say that < is wellfounded. Define
| I : U — Ord by induction on < as follows.

Isl™ = sup{|[£lI™ + 1 [ ¢ < s}.

For each k € w and each z € X}, there is a unique s, € U such that z = s,”ay,.
For k € w, define

fk : Xk — Ord
by
fe(2) = lls:I™.
For each k and each z € Xj,,
fenn(2) = lls:l™ > llse Tawll™ = llsz 0, I = fo(zapari)-
Hence the [ag, fi] witness that [[(V; €) is not wellfounded. O

Lemma 6.1.6. If E is an extender then [[5(V; €) is set-like.

We omit the proof, which is similar to that of Lemma 3.2.9.

If F is an extender then Lemmas 6.1.4, 6.1.6, and 3.2.8 give us a unique

mo: [[(Vi€) = (Ul(V; E); €),

with Ult(V; E) transitive. Let ig : V < Ult(V; E) be given by ig = g o i/g.
(Note that we continue the convention whereby we may write, for example,
“V” instead of “(V;€).”)

Lemma 6.1.7. Let E be an extender. Then ig is the identity on V,, and
Kk = crit (ig).

Proof. The proof is like that of Lemma 3.2.10.

We first show that ¢ is the identity on x. To do this we prove by induction
that ig(a) = « for all @ < k. Suppose then that @ < k and that ig(5) =
for all 5 < «a. For each 8 < a, ig(f) € ig(a), by the elementarity of ig.
Suppose that 7([a, f]) € ig(a), where 7 = 7g : [[5(V;€) = (Ult(V; E); €).
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Then {z € [x]l*! | f(2) € a} € E,. But then the k-completeness of E, implies
that there is a 8 < a such that {z € []l9l | f(2) = B} € E,. This means that

m(la, /1) = 7([0, c]) = iu(B) = 6.

This completes the inductive proof that ig is the identity on x. From this
fact it follows exactly as in the proof of Lemma 3.2.10 that ix is the identity
on V..

To see that ig(r) > k, consider [{x}, f], where f = [J[[x]'. Note that
U({a}) = a for each {a} € [s]'. Since Ey,; is non-principal and x-complete
by part (1) of Lemma 6.1.2, we have that

(v8 < k) {{a} | B < a} € Eyy.

Thus 7([{k}, f]) > B for all § < k; hence w([{k}, f]) > k. (It follows from
Lemma 6.1.8 below that ([{x}, f]) = x.) But f: [s]' = &, so 7([{x}, f]) <

([0, c.]) = ig(k). O

If U is a uniform normal ultrafilter on x, then (Exercise 3.2.2) m,([id],,) =
k. The next lemma is the version of this fact for extenders, and it is proved
using the normality of extenders (property (3)).

Lemma 6.1.8. Let E = (E, | a € [\|<¥) be a (k, \)-extender.

(i) For each a € [N\|<¥ and each i, 1 <i < |a|, mp([a,z — z]) = a;.

(ii) For each a € [\<“, mg([a,id]) = a.

Proof. Let m = mg. We prove (i) by induction on the ordinal a;, simul-
taneously for all @ € [A]<“. Assume then that, for all b € [A\|<¥ and all k,
1 <k <|b|,if by < a;, then w([b, z — z]) = bg.

Let 8 < a;. Let 8 = (aU{B})x. Using our induction hypothesis, we get
that 8 = 7([aU{B},z — 2i]). But 2 < (2aau(sy): for all z € [x]l*V1PH and
so Theorem 6.1.3 implies that 7([a U {8}, z — z]) < 7([a, z — z]), and so
that 8 < w([a, z — z]).

Assume now that 7([c, f]) is an ordinal smaller than 7([a, z — 2;]). We
may assume that range (f) C Ord. Let b = aUc. We have by Theorem 6.1.3
that

{z € [H]‘b‘ | f(zep) < (2ap)i} € Eb.
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By normality this gives us a 8 < a; such that

{Z S [,i]lbu{ﬁ}l | f(Zc,bu{/i}) = Zk} € Ebu{[i’}7

where = (bU {f})x. Thus 7([c, f]) = n([bU {8}, 2z — 2]). Our induction
hypothesis then gives us that 7 ([c, f]) = (bU{B})r = F

We have shown that the ordinals smaller than 7([a, z — z;]) are precisely
the ordinals smaller than a;; hence 7([a, z — z]) = a;.

It is easy to see that (i) implies (ii). O

Corollary 6.1.9. If FE is a (k, \)-extender, then A < ig(k), and E is the
(k, A)-extender derived from ig.

Proof. Let a < A By Lemma 6.1.8, a = mg([{a},z+ z]). Since
{z € [k]' | 21 < K} € Efqy, Theorem 6.1.3 gives that mp([{a},z — z]) <
e([0,k]) = ig(k).

Let a € [A]<¥ and let X € [k]/. By Lemma 6.1.8, a € ig(X) if and
only if 75 ([a,1d]) € ([0, cx]). By Theorem 6.1.3, this holds if and only if
{z € [x]"l| 2z € X} € E,, i.e., if and only if X € E,. O

Now let us return to the topic with which we began this section. Let
Jj 'V < M with M transitive and crit (j) = k. Let A < j(k). Let (E, |
a € [A\]<¥) be the (k, A)-extender derived from j. The next two lemmas will
show that ig : V < Ult(V; E) is an approximation of j : V' < M. Define
k:U(V;E) — M by

k(re(la, f1p) = G()(a).

The function k is well-defined, since

[a, f] = ﬂ gl —
{z € [K]19*1 | f(20a0) = 9(2baub)} € Easp —
(J(f))(a) = (j(g))(b)-

Lemma 6.1.10. Let j, M, \, E, and k be as in the preceding paragraph.
Then

(a) k:U(V; E) < M;
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(c) k| X is the identity.

Proof. The proof of (a) is similar to the proof that k is well-defined. Let
©(v1,...,v,) be any formula of the language of set theory. Let (aq, f1), ..., (an, frn)
be elements of Dg. Let b = J,,,, ai- Then

[1:(V;5e) Eollar, fil,-- - [an, fz]] < (by Theorem 6.1.3)
{ze " (Vi€) E elfi(zas), - falza,0)]} € By
(M;€) | ol(i(fi)(ar), ... (i(fa))(an)]

(M; €) | plk(re(lar, f1])s - - k(me([an, f2]))]-

To see that k oig = j, observe that
k(ip(x)) = k(rp([0, c:])) = ¢j) () = j ().

We finish the proof of the lemma by showing that & [ [A\]<“ is the identity.
This is clearly equivalent with (c). Let a € [A\]<“. Lemma 6.1.8 implies that

k(a) = k(mg([a,id])) = (j(id))(a) = a. O
Lemma 6.1.11. Let 5, M, A\, E, and k be as in the paragraph preceding
Lemma 6.1.10. Let n < X\ be such that

VMM <A

Then V,)"ViE) = VM and k 1V VE) s the identity.

Proof. Let y = V7"V UViE) - Gince
v < k() = VT <A

we must have k(y) = 7.

Let (X3 | 8 < ) be an enumeration of all elements of VM) Then
(k(Xp) | B < ~) is an enumeration of all elements of V. By the elementarity
of k, this means that

U(V3E) . (1/U(VE). o\ ~ (/M.
BTV (VIR e) = (VY €).
But an isomorphism between transitive sets must be the identity. U

For the case 7 = ig, the elementary embedding k of the preceding lemmas
is the identity:
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Lemma 6.1.12. For any extender E and any [a, f],

(ie(f))(a) = mu(la, [1).

Proof. For E, a, and f, as in the statement of the lemma,

(ie(f)(a) = (we([0,¢])(re(la,id]))
= WE(I[a,f]l),

where the last equality is by Theorem 6.1.3, with “v; is a function and v3 =
v1(v2)” as the formula ¢, with () as a; and a as as and a3, with ¢ as f;, with
id as fy, and with f as fs. O

Exercise 6.1.1. (a) Let (E, | a C [k + 1]) be a (k, k + 1)-extender. Show
that
{XCr| @Y €eEyy)(Va<k)ae X < {a} YY)}

is a uniform normal ultrafilter on x.
(b) Prove that a cardinal k is measurable if and only if there exists a
(k, k + 1)-extender.

Exercise 6.1.2. Let us generalize the notion of extender as follows. Let
j:V < M with M transitive and crit (j) = k. Let A be any ordinal number
such that K < A. For a € [\]<%, let v, be the least ordinal v > k such that
a € [j(7)]=¥. The (k, A)-extender derived from j is the system

(Ea | a € A7),
where the F, are defined by
Eo ={X €[] | a € j(X)}.

Remark. The requirement that v, > « has no purpose other than to make
ordinary extenders be extenders in the generalized sense.

Prove that Lemma 6.1.2 becomes true for derived extenders in this gen-
eralized sense when (1)—(4) are replaced by the following clauses (1')—(4').

(1') For each a € [\|<¥, E, is a k-complete ultrafilter on [v,]%, and E,
is principal if and only if a € range (7).

(2') (Compatibility) If a € b € [\]** and X € E,, then X" € E.
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(3") (Normality) Let a € [A]<“. Let f : [y4]!"l = 7, and i < |a| be such
that

{z] f(2) < z} € E,.

Then there is a 5 < a; such that
{z € 1" f(zaausy) = 21} € Easgey,

where 5 = (a U {f})s.

(4") (Countable Completeness) Let (a; | i € w) be such that each a; €
[A]<“. Let X; € E,, for each i € w. Then there is an order preserving
h: Uien @ = Ujew, Ya, such that h'a; € X; for all i € w.

A (K, \)-extender in the generalized sense is defined using (1')—(4’) and (if
one wants) the condition that no bounded subset of 7, belongs to E, unless

Ya = K.

Exercise 6.1.3. Let £ = (E, | a € [A\]<*) be a (k, A)-extender.
(a) For a C b € [A\]<“, show that

[ pet
induces an elementary embedding
ig, m : Ult(V; E,) < Ult(V; E,).
(b) Prove that
(Ult(V; Ea) | a € [A™), (ig,.m, | @ © b € [AI™))

is a directed system of elementary embeddings.
(c) Let

(M, (ig, | a € [N]7))

be the direct limit of the directed system of (b). Prove that there is a (unique)
m: M2 (Ult(V; E); €) and that ip = moipg, oig,.
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6.2 Large Large Cardinals

By Lemma 3.2.11 and Theorem 3.2.12, the measurability of a cardinal « is
equivalent with each of the following:

(a) There are a transitive class M and an embedding j : V' < M such that
crit (j) = k and such that V3 C M.

(b) There are a transitive class M and an embedding j : V' < M such that
crit (j) = k and such that "M C M.

These two equivalents of measurability lead to two different ways to gener-
alize the notion of a measurable cardinal. The one corresponding to (a) was
considered in [Gaifman, 1974], but became prominent only through work of
[Mitchell, 1979] and of Anthony Dodd and Ronald Jensen. (See [Dodd, 1982]
and [Dodd, |.) The one corresponding to (b) is was pursued earlier, by
William Reinhardt and Robert Solovay. (See [Solovay et al., 1978].)

If x is a cardinal number and 7 is an ordinal number greater than «, then
k is m-strong if there are a transitive class M and an embedding 7 : V < M
such that crit (j) = &, n < j(x), and V;, C M. A cardinal & is strong if & is
n-strong for every ordinal n > &.

If kK and A > k are cardinal numbers, then x is A-supercompact if there
are a transitive class M and an embedding 7 : V' < M such that crit (j) = &,
A < j(k),and *M C M. A cardinal x is supercompact if x is A\-supercompact
for every cardinal A > k.

The condition 1 < j(k) can be dropped from the definition of n-strong
without changing the concept, and the condition A < j(k) can similarly be
dropped from the definition of A-supercompact. This will be proved later
(Theorem 6.2.15).

A cardinal k is measurable if and only if « is (k + 1)-strong if and only
if k is k-supercompact. It is clear that if x is 2"-supercompact then k is
(k + 2)-strong. But the converse fails: If k is 2"-supercompact then, as we
will see below, « is the xth cardinal v such that v is (7 + 2)-strong—indeed
there are k cardinals v < k such that « is k-strong.

There is an equivalent definition of A-supercompactness that generalizes
our basic definition of measurability in terms of ultrafilters. To state this
definition, we need to make some preliminary definitions.

For cardinals k and A,

P.(N) ={x CA||z| < K}
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In other notation, P, (A) = [A]<". An ultrafilter & on P, () (i) is fine if
{reP.(\N) |acz} el
for each av < A and (ii) is normal if, for every f: P.(A) — A, if
{reP.(N) | flz) ez} el
then there is an o < A such that
(e PN | f(a) =0} €U

Note that an ultrafilter V on an infinite cardinal x generates an ultrafilter
Uon Pyk): Xeld <+ XNkeV (& XNOrd € V). The ultrafilter U is
k-complete if and only if V' is k-complete; U is fine if and only if V is uniform;
U is normal if and only if V' is normal.

Theorem 6.2.1. (Reinhardt, Solovay; see [Solovay et al., 1978]) If k and
A > Kk are cardinals, then the following are equivalent:

(1) K is A\-supercompact.

(2) There is a k-complete fine normal ultrafilter on P.(N).

Proof. First suppose that 7 : V < M witnesses that x is A-supercompact.
Let
U={XCP(N "N e jX)}

(Recall that j”X = range (j [ A).) This definition is legitimate, for [j”\| = A
and so j”\ € M. Since A < j(k), we have that j”A € j(Px(N)). Thus
Lemma 6.1.1 implies that U is a k-complete ultrafilter on P, ().

To see that U is fine, let o < A. Since j(«) € j”A, we have that

7'Aej{x € Pc(\) | a € x}).

Hence {x e P,(\) |a €z} € U.
To verify the normality of U, let f : P.(\) — A be such that

{reP.\) | f(z) ez} el
By the definition of U, we have that

GNGA) € 57A
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But this means that there is an o < A such that
GNG"A) = ().
By the definition of U,
{zreP.(N) | fz)=a} eU.

Now suppose that U is a k-complete fine normal ultrafilter on P, (\).
Since iy 1 V < Ult(V;U), it is enough to show

(1) AUL(VU)) € UI(V;U);
(i) A <iy(k);
(iil) crit (i) = k.
In order to prove (i) we will first show that
'\ e Ult(V;U).

Let 7 = my : [[,,(V;€) =2 (Ult(V;U); €). We show that 4,”A = m([id]). If
a < A then, by fineness of U,

{reP.(N) |a €z} el

hence
[ca] €u [id]
and so
iu(o) € m([id]).
Thus i,/” A C 7([id]). To establish the reverse inclusion, let
[/T €u [id]-

Then
{reP.\) | f(z) ez} el

By the normality of U, there is an o < A such that
{zeP.(\) | fz)=a} elU.
But then [f] = [ca] and so
m([f]) = ().
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This shows that i,” A 2 7([id]) and so that 3,”\ = 7([id]).
Now suppose that h: A — Ult(V;U). For each v < A, let h(a) = 7([ga])-
Define § : P.(\) — *V by
(9(x))(@) = ga(z).

The function 7([g]) has domain 4, (\). For each av < A,

(7([9D) (i (@) = 7([ga]) = h(e).
Thus
h=mn([g]) o (izg | A) € Ult(V;U).
For (ii), note that

A = the order type of i,” A
= the order type of 7([id])
< m([es])
iu(li).
Now by Lemma 3.2.10, crit (i) is the completeness of U, which is > . If

crit (i) > K, then we have the contradiction that A > k = iy(k) > A. Thus
(iii) is proved. d

There is no analogue of Theorem 6.2.1 that characterizes n-strength in
terms of the existence of an ultrafilter. To get an analogue of Theorem 6.2.1
we need to use extenders instead of ultrafilters.

Lemma 6.2.2. Let xk be an n-strong cardinal. Then there is an extender E
such that ip witnesses that k is n-strong.

Proof. Let j : V < M witness that x is n-strong. Thus VnM = V,. Let
A =|V,|™. Let E be the (k, \)-extender derived from j. By Lemma 6.1.11,

VnUlt(V;E) = V},. Hence ip witnesses that x is 7-strong.

U

For any extender FE, let strength (E) be the largest ordinal n such that
V, C Ult(V; E). The next theorem is a direct consequence of Lemma 6.2.2.

Theorem 6.2.3. (Mitchell; Dodd and Jensen) For cardinals k and n > K,
the following are equivalent:
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(a) K is n-strong.
(b) There is an extender E with crit (ig) = k, strength (E) > n, and
n < 1E<l€)

Remark. In [Martin and Steel, 1989], the word eztender is used for a
wider class than that of (k, A)-extenders. The extenders of that paper do
not necessarily have the form (E, | a € [A\|]<¥). They can have the more
general form (E, | a € [Y]<¥), where Y is required only to be a transitive
set. If j : V < M and Y C V;](‘ﬁ) is transitive, then we can get such an
extender by setting B, = {X C[V]?l | a € j(X)}. Y is called the support
of E. A cardinal k is n-strong if and only if there is an extender E in the
sense of [Martin and Steel, 1989] such that crit (ig) = x and the support of
E contains V,,.

Let us begin to show that supercompactness is a much stronger property
than strength. To do this we introduce three classes of large cardinals that
lie between strong cardinals and supercompact cardinals. Among these will
be Woodin cardinals, the cardinals we will use in determinacy proofs.

A cardinal k is called superstrong if there is an elementary embedding
J V' < M such that crit (j) = x and Vj(,y C M. Superstrong cardinals, like
strong cardinals, can be characterized in terms of extenders:

Theorem 6.2.4. ([Dodd, 1982]) For cardinals k the following are equiva-
lent:

(a) K is superstrong.

(b) There is a X > k and a (k, \)-extender E such that strength (E) >

Proof. If E witnesses that (b) holds, then clearly ip witnesses that x is
superstrong.

Suppose that j : V' < M witnesses that x is superstrong. Let E be the
(K, j(k))-extender derived from j. Let k : Ult(V; E) < M be defined as on
page 330. By Lemma 6.1.10, k | j(k) is the identity.

We now apply Lemma 6.1.11 with A = j(k). Since j(k) is a strong limit
cardinal in M, the hypotheses of Lemma 6.1.11 hold for every n < j(x). The

lemma thus yields for every n < j(x) that V¥ = VnUlt(V;E). It follows that

_ M _ y/U(VE)
Vi) = Vit = Vi -
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To finish the proof, we need only show that ig(x) = j(k). Part (b) of
Lemma 6.1.10 gives that k(ig(k)) = j(k). Since ig(k) < k(ig(r)) and since
k(o) = a for all v < j(k), this implies that ig(k) = j(k). O

The next lemma will be used in proving that supercompactness is es-
sentially a stronger property than superstrength. But it—and variants of
it—will also be useful on other occasions.

To state the lemma, we need to introduce the analogue for extenders of
the Ult(M;U) of Chapter 3. Suppose that M is a transitive class model of
ZFC and that E is a (k, A)-extender in M, i.e. that £ € M and M |= “Fis a
(k, A)-extender.” Then we can form what is in M the ultrapower of M with
respect to . The universe of this ultrapower consists of equivalence classes
(modified d la Scott) of pairs (a, f), where a € [A\]<¥ and f € M is such that
f i [k]lYl — M. Let us denote the class of all such pairs by D, and let us
denote the equivalence class of (a, f) by

[a, 13

The relation of the ultrapower, which we call € is given by

[a, f]]AE/[ E%I [b, g]‘% < {2 € [K]‘anl | f(zaaup) € 9(2b,au6)} € Eatp-

The ultrapower we will denote by

M

[1v;e).

E

By ZFC in M, this ultrapower is well-founded and set-like, and so we have
a unique 7Y : T[4 (M; E) (Ult(M; E);€). We also have the canonical
elementary embeddmg ip M < Ut(M; E).

Lemma 6.2.5. Let M be a transitive class model of ZFC. Let E be a (k, \)-
extender such that E € M. (This implies in particular that VX, = Viiq.)
Let ( > Kk be such that ch\fl = Veg1. Then

(i) M = “FE is an extender”;

(ii) (Va <) i¥(a) =ig(a); in particular, i¥ (k) =ip(k);

Ult M E Ult(V3E) | U(M;E) _ ¢, Ult(V )
(ii) V;, =V s ; henceV, n)+1 = Vo)1 -
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Proof. That clauses (1)-(4) in the definition of an extender hold for £ in
M follows from the facts that [A\]<¥ C M and V, ;3 € M. Clause (4) can be
proved either directly, using the absoluteness of wellfoundedness of trees, or
indirectly, using Lemma 6.1.5.

(ii) and (iii) follow from the fact that, for n € w, V and M have exactly
the same functions f : [k]" — (T and ¢ : [k]" = Vi41. (Such functions f
can be coded by a wellordering R of { of order type sup (range (f)) and a
g : [k]™ = (. The pair (R, g) can be coded by a ¢ : [k|" = V1. Such a g
can in turn be coded by an element of Ve = VA, .) O

The following lemma is possibly due to Dodd.

Theorem 6.2.6. Let k be 2%-supercompact. Then there is a uniform normal
ultrafilter U on Kk such that

{a < k| a is superstrong} € U.

Proof. Let 5 : V < M witness that s is 2"-supercompact. Let E be the

(K, j(k))-extender derived from j.
For each a € [j(k)]<%,

E,={X C[" |a € j(X)}.

Now j [ U,e, P([K]") is a subset of M of size 2* and is therefore a member
of M. It follows that £ € M.
As in the proof of Theorem 6.2.4, we get that ig(k) = j(k) and that

ij(‘i) = Vj[(j;t)(vﬂ). Lemma 6.2.5 gives that F is an extender in M, that ig(k) =

i¥(k), and that Vzgl(tﬂ()M E) = szl(tﬁ()v E) " Putting these facts together, we get
that

Vo e —
553 (k) 'R (k)
But this means that
M E Kk is superstrong.

Let = {X Ck | k € j(X)}. By Lemma 3.2.13 we know that U is a
uniform normal ultrafilter on k. For X = {a <k | « is superstrong}, we have
shown that x € j(X); hence X € U. O

Remark. One thing the theorem does not show is that if x is 2"-supercompact
then k is superstrong. Assuming that the existence of supercompact cardi-
nals is consistent with ZFC, one can show that it is also consistent with ZFC
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that there is a supercompact cardinal that is not superstrong. (See exercise
6.2.1,) One the other hand, it is trivial that every supercompact cardinal is
strong.

For some time, nothing interesting was known between strong and super-
strong cardinals. Then Saharon Shelah, in weakening the hypothesis of re-
sults of [Foreman et al., 1988] and of related theorems (see [Shelah and Woodin, 1990]),
discovered a significant intermediate class of large cardinals.
For any cardinal x and any f : kK — &, let us say that s is Shelah for
f if there is a j : V < M such that M is transitive, crit(j) = &, and
Vi © M. A cardinal s is Shelah if, for every f : Kk — K, k is Shelah for

A routine argument shows that supercompactness is a stronger property
than that of being a Shelah cardinal:

Theorem 6.2.7. Let x be superstrong. Then k is Shelah and there is a
uniform normal ultrafilter U on k such that

{a < k| a is Shelah} € U.

Proof. Let j witness that x is superstrong.
To prove that  is Shelah, let f : x — k. Since (j(f))(r) < j(k), we have
that
Vi € Viw € M.

For the second assertion of the theorem, we proceed as in the proof of
Theorem 6.2.6. We show that M |= “k is Shelah.” Just as in the proof of
Theorem 6.2.6, this suffices. Let f : K — x and set

A=max{r+1, (F(f) (&) + 1 [Viirml}-

(Note that |Viimym| = \V(%f))(ﬁ)\M.) Let E be the (k, \)-extender derived
from j. Let k : Ult(V;E) < M be the canonical embedding, i.e. let k be
defined as on page 330. By Lemma 6.1.10, & | A is the identity. This implies

that k((5(/f))(x)) = (5(f))(x). But
k((ie(f)(r) = (kie() (k) = G EE) = G())(x),

. . Ult(V;E
and so (ip(f))(k) = (j(f))(k). By Lemma 6.1.11, VS 'S\'5 = V2L - By

Lemma 6.2.5, we have that E is an extender in M, that i¥(f) = ig(f) (and
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so these functions agree on the argument x), and that VUI;()J)\{ ;5) = V(Ej(l;()‘)/(:;)
Combining these facts we get that

(i ()() = Gk
) = Ve

Thus i/ witnesses in M that s is Shelah for f. O

Hugh Woodin discovered a weakening of the concept of Shelah cardinals
that has turned out to be extremely important. For any cardinal x and any
f Kk — kK, kis Woodin for f if there are < k and j : V < M such that M
is transitive, 0 is closed under f, crit (j) = 6, and Vi sy S M. A cardinal
k is Woodin if, for every function f : Kk — K, K is Woodln for f.

The next two theorems, both known to Woodin, show how Woodin car-
dinals sit within the large cardinal hierarchy.

Theorem 6.2.8. Let k be Shelah. Then k is Woodin and there is a uniform
normal ultrafilter U on k such that

{a <k | ais Woodin} € U.
Proof. Let f:k — k. Define g : Kk — K by
g(a) = max{a+2, f(a) +1, [V} + 1
Let j : V < M witness that x is Shelah for g. Let
A=max{r +1, ((/)(%) + 1, [Viimml}-

Let E be the (k, \)-extender derived from j. Since E : [A|<¥ — V4o, it is easy
to see that E can be coded by an element of Vijax(ar+21+1 € Vij(g))x).- Thus
E belongs to M. Using Lemmas 6.1.10, 6.1.11, and 6.2.5 as in the preceding
two proofs, we get that E is an extender in M, that (i} (f))(x) = (5(f))(k),

and that VUNIIt %)5) V(% M) Since (j(f)) [k = f, we have that  is closed

under j(f) and that (M (5(f) (k) = (i¥(f))(x). The latter of these facts

gives, since V. M () C Ult(M; E), that V%( () C Ult(M; E). Thus &

and % witness in M that j(x) is Woodin for j(f). By the elementarity of j,
we get that in V' there is an extender F' such that crit (ir) and ir witness that
k is Woodin for f. Since f was arbitrary, we have shown that x is Woodin.
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Now E € Vj](‘ﬁ), so the elementarity of j gives the stronger fact that there
is an extender F' € V such that crit (ir) and ip witness that x is Woodin
for f. But such an F' belongs to M. Moreover Lemma 6.2.5 implies that
M . Ult(M;F) Ult(V;F) s (M M :
iy (f) =1ipr(f) and V; = Vi . Hence crit (i ) and iy witness in
M that x is Woodin for f. The second assertion of the Theorem follows as
in the two preceding proofs. O

Woodinness is different from the other large cardinal properties we have
studied in this chapter in that it is not characterized in terms of elementary
embeddings whose critical point is the cardinal itself. Indeed a Woodin
cardinal need not be measurable. (See Exercise 6.3.2.) Nevertheless we have
the following result, which shows that Woodinness is a stronger property
than strength.

Theorem 6.2.9. Let k be Woodin. Then

(1) K is inaccessible;

(2) The set of cardinals § < k such that
(Vn)(0 <n <k — ¢ is n-strong)

18 unbounded in k.

Proof. (1) To show that x is regular, suppose that v < k and that f : v — &.
Set

9(0) = 1;
g(1+a) = f(a) for a < ;
gla)=0fory<a

Since x is Woodin, there must in particular be a non-zero ordinal 8 < k that
is closed under g. But any such g must be larger than every element of the
range of f.

To show that « is a strong limit cardinal, let v < s be a cardinal number.
Let f: k — K be such that f(0) =~. Let § < x and j : V < M witness that
k is Woodin for f. Then ¢ > v and J is measurable. Hence § > 27.

(2) Assume for a contradiction that there is a 5 < k such that

(VO)(B<d<k — (IN(d <n<k A Jisnot n-strong)).
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Without loss of generality we may take 3 to be a limit ordinal. For ordinals «
such that f < a < k, let n(«) be the least n > « such that « is not n-strong.

Let
(a) = 15} if a < (3
AN max{n(a) + 1, [V} +1 if B <a <k,

Note that g(a) > a+ 2 for all a. Since k is inaccessible by (1), we have that
g:k — k. Let d and 5 : V < M witness that x is Woodin for g. Clearly
0 > . Let

A = max{(j(n))(6) + 1, [Viimy@)l}-

Let E be the (9, A)-extender derived from j. Arguing just as in the proof of
Theorem 6.2.8, we get that &£ € M and so, by Lemma 6.2.5, that E is an
extender in M. By Lemmas 6.2.5 and 6.1.11,
U(M;E) _ +,U(V3E) M
Viane = Vome = Vimer-
Thus ¥ witnesses in M that § is (j(n))(d)-strong. This contradicts the
elementarity of j. O

Remark. Theorem 6.2.9 implies that if £ is Woodin then V, = ZFC +
“There is a proper class of strong cardinals.” Theorem 6.3.1 will shed more
light on the relation between strong cardinals and Woodin cardinals.

We will develop the theory of Woodin cardinals in the next section. In
the rest of this section, we will briefly discuss some very strong large cardinal
properties and in doing so prove that, for example, the condition A < j(k)
in the definition of A-supercompactness is unnecessary.

The following definitions and theorem appear in [Solovay et al., 1978|.
For n € w, a cardinal k is said to be n-huge if there is a j : V' < M such that
M is transitive, crit (j) = &, and

s C M,

where k,, = jo.n(r). Being 0-huge is the same as being measurable. Cardinals
that are 1-huge are simply called huge. Huge cardinals were introduced in
the early 1970’s by Kenneth Kunen.

As with A-supercompactness, n-hugeness can be characterized in terms
of ultrafilters. If A is any set, an ultrafilter U on P(A) is fine if

Vae A){z CAlacax} el
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and is normal if, for all f: P(A) — A, if
{xCA| f(x)ex}el

then f is constant on a set in U.
If z is a set of ordinals, let ot(x) be the order type of z.

Theorem 6.2.10. ([Solovay et al., 1978]) If n € w and k is an infinite car-
dinal, then the following are equivalent:

(1) K is n-huge.

(2) There are cardinals Kk = \g < -+ < A\, = A and there is a k-complete
fine normal ultrafilter U on P(N) such that

(Vi<n){z CA|ot(xNii1) =N} €U.

Proof. Let j : V < M witness that & is n-huge. Let x; = jo (k) for i < n+1.
Let
U={X CP(kn) | j"kn € §(X)}.

Evidently U is an ultrafilter on P(k,). The proofs that U is k-complete,
fine, and normal are exactly like the corresponding parts of the proof of
Theorem 6.2.1. Fix ¢ < n. We have that

J" k0 N J(Kig1) = 7"6p N Kive = 7" Kig1;
Ot(j”/fiH) = Rit+1 = j(’%)-
Thus
7" kn € J{x C Ry | o6(x N Kig1) = Ki}).
But this means that

{x Ckylot(xNKip1) =kif €U.

Thus we can set \; = k; for each ¢ < n and satisfy all the clauses of condition
(2).

Now suppose that k = A\g < ... < A, = X and U satisfy (2). We will
show that iy, : V' < Ult(V;U) witnesses that  is n-huge. By Lemma 3.2.10,
crit (i) > k. For v < Alet id, : P(A) — V be given by

id,(z) =z N~.
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By an argument like the one in the corresponding part of the proof of The-
orem 6.2.1, we can show that

(Vi <n)iy"y = my([id,]).

One consequence of this is that i,”\ € Ult(V;U); by another argument like
one in the proof of Theorem 6.2.1, this implies that *(Ult(V;U)) C Ult(V;U).
Another consequence is that i, ()\;) = A\iyq for all ¢ < n. This follows by
Theorem 3.2.5, the elementarity of m,, the hypothesis that {x C X | ot(x N
Ait1) = N} € U, and the fact that ot(iy” i 1) = Air1. Since, in particular,
iy(k) = A\ > K, the proof that crit (i/) = £ is now complete. Moreover we
have that A\; = (iz/)o,i(k), so the proof of the theorem is complete. O

The property n-hugeness is related to supercompactness rather than to
strength. The large cardinal property that bears an analogous relation to
strength can be defined by replacing the condition *» M C M in the definition
of n-hugeness by the weaker condition V,, C M. This property, which has
no standard name, is weaker than n-hugeness. On the other hand, it implies
(n — 1)-hugeness when n > 0. (See Exercise 6.2.4.)

The following observation in [Kunen, 1978] shows that hugeness is a more
powerful large cardinal property than supercompactness.

Theorem 6.2.11. Let k be huge. Then there is a uniform normal ultrafilter
U on k such that {a <k | (Vf < k)« is B-supercompact} € U.

Proof. Let j : V < M witness that x is huge. Let A < j(k). Then j
witnesses that s is A-supercompact. By Theorem 6.2.1, let V be a k-complete
fine normal ultrafilter on P, (A). It is clear that V € M and that M | “V is
a k-complete fine normal ultrafilter on P.(\).” Hence k is A-supercompact in

M. The conclusion of the theorem follows as in the proof of Theorem 6.2.6.
O

Remark. 'The proof of the theorem would go through unchanged if we
weakened the "M C M part of the hugeness hypothesis to V,,;, € M. A
number of other large cardinal properties have been studied that lie between
hugeness and supercompactness. See [Solovay et al., 1978].

The notion of n-huge cardinals cries out for generalization to the trans-
finite. One could define k to be a-huge, for v an arbitrary ordinal, if there
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isaj:V < M such that M is transitive, crit (j) = &, and "*M C M,
where Kk, = joa(k). Unfortunately [Kunen, 1971] shows that even w-huge
cardinals in this sense do not exist. Kunen’s proof uses the following result
of [Erdés and Hajnal, 1966]:

Theorem 6.2.12. Let \ be an infinite cardinal. There is a function f :
[A]“ = X such that

(VX TN (X=X = f'X]“=N).
(1X]¥ = [X]R0 = the set of all countably infinite subsets of X.)

Proof. The proof we give is from [Galvin and Prikry, 1976]. Let £ be the
set of all elements x of [A]“ such that ot(z) = w. For z and y belonging to
£, say that x ~ y if the symmetric difference of x and y is finite. For xz € &£,
let [x] be the equivalence class of x. Let g be a choice function for the set of
all equivalence classes, i.e. let g([z]) € [z] for each x € €. Let h : £ — X be
given by

h(z) = the greatest element of g([z]) \ x if g([z]) € z;
7 0 otherwise.

We will show that there is an A C X such that |A| = A and such that
VX CA(IX|=X = W(X]*NE)DA).

Given such an A, one can easily construct an f with the required properties.

Suppose that no such A exists. We construct a strictly increasing sequence
{(a | i € w) of elements of A and a sequence (B; | ¢ € w) of subsets of A of
cardinality A\. Let By = \. Given B;, let o; € B; and B;11 C B; \ o; + 1 be
such that |B;y1] = A and

(07 ¢ h”([BH_l]w N 5)

The existence of such a pair follows easily from the nonexistence of A. Now
let z = {o; | © € w}. Let a, be the least element of x that is larger than every
element of the symmetric difference of g([z]) and z. Let y = {«; | i > n}.
Now h(y) = a,, since «,, is the greatest element of g([z]) \ y. But this is a
contradiction, for y C B, 1. O

Now we are ready to prove Kunen’s theorem.
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Theorem 6.2.13. ([Kunen, 1971]) Let j : V' < M with M transitive. Let
Kk = crit (j). Let A = jow(k). (A can also be characterized as the least fized
point of j that is greater than k.) Then j"\ ¢ M.

Proof. Let f:[A]“ — X be given by Theorem 6.2.12. By the elementarity
of 7, if X C X belongs to M and if | X| = A, then j(f)"[X]* = A. We will
prove that j”A ¢ M by showing that j(f)"[;”\]“ # A.

Since w < Kk = crit (j), it is easy to see that

(Vo € [A*)j(x) = {j(a) [ @ € }.

In particular this means that every y € [j”A]“ belongs to the range of j | [A]“.
If y € [j"A]* and y = j(x), then (j(f))(y) = (j(f)(j(z)) = j(f(x)). This

shows that
FU A S A # A
(That j”\ # X follows from the fact that k € A\ j”\.) O

For other proofs of Theorem 6.2.13, see §23 of [Kanamori, 1994].

Kunen’s theorem and its proof give some more negative results. For
j:V<Morj:V, <M with M transitive, let us for the moment denote
by A the first fixed point of j greater than crit (j), if it exists.

Theorem 6.2.14. (1) If j:V < M, j is not the identity, and M is transi-
tive, then (a) Va1 ¢ M and (b)“(V\) € M. (2) There is no j : Viya < Viio.

Proof. (1)(a) follows immediately from Theorem 6.2.13. (1)(b) follows from
the fact that, since cf(\) = w, every subset of A is the union of countably
many elements of V. (Of course, (1)(b) implies (1)(a).) To verify (2), note
that the f of the proof of Theorem 6.2.13 belongs to Vy.s. |

No inconsistency has been derived from any of the following (where we
continue to use “A” as above, so that the embeddings are implicitly asserted
to be non-trivial):

(a) Thereis a j: V) < V.

(b) Thereis a j:V < M with M transitive and V) C M.
(¢) Thereis a j: Viy < Vi

(d) Thereis a j: L(Viy1) < L(Vig1).
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These assertions are listed in order of (strictly) increasing strength. [Martin, 1980]
proved the determinacy of all IT} games from a hypothesis intermediate be-
tween (a) and (b). Hugh Woodin (unpublished) subsequently proved ADZ™®)
and much more from (d). The determinacy proofs we will give in Chapters 8
and 9 will have, of course, much weaker hypotheses.

No inconsistency with ZFC minus Choice is known for the existence of
an elementary embedding of the whole universe into itself.

Kunen’s results, as he noted, make it possible to simplify the definitions
of n-strong and A-supercompact in the way mentioned earlier:

Theorem 6.2.15. Let k be a cardinal number.

(1) For cardinal numbers X > K, k is A-supercompact if and only if there
is a j: V. < M such that M is transitive, crit (j) = k, and *M C M.

(2) For ordinal numbers n > k, k is n-strong if and only if there is a
J V< M such that M is transitive, crit (j) =k, and V,, C M.

Proof. (1) Let A > k. Clearly we need only prove the “if” part. Let
j : V. < M be as in the statement of (1). For ordinals o, let £, = jo (k) and
let My, = jo.o(V). (See §3.3.) By Theorem 6.2.13, A < r,,. Let n be the least
number such that A\ < k,,. Since j;;+1 = jo.(j) for each i, the elementarity of
jO,i 1mphes that (Mz ﬂjo‘i(A)Mi+1) g Mi-‘,—l and so that (Mz N )\Mi—i—l) Q Mi+1-
By induction we then get that *M,, C M,. Thus Jon : V. < M, witnesses
that x is A-supercompact.

(2) Let n > k. As for (1) we need only proof the “if” part. Let j : V < M
be as in the statement of (2). Define k, and M,, o € Ord, as in the proof
of (1). By Theorem 6.2.14, we know that n < k,. An argument as in the
proof of (1) shows that V,, C M; for each i € w. Since n < K, this implies
that V,, C M,,. Since k,, = crit (ju 1), we finally get that V,, C M. Thus
Jow+1 1 V < M1 witnesses that « is n-strong. (If n < &, then jg, will also
work for any n such that n < s,.) O

Exercise 6.2.1. (a) Show that if x is superstrong then there are measurable
cardinals larger than &.

(b) Let k be any cardinal number. Show that either  is not superstrong
or else there is an inaccessible 6 > k such that Vs = “k is not superstrong.”

(c) Show that if k is supercompact and § > « is inaccessible then Vs =
“k is supercompact.”

(d) Prove that if ZFC + “There is a supercompact cardinal” is consistent
then so is ZFC + “There is a supercompact cardinal that is not superstrong.”
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Hint. For (a) first show that s is measurable in M, where j : V < M
witnesses that k is superstrong. Use this to show that s, and hence, j(k), is
a limit of measurable cardinals. For (c¢) use Theorem 6.2.1.

Exercise 6.2.2. Let x be a regular cardinal. Assume that the set of Woodin
cardinals smaller than x is stationary in k. (See Exercise 3.2.7 for the defi-
nition of stationary.) Prove that s is Woodin.

Exercise 6.2.3. Prove that every Woodin cardinal is Mahlo. (See Exer-
cise 3.2.7.)

Exercise 6.2.4. Let n € w and let kK be a cardinal number. Assume that
there is a j : V' < M such that M is transitive, crit (j) = &, and V; C
M. Prove that k is n-huge.

Hint. The proof of the (1) = (2) part of Theorem 6.2.10 goes through
under our present hypotheses.

0,n+1(K)

6.3 Equivalents of Woodinness

The main aim of this section is to prove a property of Woodin cardinals
(actually an equivalent of Woodinness) that will be the basis for our con-
structions in the determinacy proofs of Chapter 8 and to prove the technical
consequence of this property that is actually used in the constructions.

We begin by giving an equivalent of Woodinness that is very useful in
applications and that throws into clear relief the relation between Woodin
cardinals and strong cardinals.

If A is any class, x is a cardinal, and n > & is an ordinal, then « is n-strong
in A if there is a j : V' < M such that

(i) j witnesses that k is n-strong;
(ii) jJ(A) NV, =ANV,

The following fact was surely first noticed by Woodin.

Theorem 6.3.1. Let k be any infinite cardinal number. The following are
equivalent:

(1) K is Woodin.
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(2) VACV,)(30<k)(Vn)(0 <n<k — 6 isn-strong in A).

Proof. First suppose that « satisfies (2). Let f: x — k. By (2) let § < &

be such that § is n-strong in f (i.e. in graph (f)) for all n, § < n < k. For
£ <9, let

ns = max {f3, f(B)} +3
and let jz : V < Mg witness that d is ng-strong in f. For any 8 <, we have

that (3, f(B)) € fNV,, and so that (5, f(B)) € js(f) NV,,. But this means
that

(V8 <0)(4s(f))(B) = f(B) < ng.
Taking = ¢, we deduce that (js(f))(6) < ns. Hence

Viisie) € Vi © My,

To show that § and js witness that x is Woodin for f, we need only prove
that ¢ is closed under f. For this, assume that g < §. Then

F(B) = (s(N)B) = (s())Us(P) = 7s(F(B)).

But this implies that f(5) < 0, for if f(8) > d then jz(f(5)) > 75(5) > ng >

f(B).
Now we turn to the proof that (1) implies (2). This will be similar to the

proof of part (2) of Theorem 6.2.9, with one ingredient missing (the ordinal
f) and another ingredient added. Suppose that s is Woodin. Let A C V.
Assume that (2) fails for A. For oo < & let n(a) be the least n > a such that
« is not n-strong in A. For a < k let

g(a) = max{n(a) + 1, [V} + 1.

As with the analogous function in the proof of Theorem 6.2.9, we have that
g(a) > a+2 for all @ and that g : k — k. Let § < k and j: V < M witness
that x is Woodin for g. Let

A =max{(j(n))(6) + 1, [Vijmy@l}-

Let E be the (d, A)-extender derived from j. As in the proof of Theorem 6.2.9,
we get that E is an extender in M and that

UW(M;E) _ ,U(V:E) _ M
V(j(n))(é) - V(j(n))(é) - V(j(n))(5)'
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To derive the contradiction that ip witnesses in M that § is (j(n))(d)-
strong in j(A), we need only show that

i (G(A) NV Vimye = 3(A) N Vw6

Let k : Ult(V;E) < M be defined as on page 330. Since (j(n))(d) < A,
Lemma 6.1.10 implies that (ig(n))(0) = (j(n))(d). (This is proved using
k just as we showed, in the proof of Theorem 6.2.7, that (ig(f))(k) =
()N (K).) Tt follows that (j(n))(d) < ig(d) = (by Lemma 6.2.5) % ().
Since AN Vs = j(A) NVj, we have that i3/ (4) N Viar sy = M (G(A)N Via s)
What we must prove is thus that

M M . M
ix (A) N Viimne = 3(A) 0O Vi e

By Lemma 6.1.10, koig = 5. By Lemma 6.1.11, k H/(Ej(l;g;/(é? is the identity.
Ult(V;E)
IfoV m)(8) theanV im)(5) A nd

r€ip(A) < k(z) € k(ig(A) < ze€j(A).
We are thus finally reduced to showing that
ix (A) Ve = i8(4) N Vi) e
But this follows from Lemma 6.2.5. O

The (1) = (2) half of Theorem 6.3.1 isn’t the full “A-strong” analogue of
part (2) of Theorem 6.2.9. The latter says that a certain set is unbounded in
k, while the former says only that the analogous set is non-empty. The full
analogue is nevertheless true. The next theorem records this fact.

Theorem 6.3.2. Let k be any infinite cardinal number. The following are
equivalent:

(1) K is Woodin.
(2) For all A C 'V, the set of cardinals § < k such that

(Vn)(0 <n <k — §isn-strong in A)

1s unbounded in k.
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Proof. That (2) implies (1) follows from Theorem 6.3.1. That (1) implies
(2) can be demonstrated by a routine combination of the proofs of the cor-
responding half of Theorem 6.3.1 and part (2) of Theorem 6.2.9. We leave
this to the reader. g

Remark. Theorem 6.3.2 remains true if “unbounded” is replaced by “sta-
tionary” in its statement. See Exercise 6.3.1. The hint for that exercise also
indicates a way to prove (2) of Theorem 6.3.2 directly from (2) of Theo-
rem 6.3.1.

From now through Theorem 6.3.8, we will be showing that Woodinness of
k is witnessed by embeddings coming from extenders in Vj, extenders whose
ultrapowers may be taken to have certain closure properties. These results
are pretty routine, but they should be attributed to Woodin if to anyone.

We begin with the following fact, which gives another useful strengthening
of (2) of Theorem 6.3.1.

Theorem 6.3.3. Let k be a strong limit cardinal. Let A C k. Let § <n < k
be such that § is n-strong in A. Then there is an extender E € V,. such that
i witnesses that § is n-strong in A.

Proof. Let 5 : V < M witness that ¢ is n-strong in A. Let E be the
(8, |Vys1|)-extender derived from j. Lemma 6.1.11 implies that V"%
‘/;7M and gives the first and third equalities of the following chain.

ip(A)NV, = kip(A)NV,)

= k(ie(A)) Nk(V,)
— K(ip(A) NV,
= jA)nV,
= ANV,
Here k is as usual. O

Remark. The proof of the (1) = (2) part of Theorem 6.3.1 could have
been simplified very slightly if we had, in analogy with the proof of The-
orem 6.3.3, defined X as [V(jum))@6)+1]- We chose instead to keep a closer
correspondence with the proof of Theorem 6.2.9.

Theorem 6.3.4. Let k be Woodin and let f : k — k. There is an extender
E €V, such that crit (ig) and ig witness that k is Woodin for f.
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Proof. Asin the first half (the (2) = (1) half) of the proof of Theorem 6.3.1,
let A= f. Alsolet §, n, and j : V < M be as in the first half of the proof of
Theorem 6.3.1. By Theorem 6.3.3, let EZ be an extender in V, such that ig
witnesses that § is n-strong in A. The first half of the proof of Theorem 6.3.1
shows that crit (ig) and ip witness that x is Woodin for f. 0

Corollary 6.3.5. Let k be Woodin and let M be a transitive class model of
ZFC such that V,, C M. Then M = “x is Woodin.”

Proof. The corollary follows easily from Theorem 6.3.4 or from Theo-
rems 6.3.1 and 6.3.3. U

In Chapter 9 we will need to know that we can demand, of  and j : V' <
M witnessing Woodinness of a cardinal &, that <M/ C M. In fact, we can
demand even that °M C M. In order to prove this, we need the following
lemma.

Lemma 6.3.6. Let E be a (0, \)-extender such that °X\ C Ult(V; E). Then
SUI(V; E) C UL(V; B).

Proof. Let (zg | f < &) be elements of M. For 5 < 0 let mg([ags, f5]) =
z5. The hypothesis that °A C Ult(V; E) implies that °([\]<*) C Ult(V; E).
Hence (ag | B < 6) € Ult(V; E). Define g : <°([0]<*) — V whose values are
functions as follows. For h € <°([§]<%), set

(i) domain (g(h)) = domain (h);
(i) (9(h))(B) = fs(n(B)) for all 3 € domain (h).
The function (as | 5 < d) belongs to domain (ig(g)). Thus

domain ((ig(9))({ag [ 5 < 6))) = o

and, for all § < ¢, Lemma 6.1.12 gives that

((ie(9))(as | B<)))(B) = (ie(fs))(as)
= 7e(as, f5])

= ZL’ﬁ.

Thus (i5(9))({as | B < 8)) = (a5 | B < 8). O
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Theorem 6.3.7. Let k be inaccessible. Let A C k. Let 0 < k be such that,
for all m such that 6 < n < K, d is n-strong in A. Then, for all n such that

0 < n < K, there is an extender EE € V. such that ig witnesses that § is
n-strong in A and such that °Ult(V; E) C Ult(V; E).

Proof. Let 6 < n < k. Let A be a strong limit cardinal of cofinality > ¢
such that n < A < k. By Theorem 6.3.3, let E €V, be an extender such that
i witnesses that 0 is A-strong in A. Let E be the (9, A)-extender derived
from iz. Lemma 6.1.11 implies that V), C Ult(V; E) and implies that ip
witnesses that § is A-strong, and therefore n-strong, in A. (See the proof
of Lemma 6.3.3.) Since cf(\) > &, we have that °A C V) C Ult(V; E). By
Lemma 6.3.6, we get that 'Ult(V; E) C Ult(V; E). O

Theorem 6.3.8. Let k be a Woodin cardinal and let f : kK — k. There is an
extender E € V,, such that 6 = crit (ig) and E witness that k is Woodin for
f and such that °Ult(V; E) C Ult(V; E).

Proof. The proof is just like that of Theorem 6.3.4, except that we apply
Theorem 6.3.7 instead of Theorem 6.3.3. U

We now turn to an equivalent of Woodinness that is rather technical but
that will play a central role in the constructions of Chapter 8. The definitions
and results that follow are, with minor changes, from [Martin and Steel, 1988§]
and [Martin and Steel, 1989].

For ordinals «, 3, and v > «, let L7 5 be the result of adding to the
language of set theory a constant ¢, for each element a of V,, and, if 5 > 0,
a constant d. Let V], be the expansion of the model (V,4p; €) gotten by
interpreting each ¢, by a and, if 8 > 0, d by . For z € <*(V,, ), let tp 5(2)
be the type realized by z in V7 g, i.e. let

tpy.5(2) = {p(v1, .., vme) € L35 | Vi s | wl]}

We want to think of the objects tpg‘ﬁ(z) as sets, so let us choose a way
of so representing them. Let the symbols of the language of set theory be
the odd natural numbers in some reasonable order. Let the constant d be 0.
For sets a let ¢, be a itself unless a € w; for a € w let ¢, be 2a + 2. It would
be natural to take formulas simply to be finite sequences of symbols. We
do not do so, for we would like to make the formulas of L5 ; be members of
V, for each infinite a, but <“(V,) C V,, only for limit . Instead we choose
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an injection f : <“V — V with the property that f”(<“(V,)) C V,, for all
infinite o, and we let the formula corresponding to a sequence s of symbols
be f(s). To be explicit, let f [ <“(V,,) be the identity and, for & > w and
s={(sy | n </lh(s)) € < (Vys1)\ “¥(Va), let

f(s) = {f({n,9)) | n < h(s) Ay € sn}.

It is easy to check that this f is one-one and that the rank of f(s) is the
maximum of the rank (s,,), n < fh(s), for all s of infinite rank. Thus we have,
for all ordinals v and /8 and all z € <“(V,1p),

(Vo) (w <a<v — tpgs(2) C Va);
(Va)(Vor)(w <a<a* <y = tp2(2) N Vy = tplg(2)).

For ordinals 3, limit ordinals «, cardinals 6 < =, and elements z of
<“(V,4p), we say that 0 is S-reflecting in z relative to v if

(Vn)(6 <n <7y — 0§ is n-strong in tp] 4(2)).
Theorem 6.3.9. Let k be a cardinal. The following are equivalent.

(1) K is Woodin.

(2) For all ordinals B and for all z € <¥(V,45), the set of all 6 < K such
that & 1s B-reflecting in z relative to Kk is unbounded in K.

(8) For all z € <¥(Viy1), there is a 0 < Kk such that 0 is 1-reflecting in
z relative to K.

Proof. (1) implies (2) by Theorem 6.3.2. (2) trivially implies (3). Thus we
need only show that (3) implies (1). Assume then that s satisfies (3). Let
f:r — k. Let 6 be l-reflecting in (f) relative to k. Let o < k be such that

a > max{d,sup{f(§) [ £ < }}.

Let j : V' < M witness that § is a-strong in tpf;((f)). Thus

(D5 )M (G = @) DM NV
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Let £ < 6 and let v = f(£). Then both ¢ and f(&) are smaller than «
and so belong to V,,. The fact that v = f(&) is thus expressed by a member
of tp;1({f)). Hence the same member of tp§,,,({j(f))) expresses the fact
that (7(f))(§) = . It follows that

GNE) = f(§) < e

For & < ¢ this gives us that (j(f))(§) < a < j(J) and so that f(£) < 6. Thus
9 is closed under f. For { = 6 we get that V()5 € Vo © M. Therefore j
witnesses that x is Woodin for f. U

Theorem 6.3.10. Let k be a strong limit cardinal, let 6 < k be a cardinal,
let B be an ordinal, and let z € <“(V,13). Then 0 is B-reflecting in z relative
to k if and only if for all o such that 6 < o < Kk there is an extender E € V,
such that

(a) crit (ig) = 0;

(b) strength (E) > « (i.e. V, CUI(V; E));
(c) a <ig(d);

(d) tp}5(z) = (tp?E(n)7iE(B)>Ult(V;E)(iE(z))'

Proof. The theorem follows easily from Theorem 6.3.3. U

If k is inaccessible and E is an extender belonging to V, then ig(k) = k.
Thus we have

Corollary 6.3.11. Theorem 6.3.10 remains true if “k is a strong limit car-
dinal” is replaced by “k is inaccessible” and clause (d) is replaced by

(¢) ip(r) =K A tps(2) = (02, (5) " VP (ir(2)).

Lemma 6.3.12. Let n € w. There is a formula TYPE, (vy,...,v,44) of the
language of set theory such that, for all o, 3, v, &, and " with

w<d <a<y A [ <P,
for all z € "(Vyyp), and for all a € V,,

a= tpﬁjﬁ/(z)
< Vipg ETYPE,[27(F,a,d/,7)]
< TYPE,(v1,. .., V41, Ca, Cars d) € tpS 5(27(5")).

Thus tpﬁjﬁ,(z) is identified by a single element of tpg 5(2~(B')).
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The proof is routine, and we omit it.

Lemma 6.3.13. Let n € w. There is a formula REFL, (v, ..., v,43) of the
language of set theory such that, for all k, 6, B, 5, and z such that k is a
strong limit cardinal, 6 < k, ' < 8, and z € "(Viyp),

0 is [’ -reflecting in z relative to K
< Viip EREFL, [z~ (0,0, k)]
& REFLy,(vi, ..., Ung1,¢5,d) € tppls (27(8)).

Proof. The construction of REFL, is a straightforward application of The-
orem 6.3.10, except perhaps for the matter of clause (d) from that theorem.
We have to say, for a (0, \)-extender E € V,,

tpp 5 (2) = (tp?E(n),iE(ﬁ/))Ult(V;E)(iE(Z))

by a formula of Ei“, using the parameters ', z, k, o, E, §, and A. What
our formula must say can be rephrased as

For all a € <“(V,,) and for every formula (v, ..., Vm(z)+h(a)+1)
of the language of set theory,

Virs = olzmam(m)] < VO o elin(z)~a(in(x))).

(For uniformity of notation, we are dealing only with the case §’ > 0.) Here
the only problem is with the second part of the biconditional, which can be
rephrased as

There are b € [A]<“ and f : [0]™®) — Vj; such that a = 7([b, f])
and

{z €[] | Vs E ¢l f(2)~(K)]} € By
This is easily expressible by a formula of ﬁifgl. U

The property of being [-reflecting in z is preserved by “decreasing” z
but not by decreasing S. Suppose that § is S-reflecting in z relative to 7.
If 2/ is a subsequence of the finite sequence z, then it clearly follows that ¢
is [-reflecting in 2’ relative to v. On the other hand, it is not necessarily
true that if 5/ < § and z € (V44 ) then § is f'-reflecting in z relative to
v. (For v Woodin, one can get a counterexample with § = k and z = 0,
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using the fact that no § can be d-reflecting in @) relative to v.) If, however, 0
is also f-reflecting in 2~ (') relative to v, then it does follow easily that it
is f'-reflecting in z. In particular, this is the case if 3’ is definable in Vg
from elements of V., U {7}, for then tpS (2~ (5’)) is, for all sufficiently large
« < 7, determined by tpJ 5(2). The following theorem gives an additional
consequence of the assumption that § is S-reflecting in z~ (') relative to 7,
when v is a strong limit cardinal.

Theorem 6.3.14. Let x be a strong limit cardinal, let § and B < [ be
ordinals, let z € <“(Viip), and let § < k be B-reflecting in 2~ (') relative
to k. Then the set of &' < k such that &' is '-reflecting in z relative to k is
unbounded in K.

Proof. As we remarked above, the hypothesis of the theorem implies that
d is ['-reflecting in z relative to k. Let § < a < k. Let j : V < M witness
that § is o + 1-strong in tp} 5(2(8')). Then j(5) > o and

M = “j(0) is j(p')-reflecting in j(z) relative to j(k).”
Thus by Lemma 6.3.13,
Vitnse) | REFLa) [(2) = ((8), 4(), 5 (%)),

. . . . . M
From this and the fact that j(x) > j(0) > « it follows directly that Vi,
satisfies

(Fven()+2) (d > Venzy42 > Vimez)ra A REFLgney)[(2) (G (6), J(K), )],

where « is assigned to vgy(;)+4. Hence

(Fuenez)+2)(d > venz)42 > ca A REFLgyoy(v1, - . -, Uen)42, d))
belongs to (tpjo.‘(ﬁ)lyj(ﬁ))M(j(z)“(j(ﬁ’))). But then this formula also belongs to
tp 5 (27 (f')), and so there is a ¢ such that £ > §' > « and ¢’ is 3'-reflecting
in z relative to k. U

We will not make any direct use of Theorem 6.3.14. In our constructions
k will be Woodin, and therefore (2) of Theorem 6.3.9 will give us anything
we could get from Theorem 6.3.14.
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The remainder of this section will be devoted to establishing a technical
lemma that will be directly used in Chapter 8.

If X and Y are classes and « is an ordinal, let us say that X and Y agree
through a it X NV, =Y NV,.

Suppose that M and N are transitive class models of ZFC and that M
and N agree through x + 1. Suppose that F € M is a (k, A)-extender in M
for some A. Then we can define an ultrapower

N

[[&v:e)

E

of N with respect to E. The universe of this ultrapower is

{la, 1% | (a, f) € DY},

where
DY = {{a, /) [a € N A fEN A f:[]" > N},
The relation of [[%(N; €), which we call €Y, is given by

[[C%f]]g Gg [[b> g]‘g < {Z € [K’]‘anI | f(za,aub) € g<zb,aub)} € Eaub~
It is easy to check that Los’ Theorem generalizes to such ultrapowers:

Theorem 6.3.15. Let M, N, E, k, and X\ be as in the preceding two para-
graphs. Let o(vy,...,v,) be any formula of the language of set theory. Let
(a1, f1), - - {(an, fn) be elements of Dy. Let b= J,,c,, ai- Then

[Tz (N;€) E elfas, fifgs - fan, fulp]
{ze[W" | (N;€) F olfilzarn), - - falza,0)]} € B
Thus we get a canonical (i')Y : (N; €) < [In(N; €).
It is also easy to prove that Lemma 3.2.9 generalizes to these ultrapowers:

Lemma 6.3.16. Let M, N, and E be as above. Then [[(N; €) is set-like.

Unfortunately wellfoundedness does not in general hold. In the next sec-
tion we will prove wellfoundedness for important special cases. If [ (N; €)
is wellfounded, let us denote by Ult(V; E) the unique transitive class N’ such
that [[§(N; €) = (N';€) and let us denote by ©¥ the unique isomorphism.
In this case we get as usual the canonical

iy : N < UIt(N; E),

~ N _ N (i\N
given by iy =y o ()5
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Lemma 6.3.17. Let M be a transitive class model of ZFC. Let E be a (k, \)-
extender in M. Let ( > k be an ordinal of M. Let N be a transitive class
model of ZFC such that M and N agree through (+1. Assume that [ (N; €)
15 wellfounded. Then

(a) If a € (N<“ and f : [s]l*) — (¢H)M U VAL, then
Wg([[%f]]g) = Wg(l[av f]]g)a

(b) (Va)(a < (CHM — i (a) =il (a)); in particular, i¥ (k) =¥ (k);

(c) Ult(M; E) and Ult(N; E) agree through i¥ (¢)+1; in particular, they
agree through i} (k) + 1.

Proof. For n € w, the models M and N have exactly the same functions
fole]" = (COHM UV, (= (NN UVAL). (See the proof of Lemma 6.2.5.)
This implies (a), from which (b) and (c) follow. d

Remark. Parts (b) and (c) of Lemma 6.3.17 are analogous to parts (ii)
and (iii) of Lemma 6.2.5. The analogue of (a) is true in the case of the earlier
lemma; we simply didn’t bother to state it as part of the lemma.

The technical lemma that follows is called the “One-Step Lemma” in
[Martin and Steel, 1989], and we will use the same name for it here. It will
be used in Chapter 8. Readers may want to skip it and return to it when its
use is imminent. For those who do not skip it, the remarks after its proof
may be of some help in understanding it.

Lemma 6.3.18 (One-Step-Lemma) Let M and N be transitive class mod-
els of ZFC. Let k € M N N be inaccessible in V and Woodin in M. Let
and n be ordinals such that 6 < n < k. Let B and £ < 3 be ordinals of M.
Let 3" be an ordinal of N. Let x and y belong to <°"(V,ﬁﬁ) and let =’ belong
to <“(VN 5) with th(z') = (h(z). Let x(v) be a formula of the language of
set theory. Suppose that

(1) M and N agree through 6 + 1;

(2) (tpp )" () = (tpy,5)" (')

(3) 0 is B-reflecting in x relative to r in M;
(4) Viis = xl&l-
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Then there are a A < k and an E such that E is a (9, \)-extender in M
and such that either (a) [[N(N;€) is illfounded or (b) there are 6%, £*, and
y* such that n < & < i (0) < K, & <% (B'), ix(2') and y* both belong to

< (VI and

(1*) Ult(N; E) and M agree through §* + 1;
() (tpye ) VB (@) ") = (tp) )M (27 y);
(3*) 6% is & -reflecting in i% (')~ y* relative to k in Ult(N; E);

(47) Vs ExEl

Furthermore, let a be any ordinal of Ult(N; E) and let z be any element
of <(VIENEN cuch that

e

(600 NI (2) = (0] ) (i 2)).
’ R

Then there are & and ) such that € < o, § € <“’(V£2(N;E)), and

B) (007U P () = (tp )M (ep);

(3) 0% is E*-reflecting in 2~ relative to k in Ut(N; E);
) 1 U(NGE 2

A) Vi i

Proof. By Theorem 6.3.9, let 6* be such that n < ¢* < k and ¢* is &-
reflecting in x~y in M. By (3) and Corollary 6.3.11, let A < k and E be such
that F is a (0, \)-extender in M, strength™ (E) > 6* + 1, i¥ (k) = &, and

(7 )P 0 () = (055 ().

Assume that [[Y(N; €) is wellfounded, since otherwise there is nothing
to prove. Note that the inaccessibility of x in V' guarantees that i% (k) = k.
Ult(M; E) and M agree through 6* + 1. By hypothesis (1) and part (c)
of Lemma 6.3.17, Ult(NV; E') and Ult(M; E) also agree through 6* 4+ 1. Thus
we have (1%).
Before choosing £* and y*, let us prove that
(t9) ) T () = (ton )M ().

ryi gy (8')
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For this it is enough to show that

(tpé*—i-l )Ult(N;E)(ig(x/)) _ (tpé*—i—l )Ult(M;E)(i%(x))'

n,ig 8" n,i%f B)
Let ©(v1, ..., Um)+nt+1) be a formula of the language of set theory and let
b= (b,...,b,) € "(V;jﬂM;E)). For 1 < j < nlet (ay, f;) be such that
b = W%([aj,fj]]g). Letting a = Ulgjgn a; and replacing each f; by f;”a,

we may assume that each a; = a and so that each b; = 7 ([a, f;] % ). Since
6* < strength™(E) < A\ < i/(5), we may assume that each f; : [¢§]* —
Vs. By part (a) of Lemma 6.3.17, b; = 7N ([a, f;]%) for 1 < j < n. By
Theorem 6.3.15 and hypothesis (2),

P(UL, -, Vi), €y -+ €, d) € (D7 ) VP (i (2))

kiR (8Y)
< {Z S [H]M ‘ (10(@17 -+ 3 Uth(z)s Cfi(z)s -+ -5 Cfn(2)> d) S (tpiﬁ’)N(x,)} € E,
—{z¢€ [m]'“‘ | ©(V1, -+ Vena)s Cfi (=)

y et '6icfn(z)a d) S (tpi,ﬁ)M(‘r)} € Ea
< @(V1, . Uh(z)s Coys - - -5 Chyy d) € (tpnﬂfg(ﬁ))Ult(M;E)( M ().

)
Next we turn to the choice of £* and y*. Let
A= (tpre) ™ (27y).
Let ¢(v1, . .., Um(z)+en(y)+1) be the formula of (/Jif;fl)M given as follows:

Vg () +eh(y)+1 € Ord
N TYPEgh(x)+gh(y) (1)1, <y Uth(z)+0h(y)+15 CA;s Cs*5 d)
A REFLgn(2)1on(y) (V15 - - -, Ueh(z)+4h(y)+15 Cs+, d)
A X (Veh(z)+en(y)+1)-

The finite sequence y and the ordinal £ witness that

(Foen(z)+1) *+ + (FVen(@) +eny)+1) Y (U1, - - - Von(z) +en)+1)

belongs to (tpitgr 1M (). Thus this formula also belongs to

(10 5B ().

If we let y* and £* witness this, then (2*), (3*), and (4*) hold.
For the second part of the conclusion of the lemma, let o and z be as in
the hypotheses. Then the formula above also belongs to (tp® +1)UEN:E) (),

K,
Let y and é witness this. Il
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Remarks:

(a) The lemma does not assert that [ (N; €) is wellfounded; indeed the
lemma is vacuously satisfied by an E such that this ultrapower is illfounded.
In our applications, we will be able to prove wellfoundedness. Since a long-
enough initial part of [T (N; €) is always wellfounded, we could have formu-
lated the lemma so that it would have had real content independently of full
wellfoundedness. In [Martin and Steel, 1989] the problem of wellfoundedness
is handled in a different way, by an assumption that M and N are countably
closed.

(b) The hypothesis that « is inaccessible in V' was included for its nota-
tionally simplifying consequence that i¥ (k) = k.

(c) It will be crucial in our applications of the lemma to know that & is
Woodin in Ult(N; E), for we will want to apply the lemma iteratively. In
fact, it follows from the hypotheses of the Lemma that s is Woodin in N.
(See Exercise 6.3.5.) This implies that it is Woodin in Ult(/V; E). In our
applications x will be a Woodin cardinal in V', and there will be an elemen-

tary embedding of V' into N that fixes k. Hence we will know immediately
(without Exercise 6.3.5) that x is Woodin in NV and so in Ult(N; E).

(d) The ordinal 6* is larger than the given 6. In fact, the arbitrariness
of n < k means that it can be made as large as one wants, subject to being
smaller than . On the other hand, the ordinal £ is smaller than the given .
This will give us problems, though not insurmountable ones, in generating
an infinite sequence of applications of the lemma. Of course £* need not be
smaller that , but there is no obvious way to make use of this.

(e) The pair of clauses (4) and (4*) will be needed for technical reasons in
the applications. The lemma could be strengthened by allowing the formula
X in (4) to be 1amy element of (tp 43)"(2~y) and demanding in (4*) that
X € (697 s ) VP (@) ).

(f) The second part of the lemma was not used in [Martin and Steel, 1989].

Using it will allow us to avoid a good deal of work that was done in that
paper. (Nevertheless, we will do the work, in §8.3.)

Exercise 6.3.1. Let ¥ be Woodin. Prove that for all A C V, the set of
cardinals § < k such that

(Vn)(0 <n <k — 0 is n-strong in A)
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is stationary in k. (See Exercise 3.2.7 for the definition of “stationary.”)

Hint. One way to proceed is to modify the proof of the (1) = (2) half of
Theorem 6.3.1. Another way is to argue directly from (2) of Theorem 6.3.1,
using the following fact: If j: V < M, crit (j) = 6, and C' N § is bounded in
J, then j(C)Nj(9) C 9.

Exercise 6.3.2. Use Corollary 6.3.5 to show that if there is a Woodin car-
dinal then the least Woodin cardinal is not measurable.

Exercise 6.3.3. Prove that a cardinal x is Woodin if and only if for all
A C V, there is a ¢ < k such that, for every n with § <n < &,

(37 : V < M)(M is transitive A crit(j) =3 A j(A)NV,=ANV,).

Note that the displayed statement would say that ¢ is n-strong in A if we
added the condition that V; C M.

Exercise 6.3.4. Suppose that x is a strong limit cardinal and that § < k is
O-reflecting in ) relative to x. Show that Vi < V.

Hint. It V,, = (3v) ¢(v), then there is an o < k and an x € V,, such that
Vi E ¢[z]. Get j: V' < M from the hypothesis about J. Note that = € V5.

Exercise 6.3.5. Assume the hypotheses of Lemma 6.3.18. Prove that & is
Woodin in N. (The only hypotheses actually needed are that x is Woodin
in M, that 5 > 0, and the consequence of (2) that

(tps)™ (0) = (tpy o)™ (0).)

Exercise 6.3.6. Call a (J, \)-extender E strong if 6 + 1 < strength (E) =
A < ig(d). Let K be Woodin. Say that a set £ of extenders strongly witnesses
that k is Woodin if

(i) € C Vg;
(ii) each E € & is strong;

(iii) for every A C V, and for every n < k, there are a § < k and an
E € &€ such that ig witnesses that J is n-strong in A.

Prove that there is an £ strongly witnessing that x is Woodin. (Of course,
the set of all strong extenders that belong to V,, works if any & does.)
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Exercise 6.3.7. The following construction and the results of this and the
next exercise are due to Woodin.

Let =, \/, and a,, n € w, be distinct sets, say natural numbers. The class
of co-Borel codes is the smallest class satisfying the following conditions.

(a) For each n € w, a,, is an co-Borel code.
(b) If c is a co-Borel code, then (-, c) is an oo-Borel code.

(c) If 8 is an ordinal and c,, a < 3, are co-Borel codes, then (\/, (c, |
a < (3)) is an oco-Borel code.

We write = ¢ for (-, c), and we write \/{c, | @ < ) for (\/, (cq | @ < B))
We associate with each oo-Borel code ¢ a subset B, of “2 inductively as
follows:

B, = {ze€“2|xz(n)=1}
B—\C = w2\BCa

Byeaacs) = |J Beo

a<f

Let C be the class of all co-Borel codes. If Z C C x C and = € “2, then
7 is x-consistent if

(Vee C)(Vc' € C)({e,c'y €T — (v € Be <> x € Be)).

If B is a complete Boolean algebra and if 7 : {a, | n € w} — B, then there
is an obvious way to extend 7 to 7* : C — B (as in the example above
with B = P(“2)). Say that 7 : {a, | n € w} — B respects T if whenever
(c,c’) € T then 7*(c) = 7*(c’). (Thus a,, — {z | 2(n) = 1} respects Z if and
only if Z is x-consistent for every x € “2.)

Let Z C C x C. For oo-Borel codes ¢ and ¢/, define ¢ ~7 ¢’ to hold
if, for every complete Boolean algebra B and every 7 : {a, | n € w} — B,
if 7 respects Z then 7*(c) = 7*(c/). (One can also define ~7 by transfinite
induction, using the laws of complete Boolean algebras.) It is evident that
~71 is an equivalence relation. For ¢ € C, let [c]; be the equivalence class of c
with respect to Z, fixed up a la Scott to make it a set. Let C(Z) be the class
of all [c];. If C(Z) has more than one element (as it will if Z is z-consistent
for some = € “2), then C(Z) is a complete Boolean (class) algebra under
the obvious complement and join operations. If Z is x-consistent for every
x € “2, then [c]; — B, is a complete homomorphism of C(Z) onto P(¥2).
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For any set £ of extenders, we define a set Z¢ of pairs of elements of C. A
pair belongs to Z¢ only if this is required by the following. Let E € £. Let
be a (0, A)-extender. Let c,, a < d, be co-Borel codes belonging to V. Let

in(lca | a < 8)) = (& | @< in(d)).

(Note that ¢, = ¢, for a < §.) All the ¢, are oco-Borel codes. If ¢5 € V),

then
<\/<Ca |a < 5>7\/<éa |l a < (5>> € Ze.

(a) Prove that Zg¢ is z-consistent for every z € “2.

Suppose « is Woodin. Let £ be a collection of extenders strongly wit-
nessing that x is Woodin. (See exercise 6.3.6.)

(b) Prove that C(Z¢) is a set of size £ and, as a Boolean algebra, has the
k-chain condition.

Hint. Let C,, = CNV,. Let C,(Z¢) be the corresponding Boolean sub-
algebra of C(Zg). It suffices to prove that C,(Z¢) has the x-chain condition.
To prove this, use the fact that £ strongly witnesses that x is Woodin.

Exercise 6.3.8. Let £ be a set of extenders. Let M be a transitive class
model of ZFC with & € Vy 4u. Note that CM = CN M. For E € &
with £ = (E, | a € N[, let E| M = (E,NM | a € [\]<¥). Let
EITM={FE|M|FE €&} Suppose that £ M € M and that £ [ M strongly
witnesses in M that  is Woodin. In M we have the algebra (CY(Z2,,))".
Let Pgfy; be the partially ordered set (CM(Zg,,))™ \ {0}. Let z € “2.
Attempt to define G, C P(JS‘J[M by

M
I[c]l(wl'gf“\l)]u € G’x — T e BC,

where B, is as in Exercise 6.3.7. Prove that G, is well-defined and is Pgf,,-
generic over M and that M|[G,] = M|z].

Hint. Use an absoluteness argument to show that
M M
(~ny, )" =~y 1 CV.

(This is perhaps easier using the inductive definition of ~z.) It follows that
(CM(Zgyy))™ is an M-complete subalgebra of C(Z}],,).
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Next observe that
Ty =Ze N M.

This implies, by part (a) of Exercise 6.3.7, that IgM is y-consistent in V
for every y € “2. In particular, I%M is x-consistent in V. Thus, in V, a
complete homomorphism o : C(Z}{,,) — {0, 1} is given by

a(|[c]]NIM )=1 < z€B..

EIM

The restriction of o to (CY(Z£]),))™ is thus an M-complete homomorphism.
The preimage of {1} is just G,.



Chapter 7

Iteration Trees

In this chapter, which can be read immediately after §6.1 if one is will-
ing to refer back to Chapter 6 for one or two definitions, we introduce
and prove some basic results about the main technical tool of the deter-
minacy proofs of Chapter 8. This material comes from Martin—Steel [1988],
[Martin and Steel, 1989], and [Martin and Steel, 1994]. Our treatment will
follow that of [Martin and Steel, 1994], which is a bit more general than that
of the other two papers.

Iteration trees are a generalization of iterated ultrapowers, which we stud-
ied in §3.3. They are more general in three ways: (1) The individual ultra-
powers are with respect to extenders and not just ultrafilters. (2) The indi-
vidual ultrapowers are not all with respect to images of the same ultrafilter
or extender. (3) The iteration is not linear, but has a tree structure, and the
individual ultrapowers are of models at one node of the tree but with respect
to extenders in models at possibly different nodes.

In fact we have already introduced an even wider generalization of type (1).
In §3.3 we defined transfinite iterations of an arbitrary elementary embedding
j:V <M.

Before considering iterations with all three properties, we will consider,
in §1, those with properties (1) and (2). Iterations with property (2) were
first used in [Kunen, 1970], and [Mitchell, 1979] introduced iterations which
essentially also had property (1)

In §2 we introduce iteration trees. In §3 we study finite iteration trees,
and in §4 we study those of length w. The definitions and results in the text
of §2-84 are almost all from [Martin and Steel, 1994], though—in order to
avoid continually citing the paper—we will mostly omit explicitly citation.

369
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7.1 Internal Iterations

Most of the business of this chapter will be proving that the direct limit
models of various iterations are wellfounded. Even when the initial model of
the iteration is V', we will have to deal in the proofs with iterations whose
models are sets that may not satisfy full ZFC. To handle this, we introduce
a concept from [Martin and Steel, 1994] that is general enough to cover all
the models that will arise in our proofs.

First we need two preliminary definitions.

The Lévy hierarchy of formulas defined on page 19 can be defined for any
language extending the language of set theory. The clauses in the definition
are exactly the same as those on page 19, but now “atomic formula” means
atomic formula of the extended language. Let L£(P) be the result of adding
to the language of set theory a one-place function symbol P. A class model
(M; E) satisfies ¥1(P) Replacement if M satisfies the Power Set Axiom and
the expansion of (M; €) in which P is interpreted as the power set operation
satisfies Replacement for ¥; formulas of L(P).

If (M; E) is a class model and v € M, then (M; E) satisfies Replacement
for the domain u if, for every formula ¢(u,x,y, 21, . .., 2,) of the language of
set theory,

(M;E) | (V21) - (Vz) (Vz €w)(Tly) ¢ — (Fv)(Vx eu)(Fy €v)p).

Replacement for domain u implies that the range of any class function whose
domain is u is a set, and so that the class function is a set function.
Now we turn to the concept from [Martin and Steel, 1994] that was men-

tioned above. A class model M = (M; €,4) is a premouse if

(a) M is transitive;

(b) § is an ordinal belonging to M;

(c) (M;€) E ZC + %,(P) Replacement + Replacement for the domain

Vs.

For premice M = (M; €, 6) we write § = §M.
It is easy to show that if (M; €) satisfies ZC + 3 (P) Replacement, then

(M;€) = (Ya € Ord) V, exists.

Thus clauses (a), (b), and the first two parts of clause (¢) imply that M
saitisfies “Vj exists,” and so that the third part of clause (c) makes sense.
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Remark. The name “premouse” may seem an odd one. Premice and mice
were introduced in [Dodd and Jensen, 1981] and generalizations have been
defined by various authors. In all these versions, including ours, a premouse
is required to satisfy some fragment of ZFC. In most versions—though not in
ours, i.e., not in that of [Martin and Steel, 1994]—it is required also that a
premouse have some specific structure, such as being L[E]| for E a “coherent”
sequence of extenders. In all versions, what makes a premouse a mouse
is iterability, the existence of wellfounded limit models of any appropriate
iteration whose initial model is the premouse. We will not define or discuss
mice, but the main results of this chapter can be thought of as establishing
mouse-like properties for certain classes of premice.

We have already noted that every premouse M satisfies the sentence
“(Va € Ord) V, exists.” It is also easy to show that, for premice M,

M E (Vz)(Fa € Ord) z €V,

If M = (M;e,6) is a premouse and E is an extender in M, i.e. E € M
and M |= “F is an extender,” then we can define [J' M just as we defined,
on page 339, Hfg(]\/[, €) for class models M of ZFC. Our notation for such
ultrapowers will be like that for the earlier ones. Since there seems no reason
for preferring, e.g., one of the notations [a, f]]]\E/[ and [a, f]]g‘ over the other,
we will in this and other cases indiscriminately use both notations. Lo$’
Theorem generalizes to these ultrapowers, except that we must restrict £ to
be a (k, \)-extender with k < ¢:

Theorem 7.1.1. Let M = (M; €,9) be a premouse. Let k and A\ > Kk be or-
dinals of M with k < §. Let E be an (k, \)-extender in M. Let ¢(vy,...,v,)
be any formula of the language of set theory. Let (aq, f1),...,{an, fn) be
elements of DY . Let b =J,c;c, ai- Then

Hgl M E ¢l[a, flﬂ]‘g’ o lan, fn]l]\Eq A
{Z € [/{]U)' | M ): ¢[f1(za1,b)v s 7fn(Zan,b)]} € Eb'

Proof. The proof is by an induction on ¢ as usual. We sketch the case ¢
is (Jup)® to indicate how the axioms that hold in premice are used. In that
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case we have, suppressing some subscripts and superscripts,

[T M = ollas, ], - - an, fa]
& (Jag € ) 3fy € W' M 0 M)

(ITz' M = ¢llao, fol. - - - [an, £al])
& (3ag € (N<)(3fo € W™ M N M)

({Z € [/{N%Ubl | M ): w[fo(zaoﬂoUb)? BRI fn(zan,aoUb)]} € anUb)
A {Z € [’{]Ib‘ | (EL’E € M) M ): @Z)[ZL‘, fl(zcu,b)v cee 7fn<zan,b>]} S Eb
o {ze WM MEolfilzap), - falza,p)]} € By

To show that the fourth line implies the third, one argues as follows: Because
Replacement for the domain Vj holds in M, the fourth line implies that there
is an ordinal o € M such that

{ze W | Fre V) ME ¥, filzap): - fa(zan)l} € Ep.

Since this set belongs to M as well as to Ej, Choice in M yields the third
line. U

Theorem 7.1.1 gives us the canonical (')A : M < [[¥ M. The usual
proofs give the following two results.

Lemma 7.1.2. Let M be a premouse, let k < &, and let E be a (k, \)-
extender in M for some X. Then M = “[Tx' M is set-like,” and so [[ M

is set-like.

Lemma 7.1.3. Let M be a premouse, let k < 0M, and let E be a (k, \)-
extender in M for some . Then M |= “Hg‘ M is wellfounded,” and so
Hﬁf M is wellfounded.

Thus, if M = (M;€,0), we get a unique
M
it [[ M = Ult(M; B) = (Ult(M; E); €, 6UHME))
E

with Ult(M; E) transitive, and we define

gt =1t o (i) s M < Ult(M; E).
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Note that all of the classes [[a M, (i')M, 7, Ult(M; E), Ult(M; E), and
it are classes in M. Note also that Ult(M; E) is a premouse.

We now begin our study of iterations that have the first two of the prop-
erties mentioned in the introduction to this Chapter. We will define such
iterations for transitive class models of ZFC and then for premice.

First we need some more terminology for talking about direct limits.
Suppose that My is a transitive class for each d € D and that

((Mg;€) | d € D), (jaw | d€e D Ad €D A dRd))

is a directed system of elementary embeddings. Let (M, (j; | d € D)) be the
direct limit of this directed system. We say that M is the direct limit model
of the directed system. If M is wellfounded and set-like, let 7 : M = (N; €),
with N transitive. We say that

(N;€),(mojalde D))

is the canonical limit of the directed system and that (IV; €) is the canonical
limit model of the directed system. If either wellfoundedness or set-likeness
fails, then there is no canonical limit and no canonical limit model. Note
that if there is an R-maximal element d of D, then the direct limit model
is isomorphic to My, the canonical limit is (Mg, (jora | d € D)), and the
canonical limit model is M.

Similarly define the direct limit model, the canonical limit, and the canon-
ical limit model when the individual models of the directed system have
additional structure, e.g., when they are premice (My; €,04).

If M is a transitive class model of ZFC and 6 is a non-zero ordinal number,
an internal iteration of M of length 6 is a sequence (E, | a +1 < 6) such
that there are transitive classes M,, o < 6, and embeddings j, 3, o < 8 < 0,
satisfying

(a) M
(b) each E, is an extender in M,;
(c) for a < B <~y <0, jay=178~0 Jap;
(d)

)

d) for each a such that a+1 < 0, M,y = Ult(M,; E,) and joa+1 = igj;
(e

for each limit A < 6, (My, (o | @ < A)) is the canonical limit of
(Mo | o < A), (Jap | @ < B <N).
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Note that the M, and the j, g are uniquely determined by M and the E,.

Remark. Our notion of internal iteration is in one sense less general and in
another sense more general than the name suggests. A broader notion would
permit the E, to be extenders in the general sense of Exercise 6.1.2; an
even broader notion would replace the 2%{1’ by embeddings j, : M, < M1,
requiring only that each j, be a class in M,. A narrower notion would require
the iteration (F, | @ + 1 < ) to belong to M.

If M is a premouse and # is a non-zero ordinal number, an internal
iteration of M of length 6 is a sequence (E, | a4+ 1 < 6) such that there are
premice M,, o < 0, and embeddings j, 3, o < 3 < 0, satisfying

a

(a) M

(b) each E, is an extender in M, with E, € V;\ie;

(c) for a < B <~y <0, jar=178~0 Jap;

(d) for each arsuch that a+1 < 0, M1 = Ult(M,; E,) and joa41 = iﬁfﬁ;
)

(e) for each limit A < 6, (My, (jax | @ < A)) is the canonical limit of
(Ma | @< N, Gag |0 < B < N).

Remark. The condition that F, € V v 1s stronger than necessary. One

could simply require that E, be a (k, A) extender in M, for some x and A
with k < §Me,

We would like to think of transitive class models M of ZFC as giving
“premice” (M;e€,0OrdNM), so that, for example, we can think of the internal
iterations of such M as special cases of internal iterations of premice. Let us
therefore say that M is a premouse® if either of the following holds:

(i) M is a premouse;
(il) M = (M;€) for some transitive class model M of ZFC.

If M = (M;€) is a premouse*, then by 6 we mean Ord N M (which is not
a genuine ordinal number if M is a proper class).

[Mitchell, 1974] proved wellfoundedness results for internal iterations in
the special case that all the E, are given by normal ultrafilters on their
critical points. His methods extend to the case of general extenders. We will
now present a different and simpler approach to the same theorems. This
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approach is attributed to R. Jensen in Dodd [1982]. The results we prove
with it in this section are essentially from Dodd [1977]. The first lemma is
the key to the whole method.

Lemma 7.1.4. Let M = (M;€,6™) be a countable premouse*. Suppose
that, for some ordinals n and 6 < n, there is a

T: M =< (V;€,6).
Let E be a (r,\)-extender in M with k < 8. Then there is a

o: Ult(M; E) < (V,; €,9)

such that o o il = 7.

Proof. By the elementarity of 7, we have that 7(£) is a (7(k), 7(\))-extender
in the premouse* (V,; €,6) and so in V. For each a € [A]<¥, let

Xo= () m(¥).

YeE,

Since M is countable, each X, is a countable intersection of elements of
(T(E))+(a); hence each
Xa € (7(E))r(a).

By the countability of [A\]<* and the countable completeness of 7(E) (clause (4)
of Lemma 6.1.2), there is an order preserving h : 7"[A]<“ — 7(k) such that

(Va € [N<*)h"7(a) € X,.
We define o by setting
o(mg' ([a fT5) = (r(/)(R'7(a)).
To see that o is well-defined, suppose that [a, f]]g = [b, g]]ﬁfl . Then
Y ={z €[5 | f(zaan) = 9(2ba)} € Eatp-
By the definition of X, g,

W'r(aUb) € Xou C 7(Y).
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Thus

(TR T(aUD))r(a)raun) = (T(9)) (R T(a U b))rm).r(aus))-

Since, e.g., (R"T(aUb))ra)r(aup) = h'7(a), we get that

(r(f))(A"7(a)) = (r(g))(h"T (D)),

i.e., that
o(mi ([a, fT51) = o (x5 ([b, 13)).

The proof that ¢ is elementary is similar to the proof that it is well-
defined, and we omit it.
Finally we must prove commutativity. Let x € M.

o(ig'(x)) = ol ([0, ca]))
= o (P7(0))

= 7‘(1‘ )’
as required. Il

Remark. Note that the proof gives directly an elementary embedding of
[T M into (V,, €,6). Since (V,; € 6) is wellfounded it follows that [ M
is wellfounded. Thus the proof gives a different way of showing e.g. that
ultrapowers of V' with respect to extenders are wellfounded.

The next lemma extends Lemma 7.1.4 to countable internal iterations.

Lemma 7.1.5. Let M = (M;€,6™) be a countable premouse*. Suppose
that, for some ordinals n and 6 <), there is a 7: M < (V,;€,6). Let 0 >0
be a countable ordinal and let (M, | a < 0) and (jop | @ < B < 6) witness
that (B, | a + 1 < 6) is an internal iteration of M. Let (Mg, (g | o < 0))
be the direct limit of (Mg | @ < 0), (Ja | @ < B < 8)). Then there is a

T My < (Vs €,6)
such that 7" 0 jog = T.

Proof. Since M is countable and 6 is countable, it follows by induction that
all the M,, a < 6, are countable.
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By induction on a < 6, we define embeddings
To : Mo < (V5 €,9).
When we define 7,, we will make sure that
(VB <) Ta 0 jiga = Ta-

Let 1o = 7.

Next consider the case that « = v+ 1 for some v. We apply Lemma 7.1.4
with M, as the M of that lemma, with 7, as the 7, and with E, as the FE.
Let 7, be the o given by this application of Lemma 7.1.4. It is easy to see
that our induction hypotheses for a are satisfied.

Now consider the case that o < # is a limit ordinal. Let x € M, where
each My = (Mg, €;6M#). Then z = jso(y) for some 8 < a and some
Y < MB‘ Set

Ta(2) = 75(y).

It is easy to see that 7, is well-defined and that 7, 0 jz, = 75 for all 5 < a.
) The (jeﬁnitign of 7" is similar to that of limit 7,. Let x € My, where
My = (My; €p,0p). Then x = j, 4(y) for some a < § and some y € M,,. Set

7 () = Ta(y)-

It is easy to see that 7* has the required properties. ]

Corollary 7.1.6. Assume all the hypotheses of Lemma 7.1.5. Then the di-
rect limit model My is wellfounded.

Proof. If 7* is given by the lemma, then 7% embeds Mp into a wellfounded
structure. 0O

Remark. The corollary is trivial in the case 6 is a successor ordinal, but
the lemma is not.

Theorem 7.1.7. Every internal iteration of V has a wellfounded direct limit
model.
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Proof. Let J be an internal iteration of V. Assume for a contradiction that
the direct limit model of J is not wellfounded. Let § be such that J € Vj
and let > § be such that (V},; €,0) is a premouse satisfying “the direct limit
model of J is not wellfounded.” Let (X;€&,0) be a countable elementary
submodel of (V;; €,0) such that J € X. Let 7 : X = M with M transitive.
Let Z = 7(J). Then (M;€,m(d)) is a countable premouse and

(M€, m(8)) < (Vi €,9).
Moreover
(M;e,m(9)) & “the direct limit model of Z is not wellfounded.”

By the absoluteness of wellfoundedness, it follows that the direct limit model
of Z is not wellfounded. But this contradicts Corollary 7.1.6. O

If M is a model of ZFC, then applying Theorem 7.1.7 in M gives that, if
7 is an internal iteration of M and Z € M, then the direct limit model of Z
is wellfounded. Exercise 7.1.1 eliminates the assumption that Z € M in the
case that Ord N M has uncountable cofinality.

Exercise 7.1.1. Let M be transitive class model of ZFC such that OrdN M
is not an ordinal number of cofinality w. Prove that every internal iteration
of M has a wellfounded direct limit model.

Hint. Suppose that 7 is a counterexample.

First assume that M is a proper class. Deduce that there is a premouse
(V;;€,0) € M such that J is also an internal iteration of (V,; €,4) with
illfounded direct limit model. Next use the Lowenheim—Skolem Theorem to
show that there are a premouse M with countable universe, an embedding
TiM < (VM:€,d), and a countable iteration Z of M whose direct limit
model is not wellfounded. Now use an absoluteness argument to show that
Corollary 7.1.6 fails in M.

Now assume that M is a set. Use the Lowenheim—Skolem Theorem as
above to get a countable M, an embedding 7 : M < M, and a countable
iteration Z of M with illfounded direct limit model. Use the hypothesis
about cf(Ord N M) to prove the existence of an ordinal n of M such that
range (1) € V, < M. Now contradict Corollary 7.1.6 in M as in the first
case.
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7.2 General Iteration Trees

The main applications of iterations and iteration trees are in the study of
canonical inner models for large cardinal axioms. One defines the property
of being a “canonical” model, proves that canonical models exist and satisfy
the large cardinal axiom, and one proves (the “Comparison Lemma”) that
canonical models are indeed canonical by proving that any two of them can
be elementarily embedded into a third. The elementary embeddings in ques-
tion are some jy, of an iteration or an iteration tree. This technique was
used in a primitive form in [Kunen, 1970], where the large cardinal axiom is
(mainly) the existence of a measurable cardinal, and the iterations were the
iterated ultrapowers we discussed in Chapter 3. [Mitchell, 1974] introduced
the general Comparison Lemma method, in the context of axioms asserting
the existence of measurable cardinals with a rich array of normal ultrafilters.
[Mitchell, 1979] extended the method beyond the range of normal ultrafilters.
[Dodd, | and [Baldwin, 1986] developed it far enough to get canonical inner
models for strong cardinals and more, employing internal iterations in our
general sense. At, or a little before, the level of Woodin cardinals, internal
iterations are no longer adequate. [Steel,?] used primitive iteration trees
in studying inner model theory at about this level. Iteration trees proper
were introduced in [Martin and Steel, 1988] and [Martin and Steel, 1989],
and they were used as we will use them in Chapter 8, to prove determi-
nacy results. In [Martin and Steel, 1994] their theory was further developed
and they were applied to get inner models for Woodin cardinals.

Remark. The historical sketch just given omitted a major part of inner
model theory: fine structure and core models. This omitted subject was
invented by Ronald Jensen. Dodd, Mitchell, and Steel have, after Jensen,
probably made the most important contributions to it. See the introduction
to [Martin and Steel, 1994] for a longer historical sketch that does not omit
fine structure and core models.

The basic step in generating an iteration tree is, like the basic step in
generating an internal iteration, the ultrapower of a given model with respect
to an extender. In the case of internal iterations, the extender belongs to
the given model and is an extender in it. In the case of iteration trees, the
extender may be an extender in a different model and may not belong to the
given model at all. Already in the last chapter (page 360), we discussed this
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kind of ultrapower for the case of transitive class models of ZFC. We now
must extend the discussion to the case of premice.

Let us say that premice M = (M;€,6M) and N' = (N;€,6V) agree
through o if & < min{0*, 5V} and M and N agree through a. More gener-
ally, let us say that premice* M and N agree through o if o < min{6M, &V}
and the universes (first components) of M and N agree through . (The
hybrid concept of a premouse* was defined on page 374.)

Suppose that x is an ordinal and that M and A are premice* agreeing
through x + 1. Suppose that F is a (k, A)-extender in M, for some A. Then
we can define [[p AV just as we defined, on page 360, Hg(N; €) for N a
transitive class model of ZFC and F a (k, A)-extender in another such model
M agreeing with N through s+ 1. Our notation for such ultrapowers will be
the obvious combination of that for the []N(N;€) and that for the [[5 M
of the preceding section.

The proof of the following theorem is just like that of the special case
M = N (Theorems 7.1.1 and 6.1.3).

Theorem 7.2.1. Let M and N be premice*. Let k and X\ > k be ordinals
of M with k < &. Assume that M and N agree through x4+ 1. Let E be
an (k, \)-extender in M. Let p(v1,...,v,) be any formula of the language of
set theory. Let (ay, f1),...,{an, fn) be elements of DY. Let b = J,c;c, @i

Then
BN llan, Ay lan, faly]
{z e [W" [N E 0lfi ars)s - -+ fa(zans)]} € B

Theorem 7.2.1 gives us the canonical (i')y : N < HJ]}[N . The next
lemma is proved as were earlier analogous lemmas.

Lemma 7.2.2. Let M, N, k, \, and E be as in the statement of Theo-
rem 7.2.1. Then Hg/\/ is set-like.

Hg/./\f may not be wellfounded. If it is, and if A/ is a premouse (N; €, 4),
then we get a unique

N
my [N = UV E) = (UIt(N; E); €, 6 W5))
E
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with Ult(N; E) transitive. If it is wellfounded and if N' = (N; €), then we
get a unique

N
my =mp  [[N = Ul E) = (UIL(N; E); €)
E

with Ult(N; E) transitive. In either case we define
N =N o ('Y : N < Ult(N; E).

When N = (N;€), we may of course also write iy for . Note that
Ult(N; E) is a premouse* and is a premouse if and only if N is a premouse.
The following analogue of Lemma 6.3.17 is proved just as was that lemma.

Lemma 7.2.3. Let M be a premouse*. Let E be a (k,\)-extender in M.
Let ¢ > K be an ordinal of M. Let N be a premouse* such that k < 0N and
such that M and N agree through ¢ +1. Assume that Hgfj\/' s wellfounded.
Then

(a) Ifa € [N and f: 5] — (CHYM UV, then
' (Lo 1) = (Lo /1)

(b) (Va)(a < (CHM — if(a) = ¥ (a)); in particular, (k) = i (K);

(c) Ult(M; E) and UL(N; E) agree through ix'(¢) + 1; in particular,
they agree through i (k) + 1.

If there is a premouse* M such that E is an (k, A)-extender in M, set
crit (E) = . Thus, for any premouse* A such that i exists, we have

crit (E) = crit (ip!) = crit (i) ).

The next lemma is a consequence of Lemma 7.2.3 describing the amount
of agreement between M and Ult(N; E) for E an extender in M.

Lemma 7.2.4. Assume all the hypotheses of Lemma 7.2.3. Let p = strength ™ (FE).
Then

(1) U(N; E) and M agree through p;
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Ult (NGE
(2) ViNE Cym

Proof. By the definition of strength™(E) and the fact that Ult(M; E) is a
class in M,

Vo Vi,
By (c) of Lemma 7.2.3 and the fact that p < ipl(k),

UL(VE) _ { Ult(M:E)
Vp+1 V;;+1

The lemma follows. U

Let 6 be a non-zero ordinal number. A partial ordering T of 0 is a tree
ordering of 0 if

(i) for all 5 < 0, the set of all a such that aT 3 is wellordered by T’
(ii) T respects the natural order: if T 5 then a < f3;
(iii) 0 is the T-least element of #: if 0 < a < @ then 0T'«;
)

(iv) for all @ < 0, «a is a successor ordinal if and only if « is a T-successor,
i.e., if and only if o has an immediate predecessor with respect to T';

(v) for all limit ordinals A < 6, the set of all a such that aT A is an
unbounded subset of A (with respect to <).

For successor ordinals a < 6, we define o to be the immediate prede-
cessor of a with respect to 7, which exists by clause (iv). When there is no
ambiguity, we write o~ for a.

To avoid giving two definitions of “iteration tree,” we make use of the
concept of premice*. An iteration tree is a triple

T=WMT(E,|a+1<8)),

such that there are premice* M,, a < 6, and embeddings j, g, T 8 < 0,
satisfying

(a) T is a tree ordermg of 6;

(b) M
) each E, is an extender in M, with E, € V\ie;
)

(c

(d) for aT ST v <8, Jary = Js~ O Jas:



7.2. GENERAL ITERATION TREES 383

(e) for each o such that a +1 < 6,

(i) M, and M o 41)- agree through crit (E,) +1;
(i) May1 = Ult(M(aH);;Ea);

. o .M(OH-I); .
(iii) Ja+) 041 = E, )

(f) for each limit A < 6, (My, (Jax | «T A)) is the canonical limit of
(Mo | TN, (Jap | aTBTAV a=FTN)), where jg o is the identity
embedding of M,, into itself for each a < 6.

Note that (c) and (e)(i) imply that crit (E,) < 5e+97 . Note also that
7 uniquely determines the M, and the j, g. By T7, ET, and jZ;B we mean
repectively the tree ordering, the ath extender, and the ath embedding of T .
Our notation for the premice* of 7 will be in terms of the first component
of T If the first component is A, then N,/ is the ath premouse* of T.

7 =(WM,T,(E, | a+1<0))is an iteration tree, then T is an iteration
tree on M, and 0 is the length of T. We write ¢h(T) for the length of 7. If
M is a transitive class model of ZFC and 7 is an iteration tree on (M;€),
then we will also say that 7T is an iteration tree on M.

If 7 is an internal iteration of M, then (M, <,Z) is an iteration tree
on M. Thus internal iterations are essentially iteration trees whose tree
orderings are linear and so, by property (ii) of tree orderings, are the natural
orderings of their lengths.

It would accord better with the concept of internal iterations if we defined
iteration trees on M to be of the form (T, (E, | « + 1 < 6)). This would
have the additional virtue of making iteration trees sets, where the actual
definition makes them proper classes if M is a proper class. Indeed it was for
just this reason that we did not make M a component of internal iterations
on M. Unfortunately, our notation would become too cumbersome if we
were to do likewise for iteration trees on M. We will often need notation
such as “jzxjﬁ,” and we do not want to write instead “jl’é\/l” or something
more complicated when we have a more complex name than “M.”

The amount of agreement between two of the models of an iteration tree
is related to the strength of the extenders of the tree. If 7 is an iteration
tree on M and o < 3 < ¢h(T), then set

p” (v, B) = min {strengthMWT(E;r) |a <~y < p}.
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Lemma 7.2.5. Let T be an iteration tree on M and let o < 5 < (h(T).
Then

(1) M and M} agree through p” (o, 5);

(2) VT(a,B-{-l-rC‘—‘/;)T(a +1°

Proof. We suppress the superscript 7, and we suppress the subscript 7.
Fix a < ¢h(T). We proceed by induction on § for o < 5 < ¢h(T).

First suppose that § = v+ 1 for some v > «a. Let § = f~. Now
Mg = Ult(Ms; E,), and by part (1) of Lemma 7.2.4 Ult(Msy; E,) agrees
with M., through strength™7 (E.). If a = 7, then p(a, ) = strength™(E.).
If a < v, then p(a, ) = min {strength™~(E. ), p(ar,7)}, and induction gives
us that M, and M., agree through p(a, ). In either case, we have (1). If
o = v or if strength™7(E,) < p(a,v), then part (2) of Lemma 7.2.4 and (if
a < ) induction give that

My M M
- i - « )
strength™v (E,)+1 += VvstrengthM’Y(E,y)—s—l = ‘/strengthMW(E.y)—i—l

If a < v and p(a,v) < strength™(E,), then part (2) of Lemma 7.2.4 and
induction give that

Mg M,
Voam+ E Votam+1 &

VM&

+1°

In either case (2) follows.
Now suppose that 3 is a limit ordinal. We first show that there are only
finitely many ~ such that

(y+1)TH A crit(E;) < p(a, B).

Assume that 7y < 791 < - - - witness that this fails. For each i € w, crit (£,,) <
p(a, 5). Hence we have for each 7 that

J (it )= (i +1) (crit (E5,)) = j(%“)—m“(crit (E5.))
M, -
ip, " (it (E,,))
i (crit (E5,))
strength™i (E.,)
pla, B).

(AVARYS
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Since iy, 41)- (v +1)- (crit (E£5,)) > crit (E,,), it follows that

Tt~ (4~ (p(a, B)) > pla, B).

This gives us the contradiction that (ji,,+1)- s(p(a, 3)) | i € w) is an infinite
descending sequence of ordinals. Next we observe that, since {0 | 07 5} is
unbounded in 3, there is a § such that a < 67T S and

(V0 <y A (v+1D)TP) — crit (ip,) > pla, §)).

Thus crit (js5) > p(a, 8), and so Mg and M, agree through p(a, 5) +1 =
p(a, )+ 1. Hence (1) and (2) for a and f follow from (1) and (2) for « and
J. O

Corollary 7.2.6. Let T = (M, T,(E, | a+1 < (h(T))) be an iteration tree
and let o +1 < ¢h(T). Then

(a) crit (By) +1 < p" ((a+1)7,a);
(b) (VB)(a+1)7 < B < a — crit (Ey) + 1 < strength™? (Ej)).

Proof. We omit the superscript 7 and the subscript 7.

By clause (e) in the definition of an iteration tree, M, and M ,1)- agree
through crit (E,) + 1. But part (2) of Lemma 7.2.5 implies that they do not
agree through p((aw +1)7,a) + 1. Thus crit (E,) +1 < p((a+1)7, a).

Assume that (o +1)7 < 8 < a. By the definition of the p function,
p((a+1)7,a) < strength™#(Ez). Thus (b) for 8 follows from (a). O

The main constructions of Chapter 8 will be constructions of iteration
trees. There are three ingredients needed to construct an iteration tree on

M:
(1) the extenders E,;
(2) wellfoundedness at successor ordinals « + 1, i.e., wellfoundedness of
M _
HEQ(QH) M(a+1)*§

(3) wellfoundedness at limit ordinals A, i.e., the existence of a T-chain that
is unbounded in A such that the corresponding direct limit model is
wellfounded.
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For (1) we will use the One-Step Lemma, Lemma 6.3.18. The only suc-
cessor ordinals that will concern us are the finite ordinals, and in the next
section we will prove that, for « finite, (2) holds very generally, e.g. it holds
if M is a model of ZFC. The only limit ordinal that will concern us is w,
and in §4 we will prove that (3) holds for A = w under conditions that will
be satisfied by our constructions in Chapter 8.

7.3 Finite Trees

In our wellfoundedness proofs, we will be given an iteration tree 7 on a
premouse M, a tree for which wellfoundedness fails, and we will also be given
an elementary embedding 7 : M < Q C N = (V;€,§). We will construct
an iteration tree & on N and embeddings 7, : M7 < Q, € NY. In the
first proof, we will make sure that each 7, belongs to the universe of N% and
use this fact to derive a contradiction. In the second proof, we will get our
contradiction from some further models and embeddings that are constructed
at the same time as the N, and the 7,. To keep our inductive constructions
going, we will in both cases need a certain amount of agreement among the
To. The next definition gives the appropriate notion of “agreement.”
Suppose that 7: M < N and 7 : M’ < N, where M, M’', N, and N

are premice. For ordinals n, say that 7 and 7 agree through n if
(a) M and M’ agree through 7;
(b) T(V;M) =7 (VM)
(c) TIVM=7 VM.
Note that (b) can be restated as follows: 7(n) = 7/(n) and N/ and N’ agree
through 7(n). Note also that (b) follows from (c) if 1 is a successor ordinal.
The next lemma will be one of the main tools in our construction of

the embeddings 7,. A slight variant of it is called the Shift Lemma in
[Martin and Steel, 1994].

Lemma 7.3.1. Let 7: M <N and 7" : M' < N, with M, M', N, and
N’ premice. Suppose that 7 and 7' agree through r + 1. Suppose that E is
an extender in M with crit (E) = k. Suppose that H%E) N’ is wellfounded.

Then Hgﬂ M’ is wellfounded. Moreover, if
o: Ult(M'; E) — Ult(N'; 7(F))
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s given by
o(mg’ ([a. f15)) = e ([r(@). 7' ()
then o is well-defined and elementary, and o and T agree through strength™ (E).
Furthermore, the following diagram commutes:
Ult(M; E) -2 Ul(N';7(E))
T Ty

/

M LA N
Proof. For [a, I3 € [T2Y M, set
o ! Nl
5([a, f15") = [7(a), ' (/)]
We will show that & is well-defined and that

JHM<HM

T(E)
Since H/T\élE) N is wellfounded by hypothesis, this will show that Hgl/ M’ is

wellfounded. It will also show that o is welldefined and /elementar)//.
To show that & is well-defined, suppose that [a, flx = [b, g]%" . Then

X = {Z € [I{]\aulﬂ | f(za,aub) - Q(Zb,aub)} S Ean~

Now X € V,ﬁfl’, so our hypotheses about agreement imply that X € VM 71 and
that 7(X) = 7/(X). The elementarity of 7 gives that 7(X) € (7(E))r(up)-
Using these facts and the elementarity of 7/, we get that

{z e [P [ (7'(f)(zaan) = (7'(9)) (2bas)} = 7'(X)

€ (T(E))r(aup)-

Hence [7(a), 7'(£)1g = [7(0), 7' (9)] )

We omit the proof that ¢ is elementary, as it is similar to the proof that
o is well-defined.

By Lemma 7.2.4, Ult(M'’; E) and M agree through strength™(E). To
show that o and 7 agree through strength™(E), what we must show is that

o r(let(M ;E) U {VUlt (M";E) }) - r(VUlt(/\/l ;E) U {VUlt (ME) })

strengthM (E strengthM (E') strengthM (E trengthM (E)
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Now strength™(E) < i}(k), and Lemma 7.2.3 gives that i (k) = i¥(k)
and that
let(/\/l/;E) v/, Ult(M;E)
M (R)+1 T i ()1
with the latter clearly a subset of the universe of M. Thus it suffices to prove
that

r Ult(ME) r Ult(M’;E)
g (k)+1 ip (k)+1
Every element of V[ﬁfgﬂgi? is of the form 7' ([a, f]]g/['), with f @ [s]l?l —
ZE K

V4. Consider such a 5" ([a, F1Y). By definition,

(7 (la, F15°)) = 7 (Ir(a), 7' ()1 g)-

Since f can be coded by an element of VM, we get that 7(f) = 7/(f) and

so that

ey [ (@), 7' (D)) = e ([T (@), 7(Hs)
The agreement of 7 and 7’ through s + 1 means, in particular, that A" and
N agree through 7(k) + 1, and so Lemma 7.2.3 gives that

Ty (@), 7(H)1g) = e ([7(a). 7(H)IX ).

By the elementarity of T,

ey ([7(a), ()1 p) = 7@ ([a. f151)).

Since M and M’ agree through s + 1, another application of Lemma 7.2.3

gives that / /
7(r' ([a, fT5)) = (v ([a, /151))-

By this chain of equalities, it follows that

o(ms" ([a. f15)) = 77" ([a, F15°))-

It remains only to show that the diagram commutes. Let x belong to the
universe of M’. Then

o(it' (@) = of(mg" ’
! NI
= WJT\([E)(MCT’(J:)]]T(E))

(m" ([0, ol 5" )
2y (7' (2))
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g

We are now ready to prove our wellfoundedness results for finite iteration
trees.

Theorem 7.3.2. Let n € w.

(1) Let T be an iteration tree of length n+1 on a premouse M. Suppose
that 7 : M < (V,,; €,0) for some ordinals v and §. Suppose that n* < n and
that E is an extender in M with crit (E) < p” (n*,n). Then H/;I MT, s
wellfounded.

(2) Let U be an iteration tree of length n+1 on V. Suppose that n' <

n and that F is an extender in (V; €)Y with crit (F) < p“(n/,n). Then

U
H;V,E)n/ (V, E)% 18 wellfounded.

Proof. We first observe that, for each n, (1) implies (2). To see this, suppose
that U, n/, and F witness that (2) fails for n. Let ¢ be large enough that all
the FY and F belong to Vs, and let v > § be such that M = (V,;€,0) is

a premouse and such that (¢’ );V;E)Z' (76, (V2)) is not wellfounded. (This last
condition is actually automatic.) Then (M, T, (EY | m < n)), the identity
embedding, n’, and F' witness that (1) fails for n.

Assume that the theorem is false. We may assume that n is the least
number for which the theorem is false.

We will also assume that the universe M of M (given by the hypotheses
of (1)) is countable. To see that this assumption involves no loss of generality,
let » be a limit ordinal such that our given 7 belongs to V;. Let X be a
countable elementary submodel of V,, such that 7 and E are members of X.
Let 7 : X & M’ with M’ transitive. Then 7o (77! | 7(M)) elementarily
embeds (M) into (V,; €,6) and, along with 7(7), n*, and 7w(FE), witnesses
that (1) fails for n.

We will get a contradiction by building an iteration tree Y on N = (V; €
,0) of length n+1 and proving that for some extender F in NY the ultrapower
H/}ﬂf N is not wellfounded.

The tree ordering of U will be T'. We will mostly suppress the subscript
T and the superscripts 7 and Y. In particular, we will write F,, for the
extender E (but never for E¥).

As we construct U, we will also construct, for m < n, embeddings

Tt Moy < (VN €,6,),
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where in fact v, = j¥,.(v) and 6,, = j4,. (). We denote V¥ by Q,, and
(Vu/:ﬁmi €,0m) by Q,,. We will make sure that

(Vm <n) 7y € Np,.

This will be the key to obtaining our contradiction.
The iteration tree U will be

N, T (T (Em) | m < n)).

Let Np =N = (V;€,0). Let 6g =6, v = v, and 19 = 7.
Let m < n and assume that we have defined, for each k¥ < m, N, =
(Ng; €,0x) and

Tk - Mk = Qk - (Qk7 eadk) = (Vyj\kfka 67616)7
in such a way that (N, T [m+1, (7x(Ex) | K < m)) is an iteration tree whose
premice* are the N}, and that 7, € N, for each k& < m. Assume also that

(a) for all k& < n such that (k+1)" < m < k, 7(411)- and 7, agree through
crit (Ek) + 1,

(b) if n* < m then 7, and 7, agree through crit (F) + 1.

The elementarity of 7, implies that 7,,(E,,) is an extender in the pre-
mouse Q,, and so is an extender in N,,,.
If we can show that

(m+1)" <m — crit (1,(Ew)) < M((m+1)",m),

then we can deduce from the minimality of n that H/T\ZTE:)_ -/\/’(m—s-l)* is well-
founded. By Lemma 7.2.5, this is equivalent with showing that N, 1)-
and N, agree through crit (7,,(En)) + 1. But this is a consequence of
the assumption—a special case of (a)—that 7(,11)- and 7, agree through
crit (Ep,) + 1.
Let
Nm+1 = Ult(./\[(m+1)—;7'm(Em)).

Since E,, € VAir, it follows that 7,,(E,) € V2" = V¥ Hence (N, T |
m+ 2, (1.(Ex) | K < m+ 1)) is an iteration tree on Nj.



7.3. FINITE TREES 391

N1y~ ;
Set V1 = er:(g;)) (V(m—i-l)*) and Oy = 1 m(Enlm)

Ult(Qns1)-3 T (Em)) = (VNm+1 €, Opt1)-

Um41

Thus we may apply the Shift Lemma (Lemma 7.3.1) with M,, for M,
Mminy- for M, Q,, for N, Qpyny- for N', 7, for 7, 74,11)- for 7/,
crit (E,,) for k, and E,, for E. This gives us an embedding

o Mpir < Ult(Q(m+1)*§Tm(Em)) = Qm+1,

such that o and 7, agree through strength™= (E,,).

Suppose that k < n is such that (k+ 1)~ <m+1 < k; i.e., suppose that
(k+1)" <m < k < n. Our induction hypothesis (a) for m guarantees that
Tt~ and 7, agree through crit (E;) + 1. By part (b) of Corollary 7.2.6,
crit (Ey)+1 < strength™™ (E,,). Thus 7,11y~ and o agree through crit (Ej)+
1.

The argument just given shows that, for all k£ < n,

(k+1)" <m+1<k — 7441 and o agree through crit (£) + 1.

Hence induction hypothesis (a) would be true for m + 1 if we were to set
Tm+1 — 0.

If n* < m-+1 then the fact that crit (E)+1 < p7 (n*,n) < strength™" (E,,)
and our induction hypothesis (b) for m imply that that 7,,» and o agree
through crit (E) + 1. It follows easily that induction hypothesis (b) would
also be true for m + 1 if we made 7,1 = 0.

Nevertheless, we cannot take o for 7,,,1 because o might not belong to
Nm+1- Let

wu(m) =sup{crit (Ex) | (k+ 1) <m < k <n}.
Let (m) y
p | pm it m <n*;
wm) = { max{u(m);crit (E)} if n* < m.
If we can find a 7: M,, 11 < Q.11 such that

— M Mo, _
T f (V/L’(m)til) =0 [ (VM/(m)-il) N TE Nm+1,

then, since 7 and o will agree through p/(m) + 1, we can set 7,11 = 7, and
the induction step of our construction will be complete.
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Since n is finite, p(m) and hence also p/(m) are suprema of finite sets of
ordinals, each of which is smaller than strength™=(E,,). Hence p/(m)+1 <
strength™™ (E,,). Let y = 0 f(‘_/,??éifil) = T [ (Vy0moi1). Since 7,, € N, it
follows that xy € N,,. All the universes M, of the M}, are countable transitive
sets; since crit ( jg{m 41) is a measurable cardinal, they all belong to and are
countable in each Ny, k < m + 1. The function x has a subset of M, for
its domain, thus y can be coded by a subset of V;%Zz) 1 that is countable in
Np. Now p/(m) is either 0 or an infinite ordinal. For any infinite ordinal
«, a countable subset of V1 can be coded by an element of V., ;. Hence x
can be coded by an element of Vlﬁ[(ﬁn) 41 But NV, and Np,y1 agree through
p'(m) + 1, and therefore x is an element of N, 1.

Let (a; | i € w) € Np,11 enumerate M, 1. Let U be the tree of all

u € <“(Qm4+1) such that

(i) u(i) = x(a;) for all i < ¢h(u) with a; € domain ();

(ii) for all formulas ¢(vy,...,v;) of the language of set theory and for all
natural numbers ¢, . . ., 7 with each i; < ¢h(u), M1 = elai,, - ., ;]
if and only if Q.11 | ¢[u(ir), ..., u(iy)]

The function ¢ — o(a;) belongs to [U]. By absoluteness, thereis an f € Ny,4q
that belongs to [U]. Then a; — f(i) is our desired 7 : M,,11 < Qi1 such
that 7 € N,,,11 and 7 extends x.

Since E is an extender in M,,, we know that 7,,(E) is an extender in Q,
and so in NV,. To finish the proof, we will derive a contradiction from the
fact that N' = “7,(F) is countably complete.” (By Lemma 6.1.5, this is the
same as contradicting the wellfoundedness of HJTV,ZE 5y Na-)

Let x = crit (E). By assumption, we have that [y M, is not well-
founded. Let then

o o B R o AT € T
Without loss of generality, we may assume that
(View)a; C ajyq.
For each i € w, let

Xipn={z¢€ [R]‘aiﬂl | fir1(2) € fi('zauaiﬂ)}?
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and let X, = [k]l®l. By Theorem 7.2.1, X;;; € E,,,, forall i € w; Xy € E,
trivially. Since 7, is elementary,

(Vi € w) 7u(Xi) € (Ta(E))r(an)-

All subsets of the hereditarily countable M,, belong to N,,, and therefore both
(a; | i € w) and (X; | i € w) belong to N,.. But 7,, € N, and so

(To(a;) | i €w) €Ny A (1(Xi) | i € w) € N,

Let b = e, Tn(a;). Since 7,(E) is countably complete in A, there is a
function h : b — 7,(k) such that

(Vi € w) "1, (a;) € 7,(X5).

Since M,, and M, agree through p” (n*,n) > k + 1, all the X; belong to
M,,~. By the elementarity of 7,,«,

(Vi € w)(Vz € Te (X5)) (Ta= (fi41))(2) € (T (1)) (as,000)-

But 7,, and 7,,- agree through s + 1, so

(Vi € w)(Vz € 7(Xi)) (T (fi42))(2) € (T (i) (20010 )-

Hence
(Vi € w) (To+ (fi1)) (W' Tn(@is1)) € (7o (fi))(h'T0(as))-
But this contradicts the wellfoundedness of NV,,x. O

Remark. Theorem 7.3.2 does not cover the case n* = n, but of course

ng MT is always wellfounded for E an extender in M/ with crit (E) <
M. Part (2) of Theorem 7.3.2 thus guarantees that failure of wellfound-
edness will never interfere with our construction of iteration trees on V' of

length < w.

7.4 'Trees of length w

If 7 is an iteration tree of length 6, then a branch of T is a nonempty subset
b of 6 such that

(i) b has no <-greatest element;
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(ii) b is linearly ordered by T7;
(iii) if B € b and aT7 3, then o € b.

Note that being a branch of 7 depends only on T7. If b is a branch of T
then b is a branch of any other iteration tree with the same tree ordering.
If 7 is an iteration tree on M and b is a branch of 7, then we denote by

(M, (Gl la € b))

the direct limit of

(MI. (G5 [ aTTB b))
We say that a branch b of T is wellfounded with respect to T if the direct
limit model /\;lz— is wellfounded. When there is no ambiguity, we will omit
the phrase “with respect to 7.7 If b is wellfounded, then we denote by
(M, (5], | o € b)) the canonical limit of (M7, (j7 ;| « T € b)).

If 7 is an iteration tree of limit length #, then a cofinal branch of T is
a branch b of T such that b is an unbounded subset of 6. For § = w, all
branches are thus cofinal branches.

Two possible problems can arise at limit steps 6 in the construction of an
iteration tree: (1) There may be no cofinal branch. (2) There may be cofinal
branches, but no cofinal wellfounded branches. By clause (f) in the definition
of iteration trees, either (1) or (2) would make it impossible to extend the
iteration tree to one of length 6 4+ 1. Since the iteration trees we construct
in Chapter 8 will all be of length < w, we will not be worried about this
problem per se. Nevertheless, we will have to rule out (1) and (2) for the
trees of length w that we construct, for it will be crucial for us that each
of our trees has a cofinal wellfounded branch. (In fact, problem (1) will not
arise: it will be obvious that our trees have cofinal branches.)

It is an open question whether every iteration tree of length w on V' has
a wellfounded branch. The trees we construct in Chapter 8 will, fortunately,
have two special properties. We next introduce these two properties, one at
a time.

An iteration tree T of length w on M is continuously illfounded if there
are &,, n € w, such that each &, is an ordinal of M and such that, for m
and n € w,

mTn = jia(&m) > &

A continuously illfounded tree cannot have wellfounded branches, for if b is
a branch then

(np(€a) | € w)
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is an infinite descending sequence of ordinals of M] .

Lemma 7.4.1. Let T be an iteration tree of length w on V with no branches.
Then T is continuously illfounded.

Proof. Let T be the tree ordering of 7. The absence of branches is equivalent
with the wellfoundedness of 7™, where where m T™ n if and only if nT'm. For
n € w define, by induction on 7™,

Em =sup{&, + 1| nT"m} =sup{&, + 1| mT n}.

For mT n we have that

G n(&m) = &m > &

Hence the &, witness that 7 is continuously illfounded. U

If 7 is an iteration tree of length w with tree ordering 7" and if b is a
branch of T, then say that T is continuously illfounded off b if there are &,,
n € w, such that each &, is an ordinal of M and such that, for all m and
n e w, -

jm,n(gm) >&, ifn ¢ b;
mTn — { T () = & ifn €D,

Each iteration tree 7 we construct in Chapter 8 will be continuously
illffounded off some branch b of T, and we will want to know that b is well-
founded. Lemma 7.4.3 below shows that this will follow if we know that T
is not continuously illfounded.

First we need to prove an equivalent of illfoundedness for such limit mod-
els.

Lemma 7.4.2. Let M,,, n € w, be premice* and let j,,,, : M., < M, for
m < n € w. Assume that whenever m < n < p € w then jmp = jnp © Jmn-
Assume also that jo,"Ord™° is unbounded in the ordinals of M, for each

n € w. Let (M, (J, | n € w)) be the direct limit of (M, (jmn | m < n € w)).
The following are equivalent:

(a) M is not wellfounded.

(b) There are (,, n € w, such that each (, is an ordinal of M,, and such
that, for all m and n € w,

m<n — ]m,n(Cm) > Cn-
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Proof. If (,, n € w, witness that (b) holds, then (7,((,) | n € w) is an
infinite descending sequence of ordinals of M.

To see that (a) implies (b), assume that M is illfounded. If (z; | i € w)
is an infinite descending sequence with repect to the membership relation of
M, then (rankM(z;) | i € w) is an infinite descending sequence of ordinals of
M. Since every ordinal of M is of the form Jn(7y) for some n € w and some
ordinal v of M,,, we may assume that there are sequences (n; | i € w) and
(7i | i € w) such that

(i) (Vi € w)~; is an ordinal of M,, ;

(i) (jn,(7:) | 7 € w) is an infinite descending sequence of ordinals of M.

If some number n were n; for infinitely many ¢, then the corresponding sub-
sequence of the 7; would be an infinite descending sequence of ordinals of
M.,,. Thus we may assume that

i<i’—>ni<ni/.

Since jon,”Ord™ is unbounded in the ordinals of M,,,, we may assume also
without loss of generality that ng = 0. Replacing, if necessary, each ; by w;,
we may assume that each ; is a limit ordinal. For ¢ € w and n; <n < n;yq,
set

Cn - ]nz,n<’)/z) + N1 — N.
The (,, n € w, witness that (b) holds. O
Lemma 7.4.3. Let T be an iteration tree of length w and let b be a branch

of T. Assume that T is continuously illfounded off b and that b is not well-
founded. Then T s continuously illfounded.

Proof. Let (§ | i € w) witness that 7 is continuously illfounded off b. Let
(Cn | m € w) be as given by the illfoundedness of b and Lemma 7.4.2. For

1 € wlet
L &+ ¢ o ifie.
The &7, i € w, witness that 7 is continuously illfounded. O

It is unknown whether there is a continuously illfounded iteration tree of
length w on V. But we can show that there are no such trees that obey a
certain technical restriction, which we now describe.
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Let T = (M, T,(E, | «+ 1< ¢h(T))) be an iteration tree. For §+ 2 <
(h(T), let

1T (B) = sup {crit (E,) | (e +1); < B < a}.

For T the tree of Theorem 7.3.2 and for m + 2 < ¢h(T), p” (m) is the same
as the ordinal p(m) defined in the proof of Theorem 7.3.2. By part (a) of
Corollary 7.2.6, u”(f) < strength™?(Ej3). In the proof of Theorem 7.3.2,
we used the fact that, for T finite, 7 (8) < strength™#(E3). Unfortunately,
this may fail for infinite iteration trees.

For n € w, we say that an iteration tree T is a plus n iteration tree if, for
every (3 such that §+ 2 < (h(T),

1" (B) +n < strength™?(Ep).

The technical restriction mentioned above is thus being a plus one iteration
tree. Some of the results of [Martin and Steel, 1994] require plus two trees.

Remark. Tteration trees in the sense of [Martin and Steel, 1988] and
[Martin and Steel, 1989] are a special kind of plus one trees. See Exer-
cise 7.4.1.

Theorem 7.4.4. Let M be a premouse and suppose that T : M < (V,; €,0)
for some ordinals v and 6. Then there is no continuously illfounded plus one
iteration tree of length w on M.

Proof. Assume for a contradiction that 7 = (M, T, (E, | n € w)) is a plus
one iteration tree and that (£, | n € w) witnesses that 7 is continuously
illfounded.

As in the proof of Theorem 7.3.2, we may assume that the universe of M
is countable.

We will construct an iteration tree U = (N,T,(F,, | m € w)) with
N = (V;€,0). For each m € w, we will also construct

(a) an uncountable premouse N,,;
(b)) Y Now < P = (K?J:nfm; €,0m), where 8,, = ji.(0);
(€) T : My < Oy = (Vﬁm' €,0,), where 0,, = Vm and hence U (0) =

Um )

Om, and where ¢, () = Vi = jif,, (V).
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We set 7, = ¥, 0 T,,,. Thus we will have
Tt Moy < Q= (VI €,6) = (V™1 €,6,).

The extender F,, will be 7(E,,).

For each of our premice whose name is a subscripted calligraphic letter,
we denote the universe of the premouse by the corresponding roman letter.
We will suppress the subscript 7" and—as we already have done—suppress
the superscripts 7 and U except where there is ambiguity.

For all m € w, the following conditions will be satisfied:

I ) I = = T(k - m
(i) for all k € w, if (k+1)7 < m < k then 741y~ and 7, agree through
CI’it (Ek) + 1,

(ii) for all & < m, vy and 1), agree through
min {strength™' (7(E;)) | k < i < m}

(= min {7;(strength™ (E,)) | k < i <m});

(ili) T € Ni;

(iv) {a | vm < a € OrdV» A (VNm: e 5,,) is a premouse} has order type
at least 7,,,(&m)-

(V) Nm+1 S Nm

Because condition (v) contradicts the Axiom of Foundation, our construction
will give the desired reductio ad absurdum.

The independent objects we must define are Ny, 1, Um, and T,.

Let 1o be such that (V,; €, ) is a premouse and {o | v < <y A (Va3 €
,0) is a premouse} has order type 7(&). Let No = Py (= V,,). Let 1 be the
identity. Let 79 = 7.

Let m € w and suppose we have defined Ny, ni, 5, and 7, for all k < m.
Suppose that (N, T [m+1, (F}, | k < m)) is an iteration tree. Suppose that,
for all m’ < m, (a)—(c) hold with “m’” replacing “m.” Suppose that (i)—(iv)
hold and that, for all m’ < m, (v) holds with “m'” replacing “m.”

The elementarity of 7, gives that F,, = 7,,(E,,) is an extender in Q,,
and so in N,,.

We first show that conditions (i) and (ii) imply that 7,41~ and 7,
agree through crit (F,,) + 1. By condition (i), we will have shown this if we
prove that conditions (i) and (ii) imply that )(,11)- and ¥, agree through
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crit (7, (Ey)) + 1. Corollary 7.2.6 gives that crit (E,,) +1 < p” (m+1)~,m),
i.e., that crit (E,,) +1 < strength™(E;) for all i such that (m+1)~ <i < m.
Smce condition (i) gives that 7;(crit (E,,)) = T (crit (E,,)) for all such , the
elementarity of the 7; implies that crit (7,,,(En)) + 1 < strength® (7;(E;)) =
strength™' (7;(E;)) for all such i. The desired conclusion follows from condi-
tion (ii).

The agreement of 7(,,41)- and 7, implies that Q(,41)- and Q,, agree
through crit (7,,(Ey,))+1, and so N, 11)- and N, agree through crit (7,,,(Ey,))+
1. Thus either (m + 1)~ = m or else crit (1,,(Ey)) + 1 < p4((m + 1), m).
Thus we can apply part (2) of Lemma 7.3.2 to deduce that Hﬁg’(’gs)f Nim+1)-
is wellfounded. Since F,,, = 7,,,(E,;,) belongs to Vajr\nf m it follows that (M, T |
m+2,(Fy | k <m+ 1)) is an iteration tree.

By the elementarity of 7,,, we get that F,, = 7,,(E,,) is an extender in
Q,, and so in N, and that F,, belongs to Vgﬁ\nf’”. Moreover ¢,,(F,) = F,.
Thus we can apply the Shift Lemma (Lemma 7.3.1) with N, for M, N,11)-
for M', Py, for N, Ppir)- for N7, wm for 7, Y(ni1)- for 7, crit (F,) for k&,

and F,, for E. This gives us that ] F,(nm“) Nimt1)- is wellfounded, and it
gives us an embedding

6 : Ut(Nomsny-; Fn) < UL(Pong1)-; Fin) = P,

such that & and 1, agree through strength™=(F,,).
Let us next see that, for all £ < m, ¢, and ¢ agree through

min {strength™ (F}) | k < i < m + 1},

where each Fy = 7;(E;). We know that 1), and & agree through strength™= (7,,,(E,,,)).
This gives us the case k = m and, together with condition (ii), gives the case
k < m also.

Another application of the Shift Lemma gives us an embedding

o: Mm—i—l < Ult(Q (m+1)=5 2 )7

(m+1)~

M
such that & and 7,,, agree through strength™= (E,,) and such that goi o =

Q - . .
“”* "o Tim+1)-- (We are finally going to make use of the commutativity

Clause of the Shift Lemma.)
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By an argument exactly like that in the analogous step of the proof of
Theorem 7.3.2, we get that, for all k € w,

(k+1)”" <m+1<k — Tuq1)- and 7 agree through crit (Ej) + 1.

We next show that thereisa 7 € Ult(N(mH)f; F,,) such that 7 : M., 1 <
Ult(Qn+1)-; Fim), such that 7 and & agree through 47 (m)+ 1, and such that
T(&€ms1) = 0(&na1). The argument is like that in the proof of Theorem 7.3.2
of the existence of the embedding there called 7. We will mention only the
points of difference. The fact that all the M, belong to, and are countable
in, all the Ny follows from the uncountability of the Nj. In the earlier proof,
the finiteness of the length of the iteration tree gave us that u(m) + 1 <
strength™™ (E,,) and so that p/(m) + 1 < strength™™(E,,). Here the fact
that 7 is a plus one tree gives us directly that u7 (m)+1 < strength™™(E,,).
To take care of the extra condition that 7(&,,.1) = d(&n+1), we simply add
to our new version of requirement (i) in the definition of the tree U the clause
“and u(i) = a(a;) for the ¢ such that a; = &,41.”

The only thing preventing us from setting Ny11 = UL(Nipr1)-; Fin),

N,
D1 =i (M), Tme1 = T, and Y41 = 6 is condition (v).

M -
By hypothesis, &pi1 < i "™ (Egny1y-). Thus

Nomsny= 9.
ZFr(n T Fman - (Emen-)) = ZF( D (Tman)- Emrn-))
— M’Nl
= o(u E,( w (1))
> 5 (&m1)
= %(€m+ )

_ N o
Let § = . (8,,). It follows from condition (iv) that there are at least

Fn v)
N _
Z'p:an) (Ttm+1)~ (§m+1)-)) ordinals a of Ult (Nm+1) ; ) that are larger than
N, ULt(N,, 4 1)~ Fm
ip " (V) and are such that (Va Nomsy ,0) is a premouse. Let 7
be the T(§m1)st such . Let 1,1 = 7(7).

Let N = Ult(Nyyi1)-; Fin) and let N = Ult(N, +1) Fy,). Applying the
Lowenheim-Skolem Theorem in N, we get an X C CV; such that

(1) (X;€,0) < (V5 €,0);

_ Nm
() VY iy O AT 50 ()} € X



7.4. TREES OF LENGTH w 401

(3) in AV, the cardinal of X is the same as that of Vt rength N (Fin)”

Since (X;€,0) is an elementary submodel of a premouse, the structure
to which it is isomorphic via Lemma 3.2.4 is a premouse. Let then

(X e 5) ( m+1;€75m+1> :Nm—l—l'

Define 9,41 and 7,41 by

A 71 /
Ynp1 = 0o Npy1 < Pt
_ _ Nom <
Tmi1 = 7(T): Mpyr < (V Nflﬂ) F €, Omt1) = Qm+1
" (Vm))
o,

Note that 7,41 = 7 o 7, since, for + € M,,.1, we have that 7,,.i(z) =

(m(7))(z) = (W(f))(ﬂ(l’)) = m(7(z)).
Since VV

strengthVm (Fy,) C X, we have that 7 [ V. ¢ = 15 the identity

strengthN'm ()
N o /\_/' P . A~
and that W(Vtrengtth (o )) =V rength Vo ()’ This implies that ¢ and 9,41

agree through strengtth (F,,), and it also implies that 7 and 7,,,, agree
through strength™= (E,,).

The agreement of & and ,,,4 through strength™ (F,,) and the agreement
of ¥,,, and ¢ through this same ordinal imply that v,,, and 1,11 agree through
strength™™ (F,,). Together with condition (ii), this gives condition (i) with
“m + 17 replacing m.

Let k € w be such that (k+ 1) <m+ 1 < k. Since 7 and 7,11 agree
through strength™=(E,,) > u7 > critEy, they agree through crit (Ey) + 1.
But 7 and & agree through 7 (m) + 1, so it follows that 7,,,; and & agree
through crit () + 1. Because ¢ and 7(;41)- also agree through crit (Ej) +1,
we finally deduce that 7z41)- and 7,41 agree through crlt (Ey)+1. Thus we
have verified condition () with “m 4 1”7 replacing “m

Condition (iii) with “m + 1”7 replacing “m” follows from the fact that
TeX.

By the definition of %, there are 7(&,,;1) ordinals o of A that are larger

N,
than 4" (#,,) such that (VN €,8) is a premouse. It follows that there

are Tmt1(Emy1) ordinals of N that are larger than #,,, such that (VaN’"“, E
,Om+1) is a premouse. Thus condition (iv) holds with “m+1" replacing “m.’
By property (3) of X, the cardinal in N of N, is the same as that of

Hence ./\me can be coded as an element of VN

V .
strengthVm (Fm)” strength/Vm (Frm)+1
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But Lemma 7.2.3 implies that Ult(Nni1)-; Fr) (L., N) and Ult( )

agree through Z/FY (crit (F,,))41, which is at least as large as strength™™ (F,,)+
1. Hence

Nosr € Ult(Ny: ) € N

We have verified all the induction hypotheses for m + 1, and so we have
completed our construction and reached our contradiction. O

Theorem 7.4.5. There is no continuously illfounded plus one iteration tree
of length w on V.

Proof. By an argument like the proof that part (1) of Theorem 7.3.2 implies
part (2) of that theorem, any counterexample to the the present theorem
would give rise to a counterexample to Theorem 7.4.4. U

Corollary 7.4.6. Let T be a plus one iteration tree of length w on'V and let
b be a branch of T. If T is continuously illfounded off b then b is wellfounded.

Proof. The corollary follows directly from Lemma 7.4.3 and Theorem 7.4.5.
O

Corollary 7.4.6 is the result needed in Chapter 8. Nevertheless, we will
now make a few more remarks about further results and questions concerning
wellfounded cofinal branches.

Suppose that M is a premouse and that 7 : M < (V,;€,0). It follows
from Lemma 7.4.3 and Theorem 7.4.4 that, if 7 is a plus one iteration tree
of length w on M and if 7 is continuously illfounded off b, then b is well-
founded. One can also prove this assertion directly, without going through
Theorems 7.4.4 and 7.4.5 (and doing so gives an alternate proof of Corol-
lary 7.4.6). Such a direct proof is like the proof of Theorem 7.4.4, except for
two modifications. The first is that condition (v) of that proof (N, 11 € Ny,)
is now restricted to the case m + 1 ¢ b. For m + 1 € b, one just sets

Nm-‘rl = Ult(Mm+1)*; Fm);
Ymy1 = 03
77_m+1 = T.
From the modified condition (v), it follows that

(Vm)(m+1€b — (m+1)" =m V Ny € Nipiny-))
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and hence that
(‘v’m)(m—I— 1eb — Fm S N(m+1)—).

If (m; | i € w) is an enumeration of b in order of magnitude, then one has
that (£, | ¢ € w) is an internal iteration of Ny = (V,,;€,4). It is thus a
consequence of Theorem 7.1.5 that there is a canonical limit (N, (Jp | 7 €
b)). To finish the proof, one constructs an elementary embedding 7, : M, <
N,. The purpose of the second modification of the proof of Theorem 7.4.4 is
to make this possible. One arranges, for all £ € w and all x € M, that

Niman— — . _ M-,
(B > k) (Ym > k)i " (T (G ())) = Tna (0,7 Gl (2))).
This can be done, since it involves, for each stage m of the construction,
making the function 7 agree with & on finitely many additional arguments.
One then sets

7ok (%)) = limpewns Jno(Tn (G0 (2))).

Suppose that M is a premouse and that 7: M < (V,; €,6§). Suppose in
addition that the universe of M is countable. If 7 is a plus one iteration
tree of length w on M, then 7T has a wellfounded branch, and indeed 7 has
a branch b such that there is a 7 : M] < (Vj,; €,0) with 7* 0J0y="T. (See
Exercise 7.4.3.)

U7 =WM,T,(E,|a+1<80))is an iteration tree and if #’ < @, then by
T | 0" we mean the iteration tree (M, T, (E, | a+1 < 6')).

Let 6 be a countable limit ordinal and let 7 be an iteration tree of length
6 on a premouse* M.

(a) T is continuously illfounded if there is a subset X of 6 of order type w
and there are &,, a < 6, such that

(i) each &, belongs to the universe of M ;
(ii) (Ya)(VB)((aT7 B A FyveX)a<y<f) — il 5(6a) > &p);
(iii) (Ya)(VB) (T B A =(FveX)a <y <) — jls(6) = &s).

(b) If b is a cofinal branch of T, then T is continuously illfounded off b if
there is a subset X of 8 of order type w and there are &,, a < 6, such
that

(i) each &, belongs to the universe of M7 ;
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(ii) (V)Oé)(vﬂ)((aTTﬁ ABEbLAN (FveX)a<y<B) = jls&) >
£s);

(iii) (V)a)(Vﬂ)((aTTB AN(Bebv-(FyeX)a<y<p) — jlsé) =
£8).

An iteration tree 7 of countable length 6 is self-justifying if, for all limit
0’ < 0, T is continuously illfounded off the branch {a < 6" | T 0'}.

Let us consider the problem of extending our results to trees of length
greater than w. (1) Can we show that Theorem 7.3.2 remains true if we
replace the natural numbers n and n* < n by arbitrary countable ordinals «
and o with o < «, and if we assume that the given iteration tree is a plus
one tree and is self-justifying? (2) Can we similarly generalize Theorems 7.4.4
and 7.4.5, i.e., can we prove, for all countable ordinals #, that if M is a
premouse and if 7: M < (V,; €,§) then there is no continuously illfounded,
self-justifying, plus one iteration tree of length 6 on M? For «a of the form
w + n, the answer to (1) is yes. We first do the construction outlined on
page 402; then do a construction like that of the proof of Theorem 7.3.2.
The fact that (w + n) — w is finite implies, at step w, that x (the analogue
of the x of the earlier proof) belongs to some Ny, k € w, that agrees enough
with N (the analogue of the N of the proof of Theorem 7.4.4) to give that
€ € N. This allows us to construct the required 7 € N, and so to get a
7, € N,. We do, however, encounter an obstacle if we try to get a positive
answer to (2) for the case § = w + w. Now step w cannot be carried out, for
we cannot show that x belongs to V.

In [Martin and Steel, 1994], positive answers to questions (1) and (2) are
given, except that “plus one” is replaced by “plus two.” In other words the
following is proved:

Let T be a self-justifying, plus two iteration tree of countable length 6 on
a premouse M that is elementarily embeddable into some (V,;€,0). Then

(a) if 0 is a limit ordinal, then T is not continuously illfounded;
(b) if0 = a+1, o* < a, E isan extender in M, and crit (E) < p” (a*, @),
then Hf;z MY, is wellfounded.
Instead of merely replacing ¢ by 7, one uses a tree argument to replace
the whole construction up to step w by a new one. This argument requires

the assumption that 7 is a plus two tree. The necessity of such an argu-
ment also means that, for general countable @, one needs not just a single
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construction of the kind we have been discussing but a transfinite sequence
of such constructions.

The Cofinal Branches Hypothesis (the CBH) is the assertion that if 7T is
an iteration tree on M = (V; €) then

(a) if 7 has limit length, then 7 has a wellfounded cofinal branch;
(b) if a* < a < (h(T), if M] | “E is an extender,” and if crit (E) <
T
p’ (a*, a), then Hga MY, is wellfounded.

The Unique Branches Hypothesis (the UBH) says that every iteration tree
on V has at most one wellfounded cofinal branch.

The CBH, if true, would guarantee that illfoundedness never blocks the
construction of iteration trees on V. For sufficiently closed iteration trees,
the UBH implies the CBH. Unfortunately, large cardinal hypotheses in the
range of Woodin cardinals imply that both the CBH and the UBH are false.
See [Neeman and Steel, 2006].

Provable special cases of the UBH are very useful. Knowing that it-
eration trees have at most one wellfounded cofinal branch is often impor-
tant in proving the existence of wellfounded cofinal branches of trees. For
example, the theorem of [Martin and Steel, 1994] mentioned on page 404
gives wellfounded cofinal branches only for trees whose restrictions have
unique wellfounded cofinal branches. Indeed, the application of this result in
[Martin and Steel, 1994] is in a situation where the result of Exercise 7.4.6
gives such uniqueness.

Any failure of the UBH gives an inner model with a Woodin cardinal.
(See Exercise 7.4.6.) In [Steel, 2002], Steel gets inner models with more
Woodin cardinals from the failure of UBH for non-overlapping iteration trees.
An iteration tree 7 is non-overlapping if whenever (a + 1)T7 (8 + 1) then
crit (E7]) is greater than the A such that E7 is a (, A)-extender in M7. The
trees are used in inner model theory are essentially only non-overlapping
trees. Non-overlapping trees are involved also in Exercises 7.4.12 and 7.4.13.
[Sargsyan and Trang, 2016] shows that the failure of UBH for tame trees
yields inner models of strong large cardinal hypotheses.

An important weakening of the CBH is the Strategic Branches Hypothesis
(the SBH). For each ordinal 6, consider the game in which players I and
I1 attempt to build an iteration tree T of length # on V. I must pick the
extenders E | satisfying the obvious conditions. At limit ordinals v, player 17
must choose a cofinal branch of 7 [ 7. Any failure of wellfoundedness, either
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at successor or limit steps, results in a loss for 1. If 7 is actually built, then
11 wins. The SBH says that, for every ordinal 0, player /] has a winning
strategy. Clearly the CBH implies the SBH, since the CBH provides /1 with
a trivial winning quasistrategy. See §5 of [Martin and Steel, 1994] for more
on the SBH.

Exercise 7.4.1. In [Martin and Steel, 1988] and [Martin and Steel, 1989 it
is required in the definition of an iteration tree 7 that there be a nondecreas-
ing sequence (p, | o+ 1 < ¢h(T)) such that, for each «,

pa < strength™*(E,) A crit (E,) < plasi)-
Prove that every such iteration tree is a plus one tree.

Exercise 7.4.2. Let M be a premouse and suppose that 7: M < (V,; €,4).
Let T be an iteration tree of length w on M. Construct an iteration tree U
on V and a sequence (7, | n € w) such that

a) T

b) if k € w and T is a plus k tree, then so is U;

(
(
(c)
(
(

5‘

d) forn e w, 7 : MI <5t (Vs €,6);

e) formTTnew, 05!, = O Tpn-

= jm,n
Exercise 7.4.3. Let M be a premouse whose universe is countable and
suppose that 7: M < (V,; €,6). Let T be a plus one iteration tree of length
w on M. Show that there are a branch b of 7 and a 7 : M] < (V,; €,0)
such that 7% o joT,b =T

Hint. Let T = T7. Form a tree W whose members are initial segments
of attempts to enumerate b and 7* with the required properties. To define
W, let (y¥ | i < k € w) be such that each y* belongs to the universe M,
of MJ, such that j] (y¥') = yF for i < k'Tk € w, and such that, for any
branch bof T,

Uhawi) i < k€ b} = M,
where M, is the universe of M]. Let W be the set of all (k;,a; | i < n)
such that (1) n € w, (2) k;Tky fori <4 <mn, (3) a; €V,, (4) yi™ = a; is
a partial elementary embedding of MZ; into (V,; €,0), and (5) for all z in
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the universe of M and for all i < n, if jJ,(z) = y¥, then a; = 7(z). If the
desired b and 7 do not exist, then W is wellfounded.

Assume that W is wellfounded. Let U and (7, |€ w) be as given by
Exercise 7.4.2. For k € w, define wy = (k;,a; | i < n) as follows. Let n be
the number of T-predecessors of k. Let koT -+ Tk, = k. Let a; = 1u(yF).
Show that wy € j§, (W). Now set

§ = g6,
Show that the &, witness that i/ is continuously illfounded.

Exercise 7.4.4. Assume the result from [Martin and Steel, 1994] stated on
page 404, and prove the following (the main wellfoundedness result for iter-
ation trees in that paper).

Let M be a premouse whose universe is countable and suppose that T :
M < (V,;€,8). Let T be a plus two iteration tree of countable length 6 on
M. Assume that there is no mazimal (not properly extendable) non-cofinal
branch b of T such that there is a 7 : M] < (Vi,;; €,6) such that T o, =T.
Then

(a) if 0 is a limit ordinal, then there are a cofinal branch b of T and a
™ M] < (V,;€,0) such that T* ojOT,b =T

(b) if 0 = a+1, a* < «a, E is an extender in M, and crit (E) <

o’

ot

p(a*, «), then the ultrapower H/;" MT. is wellfounded and there is a
T

™ UM, E) < (V,; €,0) such that 7% o ig["* O Jloe =T

Hint. By taking direct limits at limit ordinals, construct ¢/ and (7, | v <
0’) having the properties (a)—(e) of Exercise 7.4.2, except that w is replaced
by @', where ¢ is either 6 or the least ordinal at which illfoundedness prevents
continuing the construction. Use an argument similar to the one in the hint
for Exercise 7.4.3 to show that U is self-justifying. Part (b) of the result
on page 404 implies that 6" is not a successor ordinal < #. Part (a) and a
routine generalization of Lemma 7.4.3 imply that ¢’ is not a limit ordinal
< #. Thus @' = 0. Another Exercise 7.4.3 argument then shows that (a)

follows from part (a) of the page 404 result. For (b), use part (b) of the

U * \%4 . .
page 404 result to establish the wellfoundedness of Hii?Eg ) e (V). This

: - T. U : : A
givesa 7 : Ult(M_.; ) < Ult(j o (Vo €,0); Ta(E)) such that 7oip " ojg . =
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U U
ziz(g) 0 Jilye 0T = ZJTZ(S;) 0 ji4- (7). Use the absoluteness of illfoundedness of

trees to show that there is such a 7 belonging to Ult(j,.(V); 7a(E)). The

U
existence of 7* follows from the absoluteness of ZJTZ(S;) 0 Jtf e

Remark. The proof of this theorem, and the proof of the theorem on which
it depends, go through under weaker assumptions than ZFC. For example
(and we mention this example only because it will be used in subsequent
exercises), if k is an ordinal number then the theorem holds in any transitive
proper class satisfying ZF + DC_,, + V = L(V,). (DC., is is the assertion
that sequences of dependent choices of arbitrary length § < k can always be
made.)

Exercise 7.4.5. For any class model M for the language of set theory (or an
expansion of that language), we let wford (M) be the largest ordinal that is
order isomorphic to a not necessarily proper initial segment of the ordinals of
M if not every ordinal is so isomorphic, and let wford (M) = Ord otherwise.
(This is the same as wfo(.A), where A is the ordering of the ordinals of M.
See page 289.)

Assume the result of Exercise 7.4.4, in the version mentioned in the re-

mark above, and prove the following theorem of Hugh Woodin.

Let k be an ordinal and let M be a transitive proper class satisfying ZF
+ DC., +V = L(V,). Note that all extenders of M belong to VM. Let 6 be
an ordinal number and let T be a plus two iteration tree of length 6 on M.

(a) If 6 is a limit ordinal, then for every ordinal A there is a generic
maximal branch of T (i.e., there is in some forcing extension of V' a maximal
branch of T ) such that wford (M,) is > \.

(b) If = a+1, o* < «, E is an extender in M, and crit (E) < p(a*, @),

then either the conclusion of (a) holds or else H?j;r M. is wellfounded.

Hint (for part (a); the proof of (b) is similar). Assume that (a) fails.
Let A > max{k, ¢h(T)} be arbitrary. Let ¢ (v, v, v3,v4) be a formula saying
that v; and vy > v; are ordinals, that v3 is a premouse with Ord” = wv,, that
vy is an countable iteration tree of countable limit length on w3, and that
there is no maximal branch b of v, such that wford ((v3),) > v;. Let v be any
ordinal greater than A\ such that (IQM; €, k) is a premouse. Let Coll(w, ) be
the usual partial ordering for collapsing v to w. (See 539 for the definition.)
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Show that if G is Coll(w, 7)-generic over V, then

VIG] E ¢\, (VY5 €,5), T()],

where T(7) is the iteration tree on (V*; €, x) with the same tree ordering
and extenders as T. Argue by absoluteness that there is a 7' € M[G] such
that

M[G] ): ¢[A7 v (VWM; <, "{)a T/]

Let n > (7)™ be such that (V,"; €, ) is a premouse. Let X € M be such
that X is countable, v € X, and (X; €, k) < (\/;7M; €,k). Let N be transitive
with 7: X = N. Let G € M be Coll(w, 7(7y))-generic over N. Then

NIG] [ [m(N), 7(7), (Vi €, 7(k), m(T")).

Now use the absoluteness of 1 and Exercise 7.4.4, applied in M, to get a
contradiction.

Exercise 7.4.6. Let 6 be a limit ordinal and let T = (M, T, (Ey | a+1 <
0)) be an iteration tree. Suppose that b and c are distinct wellfounded cofinal
branches of 7. Let

k* =sup{p’ (a,0) | a < 0}.

Assume that x* is an ordinal both of M] and of M. (This is automatically
true if M is a premouse or if it is a proper class.) Let = min{Ord;"!, Ord}.
Show that in L, (V") (= L,(V)) the ordinal * is a Woodin cardinal.
This is a result of [Martin and Steel, 1994].

Hint. First show that
k* = sup{crit (j/,) | a € b} = sup{crit (j/.) | a € c}.
Next define inductively

ko = min{x | (3a)(a+1€b\c A k=crit(E,))};
ap = max{a|a+1€bA ky=crit (E,)};
v, = min{v | (3B)(B+1ec\ (a,+1) A v=crit(Es))};
Bn = max{f|B+1€cA v,=crit(Ep)};
Kn1 = min{s | Ga)(a+1€b\ (B, +1) A k=crit (E,))};
any1 = max{a|a+1€bA Ky = crit (E,)}.
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Clearly all four sequences are strictly increasing, and «, < (5, < a4 for
all n € w. Show that the «,, and 8, converge to 6 and that the x, and v,
converge to k*. Show that, for all n € w,

v, = crit (Eg,) < strength™en (B, );

Kpi1 = crit (B, ,,) < strength™#n (Eg).

Now fix n € w and let z belong belong to the ranges of both j(70-m+1)* b
and j(TﬁnH)_’C. Let ¢(vy, vg,v3) be a ¥ formula of the language of set theory.
Let v = min{k,, v,} and let 4/ = min{v,, k,41}. Prove that

(i) (z € VM A (ByeVr® p(r,y.2) = By e VM) p(x,y, 2);
(i) (z € VVMZ’ A By eV p(z,y,2)) = (Jye VWJ,V“’) o(x,y, 2).

Now let f : k* — r* with f € L,(VA"). For some n, f belongs to the

ranges of both jg{;nﬂ),’b and j&nﬂ),,c. Assume for definiteness that x,, < v,.

Let € = min{v,, fp1}. Observe that &, < & < v, < strength™e»(E, ). By
the result just proved, &, is closed under f and f(k,) < . Let

F = {((Ea)a | a € [d<).

M

b
Prove that in L, (V") the cardinal , and the embedding iIL;"(V”* ) witness

that x* is Woodin for f.

Remarks:

(a) If M satisfies ZFC, then L, (V") satisfies ZF but may not satisfy
the Axiom of Choice. However, Woodin has shown that there is a generic
extension of it in which Choice holds and x* is still Woodin.

(b) Suppose that M] and M7 are not necessarily wellfounded, but that
7 is the minimum of wford (M7]) and wford (M7). (See page 408.) Then
L, (V") (L, (V) still makes sense, though it may not satisfy ZF. The
argument of the hint shows that £* is Woodin in this model.

Exercise 7.4.7. Let k be an ordinal and let M be a transitive proper class
model of ZF + DC., + “k is inaccessible” + V = L(V,;). Assume also that
there is no k' < x such that L(V2!) | “x’ is Woodin.” Show that no iteration
tree on M has more than one wellfounded cofinal branch.
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Hint. Show that the hypotheses about M imply, for any proper class X
of ordinals, that the set of all ordinals < x that are definable in M from
and elements of X is unbounded in k.

Now assume that b and ¢ are wellfounded cofinal branches of an iteration
tree T on M. Apply the result of the preceding paragraph to M, and M.,
with

X ={a€0rd]|a=jja)=jj()}

Now get a contradiction by generalizing to arbitrary formulas the proposition
about X formulas in the hint to Exercise 7.4.6.

Exercise 7.4.8. This exercise and the next give corollaries of Woodin’s re-
sult of Exercise 7.4.5
Let k and M be as in Exercise 7.4.7. For iteration trees T of limit length 6
on M, let us make the following definitions. Let x*(7) = sup{p’ (o, 0) | a <
T

-
}. For each v < k*(T), there is an o < 6 such that VIYMB = %MB/ for all 8 and

B’ such that o < 8 < 8’ < 0. Define M(T) by letting M(T) = L(VA])),

where Vﬁj‘f(%) is the limit of the VH]\*/[(‘?T). If M = “€ is a set of extenders,”
then let £(7) be the limit of the jJ 4(£) N Vie(7).

Let 7 be a plus two iteration tree on M of limit length. Assume that
M(T) £ “c*(T) is Woodin.” Prove that 7 has a wellfounded cofinal branch
(which must be unique, by Exercise 7.4.7).

Hint. Assume T has no wellfounded cofinal branch. By Exercise 7.4.6,
T has no wellfounded maximal branch. Use Exercise 7.4.5 and remark (b)
following Exercise 7.4.6 to get the contradiction that some x’ < k* is Woodin
in LV

Exercise 7.4.9. Let x and M be as in Exercises 7.4.7 and 7.4.8. Let T be

a plus two iteration tree on M of successor length o + 1. Let a* < «, and
T

let E be an extender in M with crit (E) < p(a*, ). Show that Hga M,

is wellfounded.

Exercise 7.4.10. This exercise gives an improvement, due to Woodin, of
the result of Exercise 7.4.8.

For M as in Exercise 7.4.7 and for positive integers n, say that M is
n-iterable if, for any plus two iteration tree 7 of limit length on M, the
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following game G is a win for I1. Plays of Gy are as follows:

1 [67)) (65} . A1

I Bo I3 . Bn-1

All «; and all 8; must be ordinal numbers. I/ wins such a play if and only
if there is a generic cofinal branch b of 7 such that

(1) for all i < n, both o; and f3; belong to wford (M]);
(2) (Vi<n) jgb(ai) = f3;, where jg:b is the obvious partial function.

Note that the assertion that Gy is a win for /1 is expressed by a formula of
the language of set theory in the parameters 7 (i.e., T's extender sequence)
and VM.

(a) Let n € w. Suppose that M (is as in Exercise 7.4.7 and) is (n + 1)-
iterable. Suppose that 7 is a plus two iteration tree on M of limit length
with no wellfounded cofinal branch. Prove that M and M(T) satisfy the
same Y, sentences. (M (T) is defined in Exercise 7.4.8.)

(b) Assume that there is a transitive proper class M that satisfies ZFC
+ “There is a Woodin cardinal.” Prove that, for every n > 1, there is an M
as in Exercise 7.4.7 such that M is n-iterable and M satisfies “x is Woodin.”

Hint. To prove (b), first show that there is an M as in Exercise 7.4.7
such that M satisfies “k is Woodin.” Fix such an M and assume for a
contradiction that M is not n-iterable.

Show that there exist (7; | i € w) and (M; | M € w) such that

(i) M

(ii) for each i € w, T; is a plus two iteration tree of limit length on M;;
(iii) for each i € w, M;y1 = M;(T;);

(iv) for each i € w, T; witnesses that M; is not n-iterable.

Say that an ordinal v has property P if, for any G that is Coll(w,7)-
generic over V| there exist in V[G] a transitive set N and an ordinal § < k
such that

(a) VM € N and N is a model of ZC plus, say, X190 Replacement;
(b) Ord N N = ~;
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(c) N satisfies the formula asserting that there are (7; | i € w) and
(M; | i € w) such that My = L,(V5¥) and (ii), (iii), and (iv) above
hold.

Let v be the least ordinal that has property P. By the absoluteness for
M of property P, M satisfies that « is the least ordinal with property P. Let
G be Coll(w, v)-generic over V. Work in M[G].

Let N € M|G] witness (in M[G]) that v has property P. Let (7; | i € w)
and (M; | i € w) be given by (c).

Use Exercises 7.4.8, 7.4.9, and 7.4.5 to show that the tree ordering and
extenders of 7 yield a plus two iteration tree 7;° on M and that 7, has a
cofinal branch b whose wellfounded part is at least (y7)MIG This branch
is of course also a branch of 7y. To simplify notation, let us identify the
transitive part of the model ./\;lZE’ with the transitive set isomorphic to it.
With this identification,

~ TO*

M(T5) = LV ).

(See Exercise 7.4.8 for the definition of £*(7;).)

The model N and the sequences (7; | 1 <i € w) and (M; | 1 < i € w)
witness that clauses (a)—(c) above hold with M replaced by /\;lf’ and 0
replaced by *(7;°). Hence v has what we might call property jOTi (P). By
absoluteness, it is true in /\;lb76 that ~ has property j£ (P).

It follows that jg;}j (7) < v and so that jg}g (7) = . Hence b is a well-
founded cofinal branch of Ty and Ord N (Mp)]° = . But this means that

jgzg gives a winning strategy for I1 for the game G, (where, of course, moves
are restricted to ordinals < ). By absoluteness, we get that N satisfies that
I] wins Gr;, and that is a contradiction.

Exercise 7.4.11. Let M be a premouse*. Let 7 be an iteration tree of
length [M|* on M. Let b be a cofinal branch of 7. Note that b is closed
and unbounded in [0™|*. Prove that there is a stationary subset X of b such
that

(Vae X)(VBEX)(Vy € X)(a < B <y — jl it (7 5)) = erit (j] ).
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Exercise 7.4.12. This exercise concerns a theorem of Woodin whose proof
uses iteration trees in the way they are used in inner model theory. The
exercise is a sequel to Exercises 6.3.7 and 6.3.8.

For x € “2, for N a transitive class model of ZFC, and for £ strongly
witnessing in N that some x is Woodin, one can try to define, as G, was
defined in Exercise 6.3.8, GY:¢ C PY by

N N,E
I[C]](Nzg)’v € G, < ze€B..

Suppose that M is a transitive class model of ZFC + “there is a Woodin
cardinal” and that every plus two iteration tree on M has a wellfounded
cofinal branch. (Woodin has shown that the existence of such a proper class
M follows from the existence of a transitive proper class model of ZFC +
“there is a Woodin cardinal” plus the hypothesis that every set has a #.)
Let &€ strongly witness in M that x is Woodin.

Let x € “2. Show that there is an iteration tree T of successor length

MJ i 4 (€
6 + 1 on M such that G;° T0.0(8)
M 5T, (€
MJ with MJ[Ga? %0 = MT[a).
Hint. By the argument of the hint to Exercise 6.3.8, it is enough to

construct an iteration tree of successor length 6 + 1 on M (i.e., on (M;€)),
T

such that Ij\ﬁ" B is x-consistent in V. In doing so, one may assume without
0,0

loss of generality that

. . M] .
is well-defined and is PjTG (e)-generic over
0,0

E={E|EcVMand M = “E is strong”}.

Construct an iteration tree 7 on M and a sequence (p, | @ +1 < (h(T))
of ordinals, with the following properties. (We omit the superscript 7 and
the subscript 7T'.)

(i) The length of T is 6§ + 1 for the least § < k™ such that I]]'ZZ(S) is
z-consistent in V', if there is such a 6; otherwise (h(7) = ™.

(ii) Foreach o < 6, E, belongs to jo.(£), i.e., s in M, a strong extender
belonging to ij;(n).

(iii) For all @ and 8 such that o < B < 0, strength™(E,) < strength™? (FEj).
(iv) For all @ and § such that a < 5 <0, p, < pg.

(v) For each a < 8, p, < strength™*(F,).
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(vi) Foreach o < 6, (a+1)~ is the least 5 < « such that crit (E,) < pg.

Since the strength of a strong extender must be a limit ordinal, proper-
ties (ii) and (v) imply that p, + w < strength™*(FE,) for each . Proper-
ties (iv) and (vi) and the argument for Exercise 7.4.1 then show that 7 will
be plus n for every n.

Suppose that 7 [ a+ 1 and (pg | 5 < a) have been constructed and that
a+1 does not meet condition (i) above for being the length 641 of 7. Then
there must exist

(1) an F € ij)\%(ﬁ) that is a strong (9, A)-extender in M, for some § and
A; ’
(2) asequence (c, |y < ) € M, such that each c, € CM N VM such

that ¢, the dth term of the sequence i¥((c, | v < §)), belongs to V,¥,
and such that + € Be \ |, s Be. -

<4

Choose such an E and (c, | 7 < ) with the least possible A and, subject
to this, with the least possible value of rank (¢). Let E, = E and let p, =
rank (€). Also let (c5 |7 < da) = (¢, | 7 <)

At limit steps «, get M, by choosing any wellfounded cofinal branch.

Show that 7 has properties (i)—(vi). The key fact for verifying (iv) is
the following: If £ and E’ are strong extenders with crit (E) = crit (£’) and
strength (E) < strength (E’), then E'[strength (E) = (E!, | a € [strength (E)]<)
is a strong extender.

Assume that (h(7) = k™. Let b be a wellfounded cofinal branch of T.
Prove that there is a stationary set X C b such that, for (a+1)" < (f+1)” €
X,

Ja+n)- g+~ (0a) = 0p;
Jatny- - (€5 |7 < da)) = (][ 7 < ).

(The existence of stationary X satisfying the first equation comes directly
from Exercise 7.4.11.) Suppose that («+ 1)~ and (5 +1)~ are members of X
with o < . Now = € Bg,_, and ¢, is the d,th term of the sequence 2%{5"((03 |

M, -
v < da)). But € is also the d,th term of the seqence i, ™" ((¢2 | 7 < da))-

Clause (vi) implies that crit (jai1,(341)-) > pa- By the definition of p,, this
means that €, is also the d,th element of the sequence jia41)- (g+1)-({c5 |
7 < 0a)). This a contradiction.
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Exercise 7.4.13. Let x and M be as in Exercises 7.4.7, 7.4.8, and 7.4.9.

Suppose also that x is Woodin in M. Let £ strongly witness in M that « is

Woodin. Suppose that x € “2 is such that M is a class in L[z] and k < wL[Z].
Prove that there is an iteration tree 7 on M with the following properties:

Lz

(1) h(T) =i

(2) T € Lfz];

(3) wi is Woodin in M(T);

(4) G

4) GYET ig well-defined and is PM TN generic over M (T) with
MDIGE D7) = M(T)fa] = Lix].

1

(See Exercise 7.4.8 for the definitions of M(T), E(T), and *(T).)

This result is due to Woodin. From it, he gets (a) a proof of II} deter-
minacy different from, and using a slightly weaker hypothesis than, the one
in Chapter 8 and (b) a proof that the consistency of ZFC + “There is a
Woodin cardinal” implies the consistency of ZFC + “II} determinacy.” (See
Exercise 8.3.3.) (b) is half of an equiconsistency result.

Hint. Construct an iteration tree 7 € L[z] as in the hint for Exer-
cise 7.4.12. We are not assuming that every iteration tree on M has a well-
founded cofinal branch, and even if true this might fail in L{z|. Therefore we
must replace propery (i) of construction of Exercise 7.4.12 by

(i) The length of T is as small as possible so the one of the following
holds:

(a) M(T)=60+1and 0 < w"™ is the least ordinal such that I;ZZ(E)

is x consistent in L|x].

(b) Wellfoundedness fails: either (h(7) is a limit ordinal and 7 has
no wellfounded cofinal branch belonging to L[z], or (h(T) = a+1
and, for the chosen candidate for F, and the (a4 1)~ given by

(vi), HE(D‘H) ( +1)- is not wellfounded.

(c) (h(T) = w™.

Since T is, in particular, a plus two tree, Exercises 7.4.8 and 7.4.9 imply that
(b) can hold only if ¢h(7) is a limit ordinal and M (T) | “<*(T) is Woodin.”
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If (a) holds, then jog(x) < w{“. Since P! . has the jo(x) chain
condition in My, this gives the contradiction that ’
w{\/fe[w} < joo(k) < wlL[I].
If (c) holds, then the last argument of the hint to Exercise 7.4.12 shows that
(b) must hold also. Thus (b) holds.

Show that Ié\z[,(g) is z-consistent in L[x].

Ifr*(T) < wf[m], then we get a contradiction as in the case of (a)’s holding.
L[z]

Thus £* = (h(T) = w;
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Chapter 8

Projective Games

The projective hierarchy of subsets of a topological space X is defined (by
induction on all X simultaneously) as follows:

(a) A € X} if and only if there is a closed C C X X “w such that A =
{reX [ (y e w)(z,y) € C}

(b) For all positive integers n, A € IT}, if and only if X \ A € .

(¢c) Ae X!, if and only if there is a B C X x “w such that B € II;, and
A={re X | (Fye“w)(x,y) € B}.

(d) A€ Al if and only if A € X! and A € TI}.
The class of projective subsets of X is |, X}

Remark. Instead of defining X} directly by clause (a), one can start with
n = 0, letting 3} be the class of all open sets.

In this chapter we will prove, assuming the existence of infinitely many
Woodin cardinals greater than |T'|, the determinacy of all projective games
in a game tree T'. For the determinacy of all IT} | games in 7', we will need n
Woodin cardinals greater than |T'|, plus—say—a measurable cardinal greater
than the n Woodin cardinals. These results are from [Martin and Steel, 1988]
and [Martin and Steel, 1989].

The proof will proceed via Theorem 4.3.5. By this theorem, the deter-
minacy of all IT; ; games in T will follow if we can show that every II}
subset of [T] is |T|"-homogeneously Souslin. By Theorem 4.3.6, we already
have the special case n = 0, provided that there is a measurable cardinal

419



420 CHAPTER 8. PROJECTIVE GAMES

greater than |7'|. What we need is thus a method to propagate homogeneous
Souslinness up the projective hierarchy.

In §8.1 we deal with the first half of the problem of propagating homo-
geneous Souslinness: We give a natural way of transferring homogeneous
Souslinness at one level of the projective hierarchy to Souslinness at the next
level. We first illustrate the idea by defining an operation

(U, Uy | p€U)) = UN(U | peT)).

The value UT(({U, | p € T)) is defined whenever (U, | p € T) witnesses
that U is homogeneous for 7', and this value is a tree witnessing that the
complement of the T-projection of U is Ord-Souslin. We next introduce the
notions of weakly homogeneous trees and weakly k-homogeneously Souslin
sets. We study various equivalents of these notions, some of which will be
used in Chapter 9. We show that if A C [T] x “w is k-homogeneously
Souslin—in the obvious sense—then pA is weakly x-homogeneously Souslin.
We then define a U* operation analogous to the U' operation, but defined on
trees U and witnesses to the weak homogeneity of U. The ultimate origin of
the U' and U* operations is [Martin and Solovay, 1969], though the general
constuctions were discovered a few years later.

In §8.2 we show that, if  is a Woodin cardinal and U* is the result of ap-
plying our operation to a witness that some set is weakly x™-homogeneously
Souslin, then (any sufficiently large restriction of) U* is (< xk)-homogeneous,
i.e.; is n-homogeneous for every 1 < k. This theorem will enable us to prop-
agate homogeneous Souslinness up the projective hierarchy and so to prove
projective determinacy. It will also be the basis for further determinacy
theorems in Chapter 9. To make the ideas of the main construction more
comprehensible, we first do an analogous construction for the simpler UT op-
eration. To motivate our constructions, we aim directly at a weaker property
than homogeneous Souslinness: the property of having an embedding nor-
mal form. The homogeneity of UT and U* falls out of our proofs that the
T-projections of these trees have embedding normal forms.

The construction given in §8.2 is a modification of that given in [Martin and Steel, 1989].
This modification, based on an idea of Itay Neeman, yields a construction
that is slightly more complicated than what could be gotten by a smaller mod-
ification of the earlier proof. The slight extra complexity is more than com-
pensated by the new construction’s yielding immediately not just an embed-
ding normal form but also homogeneity. The construction of [Martin and Steel, 1989
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gave directly gave an embedding normal form, but more work was needed to
prove homogeneity.

§8.3 is devoted to variations on the proof given in §8.2. First we give a con-
struction that is not too different from the one in [Martin and Steel, 1989].
We then follow [Martin and Steel, 1989] in proving a lemma asserting roughly
that, if 7 C V,, is an iteration tree of length w on V and (U, | p € T') wit-
nesses that some tree is k-homogeneous, then the embeddings of the former
and the latter act trivially on one another. Armed with this lemma, we show
how the construction of §8.3 can yield the results of §8.2. We next prove a
theorem of Katrin WindBus stating that an embedding normal form with 2%o-
closed models directly implies homogeneous Souslinness. Windfius’ theorem
provides another way to get the determinacy results of §8.2 from either of our
constructions. Finally we mention—and cite references for—machinery due
to Neeman for proving the theorem from an optimal hypothesis, machinery
that he has used to get a large range of determinacy results.

8.1 Weakly Homogeneous Trees

Let T be a game tree, let Y be a set, and let U be a tree on field (7)) x Y.
Suppose that (U, | p € T') witnesses that U is homogeneous for T'. Forp € T,
let m, = my, : [, (V5 €) = (UI(ViU,); €). Forp S g €T, let

ipg - ULt(ViU,) < ULt(V;U,)

be defined as on page 200. Similarly define, for x € [T, the class model M,
and the embeddings
igr - Ul(ViU,) < M,
as before.
Define a tree UT({U, | p € T')) on field (T') x Ord, as follows. If p € T and
t € WP)Ord, then (p,t) € UN({U, | p € T)) if and only if

(Viy < th(p))(Vip < th(p))(ix <iz — t(i2) < ippi, prir (£(i1))).
Let A be the T-projection of U.
Theorem 8.1.1. Let T, Y, U, (U, | p € T), and A be as above. Let UT =
U'((U, | p € T)). Then [T]\ A is the T-projection of Ut. Moreover [T]\ A

is also the T-projection of UT| a for any ordinal o > max{w, (2¥)*}, where
Ut a=U"n{{p,t) | range (t) C a}.
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Proof. Let x € [T] be such that [UT(z)] # 0. Let f € [Uf(x)]. For each

n e w,
lomamr1 (f(n)) < f(n+1).
Now
i (f(1) = 151 Gatnaine1 (f(0)) < igp0q (f(n+1)).
Hence (if,,(f(n)) | n € w) is an infinite descending sequence of ordinals of

M,.. Lemma 4.3.4 implies that = ¢ A.

Next let « € [T]\ A. Thus U(z) is a wellfounded tree. Note that, in the
case that Y is finite, it follows by Konig’s Lemma that U(z) is finite. This
gives us the function

I U) = |U()]*,

defined on page 25. For each n € w, let
fu: Ulz In] = [U@)["

be given by setting f,(s) = |[|s||Y®@ for each s € Ulz [ n]. For n € w
let ¢, = 7Trfﬂ<|[fn]lum)' Since, for each n, f,11(s) < fu(s [ n) for every
s € Ulx [ n+ 1], it follows that ¢,11 < izpmzm+1(ts) for each n. This shows
that [UT(z)] # 0. Moreover, for each n € w,

ta] = |{|[g]]un_,m | WxIn(l[g]]z,(r[n) < me(l[fn]]uﬂn)H
{g:Ulz [n] = Ord | (Vt € Ulz [ n]) g(t) < fu(t)}]
)]

IAIA

For Y infinite, |U(z)|"®! < 2I¥]. Hence each t, < max{w, (2")*}, and so
the ¢, witness that [(UT] «)(z)] # 0 for all @ > max{w, (2¥)*}.
U

In order to propagate up the projective hierarchy the property of being
homogeneously Souslin, it will be useful to have an operation on homogenous
trees that will yield a result like Theorem 8.1.1, but with the complement
of pA replacing the complement of A. For this purpose, and for use in
Chapter 9, we now introduce the notion of weak homogeneity.

For trees T' and R, let

TeR={pr)|peT NreRANL(p) =/lh(r)}.
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Let T be a game tree, let Y be a nonempty set, and let U be a tree on
field (T") x Y. We say that U is weakly homogeneous for T if there is a system

Upr | {p,7) € T ® ~*w)
satisfying the following conditions:

(1) Each U, is a countably complete ultrafilter on U[p].

(2) The U,, are compatible: For all {p,r) C (g, s) € T® ““w, U, s projects
to Uy, by Xqp, Where x,, : Ulg] = Ulp] is given (as on page 200) by
Xq,p(t) =t [ /h(p).

(3) Letz € [T] and (Z, | r € <“w) be such that each Z, belongs to Uy en ().
Then

U@)]#0 — (Fye“w)@3fe“Y)Vnew) fIn€ Zy,.

As was the case for the corresponding clause in the definition of homo-
geneous trees, there is an equivalent of condition (3) in terms of wellfound-
edness of direct limit models. Suppose that (1) and (2) are satisfied. For
{p.r) € T®~“w, let mp, = my,, : [, (Vi€) = (Ult(V;U,,); €). For
(p,r) C g, s) € T ® ““w) let ’

. _ . 71
Ypr)(a.s) = Tg,s © Wy rUgs,xqp © Tor -

(See page 199 for the definition of 4y, , 4, v,,-) For € [T] and y € “w, let

(Mo (52, | € w))

r|n,y

be the direct limit of the directed system of elementary embeddings

ULV Unngin) | 7 € w); (i@imyim) @ingin) | m < 1 € w)).

(3) (Vze[T)([U(x)] #0 — (Jy € “w) M, is wellfounded).

Lemma 8.1.2. Let T and Uy, | {p,r) € T ® ““w) be such that (1) and (2)
hold. If x € [T}, then x witnesses the falsity of (3) if and only if x witnesses
the falsity of (3'). Thus a tree U on field (T') X Y is weakly homogeneous for
T if and only if there is a system (U, | (p,r) € T ® ““w) satisfying (1), (2),
and (3').
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Proof. The proof parallels that of Lemma 4.3.4, with an extra wrinkle in
the second part.
Suppose first that  and (Z, | r € <“w) witness the failure of (3). Let
Yy € “w. Let
Sy={seU(x)| (Vn<(th(s))s|n € Zy,}.

Exactly as the tree S was used in the proof of Lemma 4.3.4 to show that
M, was not wellfounded, the tree S, can be used to show that M, , is not
wellfounded.

Now suppose that = witnesses that (3') fails. For each y € “w, let (¥ |
n € w) be an infinite descending sequence with respect to szy@(e) For each
y € “w and each n € w, let mY and a¥ € Ult(V;U,pmy ,1my) be such that

2¥ =iy (a¥). Without loss of generality, we may assume that

(zImip,ylmay)
(Vy € “w)(Vn' € w)(Vn € w)(n’ <n — m?, <ml).
Let g¥ € UEImalY be such that

erm%,y[m%(llgﬂu ) = ay.

z[mn,ylmn

For each y € “w and each n € w, let

Zhr = {5 €Ul Tmy ] [ gnia(s) € gu(s Tmi)}

For each m € w such that m is not of the form m}, , let Z¥ = Ulz [ m]. For
m € w, we have that ZY &€ Uy yim- For r € <“w, let

Z, = ﬂ{Zé’h(r) |y € “w A r Cy}.

Since any countably complete ultrafilter is 2%-complete, Z, belongs to U, Meh(r),r
for every r € <“w. To see that (Z, | r € ““w) witnesses the failure of (3) for
x, suppose that y € “w and f € “Y are such that (Ym ew) f [ m € Zy,.
Then f(m}) € ZY, for every n € w, and so we get the contradiction that
(f(m¥%) | n € w) is an infinite descending sequence with respect to €. O

Remark. As in the case of homogeneous trees, the “—” in the last line of
condition (3) and that in condition (3’) can be replaced by “«.”

For T' a game tree, Y a set, and « a cardinal number, a tree U on field (77) x
Y is weakly k-homogeneous for T if there is a system (U,, | {p,r) € T ®
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<“w) witnessing that U is weakly homogeneous for T and having the further
property that each U, is k-complete.

Let T be a game tree. A subset A of [T] is weakly homogeneously
Souslin if it is the T-projection of a tree weakly homogeneous for 7; A
is weakly rk-homogeneously Souslin if it is the T-projection of a tree weakly
k-homogeneous for 7.

We now prove some results giving equivalents of a tree’s being weakly x-
homogeneous and of a set’s being weakly x-homogeneously Souslin. The easy
half of the first of these results is directly relevant to our goal of propagating
homogeneous Souslinness up the projective hierarchy. The other results,
particularly Theorem 8.1.7, will be important in Chapter 9.

It will be convenient to extend our notation (p,¢)) to infinite sequences.
If 2 and y are functions with domain w, let

(r,y) ={{z I n,y [ n)|new}

If T and T" are trees, let us say that a subset A of [T] x [T'] is homo-
geneously Souslin if {{z,z) | (x,2') € A} is homogeneously Souslin. Simi-
larly define, for subsets of products, the notions of k-homogeneously Souslin,
weakly homogeneously Souslin, and weakly k-homogeneously Souslin.

Theorem 8.1.3. Let T' be a game tree, let A C [T, and let k be a cardinal
number greater than |T|. Then the following are equivalent:
(a) A is weakly k-homogeneously Souslin.

(b) There is a B C [T]| X “w such that B is k-homogeneously Souslin
and A =pB

Proof. Suppose first that B is as in (b). Let U C (T ® “w) ® <“Y be a
tree witnessing that B* = {{z,y) | (z,y) € B} is sk-homogeneously Souslin.
Let Uy | (p,7) € T ® <“w) witness that U is k-homogeneous for T'® <“w.

Let
U={{p{r,sb) [ UUp,7),s) € U}.
For = € [T1,

reA & (Fye“w) [Ux,y))] #0

& (Fye“w)(3FzevY) ({z,y),2) € [U]
< (Jye“w)(Fze®Y) (x, vy, 2)) € [U]
< [U

(z)] # 0.
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Fix p e T and r € <“w. For Z C U[p|, define Z C Ul{p, )] by
Z={se<“Y|(rs)ecz}.

Set X R
Uy ={ZCUp| | Z €Upr)}

It is easy to check that (U, | (p, ) € T®<“w) witnesses that U is weakly
k-homogeneous.

To prove the other half of the lemma, suppose U is a tree on field (T') x Y’
witnessing that A is weakly x-homogeneously Souslin and suppose that (U, |
(p,r) € T x <“w) witnesses that U is weakly x-homogeneous for 7T

Let z € [T] and y € “w. If there is a system (Z, | n € w) such that each
Zyn € Ugpnyn and such that

(Vfe*Y)EFnew) fInd¢ Zym,

then choose such a system and set Z»¥ = Z,, for each n € w. Otherwise set
Z5Y = Ulx | n] for each n.
For {p,r) € T ® ““w, set

Zpy = (25t | 2 €[T] Ay €w A (p,7) C (2,9)).

Since k > |T'|, we have that Z,, € U,, for every (p,r) € T ® ““w.
Define a tree U on (field (T') x w) x Y by

[7 = {MPJ’D,SD ’ s € Zpﬂ“}‘
For {p,r) € T ® ““w, set
Uy = Uy NPU[{p, 7)]).

Thus Z/AIWD is essentially the same ultrafilter as U, ,.
It is evident that the z;fqp,rp are k-complete and that <LA14p7T|> | {p,7) €

N

T®<“w) satisfies conditions (1) and (2) for witnessing that U is homogeneous
for T ® “Yw.

To verify condition (3), let us suppose that (z,y) € [U]. Let f €
[T ({x,y))]. Let (X, | n € w) be such that each X,, belongs to LA{qumnD.
Assume for a contradiction that there is no g : w — Y such that g [n € X,
for every n. By the definition of the Z¥, it follows that thereisnog:w — Y
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such that g [ n € Z¥ for every n. For each n, Z;1, y1n € Z2Y. Hence there
isno g:w — Y such that g [ n € Zp, 1 for every n. But

(Vn € w) Zyinym = [7[495 [n,y [ n)].

Since f [n € U[Dx 'n,y [ n)] for all n, we get our contradiction.

Let B = {(z,y){z,y) € [U]}. It remains to show that A = pB.

Suppose first that € pB. Let y be such that (x,y) € B. Let f be such
that f € [U({z,y))]. We then have, for all n € w, that

frneUlz Inyln)] = Zonym C Z2¥ C Uz [ n).

Thus f € [U(z)], and so z € A.

Now suppose that x € A. Let us apply condition (3) to the system
(Zginryr | 7 € “¥w), which is identical with (Ulz | n,r] | 7 € <“w). This
gives us a y € “w and an f : w — Y such that each f [ n belongs to
Ul{z [ n,y [ n)]. But then f € [U({z,y))], and therefore (z,y) € B.

g

Note that our proof that (b) implies (a) made no use of the hypothesis
that k > |T'|. Hence we have the following result.

Corollary 8.1.4. Let T be a game tree, let k be a cardinal number, and
let B be a k-homogeneously Souslin subset of [T] X “w. Then pB is weakly
k-homogeneously Souslin.

Remark. The material between here and the end of the proof of Lemma 8.1.7
will not be used until Chapter 9. The reader may thus prefer to skip this
material and return to it only when it is about to be used (in §9.6).

Let T be a game tree, let Y be a set, and let U be a tree on field (') x Y.

A T-cover of U by ultrafilters is a set 'V of of countably complete ultrafilters

on U such that, for each member x of the T-projection of U, there are V;,
i € w, satifying (i)—(iv) below.

(i) each V; belongs to V;
(ii) each V; is an ultrafilter on Uz | i];

(iii) for i < j € w, V; projects to V; by x;j., where x;,; : Uz | j] = Ulx [ 1]

is given by x;.i(s) = s [ 4;
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(iv) if (Z; | ¢ € w) is such that each Z; € V;, then there isan f : w — Y
such that f 7 € Z; for all 1 € w.

For cardinal numbers x, a T-cover V of U by ultrafilters is k-complete if
every member of V is k-complete. A T-cover V of U by ultrafilters is full if
the following holds. Suppose that p € [T] and that V € V is an ultrafilter
on Ulp]. Let p’ € [T] with p’ D p and ¢h(p’) = ¢h(p) + 1. Then there is a
W € V such that W is an ultrafilter on U[p'] and W projects to V by xit1.4,
where the x;; are as in the statement of (iii).

We need the following technical lemma in order to prove Theorem 8.1.7.
It would not have been necessary if we had worked with the definition of
homogeneity of Exercise 4.3.5 and with the corresponding definition of weak
homogeneity. (See Exercise 8.1.1.)

Lemma 8.1.5. Let k be a cardinal number and let p be a measurable cardi-

nal. Let T be a game tree, let Y be a set, and let U be a tree on field (T') x Y.

Suppose that V is a k-complete T-cover of U by ultrafilters. Then there exist
(1) asetY' DY such that |Y'| < max{p, |Y|};

(2) a tree U' D U on field (T') x Y such that U and U’ have the same
T'-projection;

(3) a set V' 2 V such that |V'| < max{X, |V|} and V' is a full,
(min{k, p})-complete T-cover of U.

Proof. Let bg, 8 < p, be distinct from one another and from all elements
of Y. Let Y =Y U{bs | 5 < p}.
Let U’ be the set of all {p, s~ (bg, | i < n)) such that

Vi<n) B <p;

¢h(p) = ¢h(s) + n;

p I th(s),s) € U;
Vi<n)(Vji<n)(i<j— B >pB).

\_/\_/\_/\%\_/\_/\_/
—

N e
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Note that U C U’ and that [U'(z)] = [U’(x)] for all x € [T].

Let U be a uniform normal ultrafilter on p. Recall the Robottom ul-
trafilters UM of §3.1. For n € w and ¢ € [p]” let g, : n — ¢ be such that
9q(7) > g4(j) whenever i < 7 < n. For n € w, let U be the ultrafilter on "p
defined by

Zel < X cu")\vge X)g, € Z.

For each V € V and each n € w, let W),,, be the iterated product of V
and U, i.e., let
XeW, < {s|3Zecl,))VteZ)s"te X} V.

For each (p, (bg, | i < n)) € U’ and each V € V such that V is an ultrafilter
on Ulp [ m] for some m, Wy, is a (min{x, p})-complete ultrafilter on U’[p].
Moreover, for each V € V and each n € w, Wy 41 projects to Wy ,, by

XnJrl,n-
Set
Vi={Wy,| VeV Anecw}
It is easy to check that V' has the required properties. O

Lemma 8.1.6. Let T' be a game tree, let Y be a set, let U be a tree on
field (T') x Y, and let k be a cardinal number. Then the following are equiv-
alent:

(a) U is weakly k-homogeneous for T.
(b) There is a countable, full, k-complete T-cover of U by ultrafilters.

Proof. Suppose first that (U, | {p,r) € T ® ““w) witness that U is weakly
k-homogeneous. Let

V= {Uy, | p.7) € T® <“w).

Suppose that x € [T] and [U(x)] # 0. By condition (3'), let y € “w be
such that M, , is wellfounded, where M, , is defined as on page 423. By the
proof of Lemma 4.3.4, clauses (i)—(iv) from the definition of a T-covering of
U by ultrafilters hold if we set V; = Uy s for each i. Thus V is a T-covering
of U by ultrafilters.

Obviously V is countable, full, and k-complete.

Now suppose that V is a countable, full, k-complete T-cover of U by
ultrafilters.
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We construct U, ., (p,r) € T ® ““w, by induction on ¢h(p). Assume that
U, has been defined, is an ultrafilter on U[p], and belongs to V. Let p’ D p
with ¢h(p’) = ¢h(p) + 1. Since V is full, there is at least one V € V such
that V is an ultrfilter on U[p/] and V projects to Uy, by Xni1,. Since V
is countable, we can let (Uy ,~¢) | ¢ € w) be an enumeration, possibly with
repetitions, of all such V.

To verify clause (3) in the definition of weak homogeneity, let « belong to
the T-projection of U and let Z,, r € <“w, be such that each Z, € Uyim(),,-
Let V;, i € w, be given by (i)—(iv). By construction, there is a y € “w such
that V; = Uypiyi- By (iv) we get an f € “Y such that f [ n € Z; for each
1€ w. U

Theorem 8.1.7. Let k be a cardinal, and assume that there is a measurable
cardinal > k. Let T be a game tree, and let A C [T]. Then the following are
equivalent:

(a) A is weakly k-homogeneously Souslin.

(b) A is the T-projection of a tree U such that the exists a countable,
k-complete T-cover of U by ultrafilters.

Proof. That (a) implies (b) follows directly from Lemma 8.1.6.

Let U witness that (b) holds. Applying Lemma 8.1.5 to U with some
measurable cardinal > k as p, we get a tree U’ whose T-projection is (a) and
which has a countable, full, k-complete cover by ultrafilters. Lemma 8.1.6
gives (a). O

We now turn to the Ui construction.

Let T be a game tree, let Y be a set, and let U be a tree on field (T") x Y.
Suppose that (U, | {p,r) € T ® ““w) witnesses that U is weakly homo-
geneous for T'. Let (mp, | (p,7) € T ® ““w), (itprias | (7)) € {g.5) €
T ® ““w), and (My,y; (i1, 1y | 7 € W) be as on page 423. Let i — r; be a
one-one correspondence between w and <“w with the property that

(View)(Vi' ew)(r; Cry — i <),

Define a tree U({U,,. | {p,r) € T @ <“w)) on field (T') x Ord, as follows.
If pe T and t € 2P Ord, then (p,t) € UH({U,, | {p,r) € T ® <“w)) if and
only if, for all 4; and iy less than ¢h(p),

Til g Ti2 — t<l2> < i<préh(ri1)7Ti1>7<pr£h(Ti2)vri2>(t<i1))'

Let A be the T-projection of U.
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Theorem 8.1.8. Let T, Y, U, (U, | p € T, and A be as above. Let Ut =
UH(Upr | {p,7) € T®<“w)). Then [T\ A is the T-projection of UT. Moreover
[T]\ A is also the T-projection of Ul a for any ordinal o > max{w, (2¥)*},
where U] o = U N {{p,t) | range (t) C a}.

Proof. Let x € [T] be such that [U¥(x)] # 0. Let f € [U(z)]. Let y € “w.
For each n € w, let i,, be the number such that r;, =y [ n. For each n € w,

i(z[n,y(n),(z[nJrl,y[nJrl)(f(in)) > f(in-i-l)'

It follows that (i;;7 . (f(n)) | n € w) is an infinite descending sequence of
ordinals of M, ,. Since M, , is thus illfounded for every y € “w, Lemma 8.1.2
implies that x ¢ A.

Next let = € [T]\ A. Thus U(x) is a wellfounded tree. As in the proof of
Theorem 8.1.1, define, for n € w,

fo: Ul In] = |U(2)[
by setting f,(s) = ||s||Y® for each s € U[z | n]. Fori € w let
ti = wah(”)’”(I[feh(”)]]uzreh(ri),ri)'

To show that (t; | i € w) € U¥(x), let i; and iy be such that r;, C ry,.
Since fum(r,,)(5) < fenrs)(s [ th(ry,)) for every s € Ulz [ fh(ry,)], it follows
that t;, < i<zI€h(r¢1),r¢1>,<z[€h(r¢2),n2>(th)a as required.

The proof that ¢, < max{w, (2¥1)*} for each n is just like the corre-
sponding part of the proof of Theorem 8.1.1. U

Exercise 8.1.1. Give a modified definition of weakly homogeneous, analo-
gous to the modified definition of homogenous given in Exercise 4.3.5. Prove
that, for any game tree T, every 3{ subset of [T] is weakly homogenously
Souslin in the modified sense. Prove that if a measurable cardinal exists then
the same sets are weakly homogeneously Souslin under the original and the
modified definitions.

8.2 Projective Determinacy

From now until the end of the proof of Theorem 8.2.7, let k be an inaccessible
cardinal, let T € V.. be a game tree, let Y be a set, let U be a tree on
field (T') x Y.
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In this section we will prove that if £ is Woodin and (U, | r € ““w)
witnesses that U is weakly x-homogeneous for T, then Ut = U*((U,, |
(p,r) € T ® <“w)) is y-homogeneous for every v < k.

For the purpose of motivation, it will be helpful to focus on a more modest
goal, the goal of showing that the T-projection A of U* has an embedding
normal form, i.e., that there is a system

(My | p €T), (ki [ 1 Sp2€T))

such that

=V and each M, is a transitive proper class model of ZFC;

(a) M,

(b) for each p € T, ky, p, : My, < Mp,;

(c) forpr Cpa Cp3eT, Kpyps = Kpaps © Kpy pas
)

(d) for each z € [T], « € A if and only if the direct limit model of the
directed system ((Myp, | n € w), (kgpmam | m < n € w)) is wellfounded.

Note that if U* is homogeneous for 7' then A has an embedding normal form.
Actually our construction of an embedding normal form for A will give the
desired homogeneity of U*.

The construction of the tree for U* is notationally somewhat complex. To
exhibit the main ideas of the construction, we will first do a somewhat simpler
construction. We will assume that we have (U, | p € T') witnessing the x*-
homogeneity of U, and we will show that the T-projection of UT = UT({U,, |
p € T)) has an embedding normal form, indeed that UT is y-homogeneous
for every v < k..

To get an embedding normal form for the T-projection of U, we will
construct, for each « € [T, a special kind of iteration tree, an alternating
chain. An alternating chain is an iteration tree of length < w whose tree
ordering S is the restriction of the tree ordering C' of w given by

mCn < (0=m<nV (3k>1)m+ 2k =n).

Thus the models and embeddings of an alternating chain (of length at least
7) begin as follows:
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M[) - My MJ
2 1 1

FEy Eo Ey

My — M; — M3 —
Mo
ZEl

Mo - My

lpy [0

If C is an alternating chain of length w, then C has exactly two branches:

Even = {2n|n € w};
Odd = {0}u{2n+1|n€cw}.

With each = € [T] we will associate an alternating chain C, of length w
on V. For each n € w, the restrictions C, | 2n + 1 will depend only on x | n.
To get our embedding normal form for the projection of UT, we will use the
branches Even of the C,. We will set M, = Mzcjj; for m < n € w, we will
set Kytmaimn = jgfmn. Our task will then be to build the C, so that, for each
z € [T,
[U(2)] # 0 & MS,., is wellfounded.

Even

If we are to carry out our plan, then we must find a method of constructing
alternating chains, and we must be able to control the wellfoundedness or
illfoundedness of the branch Even for these alternating chains. Before giving
the full construction we will discuss, one at a time, how we intend to solve
these two problems.

Our tool for building alternating chains will be the One-Step Lemma,
Lemma 6.3.18. To illustrate the method, we give a result whose proof will
show how to build finite alternating chains.

For the tree ordering C' of infinite alternating chains, note that (k+1); =
k — 1, where

) m—mn if m>n;
m-=n= .
{ 0 if m < n.
Lemma 8.2.1. Assume that k is Woodin. Let n € w. Then there is an
alternating chain C of length n + 1 on V such that C € V.

Proof. If n =0, there is nothing to do, so assume that n > 0. Let v < k be
such that T € V,. Let dp > v be (n — 1)-reflecting in in @ relative to x. Let
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k < n and assume inductively that we have an alternating chain Cj, of length
k+1on M = (V;€). We denote the extenders EC by E,,, the models M¢
by (M,,;€), and the embeddings jg%m, by Jm.m/. Assume also that there is
an ordinal d; such that v < §; < k and such that

(i) My and M-, agree through d; + 1;
(i) (62, —m) " (0) = (D1 y) =1 (0);
(iii) O is (n — k — 1)-reflecting in ) relative to x in M.

Assume first that n —k > 1. Since all the j,, v fix k, & is Woodin in Mj.
Thus the hypotheses of the One-Step Lemma hold for x with

M = My;

N = M.q;
0 = O

n Ok;

6 = n—k—1,
& = n—k—2

g = n—k-1,;

r =
y = 0

¥ = 0

x(v) = “k+ v is the greatest ordinal.”
Let A and E be given by the One-Step Lemma. If £ = 0 then the model
Jg’“”(Mk;l; €) = [14(V; €) and so is wellfounded. If & > 0, then Hgk;l(Mk;l; €

) = [I2* " (Mjy_1; €). By part (2) of Lemma 7.2.5 and the (i) above, we have

that
POk —1,k) > 6, = crit (E).

Thus part (2) of Theorem 7.3.2 implies that [T5* " (M;_1; €) is wellfounded.
Let then 6%, £*, and y* be given by the One-Step Lemma. By clause (2*) of
the One-Step Lemma, y* = (). By clause (4*), £&* =n — k — 2. Extend Cj to
an alternating chain Cp,q of length k + 2 by setting E, = F. Let 051 = 0.
Our inductive assumptions hold for k& + 1.

Now assume that n = k& + 1. Using Lemmas 7.2.5 and 7.3.2 as in the
preceding paragraph, we may extend Cj to an alternating chain Cj; of length
k + 1 by letting E), witness that « is O-reflecting in ) relative to s in M;. [
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Remark. Clause (4*) of the One-Step Lemma was not really needed for
the proof of Lemma 8.2.1. The fact that that £ = n — k — 2 could have
been deduced from clause (2*) instead of from clause (4*). In the proofs of
subsequent lemmas, it will be necessary to use clause (4*), and we will use it
in just the way we used it in the proof of Lemma 8.2.1.

We next show how to use the One-Step Lemma to construct infinite al-
ternating chains. At first this appears impossible, because of that Lemma’s
requirement that & < (.

Lemma 8.2.2. There exist ordinals v, (y, (1, and p such that

(]) V<CO<C1<p7'

(2) v, Co, C1, and po are strong limit cardinals of cofinality greater than
K;

(3) tp}0({Co)) = tpy o({C1));

(4) U €V,.

Proof. Let Z be the class of all strong limit cardinals of cofinality greater
than x. Let v be the least element of Z such that U € V,,. Let p be the
|V, 11| "th element of Z. There are at most |V,,| distinct values of tpj ((C).
Hence there must exist {p and (; belonging to Z and satisfying (1) and (3).
O

From now until the end of the proof of Theorem 8.2.7, let v, (o, (1, and
p be as in the statement of Lemma 8.2.2.

The next lemma gives the key facts about these ordinals.

Lemma 8.2.3. (a) If T € V, is an iteration tree, then each of the ordinals
v, Co, C1, and p is fized by each of the embeddings jgﬁ.

(b) If z € =*(V,)) and a < K, then tpg . (2) = tpa ¢, (2).

(c) If z € <¥(V,), then § < k is (p-reflecting in z relative to K if and only
if 0 is (1-reflecting in z relative to K.

Proof. (a) This follows from property (2) of (v, (o, (1, p)-
(b) Let n € w and let z = (21,...,2,) € "(V,). Let @ < k and let
a = tpy - By Lemma 6.3.12,

TYPE,(v1, .-+, Unt1, Cas Car d) € tp ,(27(C0))-
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Since k 4+ p = p, it follows from the definition of th’7 that
TYPE,(C2ys - -+ 5 Capy U1, Cas Cay Cx) € D) o({C0))-
By property (3) of (Co, (1, p), we get that
TYPE,(c.,, - -+, Capy VU1, Cas Cas Cx) € tDY ({C1))-

By definition this gives that
TYPE,(v1, -, Unt1, Cay Cas d) € tpy: ,(27(C0))-

Another application of Lemma 6.3.12 then gives that a = tpg ., .

(c) Let z be a in the proof of (b). Let 6 < k. Property (3) of ((o, (1, p),
Lemma 6.3.13, and the fact that x + (y = (o, yield the following chain of
equivalences:

0 is (p-reflecting in z relative to k
REFL, (v1, ..., 0n41,¢5,d) € tpSt (2~ ((o))

Rop
REFLTL<6217 - ey Cy,, V1, Cs, CH) € tpz,0(<§0>)
REFLy(Czy5 - - -5 Copy V1, G55 ) € DY ((C1))
REFL, (v1,...,0n41,Cs,d) € tpiﬁ}(z“((ﬁ)
0 is (q-reflecting in z relative to k

TTTTT

g

The proof of the following lemma will show how we can construct infinite
alternating chains and how we can make the branch Even illfounded.

Lemma 8.2.4. Assume that k is Woodin. Then there is a an infinite alter-
nating chain C on 'V such that C € V. and such that the branch Even of C is
not wellfounded.

Proof. Let v < k be such that T € V,. Let 6y > v be (¢y + 1)-reflecting
in () relative to k. Let 8y = (. Let & < n and assume inductively that
we have an alternating chain Cyy of length 2k + 1 on V. As in the proof of
Lemma 8.2.1 let Cy;, have extenders E,, € V.., m < 2k, models M,,, m < 2k,
and embeddings ju,m, mCm' < 2k. Assume also that there is an ordinal
09i such that v < dox < k and that there are ordinals 3,,, m < k, satifying
the following conditions:
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(i) Moy, and Mok agree through o + 1;

(i) (60725, 1) (0) = (60)%, ) 201 (0);
(iil) dgp is (Bk + 1)-reflecting in () relative to k in Mayy;
(iv) (Ym <k)(Ym' <k)(m <m' — By < Jamam (Bm))-

Since all the j, v fix K, xis Woodin in My,. Thus the hypotheses of the
One-Step Lemma hold for x with

e 8 RWem 3 o0 2=
|
=
Eal
+
QH

x(v) = “k+ v is the greatest ordinal.”

Let A and E be given by the One-Step Lemma. As in the analogous step
in the proof of Lemma 8.2.1, H]g%”(Mgk;l; €) is wellfounded. Let then ¢*,
¢*, and y* be given by the One-Step Lemma. By clause (2*) of the One-Step
Lemma, y* = (). By clause (4*), &* = (y. Extend C, to an alternating chain
Cory1 of length 2k + 2 by setting Eo, = E. Let dopr1 = 0. We have then

that

(a) Msyq and Moy, agree through dog 1 + 1;
(b) (tpl2e) M (0) = (tp, 250 ) M2+ (0);

K’7<0

(¢) Oopr1 is (p-reflecting in () relative to k in Maoyy.

By (b) and (c) together with parts (b) and (c) of Lemma 8.2.3, we have
that
() (et ) 2 (0) = (i) (0);

(¢') dayq is (i-reflecting in () relative to x in Mok .
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Since  is Woodin in My, the hypotheses of the One-Step Lemma hold
for k with

e 8 RVim 3 o0 2=
[
I

xX(v) = “v=uv"

Let A and E be given by the One-Step Lemma. By Theorem 7.3.2, the model
HAE42’“ (Myy; €) is wellfounded. Let then 6%, £*, and y* be given by the One-
Step Lemma. Once more, y* = (). Extend Cay1 to an alternating chain Cop o
of length 2k + 3 by setting Fory1 = E. Let dopi0 = 0*. Let Briq = &*. The
inequality £* < i (')of the One-Step Lemma gives us that

Brp1r = & < i (Br) = Jokokr2(Br)-

From this and induction hypothesis (iv) for k& we get hypothesis (iv) for k+1.
Thus all our induction hypotheses hold for k + 1.
Let C be the alternating chain of length w whose restrictions are the Cj.
We must verify that the model MS, .. is not wellfounded. But condi-
tion (iv) implies that

(vm € w) (vn € w)(m <n-— jgn,Even(ﬁn> < jgm,Even(ﬁm))'

C

Thus the J5, gen(Bn) are an infinite descending sequence of ordinals of ME,.o..

U

We now know how to build infinite alternating chains. Moreover we know
a way to arrange that the Even branch of our chains is illfounded. But how
are we are going to build chains C, whose Even branches are illfounded if and
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only if [U(z)] # 07 How are we going to make our illfoundedness construction
work only if [U(z)] # 07 And how are we to guarantee that the branch Even
is wellfounded in the case [U(x)] = (07

To solve this last problem, we will make sure that C, is continuously
illfounded off Even if [U(z)] = (. Lemma 8.2.5 below asserts that every
alternating chain is plus one. Therefore Corollary 7.4.6 will imply that Even
is wellfounded.

Making an alternating chain continuously illfounded off Even is equivalent
with making Odd illfounded. (See Exercise 8.2.1.) To make Odd illfounded
when [U(z)] = (), we will arrange that jgf”Odd(U (x)) is illfounded for every z.
At the beginning of kth stage of the construction of C, we will have chosen
an element s of jgj;k;l(U[x I k]). During the kth stage, we will choose an
element s;.1 of jg’ng(U[x [ k + 1]) such that sgyq 2D jg,j;mkﬂ(sk). The
jgz;LOdd(sk) will thus witness the illfoundedness of jngdd(U (x)). Moreover
the s; will directly provide us with ordinals witnessing that C is continuously
illfounded off Even.

We will get the s; via the One-Step Lemma. Assume that (U, | p € T)
witnesses that U is k"-homogeneous. Given k, consider Ult(V';Uy) This is
the same as iy ,x(V'), where the i, ,, p C ¢ € T', are defined as on page 200.
In this model there is a canonical element of ig .1, (U[z | k]), namely

Sgik = 7TMM (I[ld]]ux[k)

From s, 1, we get
-Co
J0,2k(smrk)7

an element of jg,gk(i@,mrk([][x I k])). With the aid of the One-Step-Lemma,
we will arrange inductively that, for some ordinal (., the type

(tpégwl)%’%(er(v))(<Jg,2k(’®,xrk(U))> ]g,2k<sm[k))

is the same as
(6028, 1)V ({301 (U)) " 58)-
We will also arrange inductively that dor is (8 + 1)-reflecting in the finite
sequence <jgf2k(z'@@[k(U)»“jggk(sxrk) relative to  in jggk(i@@rk(‘/)).
The ordinals 8, will play a role analogous to the role of the [y ap-
pearing in the proof of Lemma 8.2.4. But, whereas the latter gave an
infinite descending sequence of ordinals of M% _ | the f8, of our new con-

Even»
struction will give instead an infinite descending sequence of ordinals of
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(fOEven(i@))(MEven) = jO Even(zgj(V)). When M$_ is wellfounded, the se-
(V)) is illfounded. By absoluteness and the
elementarity of jO tvens M = i3(V) will be illfounded and so we will have

[U(x)] # 0

The f,, will also give us ultrafilters that will witness the homogeneity of
U'. For each k € w, the finite sequence, <]2C;§12k(ﬁm) | m < k) will be an

quence will show that 553 Fven (1§

element of j; 2k(U [z | k]). This finite sequence and Lemma 6.1.1 will yield
an ultrafilter on U'[z | k].

In the preceding discussion, we have been dealing with a fixed x € [T].
The following theorem and its proof will involve all such x simultaneously,
so we will have to modify some of our notation. Thus s, will become s,
dor, Will become 6,15, Br will become B, Moy, will now become M;,ik, ete.

Before proceeding to the theorem, let us first verify that alternating chains
are all plus one.

Lemma 8.2.5. FEvery alternating chain is plus one.

Proof. By the definition (given on page 397, an iteration tree T = ((M, T, (E, |
a+2 < (h(T))) is plus one if and only if, for all 5 such that 5+ 2 < ¢h(T),

1" (B) < strength™7 (Ey),

where
1" (B) = sup {crit (E,) | (a4 1)7 < B < a}.
Part (b) of Corollary 7.2.6 implies that, for a +1 < ¢h(7) and (o + 1)7 <
B <a,
crit (F,) < strength™# (Ejy).
It follows that u” () < strength™'#(Eg) for every 8 such that {a | (a+41)7 <
f < a} is finite. But, for m and n € w,

(m+1)c<n<m<m=n+1,
where C' is the tree ordering of alternating chains. U

Recall that, for x a cardinal number, a set is (< x)-homogeneously Souslin
if it is y-homogeneously Souslin for every v < k. If T'is a game tree, Y is a set,
and U is a tree on field (T") x Y, then let us say that U is (< k)-homogeneous
for T if U is y-homogeneous for T for every v < k.
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Theorem 8.2.6. Assume that k is Woodin and that (U, | p € T) witnesses

that U is kT -homogeneous for T. Let Ut = U'({U, | p € T)). Then, for
every sufficiently large ordinal o, UT | a is (< k)-homogeneous for T.

Proof. Let v < k be such that T' € V.

Define the embeddings i,,, p € ¢ € T, the models M,, x € [T], and
the embeddings i7, p € T and p C x € [T}, as on page 200. For p € T let
sp = my, ([id],, )-

We will define, by induction on p € T', objects d,, 3,, C,, and s,. Both
9, and f3, will be ordinals, with d, < k. s, will be a sequence with ¢h(s,) =
th(p), C, will be an alternating chain of length 2¢h(p)+1 on V. Its extenders
will be EP, m < 2(h(p), its models will be MP, m < 2¢h(p), and its
embeddings will be 52 ., m Cn < 2¢h(p). Whenever p C g € T then we will
have C, = C, [ 2¢h(p) + 1.

To avoid having excessively cumbersome notation, let us make the follow-
ing definitions. Let p, ¢, and ¢’ be elements of T with ¢ C ¢’. Let m < ¢h(p).
Set

z/g,q’ - jg,%h(p)(i%q’);
Ng - ﬁq(Mgzh(p));

(?5 - jg,%h(p) (i0,4(U));
B = gm,th(p) (Bpim)-

The embedding 7, , is the image of i4,¢ in My, . The class model N P is the

image of Ult(V;U,) in M}

20h(p)- In other words,

v

Nf = jg,zgh(p) (iﬂ,q(v))'

The tree [U]é’ is the image of iy ,(U) in Mfeh(p); i.e., it is the image of U in ]Vg’.
For p = () we have only to define ¢y and Sy. Choose dy > 7 to be (o + 1-
reflecting in (U) relative to k. Let 8y = (o.
For the induction step of our definition, let p € T. Let k = (h(p).
Assume that 0, 5, Cy, and s, are defined for all p’ C p so as to satisfy

the conditions stated above and also the following conditions:
(i) M3, and M2, ., agree through §, + 1;

. Op NP TN — Op L . .
(i) (69, 0)™ (UF) "0 21(39)) = (D 11) 21 (22 (U)) 7 55);



442 CHAPTER 8. PROJECTIVE GAMES

(iii) o, is (B, + 1)-reflecting in (UIg’}“jg’zk(sp) relative to x in NI’,’;
(iv) for all m and m/ with m <m/ <k, g, <@ . (B);

(V) sp belongs to j§ 4., (U[p]), and, for all m <k,
jgmél,Qkél(Spfm) C sp;

(vi) for all m <k, v < Oy = crit (E3,)) < crit (E5,, 1) < Opim+1;
Note that these conditions all hold for for p = ().

Remarks:
(a) Condition (i) and the fact that crit (7;,,) > crit (ip,,) > & guarantee

that N}j and M;, ., agree through d,+ 1. (That they agree through 4, is also
implied by condition (ii).)

(b) Conditions (i), (ii), and (iii) are to make possible our applications
of the One-Step Lemma. Condition (iv) will yield that M$_ s illfounded
whenever [U(x)] # (), and it will allow us to use the §, to define ultrafilters
witnessing homogeneity. Condition (v) will yield that M, is illfounded
whenever [U(z)] = 0. Condition (vi) guarantees that 7', all members of T,
and all members of [T, are fixed by the embeddings of our alternating chains.

Let ¢ be any element of T" such that p C ¢ and ¢h(q) = k + 1.
By (i) and the fact that crit (75 ) > &, it follows that N} and My, ., agree
through 4, + 1.

Note that
Ngl) Zug,q(Mgk)
U o (T, (M5;.)
= izq( 1177)7
that

Ué’ = jg;k(i@,q(U))
= jg,2k(ip,q(i®,p(U)))
= (U524 (ipa)) (G524 (0,0 (U)))
= 1,(0}).
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and that
Jo.2k(ipa(Sp)) = (1021 (ip.q)) (021 (Sp))
= 14 (Jo.2r(sp))
The fact that crit (qu) > k, together with the facts just mentioned, gives
that

(tpnﬁpﬂ) (< } guzk(sp))
pq((tpﬁﬁp-l-l)N (¢ ;};> ]02k( »)))
ok (ipg(Sp)))-

= (10 ) (U2)]

and so by (ii) this last is the same as (tpi’:@H)Mgk*l((jg’Qk;l(U»“sp).

From (iii) it similarly follows that 6, is (& (8, +1))-reflecting in the finite
sequence <(?5>“j§72k(ip,q(sp)) relative to x in Ng;.

Since jg o, and 7 fix &, we have that x is Woodin in ]Vg.

Thus the hypotheses of the One-Step Lemma hold for x with

— Ng;

= My
= 5,

= 6,
= iz,q<5p) +1;

= i%;(ﬁp)?

= G+

= <Up> Jo, 0.2k (7p.q(Sp));

= <(J0,2k(sq))(k5)>§

= (o or-1(U)) "5

x(v) = “k+w is the greatest ordinal.”

Bl 8 RV @3 o 22

Let A and F be given by the One-Step Lemma. Since 7, U4 fixes A\, E,
and 4, it follows that E is a (d,, A)-extender in M5, . Thus T heorem 7.3.2

guarantees that Hf%*l(M;’k;l; €) is wellfounded. Let then ¢*, &*, and y*
be given by the One-Step Lemma. By clause (4*) of the One-Step Lemma,
§* = (o. Extend C, to an alternating chain that will be C, [ 2k 4 2 by setting
B3, = E. The ordinal §* we will call &. Set s, = (jg1 9p41(5p)) " Y"
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We will use without comment in the sequel the facts M = MP E? = EP,

and jf = jb , whenever these equations make sense.

By the elementarity of j&zk and the definition of the s/,

Ty = ip,q(8p)) ™ (0,26 (8¢)) (K))
ipg(8p)~(s4(K)))

Sq [ K7 (84(F)))

J
J

J

J

2k

2k

o O OR

2k

o~ o~ o~

)
)
)
)

o3
n

Q

~—

2k

Since jg o (sy) is an element of 7 (U) = (75, clause (2*) of the One-Step
Lemma implies that s; € jj .1 (U[g]). Thus the first clause of condition (v)
holds for g. Since jj, . | or,1(5p) C 54, the second clause of condition (v) holds
for ¢ in the case m = k.

We have that

(a) M., and Ng agree through d; + 1;

s, q
(b) (tp;«:fgo)Mzk“((]o ak41(U)) 7 50)
%
(1 V(D) ()
(c) 0 is Co-reflecting in (j§ o, (U)) s, relative to s in My, ;.
By (a) and the fact that crit (i ) > d;, it follows that My, and Mg,
agree through 4, + 1.

By (b) and (c) together with parts (b) and (c) of Lemma 8.2.3, we have
that

5 q .
(b') (tp,@q,gl)MQkH((]g 2k+1(U)>ASq)
4/ NP
(10 VO TEae(0))
(') &, is Gr-reflecting in (j§ ., (U)) s, relative to s in Mg, .

Let f: jgor(Ulp]) — Ord belong to Mg, and be such that

_ MG M3,
Bo = i (L% 4y

In other words, let f be such that 8, = (i (f))(jgax(sp)). By (b’) and the
fact that crit (7 ) > d;, there is a set X € jg,,.(Uy) such that, for all t € X,
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8! q . 5 p . .
(b") (tp;gl)M%“((]g,2k+1<U)>A3q) = (tpn,f(t[k))M%(<]g,2k(U)> t).

Choose any element t of X. Since  is Woodin in My, the hypotheses
of the One-Step Lemma hold for k with

= M§k+1;
= My;
5;;
Oy
C1;
= (o+1;
f@E1k);
x <jg,2k+1(U>>A3q?
Y 0;
= ((oa(U)"t;
x(v

R on @ 3 %2§
Il I

~

—= “/U:/U

~—

Let A and E be given by the One-Step Lemma. By Theorem 7.3.2, the

model 1_[]\E42p’“(M§/,€7 €) is wellfounded. Let then 0%, £*, and y* be given by the
One-Step Lemma. (We will make no use of £* and y*.)
For all elements u of X,

/

8! p . d, P .
(6017 ) 5 (78 (U))~0) = (4D 1) 30 (e (0)) ).

P P
Thus the elementarity of z']g% gives that, for all u € igj% (X),

Mgk ! '
i (61) P . .M. . .
(tpE‘MPq )Ult(M%’E)(@E%(Jg,Qk(U>)> u)
m(zE%(f)])w(;LFk)
i 2k (8) . .M, . MY
= (tp* YU (352 (58 1, (U)) g2 (8)).

i G ) (6025 (1) )

P
k

p
Since §* < ZJ\E/IQ (d7), for all u € z'gz’“ (X) we have in particular that

: : MP,,
tp5 (—:1312”,6 (f))(mk))Ult(Mgpk,E) (<2E 2k (]g,%(U))),\u)
:E (tp? 1, )Ult(Mé’k;E)((iggk (jg72k(U))>r-\Z'g§k (t)).

G () (6025 (1) )
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For each u € z?ﬁ (X), we make an application of the last part of the One-
Step Lemma, with z = <z]g (J6.2x(U)))~u and with a = (z]gp’“(f))( k). If
f and y are as given given by this application, then clause ( ) of the One-Step
Lemma implies that § = 0 and £ is a successor ordinal. Let g(u) be the least
ordinal y such that clauses (2) and (3) of the One-Step Lemma hold with
E=p+1(and g =0).

Observe that the function g : zgg’“ (X) — Ord belongs to Ult(M3,; E).

We finish the definition of C, by setting Ej, , = E. Thus Ej_, =
Ult(M3,; E) and jg; o1 0 = zj\]; Clause (1*) of the One-Step Lemma gives
inductive condition (i) for ¢ .

Let 6, = 6*. Clauses (2) and (3) of the One-Step Lemma give that, for

all u € jgp oy 10(X),

5 5 a : :
(2) (tp/{(fg(u)+1)M2k+2(<jg,2k‘+2< ) "u) = (tpn §o+1) Qk“((]g,%ﬂ(U))ASq);
(3) 6, is (g(u) + 1)-reflecting in (J6.2k42(U)) " relative to & in My .
The set jij;, or.,o(X) belongs to jg o, o(Uy). This fact allows us to complete
our definitions by setting

MY Me
- ‘q2k+2 )([[g]l 'q2k+2 ))‘

Jo,2k4-2 Uq Jo,2k+2 Uy

ﬂq:

M2k+2 Mj

Using Lo§’s Theorem in M3, | , and using the fact that j§ ,,,(sy) = T2 0 (|[id]qu2k+2 (uq))’
? 0,2k+2 0,2k+2
we see that (2) and (3) imply that

. d, q . .
() (69,75,+1) ™ (U8 arra(0.0(U)) " 58 21s2(50))
6 —~ .
= (tp;gl) 2k+1(<]0,2k+1(U)> Sq);
(iii") d, is (By + 1)-reflecting in (j§ oz, o (70,4(U))) 77§ ar42(8) relative to s in
N
q
(ii’) and (iii’) are just our inductive conditions (ii) and (iii) for .
The inequality £ < « of the One-Step Lemma gives us that

(Vu € jg,2k+2(X)) glu)+1< (jgk,2k+2(f))<u [ k).

This in turn implies that

By+1< 7§,q(1'3k,2k+2(5p))-
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Since B}, = B, and B} = Jok.ons2(Bp), condition (iv) for ¢ holds in the case
m =k and m’ = k 4+ 1. To verify condition (iv) for ¢ for m < m’ < k, note

that jgk,2k+2 (/Bgl) = ﬁgn’ jgk,2k+2 (ﬁfn’> = 651/7 and jgk,Qk-ﬁ-Q (%(Tn,p {m’) = \Z/Z[m,q(m’

By these facts, by condition (iv) for p, and by the elementarity of j3, ;. o,

Bq = Joy 2k+2(5 ) < Jog 2k+2( plm (517 ) =1 plm,plm’ (B

Condition (iv) for ¢ holds for m < k and m’' = k + 1 because

BkJrl < iqup k+1(5k) Hc p[kJrl( pim (ﬁq ) =1 mp[k:Jrl(BZ@)‘

We have already verified for ¢ the first clause of condition (v) and the
case m = k of the second clause of that condition. The other cases of the
second clause follow easily from the corresponding cases for for p and the
case m = k for q.

Because the One-Step Lemma gives that n < 6*, we have that

bp < 07 < g

Now crit (E3;) = 6, and crit (E3,,,) = J;. Since condition (vi) holds for p
and (in the case p = ) since vy < dyp, it follows that condition (vi) holds for
q.

This completes our construction and the verification that it has the de-
sired properties.

We will show that the system

((M. 2£h(p lpeT),{y <mzeh(p |p€T A m<thp) €T))

gives an embedding normal form for the T-projection of UT.

Fix z € [T]. Let C, be the alternating chain of length w whose restrictions
are the Cyp,

We must show that [Ut(2)] # 0 if and only if M is wellfounded.

Assume first that [UT(z)] # 0. By Theorem 8.1.1, [U(x)] = 0, i.e., U(x)
is a wellfounded tree. For each k € w, let

& = Joalllsell”™);

Eorrr = |[Supppa|[forrr U@,
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Condition (v) of our construction implies that, for all m and n € w with
m <mn,

L L Cx - U
55t (Eomer) = (17551 o (Sapm) o201 @)
> gl U
- £2n41-

Thus the sequence (£, | n € w) witnesses that C, is continuously illfounded
off Even. Since Lemma 8.2.5 implies that C, is plus one, Corollary 7.4.6,
gives that Mgf,en is wellfounded.

Now assume that Mgf,en is wellfounded. For m € w, p € T with p C x,
and ¢ C ¢ €T, let

_ c
Bfn = = ]Ovaen(ﬁﬂﬁfm);
o .C .
Z;q/ = ]O,IEven (Zq,q/);

o .C .

l;’; = ]O,IEVen (ZZ) :

Condition (iv) gives that, for all m < m' <k € w,
nxlk vz lk nT
ﬁmr’ < Zx{m,x(m’<ﬂmrk)'
Applying jgngven to both sides of this inequality, we find that
Brxn’ < ili(m,x(m’(grxn)‘
Applying 7, to both sides, we get that
Thus the 72, (%), m € w, form an infinite descending chain in the ordinals
of the model jg,%ven(./\;lz), and so that model is illfounded. It follows by

absoluteness that M, is illfounded. This means that [U(x)] = (. Therefore
U ()] # 0.

Remark. We did not really have to give the argument of the preceding
paragraph, for our proof of the theorem will not use the fact that [UT(x)] # 0
when M?’Ven is wellfounded. The converse—proved two paragraphs ago—
will, however, be an essential ingredient in our proof of the theorem.
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To complete the proof of the theorem, let o be any ordinal such that
By <aforallpeT.
For p € T, set

Vr={XC (UT [ a)[p] | (B, | m < h(p)) € jgzgh(p) (X)}-

We will show that (V, | p € T') witnesses that U' | a is 7-homogenous.

We first prove that clause (1) of the definition of homogeneity holds—that
each V, is a y-complete ultrafilter on (U | a)[p]. Let p € T. We begin by
proving that (UT | a)[p] € V,, i.e., that

() (¥ < 0h(p)) B, < 1y (@)
(i) (3, | m < (h(p)) € 12y (U 0D
For (i), let m < ¢h(p). Then

ph, = sz 20h(p (Bp m) < jgm,QEh(p)(a> < jg,QZh(p)(a)‘

By the definition of UT, what we must show to prove (ii) is that, for all
m and m’ such that m < m’ < fh(p),

B < (30 anp) (ptmopim?)) (B5,)-

But this follows directly from condition (iv) of our construction.
Since (U | a)[p] € V,, it follows by Lemma 6.1.1 that V), is an ultrafilter

on (U [ a)[p].

By condition (vi), v < crit (j§ 5p,(,))- Hence Lemma 6.1.1 yields that V),
is y-complete.

To check clause (2) in the definition of homogeneity, let p C g € T. We
must verify that

(VX eV,){teU'q] |t th(p) € X} €V,
Let X C U'[p]. Then

{teU'q] |t h(p )EX}GV
< (B, | m < fh(g)) | th(p ) € Jo 2en(q)(X)
« <]2gh ),2¢h q)(ﬁ ) | m < fh(p)) € j%h(p),%h(q)(jg,QKh(p)(X)>
< (B, |m<€h( )) € Jo ) (X))
— X eV,
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To complete the proof, we verify clause (3') in the definition of homo-
geneity. For p C ¢ € T, let 4f,, : Ult(V;V,) < Ult(V;V,) be the canonical
elementary embedding. Fix 2 € [T]. Let (M',, (iZ | n € w)) be the direct
limit of the system ((ULt(V; Vi) | 7 € w), (iTapmamm | m < n € w)).

Assume that x belongs to the T-projection of UT. We have already shown
that Mz is wellfounded for any such 2. We must show that M, is
wellfounded. It will be sufficient for us to prove that M, can be elementarily
embedded into M

Even-

For m € w and my, , ([f]y, ) € Ut(V; Vi), set

k(10,1 ([f1,,,)) = (o2 ()BT | m < ).

To see that k;, is well-defined, assume that [f],, ~=[g],, . Then

{teU'lzn]| f(t) = g(t)} € Vara,

and the definition of V,, gives that

(Toan (FDBR") Tm < n)) = (J55a (9)) ((BR") | m < m)),
and so that k,(my,, ([f],

z[n

) = v, (gl r ). A similar argument shows that

x|n

ky - Ult(V; Vy) < Mgr. Furthermore, if m < n € w and Wam (Lfy,,,.) €
ULt(V; Vi), then
Tam,2n (ki (szrm(llf]]vzm)))

= (jzzfn,zn((Jg m(rf) (B™) [ m/ < m)))

= (j%’”zn(f))(@fn/") | m’ < m)))

= (jo,én(f))((ﬁfn”)) | m" <n)[m))

= kn@Taj{m,m[n(ﬂ-Vﬂm Ilf]lvzrm ))
This argument shows that

Jamzn © kin = kn © apmon.

Thus we can define an elementary embedding & : M, < ./\/l%Ven by setting

k("5 (2)) = Japen (Kin(2))

for z € Ult(V; Viym). O
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We now turn to the U* construction.

Assume that (U, | {p,r) € T ® ““w) witnesses that U is weakly x-
homogeneous for T'. Let (7, | (p,7) € T®“w), (ipm. a8 | (P 7) € (g, 5) €
T ® ~“w), and (May; (0,1, 1y | 1 € w)) be as on page 423. Let i — r; be
the function introduced on page 430. Let U* = U*((U,.. | {p,r) € T @ <“w)).

To show that the T-projection of U* has an embedding normal form
(indeed that U* is homogeneous), we will build, for each z € [T], a plus
one iteration tree S, of length w. The set of all branches of S, will be
{Even} U {b, | y € ““w}, where Even = {2m | m € w} as before and

by={2k~1]|kecwA r, Cy}

We will arrange that Mgz, is wellfounded if and only if [U(x)] = 0.

To guarantee that MS:_ is wellfounded when [U(z)] = 0, we will make
sure that S, is continuously illfounded off Even if [U(z)] = (). To do this we
will make sure, in a sufficiently continuous fashion, that the trees j‘&%y(U (x))
are illfounded for every = € [T] and every y € “w. This will be done with the
aid of objects s, p € T', that will play a role similar to the role played by the
s, of the proof of Theorem 8.2.6. Each s, will belong to ]0 o (Ulz[eh(ry)]),
and whenever r;, C r, then we will have j2k+1,2k’+1(3ﬂ ) C Sumr. To get the
s,, we will use elements s, of of i gy, 4. (Ulg]) that are analogous to the s, of
the proof of Theorem 8.2.6. From the s, , we will get elements jo b (Spien(r),r )
of (jov%( ©0.,0),(pien(re) ) (U2 T h(ry)])), and from these elements we will get
the s, with the aid of the One-Step Lemma.

To arrange that when Mg:_ is wellfounded then [U(z)] = 0, we will use
ordinals 3,, p € T. For each y € “w, the ., 7 C y, will give rise to
an infinite descending chain of ordinals of jg Sren(d iwp (V). When ./\/lEven i
wellfounded, these chains will show that ./\/lzﬂy is illfounded for every y € “w
and hence that [U(z)] = 0.

The 3, will generate ultrafilters witnessing the homogeneity of U* in
pretty much the same way that the corresponding ordinals performed the
analoguous task in the proof of Theorem 8.2.7.

Theorem 8.2.7. Assume that k is Woodin and that (U, | (p,r) € T®<“w)
witnesses that U is kT -homogeneous for T. Let Ut = U*((U,, | {p,r) €
T @ <“w)) Then, for every sufficiently large ordinal o, U* | a is (< K)-
homogeneous for T.
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Proof. Let v < k be such that T' € V.

Let (mp, | {p,7) € T @ ““w), (ipryias | 0,7) C {g.8) € T ®@ ““w),

(Mays (0 iy | 7 € w)), and @ — 7; be as in the discussion preceding the

statement of the theorem. For (p,r) € T ® ““w, let s, = my,, ([id],, ).
Let S be the tree ordering of w defined as follows:

(i
(ii
(iii

(iv

0S5 n for every n > 0;
2m S 2n if m < n;
2m+1S2n+ 1 if rppr € s

- L = Z

m Sn only if (i), (ii), or (iii) requires that m Sn.

Note that the branches of an iteration tree whose tree ordering is S are just
Even and the b,, y € “w, defined above.

We will define, by induction on p € T', objects d,, 5,, Sp, and s,. Both
0, and B, will be ordinals, with ¢, < k. s, will be a sequence such that
(h(sp) = (h(remepy). Sp will be an iteration tree of length 2¢h(p) + 1 on V
Its tree ordering will be the restriction of S. Its extenders will be EP = m
2(h(p), its models will be M? m < 2¢h(p), and its embeddings will be jmm,
m Sn < 20h(p). Whenever p C ¢ € T then we will have S, = S, [ 2¢h(p) + 1

To simplify notation, we make some definitions. Let p and ¢ belong to T’
and let m < n < fh(q) such that r,, C r,. Let

lgma = Uqh(rm) ) (alh(rn)ra)
EE;WW = ]g 20h(p (Zq m n)v

Ng?m = ( 2€h(p )’

Ugm = ]02£h ( g0m(U));

g, = J2m,2€h(q)</8q m));

q _
Sm = Sqlth(rm),rm-

The embedding #,, . is the image of g, , in M&hp. The class model Ngm

is the image of Ult(V;Uyen(r) e ) i M%h( )- In other words,

Nipm = jg,zal(p) (ig;0,m (V)

The tree ﬁg’;m is the image of iy, (U) in M%h( ); 1.e., it is the image of U in
NP
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For p = () we have only to define dy and By. (Note that sy = 0; for
¢h(sg) = fh(rg) = ¢h(D), because of the property of i — r; stated on page
430.) Choose dyp > 7y to be (o + 1-reflecting in (U) relative to x. Let By = (o.

Let p € T. Let k = ¢h(p). Assume that §,/, By, Sy, and s, are defined
for all p’ C p so as to satisfy the conditions stated above and also the following
conditions:

(i) for all m <k, M%, and M5 ., agree through 0, + 1;
(ii) for all m < k, the type (tpif%"i+l)ﬁg?m(<U5m>“j32k(sgl)) is the same as
Optm  \MD . . ~
(tPx ) 2=t ((30.2m 1 (U) ™ Spim);
(iii) for all m < k, dpp, is (B2, + 1)-reflecting in <[75;m>“j§72k(§ﬁ1) relative to
K in NP

p;m?

(iv) for all m and m with m <m’ <k, if r,, C r,,y then
Bt < Gpepn e (B
(v) for all m <k, spm belongs to (4§ g,-1)(Ulp | th(ry,)]), and
T C T = ot ,2k-1(Spim) S Sp);
(vi) for all m <k,

< 6me < crit (Engrl) < 5p[m+1;
and crit (EY,,) = 0pim, where 2m — 1 = (2m + 1)3.

Note that these conditions all hold for for p = ().

Remark. The first seven conditions have pretty much the same roles
as in the proof of Theorem 8.2.6. Indeed, the present construction can be
thought of as a whole tree of constructions, each one like the construction of
the proof of that lemma. Condition (vi), besides doing the work of the old
condition (vi), will guarantee that these constructions do not conflict with
one another. Condition (vi) will also be used in proving that our iteration
trees S, are plus one.

Let ¢ be any element of T" such that p C ¢ and ¢h(q) = k + 1.
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Let n be the largest number < k such that r, C rp ;. Let e = ¢h(r,).
By the property of i — r; stated on page 430, ¢h(ry.1) =e + 1.

By (i) and the fact that crit (i, ,,,) > &, it follows that NP oryr and Mg, .
agree through d,, +

Note that
N5k+1 = ﬁ;o,kﬂ(Mfk)
U ki1 (g0, (May))
= iqq)nk+1(N )
that
ngﬂ = Jg,%(g, k+1( )
= Jg,Qk(lgnkH(qu( )
= (Jg Qk(ig;n,k-i-l)) (Jo 2k<ZIq),0,n(U>))
= Z\/Z;mk—l—l(UgI;;n)?
and that
JOQk(anJrl( r) = (o ,Q(llnk-l-l))(ngk(S};L))
= ’ff;)nk+1(302k( sh))-

Since crit (4., ., 1) > &, it follows that

(tp"l ) Vo (U, >“ 0,26(Sh))
Opt ~ .
L/gnk+1((tpnﬁn+1> “((Ubn) " Jo,26(sh)))
Oprin > . .
- (tp;i[qm,kﬂ(ﬁg)ﬂ) w(( 5k+1> J(I)J,%(qu,kﬂ(sﬁ)))

and so by (ii) this last is the same as (tpi’gH)Mgn*l((jg’znél(U))“spm).
From (iii) it similarly follows that d,p,, is (7., k+1(5 +1))-reflecting in the

sequence <U5k+1> 76 2% (Tgzn.kr1(sh)) relative to x in Nq b1

Since ]07% and 7 lg0x+1 X K, we have that x is Woodin in Nq RE

Thus the hypotheses of the One-Step Lemma hold for x with

— p
M = Nq,kH,

N = M§n417
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Ren @ S o
|
SRS S
3
E
+
\QI%I
=
+
\t—‘

= (Ugrs1) " Jo2r(ignr+1(8h));

= (o2 (sk41))(€));

= <jg,2n;1(U)>ASPW;

x(v) = “k+ v is the greatest ordinal.”

8w 8

Let A and E be given by the One-Step Lemma. Since ig;oﬁﬂ fixes \, F,

and d,, it follows that E is a (0p,, A)-extender in M2, . Thus Theorem 7.3.2
P

gives that Hj\;zn;l (M3, .; €) is wellfounded. Let then 6%, £*, and y* be given
by the One-Step Lemma. By clause (4*) of the One-Step Lemma, &* = (.
Extend S, to an alternating chain that will be S, [ 2k +2 by setting E, = E.
The ordinal 6* we will call 0. Set s, = (j3, -1 op11(5p)) Y™

Note that MY = MP, E}l = Eb, jl . = jo . and il o =i
whenever these equations make sense. We will use these identities without
comment in the sequel.

We have that

Y

27y = (Ugks1) " 30,2k (gm k41 (87)) ™ (00 26 (k1)) (€))-

Observe that

Z'qm,/’chl(SfL)) = Z'qr;n,kJrl(Spre,rn)
Sqle+1,rp 11 | €

— q
= s le

Thus 2~y is the concatenation of (Ug;kﬂ) and
jg,Qk(SZH re)ﬁ(jg,2k<52+1))(€)>'

By the elementarity of jgzk, we finally get that

RS <U5;k+1>ﬂj(l]),2k (Shi1)-
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Now s | = Syjet1,r,, belongs to ig, . (Ulg [ e+ 1]). Therefore the sequence

Jo.2x (S 1) belongs to jg o (ig 1 (Ulg [ e+ 1])) = (u];kﬂ. It follows by clause
(2*) of the One-Step Lemma that s, € j§,,,(Ulg [ e +1]), and so the first
clause of condition (v) holds for g. Since jj, . o, 1(Sgin) € g, the second
clause of condition (v) holds for ¢ the case m = n.

We have that

(a) Mé’kﬂ and ]\u/;’;kﬂ agree through o + 1;

(0) (D) 560t (s (V)7 50) =
(P ) o (U2~ Bk (50));
(c) o is Co—reﬂectmg N (j§ 041 (U)) "84 relative to s in Mg, .
By (b) and (c) together with parts (b) and (c) of Lemma 8.2.3, we have
that

54 a . N
() (tp,e, ) e ({5 2k+1(U )" 8q) =
5 :
(tp,{ql (ﬁp)) i “(<U5k+1> ]g,%(SZH));
(c) 07 is Cl—reﬂectlng N (j§ 041 (U)) "84 relative to s in My, ;.
Let f: jg o (Ulp [ €]) = Ord belong to M3, and be such that

MP MP
AP 2k
no 7T.7p zk(u le, T‘n)(llf]ljgﬂk(up[ey”‘n)).

In other words, let f be such that 52 = (7,,,(f))(j§ 2 (s5)). By (V') and the
fact that crit (zq;07k+1) > ¢, there is a set X € jg o (Uyjet1,r,,,,) Such that, for
all t € X,

8! q . 5 p . .
(") (t'e, ) 2041 ({36 gt (U)) 7 59) = (4D, 1)) 24 (6 24 (U)) .

Choose any element ¢ of X. Since x is Woodin in Mg, ,, the hypotheses
of the One-Step Lemma hold for x with

= M§k+1v
M3
= 5(’1;

s o 2=
Il
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B =

§ = G+

g = f(tle)

r = <jg,2k+1(U)>A3q?

y = 0

= <.7§, LO))
x(v) = “‘v=wv7

Let A and E be given by the One-Step Lemma. By Theorem 7.3.2, the

model Hglg’“ (M?,; €) is wellfounded. Let then ¢*, £*, and y* be given by the
One-Step Lemma. (We will make no use of £* and y*.)
For all elements u of X,

7, P o, o
(tp;f(ure))M%((Jg,Qk(U»AU = (tpn(ff(t[e))M%(<]g,2k(U)>At'
Thus the elementarity of igg’“ gives that, for all u € i]‘;gk (X),

Zglgk (5{1)
P
(i 2 () (ule)
iklgk (5/) 4 M:D
=(tp "

Ul(ME:E) (i M2k 50 0y~ Mok (1))
B o) (™ Uoae(U)) 25" 1)

(tp YURMEE) (% (1 (U))) ~u)

Since §; < zAE45’“ (05), for all u € ij‘;g’“ (X)) we have that

tp? L, UIMEE) (23 (2 (U)))~u)
(i 2 (1)) ule) B o
* P . . . .
— (" e )UROEB (G (D)) i (1)),

Let u € i]\Eg’“(X ). We make an application of the last part of the One-
Step Lemma, with z = <zg§’“ (J6.21(U)))~u and with o = (zgg’“(f))(u le). If
é and y are as given given by this application, then clause (Q) of the One-Step
Lemma implies that 5 = () an(} isa successor ordinal. Let g(u) be the least
ordinal v such that clauses (2) and (3) of the One-Step Lemma hold with
E=v+1landyj=0.

Observe that the function g : ijgg’“ (X) — Ord belongs to Ult(M?2,; E).
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We finish the definition of S, by setting Ej, ., = E. Thus Ej, _, =

P

Ult(My; E) and jg; 5 = z'AE42’“. Clause (1*) of the One-Step Lemma gives
the case k + 1 of inductive condition (i) for ¢ .

Let 6, = 6*. Clauses (2) and (3) of the One-Step Lemma give that, for
all u € jigy o1 o(X),

A~

5‘1 d y —~ 6‘1 d y —~ .
(2) (D, 1) 22 ({8 22 (U)) 1) = (60, 10) ™24 (U6 s (U) ™ 50)5
(3) 6, is (g(u) + 1)-reflecting in (J6.2k42(U)) " relative to & in My .

The set jg;, o1 o(X) belongs to jg oy o (Uyjet1r,,, ). This fact allows us to
complete our definitions by setting

q q
6 _ ﬂ_M2k+2 Myis
=T 4 q .
E Jo,2k+2(uqre+1mk+1) 10,2k+2(u11f6+1ark+1)

Using Los’s Theorem in My, , and using the fact that

q q
Sq — 7TM2k+2 id M2k+2
k+1 jg,2k+2(que+l,rk+1) jg,2k+2(uﬂe+1mk+1) ’

~ ~

we see that (2) and (3) imply that

. 5 V4 : : .
(it') (tp;ﬁqH)Nq;k“((Jg,2k+2<zg,k+1(U>>> ]g,2k+2<sq))
dq ; ; ~c )
= (tpn,§o+1)M2k“(<Jg,2k+1(U)> Sq);
(ili") oy is (B, + 1)-reflecting in (5 o 2(i0.4(U))) g ax12(Sq) relative to s in
N1
Observe that (ii’) and (iii’) are just the case k 4+ 1 of our inductive condi-
tions (ii) and (iii) for g.

Let us now verify our all our inductive conditions for ¢q. To verify (i), (ii),
and (iii) for ¢, let m < k4 1 be arbitrary.

We have already noted that condition (i) for the case m = k + 1 follows
from clause (1*) of the One-Step Lemma. Suppose that m < k. By condi-
tion (vi) for p, we have that d4,, < d,. Because the One-Step Lemma gives
that n < 6*, we also have that

bp < 07, < 0g.

By condition (i) for p, M, and My, ., agree through d,,, + 1. Since M,
and My, agree through d; +1, it follows that Mg,  , and Mg, ., agree through
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Opim + 1. Since M, , and My, | agree through ¢, + 1, we get that Mj, .,
and My, ., agree through d,1, + 1 = 0gpm + 1

We have already checked that (ii) and (iii) hold for the case m = k + 1.
Now let m < k. By the fact that crit (g, 55,1)) = 05 > Jgim and by our
definitions, we have that

(1) Joy, 2(k+1) (5q m) = Oqim;
(2) da 2(k+1) ( ) = B4
(3) Jaw a0y ( Uz?m) = Ng;m?
(4) oy, 2(k+1) (u5m> - ﬁt?;m'
The fact that crit (j3; 5, 1)) > qim also implies that

Opim NP (7 .
(tpn,[%ﬁﬁrl)Np’ ((Upim) " J0,26(8%))
is fixed by jgk,Z(k+1)' By (1)-(4),

. Sptm P, >, .
Jgk,2k+2(tp;%gl+1)Np’m(< bm) " Jo.2(ST))
Ogtm Ve, u .
(VT80 e (55))

Hence (ii) for ¢ follows from (ii) for p. Similarly case m of (iii) for ¢ follows
from (iii) for p.
The inequality ¢ < « of the One-Step Lemma gives us that

(V€ Jop oy (X)) 9(w) + 1 < (o agiry () (e T F).

This in turn implies that

By +1< zgm,kJrl(jgk,ngrz(/@p))-

Since 8, = B{.; and ji, 2(/,{:Jrl)(ﬁp) = (37, we have condition (iv) for ¢ in
the case m = n. Assume that m < m’ < k and that r,, C rm Recall that

jgk,2k+2<ﬁﬁw) = B, and jgk,2k+2(ﬁ£1 )= 5q/ and observe that J% 2k+2< pimm’ ) =
la.mm- BY these facts, condition (iv) for p, and the elementarity of ok 2k t2s

Ba = Jo 2k+2(6 1) < Jakomr2 T (Bm)) = T ()
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The remaining case of condition (iv) for g is m # n and m’ = k+ 1. Assume
that m < k, m # n, and r,, C rgy1. By the definition of n, we must have
m < n and r,, C r,. But then

5k+1 <1 anJrl(Bk) an+1( qmn(ﬁq )) Ugm,k+1<6gn)‘

We have already verified for ¢ the first clause of condition (v) and the
case m = k of the second clause of that condition. The other cases of the
second clause follow easily from the corresponding cases for for p and the
case m = k for q.

We have noted that J, < J; < d,. Note also that 2n = 1 = (2k + 1)g.
Now crit (E3,) = dgm and crit (E% +1) = §,. Since condition ( i) holds for p
and since vy < dy, it follows that condition (Vi) holds for q.

This completes our construction and the verification that it has the de-
sired properties.

We will show that the system

(Mg | P ET), (o | P €T A m < thip) €T))

gives an embedding normal form for the T-projection of U*.

Fix x € [T]. Let S, be the iteration tree of length w whose restrictions
are the Sy,

We will need to know that S, is a plus one tree. To prove this, let n € w.
It is not true for S, as it was for the alternating chain ordering C, that the
set

{m](m+1)g <n<m}

is finite. But the first part of the proof of Lemma 8.2.5 shows that it suffices
to prove prove the weaker fact that, for every k € w, the set

{crit (ES7) | (m +1)g <n < m}
is finite. Condition (vi) of our construction implies that, for all m and m’ € w,
(m+1)g = (m +1)g — crit (BS") = crit (ES),

and there are only finitely many numbers < n of the form (m + 1)g.
We must show that [U*(x)] # 0 if and only if MS?, is wellfounded.
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Assume first that [U*(z)] # 0. By Theorem 8.1.8, [U(x)] = 0, i.e., U(x)
is a wellfounded tree. For each k € w, let

S = Joa(llsollV);
Eonrr = ||Sap [P0 U@,
Using condition (v), we get that, for all m and n € w with r,,, C r,,
r )"j(ié7L—l(U(z))

jgrflél,Qnél(éTQm;l) - ngﬁzélﬂnél(smm

> Jlsppall 51

= €2n;1 .

Thus the sequence (€, | n € w) witnesses that S, is continuously illfounded off
Even. Since S, is plus one, Corollary 7.4.6 gives that M3

B Eren 18 wellfounded.
Now assume that Mgf,en is wellfounded. For elements m and m’ of w with
m < m/, let

2 S;v .
6797:7, = ]2m,Even (ﬁx Fm)7
T

.Sy .
Zm,m’ = ]O,Even(lwm?mJL)
v .Sa .
Zﬁl = jO,Even(Zg(cx[fh(rm),rm>)'
Let y € “w be arbitrary. For each n € w, let m,, be such that y [n =1, .
Let n < n' € w and let k£ € w be such that m,, < k. By condition (iv), we

have that
nxlk < iw{k (*x{k)'

M1 zlkimn,m, \[Fmn

Applying jQS,;Even to both sides of this inequality, we find that

T ST QT
By <1 (B ).
mys M, My 1 N7 M

Applying 27, , to both sides, we get that

2I’Vxnn/ ( 7;}1”/ ) < \ZJ’rxnn( 7:;7%) °

This argument shows that the iﬁln(ﬁfnn), n € w, form an infinite descending
chain in the ordinals of the model jgﬁilven(MLy)? and so that model is ill-
founded. It follows by absoluteness that M, , is illfounded. Since y was an
arbitrary element of “w, this means that [U(z)] = . Therefore [U*(z)] # 0.
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Remark. As in the proof of Theorem 8.2.6, the second half of the proof
of embedding normal form is not needed for the proof of the theorem.

To complete the proof of the theorem, let o be any ordinal such that
By <aforallpeT.
For p e T, set

Y, ={X¢C (U1 a)lpl | (85, [ m < th(p)) € jg,QZh(p)(X>}‘

We will show that (V, | p € T') witnesses that UT | « is y-homogenous.

We first prove that clause (1) of the definition of homogeneity holds—that
each V, is a y-complete ultrafilter on (U | a)[p]. Let p € T. We begin by
proving that (U* | a)[p] € V), i.e., that

(i) (Ym < h(p)) Bh < g amp (@)
(i) <B’/Z")n | m < (h(p)) € jg,ggh(p)(Ui [p]).
For (i), let m < ¢h(p). Then

Bin = Jom.2en(p) Beim) < Jom 2en(p) (@) < 10 20mp) (@0)-

By the definition of U*, what we must show to prove (ii) is that, for all
m and m’ such that m < m’ < ¢h(p),

Bhs < (T 20m(p) E plh(rm),rond, (o100 ) )) (B,

i.e., that
ﬁgﬂ < (jg,%h(p) (ip;m,m’))(ﬁfn)~

But this follows directly from condition (iv) of our construction.

Since (U* | @)[p] € V,, it follows by Lemma 6.1.1 that V), is an ultrafilter
on (U [ a)p].

By condition (vi), v < crit (g yp,(,))- Hence Lemma 6.1.1 yields that V,
is y-complete.

The verifications of clauses (2) and (3') in the definition of homogeneity
is exactly like the corresponding verifications in the proof of Theorem 8.2.6,
and we omit them. |

Corollary 8.2.8. Let k be a Woodin cardinal, let T' be a game tree such that
IT| < K, and let A C [T] be such that [T]\ A is weakly k™ -homogeneously
Souslin. Then A is (< k)-homogeneously Souslin.
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Proof. Let Y be a set and U a tree on field (T') ® Y witnessing that T is
weakly kT-homogeneously Souslin. Let (U, | p € T A r € <“w) witness that
U is weakly x-homogeous for T. Let U* = U((U,, | p € T A r € <“w)).
By Theorem 8.2.7, let a > max{w, (2¥1)*} be such that U* | a is (< k)-
homogeneous for T'. By Theorem 8.1.8, A is the T-projection of U* | , and
so A is (< k)-homogeneously Souslin. O

Theorem 8.2.9. Let T be a game tree and let n € w. Let (k; | i < n be a
strictly increasing sequence of cardinals such that |T| < Ko, Kk, 1S measurable
and, for i < n, r; is Woodin. Then every I} | subset of [T] is (< ko)-
homogeneously Souslin.

Proof. We prove by induction on m < n that, for every game tree 7"
such that |7] < max{R,|T|}, every II} ., subset of [T"] is (< Kp_m)-
homogeneously Souslin.

By Theorem 4.3.6, every I} subset of such a [T”] is k,-homogeneously
Souslin and so (< &, )-homogeneously Souslin.

Let m < n and assume that what we want to prove holds of m. Let
T'" be a game tree such that |T'| < max{R,|T|}. Let A C [T] with A €
IT},.,. Let B C [T] x “w be such that B € I and A = [T]\ pB. Let
B* = {{z,y) | (z,y) € B}. Then B* C [T ® <“w| and B* € II'. Since
Kn—(m+1) < Kn—m, We have that B* is (k,—(m41))T-homogeneously Souslin.
But this means that B is (kn—(m+1)) T-homogeneously Souslin. (See page 425.)
By Theorem 8.1.3, [T]\ A is weakly x-homogeneously Souslin. Since k,—(m+1)
is Woodin, Corollary 8.2.8 implies that A is (< k)-homogeneously Souslin.
U

Theorem 8.2.10. LetT be a game tree and letn € w. Assume that there are
n distinct Woodin cardinals all greater than |T| and that there is a measurable
cardinal greater than all of them. Then every IL} | game in T is determined.

Proof. The theorem follows directly from Theorems 8.2.9 and 4.3.5.
O

Exercise 8.2.1. Let b be one of the two branches of an alternating chain C
of length w. Assume that the other branch of S is illfounded. Prove that C
is continuously illfounded off b.

Hint. Use Lemma 7.4.2.
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Exercise 8.2.2. Let n € w. Assume that there is a Woodin cardinal. Prove
that there is an infinite plus n alternating chain on V.

Hint. The most natural way to proceed is to prove a variant of the
One-Step Lemma which will let one build a plus n alternating chain by a
construction just like that of Lemma 8.2.4. It is possible, nevertheless, to get
by with the One-Step Lemma itself.

8.3 Variations

In this section we discuss variants of the construction of the proof of Theo-
rem 8.2.7.

The first variant is a cleaned-up version of the construction of [Martin and Steel, 1989].
It has the advantage of being a little simpler than the construction of the
proof of Theorem 8.2.7. Its disadvantage lies in its not immediately yielding
homogeneity ultrafilters for U*. After giving the construction, we prove the
lemma needed to get the existence of these ultrafilters. We then prove a
result of K. WindBus that allows one to sidestep the problem, propagating
homogeneous Souslinness without proving the homogeneity of U*.

The second variant construction is due to Itay Neeman. Rather than
propagate homogeneous Souslinness, Neeman propagates what he calls the
auxiliary game property. His method has various advantages, one of which is
that it seems to yield sharper results.

In the proof in §8.2 of Theorem 8.2.7, we maintained inductively relations
between the models

Ng,m - ](I)),Zk(zz,o,m(v))
and the models M} . = ji, . (V). Theinduction step of the construction
involved successive applications of the One-Step Lemma. The first of these
applications was to the models N5k+1 and Mgn;l, for some n < k. But
the second application was not, as one might have anticipated, to M3, .,

and ]\uf(ik +1- Instead we undid the embedding 7., ,,, made a whole set of
applications of the second half of the One-Step Lemma to the models M5, .,
and Mj,, and then applied 7g;o,k 41 to the results of these applications. The

reason for this round-about process was that the direct method would have

NP -
yielded, for example, the model i,q**" (N}, ) in place of N7, ;.
2k ) ’

The analogous construction in [Martin and Steel, 1989] could—at least,
after a mostly cosmetic rearrangement—be regarded as maintaining induc-
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tively certain relations between the models

Z‘g;O,m (jg,Qk (V))

and the models MQJDm;1 The induction step could be seen as involving two
straightforward applications of the One-Step Lemma. In [Martin and Steel, 1989
embedding normal form was not hard to demonstrate, but homogeneity of

U* needed a substantial lemma.

Let us see how would work after the “cosmetic rearrangement.”

Let T, k, Y, U, v, Co, C1, p, Upr | {p,7) € T® <*w), Ut v, (m,, |
{p,rb €ET® <ww>7 <i<p,r)7(q,s> | QP,TD C 4Q73D €eT® <ww>7 (Mﬂﬁ:y; <i?ﬁn,yrn) ’

n € w)), i = 1y (Spr | {p,r) € T ® “w), and S be as in the proof of
Theorem 8.2.7.

As in the proof of Theorem 8.2.7, we will define, by induction on p € T,
objects d,, B,, Sp, and s,. Both ¢, and 3, will be ordinals, with §, < k. s,
will be a sequence such that ¢h(s,) = ¢h(reh(p)). S, will be an iteration tree
of length 2¢h(p) + 1 on V. Its tree ordering will be the restriction of S. Its
extenders will be EP . m < 2¢h(p), its models will be MP m < 2¢h(p), and
its embeddings will be j? ., m Sn < 2¢h(p). Whenever p C ¢ € T then we
will have S, = S, | 2¢h(p) + 1.

We introduce some notation. Let p and ¢ belong to T. Let & < k' <
2(h(p). Let m < n < fh(q) such that r,, C r,. Let

Ugmn = Uglth(rm)rm) (g1h(ra),rn)
Toew = lgom(Jpw);
Nﬁ;m = iQ§07m(M§fh(p));
Uﬁ;m = iQ§07m(jg,2€h(p)(U));
Bﬁz - jg;;glmﬁéh(p)(/ﬁlﬁm));
Si = Sqlth(rm).rm-

The embedding j77",, is the image of ji. ., in UIt(V;Uyim(rpn) i) = Gg0.m (V).

The class model Ng?m is the image of M?

2¢h(p) n iq;O,m(V)~ In other words,

A

NE™ =ig0.m (jg,%h(l?) (V).

The tree Ug;m is the image of jgﬂh(p)(U) in ig0.,(V); ie., it is the image of
Uin NF™
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For p = () we proceed exactly as in the proof of Theorem 8.2.7. We choose
dp > 7y to be (o + l-reflecting in (U) relative to &, and we let By = (p.

Let p € T. Let k = ¢h(p). Assume that d,y, By, Sy, and s, are defined
for all p’ C p so as to satisfy the conditions stated above and also the following

conditions:
(i) for all m <k, M3, and M5 ., agree through d,,,

(i) for all m < k, the type (tp”™! i +1)N5m(<U£§m> jgg”%( st )) is the same

as (tpn,coﬂ)MQm;l(<]072m;1(U)> Spim);

(iii) for all m < k, O is (67, + 1)-reflecting in (AI’,’ )" Jnioar(Sh,) relative
to K in Nf;?m;

(iv) for all m and m with m <m’ <k, if r,, C r,y then
Bt < e (B0
(v) for all m <k, sppm belongs to (jgom,-1)(Ulp [ th(ry,)]), and
T © Tk = Jomen.2k-1(Spim) C Sp);

(vi) for all m < k,
Y < Oppm < crit (E5 1) < Oppmti,

and crit (ES,,) = 0ppm, where 2m ~ 1= (2m + 1)g.

Note that these conditions all hold for for p = ().
Let ¢ be any element of T" such that p C g and ¢h(q) = k + 1.
Let n be the largest number < k such that r, C rp ;. Let e = ¢h(r,).
Thus (h(rgy) = e+ 1. A
By (i) and the fact that crit (igor1) > &, it follows that NZ**! and
MY, ., agree through d,, + 1
One readily computes that
N;)];k—l—l — ank—l—l( 51@)7
Frq;k4-1 in,k+1
Ul i* Uy

N ;k . .
]g;ozlls@q;n,kH(Sz)) = lgnk+1 (J%%(Sﬁ))-
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Since crit (ign 1) > K, it follows that

Opin DN ~p;
(tpﬂ /ng)N ((Up )" ]Z,o o (Sh))
- Zq,n k+1((tp IBPJrl)N (<U£n> jﬁgzk(sp)))

Opin q;k+1 oS ~q:k
= ()T O G S g ()

Rylg;n,k+1

and so by (ii) this last is the same as (tpi’jéerl)Mgn*lg(jg}zn;l(U))“sprn).
From (iii) it similarly follows that 6, iS (g k+1(52 +1))-reflecting in the
sequence (UZFH) ]f)’gg,i(zanﬂ(s ) relatlve to  in N#F+1,

Since jg o, and i k41 fix £, we have that & is Woodln in Ng?k“.
Thus the hypotheses of the One-Step Lemma hold for xk with

_ Ng;k-ﬁ-l;
- Mgnél;
Opln;

= 5p;

iq;n k+1 (517) + 1
ap

R 3 0.2§
|

= lgn, k+1(
= G+
(O~ T o (igna1 (85));
= ((Gpoon(sti))(e));
= <j0,2n;1<U)> Spins
x(v) = “k+ v is the greatest ordinal.”

]
|

Let A and E be given by the One-Step Lemma. Since 44041 fixes A, E,
and 0y, it follows that E is a (d,,, A)-extender in M}, . Thus Theorem 7.3.2

P
gives that Hfj%“ (M5 .; €) is wellfounded. Let then 6*, £*, and y* be given
by the One-Step Lemma. By clause (4*) of the One-Step Lemma, &* = (.
Extend S, to an alternating chain that will be S, [ 2k +2 by setting Ej, = E.
The ordinal 6* we will call d;. Set sq (an Lokt1(8p))"Y"

Note that M7 = MPp, El = Eb, ji .. = jp and il o= i
whenever these equations make sense. We will use these identities without
comment in the sequel.

A computation like the analogous one in the proof of Theorem 8.2.7 gives

that
_ o gkt
Ty = <U£ k+1> JZ o;k(skﬂ)
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Since sj_., belongs to zqng(U[q [ e + 1]), the sequence jf,zg’;,lg(szﬂ) be-

longs to J5i 51 (16 1 (Ula T e +11)) = (igo41(552)) (11 (Ula T e + 1)) =

igok1(Joor(Ulg e +1])) = Ug #+1 Tt follows by clause (2*) of the One-Step
Lemma that s; € jj .1 (Ulg [ e+ 1]), and so the first clause of condition (v)
holds for q. Since jj, | 5.41(Sqim) S sq, the second clause of condition (v)
holds for ¢ the case m = n.

We have that

(a) MquH and Ng;k+1 agree through (5(’1 +1;

(b) (69 ) M3 (2t (U))s5) =

s, Jek+L o ~q;k+1 .
(o, o) (O T )

(c) 4, is Co-reflecting in (j 5, 1 (U)) s, relative to x in My, , ;.

By (b) and (c) together with parts (b) and (c) of Lemma 8.2.3, we have
that

/ 5 ] : -
(b)) (tp,te, ) 21 ({56 o (U) " 39) =

k41 - _Aqk+1
N (U o an(Sia));

(') &, is Gr-reflecting in (j§ ., (U)) s, relative to s in Mg, ;.

6‘1
(P a2

Rylgsn,k+1

Since x is Woodin in My, the hypotheses of the One-Step Lemma hold
for k with
= M§k+1;

_ NGEFL
= Np

S

Sar
C1;

= (+1;

- iq;n,k-&-l( %))
= <jg,2k+1(U)> Sq

S ~gik+1
(UFH+~ Jgogk<sk+1)3

e 8 RViem @3 o0 22

x(v) = “v=0v"
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Let A\ and E be given by the One-Step Lemma. From (a) above and the
fact that crit (igori1) > & > 0, + 1, it follows that that M3, , and Mg,

agree through d; + 1. Thus the model H]gg’“(Mgk; €) is wellfounded. By the

elementarity of igo 1, J]4% k“(MQ’“)(zO pi1 (Mgy; €)) is wellfounded. Let then
0%, &, and y* be given by the One—Step Lemma. Clause (2%) of the One-Step
Lemma implies that y* = () and that £* is a successor ordinal. We finish
the definition of S, by setting Ej, , = E. Let §, = 6*. Let 3, be such that

Bq +1= 5*
Observe that

Ult(Nq"‘“ E) = Ult(igop (ML) E)
= igok+1(Ult(MD; E))

= lg0k+1 (M2qk+2)

_ NT@k+L
= Ng
and that
Nkt . MP,
g = dgok+1(ip™)
= lgp k+1(jgk 2k+2)
gkl
= Jg:2k2k+2
Thus
NEGFEHL A . . . .
ig (US”““) = ((Zq;o,k+1(Jgk,2k+2))(zq;0,k+l(]g,zgh(p) (0))
- iq;o,k+1(jg,2k+2(U))
_ Ug;k-{—l
and
NEEFL k1 gkl gkl
ig" (Jp 0 2k(sk+1)) = Jg2k 2k+2(Jp 0 Qk(sk+1))

k-+1
f; 0 2k+2(sk+1)

To verify inductive conditions (i)—(iii) for ¢, let m < k + 1 be arbitrary.

Since Ult(Ng?kH;E) = dgokt1(My, ), condition (i) for the case m =
k + 1 follows from clause (1*) of the One-Step Lemma and the fact that
crit (ig0x+1) > k. The verification of (i) for m < k is exactly like the corre-
sponding step in the proof of Theorem 8.2.7.

Clauses (2*) and (3*) of the One-Step Lemma and the identities above
give that
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. s ORI gk
(i) (tpy's, )™ (U0 b a(Sq))
5 a : _
= (tpnq,coﬂ)M%“(<Jg,2k+1(U)> S4);

(iii") 4, is (B, + 1)-reflecting in <Ug:k+1>“ﬁ;§£i+2(sq) relative to & in Ng?k“.

(i") and (iii’) are just our inductive conditions (ii) and (iii) for g.
Now let m < k. By the fact that crit (ji o4.1)) = 65 > dgim and by our
definitions, we have that

Aq;m

4 Jp:2k,2(k+1)

(1) 32232,2(“1)(5(1[771) = 5qu;
(2) jg;;gqlbcg(k-f—l)(~%) = p4,;

(3) ﬁZZSZ,z(k+1>(N5;m) = qu;m;
(4) (

) = Ugm.

The fact that crit (J5; o541)) > dgim also implies that

~

Oprm TPim A DS
(tpnljflé%,+1)Np (<U£’m> ]g;g?%(sgn))

is fixed by jj5, a(ki1)- Lhus we get condition (ii) for ¢ just as we got the
corresponding fact in the proof of Theorem 8.2.7. Condition (iii) for ¢ follows
similarly.

The inequality &* < ¥ of the One-Step Lemma gives us that

Pe < &

NERL >p
< g (igsnk+1(B7)) )
(iq;O,k-&-l(]gkg(lﬁ_l)))(iq;n,k-i—l(ﬁg))
iq;n,k+1((iq;O,n(jgk,z(kH)))(55))

- iq;n,kﬂ(f;;gk,z(kﬂ)(ﬁﬁ))

iq;n,k+1 (ﬁ?j’i)

Since 8, = BZ .1, this gives us condition (iv) for ¢ in the case m = n. The
other cases are handled as were the corresponding cases in the proof of The-
orem 8.2.7.
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Assume that m < m’ < k and that r,, C 7,,. Note that ﬁ;g’;zk% =
(p— (jg;$72k+2). Using condition (iv) for p, we get that

~ng = j312k2k+2(5p)
< ]q;zk 2k+2(lq; m,m (B )
= lgmm’ (]q 2k 2k+2(6~ )
= gmms (BL)-

The remaining case of condition (iv) for ¢ is m # n and m’ = k + 1. The
proof for this case is analogous to the corresponding step in the proof of
Theorem 8.2.7.

The proofs of conditions (v) and (vi) for g are like the corresponding steps
in the proof of Theorem 8.2.7.

We will show that the system

(M) | P €T, (Gpoongyy | P €T A m < th(p) €T))

gives an embedding normal form for the T-projection of U*.

Fix x € [T]. Let S, be the iteration tree of length w whose restrictions
are the Sy,

The proof that Mgz is wellfounded if [U¥(z)] # 0, is exactly like the
corresponding step in the proof of Theorem 8.2.7.

Now assume that [U¥(z)] = 0. Thus [U(z)] # 0. By Lemma 8.1.2, let
y € “w be such that M, , is wellfounded. For each n € w, let y [ n = ry,,,.
Let n < n' € w. Applying condition (iv) with p = x [ m/,, we get that

i < ity (B ).
Unpacking our definitions, we find that this means that
Batm,y < iatnginy@ingin’y (E0.0), @ingm) G om ) Brima))-
This in turn gives that
Batm,y < (10.0). @i yin) (Gomn 2m ) (izinyiny e gin) Betma))-

Applying iz’ﬁn, yiny 0 both sides of this inequality, we get that

.T, .T, 'Sz T,
Z<zy[n’,y[n’> (593“774”/) < (7’<@,y@> <]2mn,2mn/))<2<gﬁn,y[n> (693“77471))
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Applying i?éf’m (35 , Even) t0 both sides, we get that

(Z"Z‘éiy@> (jgfnn/ ,Even)) (Z.:z;jy{n”y [n’> (ﬁw fmn/ )) < (Zfé?@> (j‘;;ﬁn,Even)) ( x[n,y (ﬁx M, ))

Thus the (i3 (752, gven)) (i tnyiny (Be mn)), n € w, form an infinite descending

chain in the ordinals of the model 4 (MEven) This implies that Mge_ is
illfounded.

There are two ways to use our construction and the result just proved
about it to get the homogeneous Souslinness of the T-projection of U*. One
way is to use it to get the homogeneity of U*. We now show how this can be
done.

For p € T and m < (h(p), define B2 as in the earlier construction:
Br = j2m 2th(p (ﬁp m). Let a > 3, for all p. We can use the ordinals (7, to

define ultraﬁlters V, on ). For X C MPq, let

X eV, < (Bh | m < h(p)) € J§ o (X).

(p)

The arguments of the proofs of Theorems 8.2.6 and 8.2.7 show that the
V), are compatible that each V), is a v complete ultrafilter on h®) e, and
that whenever MEven is wellfounded then the direct limit model for the sys-
tem given by the Vi, n € w, is wellfounded. Since MS:,_ is wellfounded
whenever x belongs to the T-projection of U, we can verify homogeneity
condition (3').

There is only one problem in showing that (V, | p € T) witnesses that
U* is homogeneous for T: we must prove (U* | a)[p] € V, for each p. If we
can do this, then we will have shown that each V, induces an ultrafilter on
(U* | a)[p] and that the corresponding system of ultrafilters witnesses the
y-homogeneity of Ut | a

To prove that (U* | a)[p] € V,, we need to show that, for all m and m’
such that m < m’ < ¢h(p) and rp, C 7y,

Bﬁz < <jg,2£h(p) (ip;m,m’))(ggw)-

To see in simpler terms what we need to show, fix m and m’ with m <m’ <
¢h(p) and r,, C r,,. By the definitions of the ordinals £, what we must
show is that

Tom 2¢h(p (ﬁp ) < (jg,ZEh(p)(ip§mvm/))<j2m22h (Bptm))-
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By the elementarity of j5 20h(p)’ this is equivalent with the assertion that

Bprm’ < (jg,Qm’(ip§m:m/)>(j§m,2m’ (ﬁmm))-

Condition (iv) of our construction gives that

(ip;O,m’ (jgmgzgh(p)» (ﬁprm’) < lpym,m’ ((ip;O,m (jgm,%h(p))) (@)Fm))'

By the elementarity of iy, s and of iy (75, 2ﬂl(p)), this is equivalent with
the assertion that

5p{m’ < (ip;O,m’ (jgmgm/))(ip;m,m’(ﬁprm))~
We will prove a theorem showing that that, on the ordinals,

a) jg,zm/(imm,prm’) agrees With ipjm ppm;
. .p . p .
b) L9, pim/ (ij,Qm’) agrees with ]2m,2m’7
C) ipfm,me’ © jgm,?m’ agrees with jgm,?m’ © iprm,mm’-

It will be easy to see that these facts give the equivalence of the two inequal-
ities above.

Instead of proceeding directly to the proof of this result, we first illustrate
the ideas in a simplified form.

Lemma 8.3.1. Let k be a strong limit cardinal and let Let U be a k-complete
ultrafilter on some set X. Let V € V,; be an ultrafilter a some set X (which
must also belong to V). Then

(a) iy(iy) = iy | UL(V; V),
(b) iy(iy) =iy [ Ul(V;U);
(C) iuoiv [ON:Z'VOZ'M [ON

Proof. Let j =iy and i = 4.
(a) We will prove two technical facts and deduce (a) from them.

(i) IfY e Ult(V; V) and Y C j(X), then

YejlU)~{zeX|jiz)eY}el.
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To prove (i), first let Y be an element of j(X). Let f : X — P(X) be
such that Y = my([f],,). Let

K={zeX| f(z) eU}.

By Theorem 3.2.5, K € V. Let

Z=) flx).

rzeK

The k-completeness of U implies that Z € V. The following chain of impli-
cations show that j”Z C Y.

z€Z — (VxeK)ze f(x)
— {z]ze f(x)f eV
= j(z) e m([f1y)
— j(z) €Y.

Now let Y € Ult(V;V), Y C j(X), and Y ¢ j(Uf). Then j(X)\Y €
j(U). By what we have already proved, {z € X | j(z) ¢ Y} € j({U/). Thus
{zeX |jz)eY}elU.

(ii) For each F € Ult(V; V)N XULL(V; V), define ®(F) : X — Ult(V; V)
by
(®(F))(2) = F(j(2)).

Vi V) there is an F € Ult(V; V) n7&UL(V; V)
V:V) and

[®(F)] =[Gl

Then for each G € *Ult(
such that F : j(X) — Ult(

Let G € *Ult(V;V). Choose for each z € X an f. such that G(z) =
m([f:]y) = G(2). Define h: X — XV by

(h(2))(2) = [.(@).

Let
F=my([h],).
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Clearly I € Ult(V; V) NI XUL(V; V). For any z € X,

F(i(z) = (m([h]y))((2)
= WV(IIfz]IV)
= G(2).

To prove (a), let @ be as in (ii). For F € Ult(V; V) N &SULL(V; V), set

‘I’*([F]]j(m) = [[‘I)(F)]lu

To see that ®* is well-defined, note that

[Filj0 = [F2)00 < {v€J(X) | Fiy) = F2(y)} € j(U)
< {2eX|R(j(?)=FR(i(z)}elU
o {ze X | (®(F))(2)
< [®F)]y = [®(F)]y-

The second of the biconditionals is a consequence of (i). A similar chain of
equivalences shows that

Ult(V;V)
P Ult(V; V) < [ Ult(v; ).
i) u

(See the proof of Lemma 8.3.3 below.) By (i), the elementary embed-
ding ®* is a surjection, and so it is an isomorphism. This in turn gives

that m, o ®* o (W;J(Z()V;V))*l is an isomorphism between (j(4))(Ult(V;V)) and
i(Ult(V;V)). Since these two classes are transitive, they must be identical,

and the isomorphism must be the identity. If w € Ult(V; V), we have

.. Ult(V;V Ult(V;V
GENw) = me ™ (lewlip ™)

* )\ 5
(@ ([eulyy ™)

= mu(lcwly)

= i(w).

Here we have ambiguously used “c,,” for two distinct functions with constant
value w.
The proof of (a) is now complete.
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(b) The proof of (b) is simpler. Since U is k-complete and since X €
Vi, Lemma 3.2.11 implies that V' and Ult(V;U) have the same functions
f X — U(V;U). Since i(V) =V, we have that [];y\ “ Ult(V;4) and
[I, Ult(V;U) are identical and that i(j) [ Ult(V;U) = 5 | Ult(V;U).

(c) Let @ € ON. By (a) and by the elementarity of j, we have that

(We could just as well have deduced (c) from (b) and the elementarity of .)
U

From now through Theorem 8.3.6, let k be a strong limit cardinal and
let T € V. be an iteration tree of length < w on V with tree ordering T,
extenders E,, n+1 < (h(T), models M,,, n < (h(T), and embeddings jm n,
mTn < (h(T). Forn+1 < (h(T), let 6, and \, be such that E, is a
(O, \)-extender in M, .

The following lemma is a generalization of assertion (i) of the proof of
Lemma 8.3.1, with the embedding ¢y, replaced by the embeddings jo,. (See
Exercise 8.3.1, however.) Because the jj,, are the embeddings of an iteration
as opposed to a single ultrapower, our proof is by induction. The individual
steps are similar to the proof of Lemma 8.3.1. No extra problems are caused
by (1) the fact that the ji,, ,)- ,,; come from extenders rather than ultrafil-
ters or (2) the fact that the ultrapowers are of models to which the extenders
to not belong.

Lemma 8.3.2. LetU be a k-complete ultrafilter on a set X. Let n < (h(T).
IfY € M,, andY C jon(X), then

Y € jonUh) < {z€ X | joun(z) €Y} €U.

Proof. We prove the lemma (for fixed ) by induction. It trivially holds
for n = 0. Suppose that it holds for all " < n. Let m = (n+ 1);.

First let Y be any element of j,+1(U). Let a and f be such that Y =
ﬁﬁm([a, f}]ﬁm). Let

K ={z€[6.) | f(x) € Jom@)}.
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By Theorem 6.3.15, we have that K € (E,),. By our induction hypothesis
for m, choose for each x € K a set Z, C X such that

ZyeU N (Vz € Z,)jom(z) € f(x).

Let Z = (,cx(Z:). The k-completeness of U implies that Z € U. The
following chain of implications shows that jy,,,Z C Y.

2€/ — (VreK)zeZ,
— (Vo € K) jom(z) € f(2)
= Az [jom(2) € f(2)} € (En)a
= Jmanr1(Jom(2)) € Wﬁm([a,fﬂﬁm)
— Jomt1(2) €Y.

Now let Y € Mna Y g jO,n+1 (.CL'), and Y §é jo’nJrl (U) Then jO,n+1 (X) \Y S
Jont+1(U). By what we have already proved, {z € X | jont+1(2) ¢ Y} belongs
toU. Thus {z € x| jont1(2) €Y} € U. d

The next lemma generalizes assertion (ii) of the proof of Lemma 8.3.1 in
the way that Lemma 8.3.2 generalizes (i). The proof is in two ways more
complicated than the proof of Lemma 8.3.1: Like the proof of Lemma 8.3.2,
it proceeds by induction. (But see Exercise 8.3.1.) The fact that the £,
are extenders rather than ultrafilters occasions an additional use of the s-
completeness of U.

Lemma 8.3.3. LetU be a k-complete ultrafilter on a set X. Let n < (h(T).
For each F € M, N7°»X) M, define ®,(F) : X — M, by

(®n(F))(2) = F(jon(2))-
Then for each G € XM, there is an F € M, No=X)NM, such that F :
Jon(X) — M, and
[22(B) ]y = [Gly-

Proof. We prove the lemma by induction. The case n = 0 is trivial. Assume
that the lemma holds for U for all n’ <n. Let m = (n +1)7.

Let G € *M, . Choose for each z € X a pair (a., f.) such that G(z) =
e ([a., fz]]gflm). By the k-completeness of U, let a € [\,]<¥ be such that
{#z]a,=a} €eU. Thus

{z1G(2) = mgi([a. f]mm)} € U
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Define G* : X — M,, by
G*(z) = f..
By our induction hypothesis for M, let F* € M, N 6,m(X) be such that
(@ (F)]y = [G7L,y-
Define h : [6,]l — M,, by letting h(z) € 7o=(X) M, be given by

(h(2))(y) = (F*(y)) ().

Let F = m'([a, h]]ﬁm) Clearly F belongs to M,,,; N~ M, . We must
show that

{2€ X | Fljom(2)) = G(2)} € U.
We know that

{ze X [{z|G(2) = mpi(la. LIm)} €U A F(jom(2)) = G*(2)} € U.

Let z be any member of this set. For any z € jo,,(X), we have that

(h(2))(Gom(2)) = (F*(Jom(2)))(x)
= (G*(z )(@)

Hence

F<j0,n+1(z)) = F(jm,n+1<j0,m<z>>>
= mp (o, £150)
= G(2).

g

The next lemma and its corollary generalize part (a) of Lemma 8.3.1.
Their proof is essentially the same as the proof of Lemma 8.3.1 from (i) and

(ii).

Lemma 8.3.4. LetU be a k-complete ultrafilter on a set X. Let i = 1. Let
n < (h(T). Define ®, as in the statment of Lemma 8.3.3. For F € oY) M, |
set

‘I’Z([F]]jo,n(u)) = [[‘I’n(F)]]u
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Then ®; is well-defined and

Proof. Let ¢(vy,...,v;) be a formula of the language of set theory and
let F,...F, be elements of M, N7°~X) M\, We have the following chain
of equivalences, where Lemma 8.3.2 is used to get the third line from the
second:

[Tjona Ma b= ollFDG (u)w--’[Fk]l%’L(m]
< {y €jon(X) | My = [Fi(y), ..., Fi(y)]} € JonU)
—{ze X | M, = ¢[Fi(jon(2)), ,F(
e {2€ X | My E @l(@,(F))(2), .., (Bu(F
A Hu M, & SO[Hq)n(Fl)]lu’ S[® ( )]]u

Taking v = v for ¢, we see that ®; is well-defined. Taking ¢ as arbitrary,
we then see that ® : H "y Mn < Hu

By Lemma 8.3.3, the elementary embeddlng ®* is a surjection, and so it
is an isomorphism. O

Corollary 8.3.5. Let U be a k-complete ultrafilter on a set X. Let i = iy.
Let n < (h(T). Then

(1) (o (i) (My) = i(My);
(i) jon(i) =i | My.

Proof. (i) follows immediately from Lemma 8.3.4. For (ii), note that, for
w e M,,

(Gon () (w) = W%Z(u)ﬂ[cw]l?ﬁ(m)

where we have once more ambiguously used “c,” for two distinct constant
functions. U
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The theorem that follows is analogous to Lemma 8.3.1. Besides the extra
complications due to the replacement of the V of Lemma 8.3.1 by the jg,,
there are other complications. Part (b) of the theorem asserts that i acts
trivially on the j,,, not just on the jo,. Part (a) involves not just U but
also another ultrafilter 2/’ that projects to Y. It says that the jo, act trivially
on the canonical embedding i* : Ult(V;U) < Ult(V;U").

Theorem 8.3.6. Let U and U’ be k-complete ultrafilters on sets X and X'
respectively. Let i = iy and let i’ = iy, Assume that U’ projects to U by
X X' — X. (See page 199.) Let i* = iy : Ut(V;U) < Ul(V;U'). Let
mTn < h(T). Then

(a’) ]O,n(Z*) =1 r]O,m<Ult<V7u)) =1 rl(Mn);

(b) Z(]m,n) = Jmn (M) = Jmn fjo,m(Ult(V;U));

(¢) ©*0 jmm [ ON = j,, 04 [ ON.

Proof. Note first that

Jon(U(V5U)) = Jon(i(V))
= (jO,n (Z)) (jO,n(V)
= (Jon(i))(My)
= 7;<Mn)v

where the last line follows from its predecessor by Corollary 8.3.5.
(a) Define ®,, as in the statment of Lemma 8.3.3. Similarly define @/,
from U’'. Let x € jo,(Ul(V;U)) = i(M,). By Let F € 0+ M, be such

Mpy Mn
that z =" ) ([F1}," @) By Lemma 8.3.4,

o a0 ([Fon @) = mu([R(F)],)-
We have that

i . L - M,
(Jon (i ))(W;\jn(u)(x)) = (Jonl(i ))(W%,L(M)O[F]ljom(u))

n s M”VL
ﬂjj“o{n(u/)(llFOjO,n(X)ﬂjO,n(u’))'
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([®(F) o xlw)

= mu([F o jon o X]y)
ul([F © Jon(X) © Jonlur)
u([®'(F 0 jo.n (X))

o (L @ JonCOL50 )

|
3

u

Il
3

|
3

|
3

(b) We proceed by induction on n. Suppose (b) holds for all m’ and n’
such that m'T'n’ < n. Let m = (n+ 1);. Since U is k-complete, it follows
from Lemma 3.2.11 that V' and Ult(V;U) have the same functions from
““k to Ult(V;U). By the elementarity of jg, this implies that M, and
Jom(Ult(V;U) have the same functions from <“jo (k) to jo..(Ult(V;U)),
i.e., to i(Mgz). It follows that Mg and i(My) have the same functions from
<o, to i(My). Since i(E,) = E,, and since i(My,) is the domain of ¢(jz n1,
we get that

i(Jmmnt1) = Jmns1 [ 1(Mg).
To finish the proof of (b) for n+1, let m T n+1. By our induction hypothesis,
we have that

i(Jmm) = Jmam [ 1(Mp).
Thus

i(jm,n—i—l)

(c) Let @ € ON. By two instances of (a) and the elementarity of jy, ,, we
have that

i (Jmn(@)) = (Jon(i")) mm())
- ]m,n((]O,m(l*))(O‘))
= ]m,n(2*<a))
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Let us now apply Theorem 8.3.6 to show that the construction of the
beginning of this section gives the homogeneity of U*. In the notation of that
construction and the subsequent discussion, let p € T"and let m < m’ < ¢h(p)
with r,, C r,,. By the discussion on page 473, it the y-homogeneity of U | o
will will follow if we can prove that

61’“”/ < (jg,Zm’(iPQm,m/))(jgm,Qm’ (ﬁpfm»

By condition (iv) of our construction and by the discussion on page 473, we
have that

ﬁprm’ < (Z.p;Ovm’ (jgm,zm/))@p;m,m’ (@orm))-
By part (b) of Theorem 8.3.6, we get that
Bpfm’ < jgm,zm/(ip;mym’ (Bprm))-

By part (c) of Theorem 8.3.6, we get that

Bme’ < Z‘Jo;m,m/ (jgm,Qm’ (@tﬁm)'
Finally we apply part (a) of Theorem 8.3.6 to get the desired inequality.

The second way to use our construction to get the homogeneous Souslin-
ness of Ut is due to Katrin Windfus.

Let T be any game tree and let A C [T]. Let A be an infinite cardinal
number. Say that A of U* has a A-closed embedding normal form, if there is
a system

(Mp | p €T), (kpip [ 1 Sp2€T))

witnessing that A has an embedding normal form and such that
(Vp e T)*M, C M,.

Here is WindBus’ theorem:

Theorem 8.3.7. Let T be a game tree, let A C [T, and let

(<Mp lpeT), <kp1,p2 |p1 Cp2eT))

witness that A has a 2%°-closed embedding normal form. Let v be a cardinal
number such that -y > crit ky, ,, for all py and p; € T with p1 € ps.
Then A is y-homogeneously Souslin.
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Proof. For p € T, let A, be the T-projection of T[p]. Let a € Ord. Let
U, be the set of all {p,u) such that p € T, u € ®®V and, for all m and n
smaller than ¢h(p),

() w(m) : [T T ml] \ Ay —
(b) m < n = (Vo € [Tl [ n]] \ Aypa) (u(n))(a) < (u(m)) ().

We first show how to define a tree whose T-projection is A. This con-
struction will make no use of the given embedding normal form.

Let « be infinite. Let (z, f) € [U,). We show that A is the T-projection
of U,. Let x € [T]. First assume (z, f) € [U] and that x € [T]\ A. Then
x € domain f(n) for every n € w and (f(n))(x) < (f(m))(x) whenever
m < n € w. This is a contradiction. Now assume that z € A. For n € w and
y € [Tz m]]\ Apm), let (f(m))(y) be n —m, where n is the least number
such that z(n) # y(n). Then (z, f) € [U].

We now use our embedding normal form to prove that U, is homogeneous.

For each x € [T}, let (M, (k3. | m € w)) be the direct limit of ((My, |
M € w), kypmam | m < n € w)).

Let X € [T]\ A. Let (2, | n € w) be an infinite descending sequence
of ordinals of the illfounded model M,. For each n € w, let 5% and k, be
such that z, = k7, (8;). We may assume that the sequence (k, | n € w)
is strictly increasing. Multiplying the given 3% by w if necessary, we may
assume that each 37 is a limit ordinal. Filling in if necessary, we may assume
that k, = n for all n. Thus the sequence ¥ has the property that

(Vm e w)(Vn e w)(m <n — By, < kypmam(B))-

Let o be an ordinal larger than all the ordinals 3;.
For each p € T, let g, : [T'[p]] \ A — Ord be defined by setting

gp() = Bin(p)

for all z € [T[p]] \ A. Since ° M, C M,, the function g, belongs to M,.
For p e T, let

Up = {X S (Ua)P] | (Kpimp(Gpim) | m < Eh(p)) € ko) (X)}-
To see that Ulp| € U, observe that, for m and n < ¢h(p) and = € [T'[p]]\ A4,

m<n = By <kymam(B)
- kmn,p(ﬁﬁ) < kprm,p(ﬁﬁ)
= Eptnp(Gpin (7)) < Kppimp(gpim ().
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By arguments like those in the last parts of the proofs of Theorems 8.2.6
and 8.2.7, one can show that (U, | p € T') witnesses that U, is y-homogeneous.
O

Using Theorem 6.3.7, it is easy to prove a strengthened One-Step Lemma
in which it is demanded that if the models v < 8§, 2°M C M, and 2°N C N,
then 2" (Ult(N; E)) C Ult(N; E). (In [Martin and Steel, 1989], this is done,
but with the unimportant difference that R, replaces 2%.) If we do the
construction of the beginning of this section using this version of the One-Step
Lemma, then all the ./\/lg will satisfy 23/\/{5 - Mf . Thus the construction
will yield a 2%-closed embedding normal form for the T-projection of U*.
Thus Theorem 8.3.7 will yield Theorems 8.2.8 and 8.2.9.

In [Koepke, 1998], the Windfus’ construction is used to prove the re-
sults of this chapter without any use of homogeneous trees. This is done by
propagating directly the property of having an embedding normal form.

The hypothesis of 2%-closure cannot be omitted from Theorem 8.3.7.
This seems to have been noted by several people, including Menachem Magi-
dor and Koepke. See Exercise 8.3.2.

In [Neeman, 1995], [Neeman, 2002], [Neeman, 2004], [Neeman, 2010], and
[Neeman, 2007], Neeman develops machinery that starts with something like
the Martin-Steel construction but goes far beyond it. With this machinery,
he is able to prove determinacy for large classes of games. These include not
just larger classes of ordinary w-length games, but also classes of games with
transfinitely many moves, even certain games of length w;. Furthermore his
theorems have large-cardinal hypotheses that are provably optimal.

Exercise 8.3.1. Let 7 be an iteration tree on M and let n € w. Prove
that there is an extender F in the sense of Exercise 6.1.2 such that £ € V,
and jg,, = ig. Using this result one can eliminate the use of induction from
Lemmas 8.3.2 and 8.3.3.

Hint. Let A be such that each EJ, m < n,is in M/ a (§,\) extender
for some X\ < A. Prove inductively that every element of M, is of the form
(J0n(f))(a) for some a € [A]<“. (The basic fact is that

M 1) .
|[b7 g]lE% ' )T - (](77;1+1);’m+1(g))(b)

Use this fact to deduce that jo, = ip, where E the (generalized) (crit (jon), A)-
extender derived from jo .
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Exercise 8.3.2. Assume that there is a measurable cardinal and prove that
every A C “w has an embedding normal form.

Hint. (The following example is from [Koepke, 1998]. The result was
probably first proved by Magidor.) Let a — z, be a one-one correspondence
between 2% and “w. Let A C “w. Let k be measurable and let ¢ be a
uniform normal ultrafilter on k. Let i = 4. Let N = Ultyn, (V;U). For
s € ““w, and a < 2, define Jap @ N < N inductively as follows. Let jj be
the identity. Let

.5 — twa if s € Zq and Lo ¢ A;
Jaat1 the identity otherwise.

(See §3.3 for definitions.) For v < « let
ji,oﬂ»l = jz,oﬂrl o j:;,oz'
For limit ordinals A < 2% let
(N, (o [ < A))
be the direct limit of the system
(N Ta<A), (ogla<p <),

which one can verify inductively to be directed. Now let My =V and M, = N
for s € <“w\ (). For s Ct € <“w with ¢(h(t) = ¢h(s) + 1, let

k' . 7;072}20 lf S = @,
SR Y )

Define k,; for other s C t € <“w by commutativity. Show that
(My | 5 € <“w), oy | 5 St € <))
gives an embedding normal form for A.

Exercise 8.3.3. Recall that a cone of degrees of unsolvability is the set of
all degrees of unsolvability above some particular degree. For any degree of
unsolvability d, let T(d) be the set of sentences true in class models (L[x])[H]
where 2 has degee d and H is Coll(w, wy’ m)—generic over L[z]. (See page 539.)
Assume that, for each positive integer n, there is a transitive proper class

M and a countable ordinal s such that
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(1) M isamodel of ZF + V = L(V,) + DC, + “There is no ' < k such
that &’ is Woodin” + “k is Woodin”; i.e., M is as in Exercises 7.4.7,
7.4.8,7.4.9, 7.4.10, and 7.4.13 and ~ is Woodin in M;

(2) M is n-iterable.

(See Exercise 7.4.10.) Use the result of Exercise 7.4.13 to show that T(d) is
constant on a cone of degrees.

This result is due to Woodin, who has also proved that if T(d) is con-
stant on a cone of degrees, then all II} games in <“w are determined. Using
the fact that Exercise 7.4.10 and a simple forcing argument show that the
consistency of ZFC + “There is a Woodin cardinal” gives the consistency
of the hypothesis of the present exercise, Woodin also deduced the following
theorem:

If ZFC + “There is a Woodin cardinal” is consistent, then so
is ZFC + “All TI} games in <“w are determined.”

Woodin has proved the converse of this theorem, so it is an equiconsistency
result. (See part (4) of the hint to Exercise 9.6.4.)
Hint. Fix n € w, and let M be as given by the assumption for n + 1.
Let
Ay ={ze“2|r < AVMe L]}

It suffices to show that, for H as above, the set of ¥, sentences true in L[z]
is constant on A,,. The set A,, of degrees of members of A,, contains a cone.
Hence (), A, contains a cone, and we will have that T(d) is constant on

Argue as follows. For x € A, let T, be the iteration tree given by Exer-

cise 7.4.13. Let H be as above. Since |PM (72):€(Te)| M(Tz) — wlL[z , it follows by

Lemma 25.11 of Jech [1978] that there is an H’ such that H' is Coll(w, wf[x])-
generic over M (7,) and

(Llz)[H] = (M(T2))[Gy" T TN [H] = (M(T,)[H].

Hence for x € A the set of 3, sentences true in (L[x])[H] depends only on
the set of ¥,, sentences true in M(7,). Since M is (n+ 1)-iterable, this is the
same as the set of ¥,, sentences true in M.
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