Philosophy 136 Winter 2011 Tony Martin

Modal Logic

0 Review of Sentential Logic

The language £ of sentential logic.

Symbols:
(i) sentence letters po,p1, p2,. ..
(ii) connectives D,
(iii) parentheses (,)
Formulas:

(i) Each sentence letter is a formula.
(ii) If A is a formula, then so is —A.
(iii) If A and B are formulas, then so is (A D B).
)

(iv) Nothing is a formula unless its being one follows from (i)—(iii).

We may sometimes call formulas sentences.

Remarks:

(a) We shall mostly ignore the use-mention distinction, treating symbols
and formulas as their own names.

(b) In the presence of the first three clauses of the definition of formula,
Clause (iv) justifies proof by formula induction and definition by recursion on
formulas. Using proof by formula induction, one can prove that all formulas
of £ have some property P by showing that all sentence letters have P, that
—A has P whenever A does, and that (A D B) has P whenever both A
and B have P. Using definition by recursion on formulas, one can define a
function f whose domain is the set of all formulas by directly defining f(p;)
for each i, defining f(—A) in terms of A and f(A) for each formula A, and
defining f(A D B) from A, B, f(A), and f(B) for all formulas A and B. In
a similar manner, definition by recursion on formulas allows one to define
a property of formulas. The proof of Lemma 0.1 is an example of proof
by formula induction. The definition preceding that lemma is an example
of definition by recursion on formulas. We will often say “induction” for
“formula induction” and “recursion” for “recursion on formulas.”



Abbreviations:

(AV B) for (mA D B)

(A/\B) for —\(—\A\/—\B)

(A= B) for ((ADB) A (BDA))
T for (=po V po)

L for (=po A po)

p for Do

q for p1

r for D2

S for D3

We shall also write

(AL VAV ...VA,) for (A1V (AaV (...VAp))--)
(AL ANAg A NA,) for (AT A (A A (L AAR)) )
(A;DA3D...DA,) for (A1D(AD(...DA4,)) )

Semantics.

A waluation (for L) is a set of sentence letters. For valuations o and
formulas A we define by recursion on formulas the relation a = A (& A is
true under o < « satisfies A):

(i) aFp & pi€a;
(i) aF-A & aEA;
(iii) aF(ADB) & (afFAoral=B).
The notion of a sentence letter occurring in a formula is defined by

recursion in the obvious way.

Lemma 0.1. Let o and 3 be valuations for L. For any formula A, if « and
B agree on all sentence letters occurring in A (i.e., if p; € o < p; € (B for
every p; occurring in A), then

aEFEA & fEA

Proof. We use formula induction.
If o« and (3 agree on p;, then this fact and clause (i) of the definition of
= give us that

alEp & pecaspefe fBEDp.



Suppose that that our assertion holds for a formula A. Assume that «
and (8 agree on all sentence letters occurring in —A. Then they agree on all
sentence letters occurring in A (the same sentence letters). By our induction
hypothesis for A, we get that « = A < (3 = A. This and clause (ii) of the
definition of = yield

aEFE-"AesalfEAs FEAS [E-A

Finally suppose that our assertion holds for formulas A and B. Assume
that o and [ agree on all sentence letters occurring in (A D B). Then
they agree on all sentence letters occurring in A and on all sentence letters
occurring in B. Using clause (iii) of the definition of = and our induction
hypothesis for A and B, we get that

aE(ADB) & (aftAoral=EB) & (fEAor f=DB) & = (ADB).
O

The Implication Relation.

A formula A of £ is valid (< = A) if and only if A is true under every
valuation for £. A formula A implies a formula B (< B is a consequence of
A < A = B) if and only if B is true under every valuation under which A
is true. If « is a valuation and ® is a set of formulas, then ® is true under
a (& a = @) if and only if every member of ® is true under a. If B is a
formula and @ is a set of formulas, then ® implies B (< B is a consequence
of ® & & = B) if and only if B is true under every valuation under which
® is true.

Remark. Note that the symbol “E” is ambiguous. We use it to mean
“satisfies” and also to mean “implies.” This ambiguity is unfortunate, but
both uses are standard.

Deduction.

We shall consider various aziomatic systems for £ and for other lan-
guages. Each axiomatic system S will have azioms and rules of inference.
A deduction in S from a set ® of formulas is a finite sequence of formulas
(the lines of the deduction) each of which is an axiom, a member of ®, or
a consequence of earlier lines by a rule of inference. The members of ¢ are
the assumptions or premises of the deduction. A proof in S is a deduction
in S from the empty set of formulas. We say that A is deducible from ® in S



(& @ g A) if and only if there is a deduction from ® in S with last line A
(a deduction of A from ®). A is provable in S (& Fg A) if and only if there
is a proof in S with last line A (a proof of A). When there is no ambiguity,
we shall usually write - for Fg.

The axiomatic system SLg for £ is as follows:

Axioms:

1) BD>(ADB)
2) (FADB) D ((mFAD>-B) D A)
3) (AD>D(BDC)) D ((ADB) D> (A—=0))

Remarks:

(a) Note that (1)—(3) are not axioms but aziom schemas. There are
infinitely many instances of each of these schemas, since A, B, and C may
be any formulas whatsoever.

We have used abbreviations in presenting these axiom schemas, in that
we have dropped parentheses.

A ADB

Rule of Inference: (MP) 5

The axiomatic system SL for £ has the rule of inference MP and has as
axioms all valid formulas of L.

The following theorem, which we shall neither prove nor make use of,
asserts that the systems SLy and SL are equivalent.

Theorem 0.2. For all formulas A and sets ® of formulas,
@I_SLO A s ‘I)l—SL A.

An axiomatic system S for L is sound if and only if, for all formulas A
and sets ® of formulas,

dPHg A = P EA,
and S is complete if and only if, for all A and P,
P ): A= l_S A.

If soundness or completeness holds for the special case that ® is the empty
set, then the system is weakly sound or weakly complete respectively.
We assume without proof the following basic fact.



Theorem 0.3 (Compactness). If A is a formula, ® is a set of formulas,
and ® = A, then there is a finite subset A of ® such that A | A.

Theorem 0.4 (Soundness and Completeness of SL). The system SL
1s sound and complete.

Proof. Soundness: Let ® be a set of formulas. Let D be a deduction from
® in SL. We prove by (complete mathematical) induction that every line of
D is a consequence of ®. This is evidently the case for lines that are axioms
or members of ®. Suppose that a line B comes by MP from earlier lines A
and A D B. Assume that ® = A and that ® = A D B. To see that ® = B,
let o be a valuation under which & is true. By our induction hypothesis, A
and A D B are both true under . Hence B must be true under «.

Completeness: Suppose that ® = A. By Compactness, let {By,..., By}
be a finite subset of ® such that {By,...,B,} = A. Then

E B D>---DB,DA.

Therefore this formula is an axiom of SL. We get a deduction of A from ¢
as follows (with the justification of each line indicated):

1. Bi>---DB,DA Axiom

. B, Premise

3. By>.---ODB,DA 1,2 MP

2n — 1. B,DA 2n —3,2n — 2 MP

2n. B, Premise

2n + 1. A 2n — 1,2n MP O

Exercise 0.1. Which of the following are valid? Prove your answers.

(1) ((po D (p1 D p2)) D (11 D p2)).
(2) ((po D p1)V(p1 D p2)).

Exercise 0.2. Which of the following are statements are true? Prove your
answers.

(1) {(po D =p1), ((p2Vpo) D (p1Vp2)), P2} E —po-
(2) {((=p3 Vpo) Vp1), (=p1 D =p2), (po D (P2 Ap3))} = p1.



1 The System S5

The language £(0).

Symbols:
(i) sentence letters po, p1, p2,. ..
(ii) connectives o, ~, 0
(iii) parentheses (,)

The symbol [ may be read “necessarily” or “it is necessary that.”

Formulas:
(i) Each sentence letter is a formula.
(i

(iii

If A is a formula, then so is —A.
If A and B are formulas, then so is (A D B).

(iv) If A is a formula, then so is OA.

)
)
)
(v) Nothing is a formula unless its being one follows from (i)—(iv).

Remark. Formula induction and definition by recursion on formulas
apply for £(0), but there are four steps rather than three steps as in the
case of L.

Additional abbreviations:

QA for -O0-A4

vA for OA N -0OA

(A — B) for 0O(A D B)

(A< B) for ((A— B) AN (B— A))

The symbol ¢ is read as “possibly” or “it is possible that.” Read v/ as
“it is contingent that.” Read — as “strictly implies” and < as “is strictly
equivalent with.”

Semantics.

Our formal semantics is motivated by the conception of necessity as truth
in all possible worlds. A model for £(O) is triple M = (W, wo, ¢), where
(i) W is a non-empty set;
(ii) wo € W

(iii) ¢ is a function that assigns to each w € W a valuation ¢,, for L.



The set W represents the universe of all possible worlds, and we call its
elements the worlds of the model. The object wy represents the actual
world, and we shall call it the actual world of the model. We call ¢ a modal
valuation, and from now on we speak of the valuations of Section 0 (and so
also of the individual valuations ,,) as simple valuations.

Ezample. Let MM = (W, wq, ¢), with W = {wq, w1, wa, w3, wy, ws} and,
for 0 <k <5,
[ {p1,p3} if kis odd;
Pn = { {p2,p3} if k is even.

We can also describe this model by a diagram as follows:

wy : P2,p3
w1+ P1,P3
w2 P2,P3
w3 P1,P3
Wq * P2,P3
w5 P1,P3

The superscript * on wy indicates that it is the actual world of the model.

For models 9 = (W, wy, ¢), worlds w of 9, and formulas A, we define
by recursion on formulas the relation w Fgn A (& A is true at w in 9M).
(i) wEmpi < pi € Puw;

(i) w a4 & w e A;
(iii) w EFm (AD B) & (wem A or w =9 B);
(iv) w FgmUOA & forallve W, v=gm A.

We say that a formula A is true in a model M = (W, wo,¢) (& Em A &
M satisfies A) just in case wo Fon A.

Example. Let 9t be the model of the Example above. The following

formulas are true in M: ps2, p3, —p1, Ups, —Opy, —Opa, Op1, Op2, Ops,
O(p1 V p2), =(Op1 vV Opa), =0(p1 Ap2), O0p1, =00p1, ~0O0p1, OOp:1.

Lemma 1.1. For any model M, any world w of M, and any formulas A
and B,

(1) w F=on OA if and only if A is true at some world of M;



(2) wEom A — B if and only if B is true at every world of M at which
A is true;

(3) w = A < B if and only if A and B are true at the same worlds
of M;

(4) w Eon VA if and only if there is a world of M at which A is true
and there is a world of MM at which A is false.

Exercise 1.1. Consider the model given by the following diagram:

wy o p1,p2
wp t P1
w2 I P2
w3

Which of the following formulas are true in the model?

p1Vp2; O(pr D —p3); O0(p1 Ap2); Opi V) V O(—p1 V —p2)

Explain your answers.

Lemma 1.2. Let M = (W, wo, @) and M = (W, wy, ¢’) be models. For any
formula A, if for every w € W the simple valuations o, and @), agree on
all sentence letters occurring in A, then

for allw e W.

Proof. We us formula induction, as in the proof of Lemma 0.1. All the
steps except that of [ are similar to the corresponding steps of the proof of
Lemma 0.1.

Suppose that our assertion holds for a formula A. Assume that, for every
w € W, ¢, and ¢/, agree on all sentence letters occurring in [JA. Then, for
every w € W, ¢, and ¢, agree on all sentence letters occurring in A. Let
w be any member of W. By definition, w gn OA if and only if v Fgn A
for all v € W. By our induction hypothesis for A, this is true if and only if
v g A for all v € W, and this in turn holds just in case w o OA. O

The Implication Relation.

A formula A of £(O) is valid (< = A) if and only if A is true in every
model for £(0O). A formula A implies a formula B (< B is a consequence



of A & A B) if and only if B is true in every model in which A is true.
If 9 is a model and @ is a set of formulas, then @ is true in M (< =g D)
if and only if every member of ® is true in 9; P is true at a world w in M
(& w =on @) if and only if every member of ® is true at w in M. If B is a
formula and @ is a set of formulas, then ® implies B (< B is a consequence
of ® & @ = B) if and only if B is true in every model in which ® is true.
Let us say that a formula or a set of formulas is satisfiable if there is a model
in which it is true.

Ezample. The formula Op D p is valid. To show this let 0t = (W, wy, )
be a model. To prove that [p D p is true in M, we assume that Clp is true
in M and argue that p is true in M. Since 9y Op, we have by definition
that w [=gn p for every w € W. In particular, wg = p, i.e., Fom p.

Ezample. {O(p1 V p2), "Op1} |~ Ops. Consider the following model

wS: P1
wy P2

Both O(p; V p2) and —Op; are true in the model, but Ops is false (not true)
in it.

Exercise 1.2. For each of the following formulas, either prove that the
formula is valid or give a model in which it is false.

OOp=0p; OOp=0p; O(pvOg) D (0pvOg).

FExtended valuations.

Say that a formula of £([J) is sententially atomic if it either is a sentence
letter or is (1B for some formula B. An ezrtended valuation is a set of senten-
tially atomic formulas. Note that every formula of £(0J) can be built from
sententially atomic formulas by finitely many applications of the operations
of negation (A — —A) and forming conditionals (A, B — (A D B)). For
extended valuations « and formulas A, we define by recursion the relation
a A (& Ais true under a < « satisfies A):

(i) if A is sententially atomic, then a F A & A€ a;
(i) a F-A & aEA;
(iii) aF(ADB) & (afFAoralB).



A formula A is a tautology (< = A) if and only if if A is true under
every extended valuation. The notions A tautologically implies B (< B is
a tautological consequence of A < A |y B) and ® tautologically implies
B (& B is a tautological consequence of ® < & |=¢ B) are defined in the
obvious way.

Lemma 1.3. For any formula A and set ® of formulas,
(a) P A = PEA;
(b) if A and all the members of ® are formulas of L, then

Proof. (a) Assume that ® =; A and let 9t be a model in which @ is true.
Let 7 be the set of all sententially atomic formulas that are true in 9t at
the actual world wg of 91. Then 7 is an extended valuation, and it is easy
to see by formula induction that, for every formula B,

W):B = wO’:gmB

This fact and our assumption that ® is true in 9 give us that m = ®. Since
® =y A, we get that 7 = A and so that wy Fon A.

(b) Assume that A and the members of ® are formulas of £ and that
® £, A. Let m be an extended valuation under which @ is true and A is
false. Let M = ({wo}, wo, ¢) where ¢y, is the set of all sentence letters true
under 7. By induction one can show that the formulas of £ true at wg in 9
are the same as the formulas true in 7. Thus 9t witnesses that ® = A. O

For formulas A of £, Lemma 0.1 and part (b) of Lemma 1.3 imply that
A is valid in the sense of §0 if and only if A is a tautology if and only if A
is valid in our current sense. Note, however, that the formula O(p D p) is
valid and is not a tautology, so part (b) of Lemma 1.3 does not hold if the
restriction to formulas of £ is removed.

Two models (W, wq, ¢) and (V,vg,v) are isomorphic if and only if there
is a one-one onto function f : W — V such that f(wp) = v and such that
Yw = Yy for every w € W. One consequence of the next exercise is that
isomorphic models satisfy the same formulas.

Exercise 1.3. Let M = (W, wo, ¢) and N = (V,vp,?) be models. Assume
that (1) @uw, = Yuy, (2) for every w € W there is a v € V such that ¢, = 1y,
and (3) for every v € V there is a w € W such that ¢,, = 1,,. Prove that
the same formulas are true in 91 as are true in M.

10



Deduction.
The axiomatic system S5 for £(0) is as follows:

Azioms:

(Taut)  All tautologies
(K) O(A>B)>(OAD>OB)
(T) OADA
(5) OADOOA

Rules of Inference:

A ADB
A
(Nec) A

The rule Nec is restricted in the following way. It applies to a line A of a
deduction only when some subsequence of earlier lines, followed by A, is a
proof of A (a deduction from no assumptions). Thus Nec is really a many-
premise rule rather than a one-premise rule. If we did not restrict Nec in
this way, the system S5 would be unsound. Note that in proofs (as opposed
to deductions) the restriction is vacuous.

Throughout the rest of §1, we shall write F for Fgs.

The definitions of sound and complete for axiom systems for £([J) are
just like the definitions for axiomatic systems for L.

Theorem 1.4. The system S5 is sound.

Proof. We first prove that S5 is weakly sound, that if = A then = A. Let
P be a proof in S5. We show that every line of P is valid. Assume that this
is false, in order to derive a contradiction. Let C be the first non-valid line
of P.

We show that C' cannot be an axiom by showing that every axiom is
valid.

All tautologies are valid by Lemma 1.3.

11



To see that K is a valid schema (i.e., that all its instances are valid), let
A and B be formulas and let 9t be a model in which (A D B) is true and
UA is true. Let w be any world of 9. Then A O B and A are both true at
w in M. Hence B is true at w in M. This argument shows that B is true
at every world in 91, and so that [JB is true in 9.

It is easy to see that T and 5 are valid schemas.

The conclusion of an instance of MP is a tautological consequence of its
premises. By Lemma 1.3, it is a consequence of its premises. Hence it is
valid if the premises are. Thus C' cannot come from earlier lines of P by
MP.

Suppose A is a valid formula. To see that [JA is also valid, let I =
(W, wg, @) be a model. Let w € W. Consider the model M = (W, w, p).
Since A is valid, o A. Hence w [=gn A. Since w was arbitrary, Fop OA.

The argument of the preceding paragraph shows that C' cannot come
from an earlier line of P by Nec.

We have ruled out all possibilities for C, so we have our desired contra-
diction.

Now let @ be a set of formulas and let D be a deduction in S5 from ®.
Assume for a contradiction that some line of D is not a consequence of ®.
Let C be the first such line.

Trivially every member of ® is a consequence of ®, so C' is not a member
of .

Since all axioms are valid, they are all consequences of ®. Hence C' is
not an axiom.

Observe that, for any sets I' and A of formulas and for any formula B,
if I' = every member of A and if A = B, then I' = B. Thus if the premises
of an instance of MP follow from ® then so does the conclusion. Hence C
cannot come from earlier lines by MP.

If OA follows from earlier lines by Nec, then there is a proof in S5 of
OA. Hence OA is valid; a fortiori, it is a consequence of ®. Hence C does
not come from an earlier line by Nec, and we have our contradiction. O

Example. = Up D O-—p.

1. p D P Taut

2. O(p D ——p) 1 Nec
3. Op>-—p>@p>0-p K

4. Up D U=—p 2,3 MP

Lemma 1.5. If A= B, then - OA D OB.

12



Proof. Assume that A |y B. Then A D B is a tautology. Thus the
following is a proof of (JA D B:

1. ADB Taut

2. O(A D B) 1 Nec
3. 0(A > B) > (DA > OB) K

4 0OA > 0B 2,3 MP

Lemma 1.6. If v A D B then - A D UB.

Proof. Given a proof of A D B, one can get a proof of (JA D OB by
appending by appending the three lines

OADB); OAD>DB)>(HADOB); DADOB O

Lemma 1.6 justifies a derived rule of inference, which we shall cite by
writing “Lemma 1.6.” In using this rule to construct abbreviated deductions,
we may enter a formula [JA D [JB on a line if the formula A O B is on an
earlier line and some if subsequence of still earlier lines, followed by A D B,
constitutes a proof of A D B.

Exercise 1.4. Assume that A =; B. Give an (unabbreviated) proof of

O0A D OB. Indicate briefly how to show that if H A D B then - 0A D OB.
Hint. Any formula C' O D and its contrapositive are tautological conse-
quences of each other.

Note that the last part of Exercise 1.4 justifies a derived rule of inference,
a rule we shall cite by writing “Exercise 1.4.

Lemma 1.7 (Compactness of |=). If ® =y A then there is a finite sub-
set A of ® such that A |=¢ A.

Proof. This follows from Theorem 0.3. (Pretend that the sententially
atomic formulas are sentence letters.) g

Lemma 1.8. If ® = A then &+ A.

Proof. The proof is just like that of the completeness part of Theorem 0.4.
O

Lemma 1.8 justifies the derived rule of inference TC according to which
a formula A follows from a set ® of formulas if ® =; A. In using this rule
to construct abbreviated deductions, we may enter a formula as a line if the
formula is a tautological consequence of earlier lines.

13



Lemma 1.9. If ®+ A and VU {A} - B, then @ UV I- B.

Lemma 1.9 justifies, in particular, allowing us to enter a formula A as a
line of an abbreviated deduction when we know that F A.

Lemma 1.10 (Deduction Theorem). If ® U{A} F B then ® - A D B.

Proof. Let D be a deduction of B from ® U {A}. We show by complete
induction that for every line C' of D there is a deduction from ® of A O C.

For any formula C, C = A D C. If C is an axiom or a member of ®,
then this plus TC shows that ® - A D C. If C is A, then A D C is the
tautology A D A.

A D C is a tautological consequence of A D F and A D (E D (). This
takes care of the case that C' comes in D from E and F O C by MP.

Suppose that C' is OJF and in D comes from E by Nec. Then F F, and
so C. TC givest+ A D C. O

Corollary 1.11. {Ay,..., Ay} F Bifand only if - A1 D --- D A, D B.

Proof. Repeated applications of the Deduction Theorem give “only if.” Re-
peated applicatins of MP give “if.” (Literally the proof is by mathematical
induction on n.) O

Lemma 1.12. For all positive integers n,
OA;D---DA,) FOA D---D0OA,.

Proof. The lemma is proved by induction on n, using K, TC, and the
Deduction Theorem. O

For @ a set of formulas, let O = {JA | A € ¢}.
Lemma 1.13. If ® + B then O® - B.

Proof. Deductions are finite, so we may assume that {4;,...,A,} F B,
where each A; € ®. By Corollary 1.11, - A1 D --- D A, D B. Nec gives
FOA D --- D A, DB). By Lemma 1.12, + 0A4; D ---0A4,, D OB. By
Corollary 1.11, {A;,...,0A,} F OB. Hence O® + OB. O

Note that we have not yet made any use of Axiom Schemas T and 5.

Lemma 1.14.  OOA D OA.

14



Proof. Here is an abbreviated proof:

1. O—A D O0-A 5

2. =00-4 D -0—-A 1TC
[OO0-=A D —-—[O--4]

3. O0—-—A D> 0O-—-4 2 TC

4. O0-—-A>0A Lemma 1.5

5. O0-—-A D> OA 3,4 TC

6. OAD>O-—A Lemma 1.5

7. GOA D OO0-—-A 6, Exercise 1.4

8. OOA D A 57TC

Exercise 1.5. Show that = 0OA > OOA.
Hint. First use T to show that F JA D OOJA. Also show that - O0OOA D
O0OA.

Lemma 1.15. I[fO®0 + A then O F OA.

Proof. Assume that (0® - A. Lemma 1.13 gives that (0P - [JA. Let
{By,...,By} C ® be such that {00By,...,00B,} - OA. By Exercise 1.5,
we have that OB; - OOB; for 1 < ¢ < n. By n applications of Lemma 1.9,
we get that {O0By,...,0B,} F OA and so that O® - A. O

Say that a set ® of formulas is consistent in an axiomatic system S if
and only if ® /g L.

Lemma 1.16. S5 is complete if and only if every set of formulas consistent
in S5 is satisfiable.

Proof. Suppose first that S5 is complete. Let & be consistent in S5. By
completeness, ® = L. Thus there is a model in which ® is true (and L is
false).

Now suppose that every set of formulas consistent in S5 is satisfiable.
Let @ be a set of formulas and let A be a formula. Assume that ¢ = A.
Then ® U {—A} is not satisfiable. Hence ® U {—A} is inconsistent in S5,
ie, ®U{-A} - L. By the Deduction Theorem, ® + (-A D L1). But
(mAD 1)} A, and so @ + A. O

In proving the completeness of S5, we shall consider models 97 whose

worlds are extended valuations. This will create a danger of confusing o = A
(A is true under o) with a =gn A (A is true at a in ). To make sure that

15



we avoid such confusion, let us us write o = A for a = A when « is an
extended valuation.

If S is an axiomatic system, an extended valuation « is S-acceptable if
and only if all theorems of S are true under «, i.e., if and only if

l_S A= « }Zt A
for every formula A.

Exercise 1.6. Say that a set ® of formulas is maximal consistent in S5 if
and only if both (i) and (ii) below hold.

(i) ® is consistent in S5;

(ii) for every formula A, either A € ® or =A € ®.

(a) Show that if « is an S5-acceptable extended valuation then the set
of formulas true under « is maximal consistent in S5.

(b) Show that if ® is maximal consistent in S5 then the set of sententially
atomic formulas belonging to ® is an S5-acceptable extended valuation.

Lemma 1.17. Let ® be a set of formulas consistent in S5. Then there is
an S5-acceptable extended valuation o such that o = .

Proof. Let X be the set of all theorems of S5. For any formula A, PUX F A
if and only if ® - A. Since @t/ 1, PUX I/ L. By Lemma 1.8, PUX & L.
Thus there is an extended valuation under which ® U ¥ is true (and L is
false). O

An extended valuation 3 conforms to an extended valuation « if
afF OB = B B,

for every formula B.

Let a be an S5-acceptable extended valuation. The canonical model on
ais (W, a,p), where W is the set of all S5-acceptable extended valuations
that conform to o and where, for all w € W and all 7,

Di€ oy & picw (& wlpi).

Since all instances of the schema T are theorems of S5, we have that « |
(OB D B) for all formulas B. Thus « conforms to itself, and the canonical
model on « is indeed a model.
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Lemma 1.18. Let (W, «, @) be the canonical model on an S5-acceptable
extended valuation o. For all w € W and all formulas A,

a':tDA = wI:tDA

Proof. Given w and A, suppose first that o = OA. Since - JA D OOA,
we have that a |=; 0A D OOA. Thus a = OOA. Because w conforms to
«a, this gives us that w | OA.

Now suppose that a & OA. Then o ¢ -OA. The formula -0JA D
O-0A is (essentially) the contrapositive of O[JA D A, which is a theorem
of S5 by Lemma 1.14. Hence o =, -0A D O-0A. It follows that a |=¢
O-0A. Since w conforms to o, w = “0UA. O

Lemma 1.19. Let (W, «a, @) be the canonical model on an S5-acceptable
extended valuation o. Let w € W and let A be a formula. Then

w ey OA = for somev e W, v~ A.

Proof. Assume that w = JA. By Lemma 1.18, this means that o &, OA.
Let
¢ ={B|ak=0OB}U{-A4}.

Assume first that ® is consistent in S5. By Lemma 1.17, we get an S5-
acceptable extended valuation v under which ® is true. Clearly v conforms
to . Hence v belongs to W. Moreover v & A.

Now assume, in order to derive a contradiction, that ® is inconsistent in
S5. By definition,

By the Deduction Theorem,
{BlakOB} F (mAD 1).

By TC,
{Blak/OB} F A.

But then {By,...,B,} F A for some {By,...,B,} C {B | a = OB}. By
Lemma 1.13,
(OBy,...,0B,} - DA.

Hence by Corollary 1.11,

F OB, D---UB, DUA.
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Since « is S5-acceptable,
a = OBy D---0B, DOA.
Because a =y OB; for every i, o =y JA. This is a contradiction. O

Lemma 1.20. Let M = (W, cv, ) be the canonical model on an S5-acceptable
extended valuation «. For every formula A and every w € W,

wEA & wEmA.

Proof. We prove the lemma by formula induction. The only non-trivial
case is when A is (OB for some B.

Suppose first that w = OB. By Lemma 1.18, «a =, OB. Since every
v € W conforms to «a, every v € W is such that v =y B. By induction,
v Egn B for every v € W. By definition, w gy OB.

Now suppose that w &, OB. By Lemma 1.19, there is a v € W such
that v £y B. By induction, such a v jEgn B. By definition, w gy OB. O

Theorem 1.21. The axiomatic system S5 is complete.

Proof. Let ® be a set of formulas consistent in S5. By Lemma 1.17, let
«a be an S5-acceptable extended valuation under which & is true. Let I
be the canonical model on a. By Lemma 1.20, the formulas true in 9 are
exactly the formulas true under o. Hence =gy ®. g

Corollary 1.22 (Compactness). If A is a formula of £L(O), ® is a set of
formulas of L(O), and ® |= A, then there is a finite subset A of ® such that
AEA.

Proof. Since deductions of A are finite, this follows from the soundness
and completeness of S5. O

Theorem 1.23. If A is a satisfiable formula (equivalently, if A is a formula
consistent in S5), then A is true in some finite model, i.e., in some model
with finitely many worlds.

Proof. Let 9 = (W,,wp, ) be a model in which A is true. Let 9 =
(W, wo, ¢’), where ¢’ agrees with ¢ on all sentence letters occurring in A but
all sentence letters not occurring in A are false at every world in 9. By
Lemma 1.2, A is true in M. Suppose there are n sentence letters occurring
in A. Then there are at most 2" distinct valuations ¢} . Let wi,..., wg
be such that every valuation that is ¢!, for some w € W is goiui for some
i, 0 < i < k. Let V = {wy,wi,...,wi} and let M = (V,wp,») where
Yuw; = @b, for each i < k. By Exercise 1.3, A is true in 97’ O
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Corollary 1.24. The system S5 is decidable, i.e., there is an effective al-
gorithm for deciding whether or not a given formula is a theorem of S5..

Proof. Given a formula A, simultaneously search for (1) a proof of A in S5
and (2) (the relevant part of) a finite model in which A is false. By Theo-
rem 1.23, one or the other exists. The proof of Theorem 1.23 actually yields
a simpler alogorithm: Inspect the relevant parts of all models with < 2%
worlds, where n is the number of distinct sentence letters occurring in A.
The formula A is a theorem of S5 if and only if A is true in all these models.

O

Exercise 1.7. Suppose we redefine 3 conforms to o to mean that, for all
formulas B, if § =¢ B then a = O B. Show that the new definition and the
old are equivalent for S5-acceptable valuations.

Exercise 1.8. Either prove the following assertion or describe a model wit-
nessing that it is false. Doe not use the soundness of S5.

{0p,0q} E 0P A @) V(P V q).
Exercise 1.9. Show the following, without using the completeness of S5.

(a) {Op}+ Op;
(b) {Blprg)}F (EpAQg);
(c) = (00p D Op).

Hint. For (c), it will help to show that - OCp D O-—0p.

Exercise 1.10. Suppose we removed the axiom schema T of S5 and re-
placed it by a rule of inference according to which a formula A follows from
OA. Would the revised system be sound? Explain. Do you think it would
be complete?

Exercise 1.11. Consider the following new sematics for £(0J). A model is
a M = (W, wo, p,Uy,Usz) where (W, wy, @) is a model in the old sense and
Uy and Us are disjoint subsets of W whose union is all of W. Define truth
as before, except that now, if w € U;, then w =gy OA if and only if v Fon A
for all v € U;. Prove that the same sets of formulas are valid in the new and
old semantics.
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2 Relational Semantics

Although the semantics of Section 1 seems reasonable for the general no-
tion of metaphysical necessity, some philosophers question its correctness.
Moreover there are other kinds of necessity (such as physical, epistemic, or
deontic necessity) for which this semantics may not be appropriate and for
which some of the axioms of S5 seem questionable or wrong. In addition
there are other uses of the formal language of modal logic for which the
semantics of Section 1 is clearly inappropriate and for which some of the
axioms of S5 are clearly wrong. An example is tense logic, in (one form of)
which [JA is interpreted as “A will be true at every future time.”

We now define a new notion of a model for £(0J), along with new notions
of truth and consequence. These notions will henceforth replace those of
Section 1.

A model for £(O) is a quadruple (W, R, wp, ) such that

(a) (W, wo,p) is a model in the sense of Section 1;

(b) R is a binary relation on W.

We will call the relation R the accessibility relation of the model. We say
that v is accessible from w just in case w Rv. (So literally the converse of
R is accessiblity.)

The word “accessible” should not be taken too seriously. In the context of
physical necessity, the worlds accessible from a given world could be thought
of as those worlds in which the physical laws of the given world are obeyed.
In the context of tense logic, worlds should be thought of as times, with the
times accessible from a given time being the later times.

For models M = (W, R, wp, ¢) and formulas A, we define w |=gn A by
recursion on formulas. Clauses (i)—(iii) of this definition are the same as
clauses (i)—(iii) of the corresponding definition in Section 1. (See page 7.)
We replace the old clause (iv) by

(iv) w Egm OA < forallve W, if w Rv then v =on A.

As before, we say that A is true in M (& =g A) if and only if wg F=on A.

Ezample. Let 9 = (W, R, wy, ), where

(l) W == {w07w1,WQ};
(i) w Rwj & j=1i+1;
(iil) @wo = {P1}, Puw; = {P1,p2}, and @u, = {pa}.
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We can diagram the model 97 as follows:

wg . 1
w1 : b1, p2
w2 : b2

If one of the worlds bore the relation R to itself, we would indicate this by
putting a circle around the dot corresponding the world in question.
The following formulas are true in 9:

pr; Opis Op2; Opr; Opz; —O0Opi; —=0O0p1; —(0p2 D p2);
Exercise 2.1. Consider the model 9 = (W, R, wo, ¢), where

(i) W = {wp, wy, w2, ws};

(i) wiRwj & (i<jVi=j=0V(i=3ANj=0));

(i) Puwy = Puw, = { } and @u, = pu; = {p}.
Which of the following formulas are true in 97

Op; Op; OOCp; OOp; O(p > O-p); O(pVvOp)

The implication relation and satisfiability are defined in the same way as
in Section 1. (See page 9). A formula or set of formulas is valid if and only
if is true in every model. (In Section 1, we inadvertently defined validity
only for formulas and not for sets of formulas.)

Exercise 2.2. For each of the following formulas, either prove that the
formula is valid or give a model in which the formula is false.

O0p > Op; OpVO—p; OpDq)D(OpDOg); O0p>Op

Lemma 2.1. For any model M = (W, R, wy, @), any world w of M, and
any formulas A and B,
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(1) w E=on OA if and only if A is true at some world v of M such that
w Rv;

(2) w Eom A — B if and only if, for every world v of MM such that
w Rw, if A is true at v then B is true at v;

(3) w Eom A < B if and only if, for every world v of MM such that
wRwv, A is true at v if and only if B is true at v;

(4) w o VA if and only if there are worlds v and u of M such that

w Rv and w Ru and such that A is true at v and false at u.

Lemma 2.2. Let M = (W, R, wo, @) and M = (W, R,wo, ¢’) be models.
For any formula A, if v and ¢, agree on all sentence letters occurring in
A for every w € W, then

w ’:gm A S w ’:gm/ A
for allw e W.
Proof. By formula induction, as in the proofs of Lemmas 0.1 and 1.2. [

Lemma 2.3. For any formula A and set ® of formulas,

(a) D=t A = P=A;

(b) if A and the members of ® are formulas of L, then ® =4 A &
dEA.

Proof. The proof of part (a) of Lemma 1.3 is word for word a proof of
part (a) of the present lemma (with the new meaning of the word “model”).
The proof of part (b) of Lemma 1.3 becomes a proof of part (b) of the present
lemma if we now let the model 9 of the earlier proof be ({wo}, R, wo, ¢)
with ¢ as before and with R either of the two possible relations. |

The axiomatic system K.

The axiomatic system K for £(0) is as follows:
Axioms: Taut and K.
Rules of Inference: MP and Nec.

Theorem 2.4. The system K is sound.
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Proof. As in the proof of Theorem 1.4, we first show that K is weakly
sound. Let P be a proof in K. By complete induction we show that every
line of P is valid.

All tautologies are valid by Lemma 2.3.

To see that K is a valid schema, let A and B be formulas and let 9t =
(W, R, wo, ¢) be a model in which J(A D B) is true and [JA is true. Let w
be a world of Mt such that wg Rw. Then A O B and A are both true at w
in M. Hence B is true at w in M. Since B is thus true in every w such that
wg Rw it follows that (1B is true in M.

The conclusion of an instance of MP is a tautological consequence of its
premises. By Lemma 2.3, it is a consequence of its premises. Hence it is
valid if the premises are.

Suppose A is a valid formula. To see that [JA is also valid, let 9 =
(W, R,wp, ) be a model. Let w € W. (It is enough to consider only w
such that wyg Rw.) Consider the model M’ = (W, R, w, ). Since A is valid,
=ov A. Hence w =9y A. Since w was arbitrary, =g OA.

The rest of the proof is like that of Theorem 1.4, and we omit it. O

Exercise 2.3. Show that the following formulas are not theorems of K.
pDOp; UOpDp; pDLOP
If S and S’ are axiomatic systems for the same language, then S is an
extension of S’ if and only if all axioms and rules of S” are axioms and rules
of S. S is an aziomatic extension of S’ if and only if S is an extension of S’
and S and S’ have the same rules.
The proofs of Lemmas 1.5-1.9 actually prove the following five lemmas.

(Lemma 2.7 is identical with Lemma 1.7; we insert it again to keep the
correspondence in numbering between the two sections.)

Lemma 2.5. Let S be an extension of K. If A |=¢ B, then g OA D OB.
Lemma 2.6. LetS be an extension of K. If s A D B then g JA D UB.

Lemma 2.7 (Compactness of |=;). If ® = A then there is a finite sub-
set A of ® such that A = A.

Lemma 2.8. Let S be an extension of K. If ® =y A then ® kg A.

Lemma 2.9. Let S be any axiomatic system. If ® g A and VU{A} Fg B,
then @ U V¥ g B.
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The proof of Lemma 1.10 contains a proof of the following lemma.

Lemma 2.10 (Deduction Theorem). Let S be an axiomatic extension
of K. If o U{A} g B then ® g A D B.

Corollary 2.11. Let S be an aziomatic extension of K. {A1,..., Ay} Fs B
if and only if kg A1 D -+ A, D B.

The proofs of the next two lemmas are like those of Lemmas 1.12 and 1.13.

Lemma 2.12. Let S be an extension of K. For all positive integers n,
O D---DA,) ks OA; D --- D UA,.

Lemma 2.13. Let S be an azxiomatic extension of K. If & Fg A then
O g OA.

The proofs of Lemmas 1.16 and 1.17 can easily be turned into proofs of
the following two lemmas.

Lemma 2.14. Let S be an azxiomatic extension of K. S is complete if and
only if every set of formulas consistent in S is satisfiable.

Lemma 2.15. Let S be an extension of K. Let ® be a set of formulas
consistent in S. Then there is an S-acceptable extended valuation o such
that o =y @.

By a structure let us mean a triple (W, R, ¢) such that there is a w
with (W, R,w,¢) a model. In other words, a structure is a model without
a distinguished actual world. For structures 9t = (W, R, ), worlds w € W,
and formulas A, we define w =gn A in the obvious way. A formula A is valid
in a structure 9 if and only if w =g A for every world w of M. A formula
A is satisfiable in M if and only if there is some world w of 9% such that
w f=gn A. Similarly define the notion of a set ® of formulas being valid or
satisfiable in a structure.

Lemma 2.16. A formula or set of formulas is valid if and only if it is valid
in every structure. A formula or set of formulas is satisfiable if and only if
it 1s satisfiable in some structure.

If S is a consistent axiomatic system (/s L) containing the axiom schema
Taut and the rule MP, the canonical structure for S is (W, R, ¢) where
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(i) W is the set of all S-acceptable extended valuations;
(ii) for w and v belonging to W, w Rv holds if and only if v conforms to
w;
(iii) for all i, p; € o < pi Ew (& w = pi) -

Lemma 2.17. LetS be a consistent ariomatic extension of K. Let (W, R, ¢)
be the canonical structure for S. Let w € W and let A be a formula. Then

w ey OA = for some v € W, wRv and v & A.

Proof. Assume that w & OA.
Let
¢ ={B|wk OB} U{-A}.

Assume first that ® is consistent in S. By Lemma 2.15, there is an S-
acceptable extended valuation (i.e., a member of W) in which ® is true. Let
v be such an extended valuation. Clearly v conforms to w. Hence w Rwv.
Moreover v ¢ A.

The rest of the proof is like that of Lemma 1.19. Assume, in order to
derive a contradiction, that & is inconsistent in S. By definition,

{B|w ks OB} U {-A} kg L.
By the Deduction Theorem,
{B|wEOB} kg (mAD 1).

By TC,
{B|wkEOB} kg A.

But then {Bj,...,B,} Fg A for some {By,...,B,} C {B | w = OB}. By
Lemma 2.13,
(OB, ...,0B,} ks OA.

Hence by Corollary 2.11,
t¢ OBy D ---0B, DOA.
Since w is S-acceptable,
w =, OBy D---0B, DOA.

Because w |=¢ OB; for every i, w = JA. This is a contradiction. O
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Lemma 2.18. Let S be a consistent axiomatic extension of K. Let 9 =
(W, R, ) be the canonical structure for S. For every formula A and every
weW,

wEA & wEmA.

Proof. The proof is by formula induction and is just like the proof of
Lemma 1.20. 0

Theorem 2.19. The axiomatic system K is complete.

Proof. Let @ be a set of formulas consistent in K. By Lemma 2.15, let w be
a K-acceptable extended valuation in which @ is true. Let 9 = (W, R, ¢)
be the canonical structure for K. By Lemma 2.18, the formulas true at w
in 9 are exactly the formulas A such that w =y A. Hence w =gy ®. This
shows that @ is satisfiable in a structure, hence that ® is satisfiable. O

Corollary 2.20 (Compactness). If A is a formula of L(O), ® is a set of
formulas of L(O), and ® |= A, then there is a finite subset A of ® such that
A E A

Proof. Since deductions of A are finite, this follows from the soundness
and completeness of K. O

Theorem 2.21. If A is a satisfiable formula (equivalently, if A is a formula
consistent in K), then A is true in some finite model, i.e., in some model
with finitely many worlds.

Proof. (Sketch) Let £4 be the language whose formulas are all formulas
of £([J) whose sententially atomic subformulas are sententially atomic sub-
formulas of A. Let K4 be the axiomatic system for £, whose axioms are
those axioms of K that are formulas of £4 and whose rules are MP and Nec,
except that Nec is restricted to formulas B such that (IB is a formula of £ 4.
One can check that all our results from Theorem 2.4 through Theorem 2.19
go through for K4. (We must fully restrict to £4; e.g., in Lemma 2.13,
all the formulas belonging to J® U {{JA} must be formulas of £4.) Thus
any satisfiable formula of £ 4 is satisfiable in the canonical structure for K 4,
which has only finitely many worlds (because there are only finitely many
sententially atomic formulas of £4). The canonical structure for £4 can
be extended to a structure for £(0J) with the same worlds by making all
sentence letters not occurring in A false in all the worlds. In this structure,
A will be true at the same world as in the structure for L4. O
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Corollary 2.22. The system K is decidable.

Exercise 2.4. Do the [ case of the proof of Lemma 2.18.

Axiomatic extensions of K.

A frame is a pair (W, R) such that W is a non-empty set and R is a
binary relation on W. If 9 = (W, R, wo, ¢) is a model, then (W, R) is the
frame of 9. Similarly (W, R) is the frame of the structure (W, R, ¢).

A formula A is valid in a frame § if and only if A is true in every model
whose frame is §. A formula A is satisfiable in § if and only if A is true
in some model whose frame is §. Similarly define the notion of a set ® of
formulas being valid or satisfiable in a frame.

Genuinely proper extensions of K are not sound for the relational se-
mantics. To get soundness and completeness results for them, we make the
following definitions. If F is a class of frames, ® is a set of formulas, and A
is a formula, then we write ® |=x A to mean that, for every model 9t whose
frame belongs to F, if Fgn @, then |Fgn A. An axiomatic system S is sound
for F if and only if, for all & and A,

P A = P £ A.
S is complete for F if and only if, for all ® and A,
P ):]: A= dFgA.

Lemma 2.23. Let F be a class of frames and let S be an axiomatic exten-
sion of K. The system S is sound for F if and only =7 A for every aziom
A of S that is not an axiom of K (i.e., if and only if every such azxiom is
valid in all frames in F).

Proof. If there is any axiom A of S such that [~z A, then A is a coun-
terexample to soundness of S for F.

For the other direction, assume that =7 A for every axiom A of S that
is not an axiom of K. In the proof of Lemma 2.4, replace“valid” by “valid
in every frame in F” and replace “K” by “S.” Our assumption provides the
additional fact needed to make this into a proof of that S is sound for F. [J

Let T be the axiomatic extension of K resulting from adjoining to K
the axiom schema T.

A frame (W, R) is reflexive if and only if w Rw for every w € W.

27



Theorem 2.24. T is sound for the class of all reflexive frames.

Proof. By Lemma 2.23, it is enough to show that the schema T is valid
in every reflexive frame. Let 9 = (W, R, wo, ¢) be a model whose frame
is reflexive and let A be a formula. Assume that [JA is true in 9. Since
wo Rwg, it follows that A is true in 9. Il

The proof of the following lemma is just like that of Lemmas 1.16
and 2.14.

Lemma 2.25. Let S be an axiomatic extension of K and let F be a class of
frames. S is complete for F if and only if every set of formulas consistent
in S is satisfiable in some frame belonging to F.

The canonical frame for a consistent axiomatic system S containing Taut
and MP is the frame of the canonical structure for S.

Theorem 2.26. T is complete for the class of all reflexive frames.

Proof. Let ® be a set of formulas consistent in T. By Lemma 2.15, let wyq
be a T-acceptable extended valuation in which ® is true. By Lemma 2.18;
® is true at wg in the canonical structure for T. Therefore we need only
show that the canonical frame § = (W, R) for T is reflexive.

Let w € W and let B be a formula such that w |=¢ OB. Since

Fr OB DB,
the T-acceptability of w implies that
w = OB D B.

Hence w |y B. This argument shows that w conforms to itself, and so that
w Rw. Il

Exercise 2.5. Show that the following formulas are not theorems of T.
O0p > 00p 5 O(p A O—p) D O—p

Let KB be the axiomatic extension of K resulting from adjoining to K
the axiom schema B given as follows:

(B) ADO0A
A frame (W, R) is symmetric if and only if, for all w and v belonging to

w,
wRv = vRw.
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Theorem 2.27. KB is sound and complete for the class of all symmetric
frames.

Exercise 2.6. Prove Theorem 2.27.

Let K4 be the axiomatic extension of K resulting from adjoining to K
the axiom schema 4 given as follows:

(4) 0A > OOA

Exercise 2.7. Show directly, without using the completeness and sound-
ness theorems below, that the following formulas are theorems of K4.

00AD0A; O(AANOB)D OB

A frame (W, R) is transitive if and only if, for all w, v, and u belonging
to W,
(wRvandvRu) = wRu.

Theorem 2.28. K4 is sound for the class of all transitive frames.

Proof. By Lemma 2.23, it is enough to show that the schema 4 is valid
in all transitive frames. Let 9 = (W, R, wo, ¢) be a model whose frame is
transitive and let A be a formula. Assume that =g JA. We must show that
Fop OOA. Let w € W be such that wg Rw. We must show that w =gy OA.
For this let v € W be such that w Rv. We must show that v |=gn A. By
the transitivity of the frame, we have that wp Rv. But wg Fon OA, and so
v o A. O

Theorem 2.29. K4 is complete for the class of all transitive frames.

Proof. As in the proof of Theorem 2.26, we need only show that the
canonical frame (W, R) for K4 is transitive.

Let w, v, and v be members of W such that wRv and v Ru. To
prove that w Ru, let B be a formula such that w = OB. Since w is
K4-acceptable, we have that w =, OB D OOB. Hence w = OOB. Since
v conforms to w, v =¢ OB. Since u conforms to v, u f=¢ B. This argument
show that u conforms to w. U

Let S4 (= KT4) be the the axiomatic extension of K resulting from
adjoining to K the axiom schemas T and 4. Let B (= KTB) result from
adjoining to K the axiom schemas T and B. Let K4B result from adjoining
to K the axiom schemas 4 and B.
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Theorem 2.30. (a) S4 is sound and complete for the class of all reflexive
and transitive frames.

(b) B is sound and complete for the class of all reflexive and symmetric
frames.

(c) K4B is sound and complete for the class of all transitive and sym-
metric frames.

Proof. We indicate how to prove (a). (b) and (c) are similar. In the proofs
of Theorems 2.24 and 2.28, we showed that the schema T is valid in all
reflexive frames and that 4 is valid in all transitive frames. Thus both are
valid in all reflexive and transitive frames. By Lemma 2.23, this gives the
soundness part of (a). For completeness, we need only prove that the canon-
ical frame for S4 is reflexive and transitive. The proofs of Theorems 2.26
and 2.29 actually show that the canonical frame for any extension of T is

reflexive and that the canonical frame for any extension of K4 is transitive.
O

Let KT4B be the axiomatic extension of K resulting from adjoining to
K the axiom schemas T, 4, and B.

An equivalence frame is a frame that is reflexive, transitive, and sym-
metric. In other language: (W, R) is an equivalence frame if and only if R
is an equivalence relation on W.

Theorem 2.31. KT4B is sound and complete for the class of all equiva-
lence frames.

Proof. The proof is like that of Theorem 2.30. U

Corollary 2.32. KT4B and S5 are equivalent; i.e., for any set ® of for-
mulas and any formula A,

(I)l—KT4BA 54 (I)|—S5 A.

Proof. Let £ be the class of all equivalence frames. By Theorems 1.4, 1.21,
and 2.31, it is enough to prove that, for any ® and A, ® ¢ A if and only
if & = A in the sense of Section 1.

Let MM = (W, R, wo, ¢) be any model such that (W, R) is an equivalence
frame. Let U = {w € W | wo Rw}. Let M = (U, wo, ), where ¢, = @y
for all w € U. Then M is a model in the sense of Section 1, and it is easy
to show that the same formulas are true in 9t and 9. If ® = A in the
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sense of Section 1 and if =gy @, then =g @, so =g A, and so =g A. This
establishes the “if” part.

Let M = (W, wp, ) be a model in the sense of Section 1. Let M =
(W, R, wo, ), where w Rv holds for all w and v belonging to W. The frame
(W, R) is an equivalence frame, and the same formulas are true in 9t and
9. An argument analogous to that of the preceding paragraph establishes
the “only if” part. O

Remarks:

(a) Corollary 2.32 can also be proved directly by showing that the axioms
of each of the two systems are derivable in the other system.

(b) All the axiomatic extensions of K considered in this section can be
shown to have the finite model property and so to be decidable.

Exercise 2.8. Which of the following formulas are valid (i.e., valid in all
frames)? Explain your answers.

(a) (p200p) > (OU-p D —p).

(b) O(p > Op).

(c) OLD L.

Exercise 2.9. Is formula (b) of Exercise 2.8 valid in all reflexive frames?
Explain.

Exercise 2.10. Is the following formula a theorem of the system B? Ex-
plain.
Up D OOp

Exercise 2.11. Is the following formula a theorem of the system S47 Ex-
plain.
p > U0p

Exercise 2.12. Is {0Op D Op valid in all transitive frames? Explain.
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3 Modal Predicate Logic

The language L£* of predicate logic.

For each set C of symbols (not containing any of the symbols under (i)—
(iv) below), we define a language L£F. (L* is Ly }.)

Symbols:
(i
(i

all symbols of L
for n > 1, n-ary predicate letters Fg, P[*, Py, ...

— — — —

(iii) quantifier v
(iv) variables Vg, V1, V2, . . .
(v) constants all members of C

Formulas:
(i) Atomic formulas:

(a) Each sentence letter is a formula.

(b) For each n and i, if t1,...,t, are variables or constants, then
Pty ...t, is a formula.
(ii) If A is a formula, then so is —A.
(iii) If A and B are formulas, then so is (A D B).

(iv) If A is a formula and z is a variable, then Vz A is a formula.

)
)
)
)

(v) Nothing is a formula unless its being one follows from (i)—(iv).

Abbreviations:
Jv; for —Vu;—
P! for PO1
P2 for PO2
Semantics.

A model for LF, is triple M = (D, ¢, x), where

(i) D is a non-empty set;

(ii) ¢ is a set whose members are sentence letters and n + 1-tuples of the
form (P, d1,...,d,) with each d; € D
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(iii) x is a function that assigns to each constant ¢ € C' an element x(c) of
D.

An occurrence of a variable v; in a formula A is free if the occurrence is
not within any subformula of A of the form Vv; B. A sentence is a formula
with no free occurrences of variables.

Let M = (D, ¢, x) be a model for LF. We define truth in 9t as follows.
Let C' = {cq | d € D} be a set of symbols distinct from those of of L. Let
M = (D, e, x’) be the model for Lf, .~ given by setting x'(c) = x(c) for
c € C and X'(¢cq) = d for d € D. For sentences A of L, -, we define by
recursion on formulas the notion =g A (A is true in ).

(i) The case of A atomic:

(a) Fow pi = pi € @;
(b) ):mt' Pi”cl,...,cn > (Pin,xl(cl),...,xl(cn)) SN

(i) o ~A < v A;
(iv) Eow Vo A(z) <« foralld € D, Egv A(cq), where A(cg) is the result

of replacing each free occurrence of x in A(x) by an occurrence of the
constant cg.

If A is a sentence of L, then A is true in M (& =9 A) if and only if A is
true in 9.

Remark. Note that for models 9 such as that used in the definition, we
have two definitions of truth in 9. It is easy to verify that these definitions
are equivalent.

If @ is a set of sentences and A is a sentence, then ® implies A (< A
is a consequence of ® <& & = A) if and only if A is true in every model in
which @ is true (in which all members of ® are true). Define validity and
satisfiability in the obvious way.
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Deduction.
For each set C, the axiomatic system PL¢ for L, is as follows.

Azioms:

(Taut)  All tautologies

(Dist) Va(A D B) D (Vx A D VaB)
(VacQ) A DVxA (x not freein A)

(UI) VaxA(x) D A(t) (A(t) comes by replacing each free occurrence of
in A(z) by a free occurrence of the variable or
constant t)

Rules of Inference:

A ADB
A
(Gen) A

We consider only deductions from sets ® of sentences, and we define
® Fpr,, A only for ® a set of sentences and A a sentence. The definition is
the obvious one.

Theorem 3.1. For each set C, the aziomatic system PL¢ is sound.

Proof. For each formula A let the universal closure of A be Vv;, ... Vv;, A,
where i1, ..., 4 are, in order, the numbers ¢ such that the variable v; occurs
free in A. Sentences are thus their own universal closures.

Let D be a deduction in PLg from a set ® of sentences. By complete
induction, we can show that for each line A of D, ® = A*, where A* is the
universal closure of A. We omit the details. O

As we did with formulas of £(0), say that a formula of L}, is sententially
atomic if and only if it does not have either the form —A or the form (A D B).
Let us define an extended valuation for L7, to be a set of sententially atomic
sentences of L. Define in the obvious way o =¢ A for extended valuations
« and sentences A. For axiomatic systems S, say that an extended valuation
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« is S-acceptable if and only if o =y A for every theorem A of S, i.e., for
every sentence A such that g A. Say that an extended valuation « is
Henkin if and only if, for all sentences Vo A(z), if o ¢ Vo A(z), then there
is a constant ¢ € C such that a = A(c), where A(c) comes from A(z) by
replacing all free occurrences of x by occurrences of c.

Lemma 3.2. Let @ be a set of sentences consistent in PLo. Then there is
a set C* O C and there is a Henkin, PLc+-acceptable extended valuation «
such that oo =y © (i.e., o =y A for every A € @).

Proof. We give only the barest sketch. Choose C* such that there are as
many new constants as there are sentences of Lf. (It follows that there are
as many new constants as there are sentences of £f..) One can show that
® is still consistent in PL¢+.

Construct as follows a set of ®* O & of sentences of Lf.. Consider in
turn each sentence A of L. For such an A, let ® be the set of sentences
already put into ®* by the time A is considered. If ® U{A} is consistent in
PL¢+, then put A into ®*. Otherwise put —A into ®*. In the latter case,
if A is Vz B(x), choose a constant ¢ € C* that does not occur in @ or in A.
Add —B(c) to ®*.

Now let « be the set of sententially atomic formulas that belong to ®*.

O

If o is a Henkin, PLc-acceptable extended valuation for L£f,, then the
canonical model on « is (C, ¢, x), where

i€y < pi€a;
(P c1,....,cn) €@ — DPlep...cy €a;
x(e) = c.

Lemma 3.3. Let 9 be the canonical model on a Henkin, PLc-acceptable
extended valuation o for Lf,. For every sentence A of L{,,

):g;nA — Oél:tA.

Proof. We proceed by induction of A. The case A atomic follows directly
from the definitions. The cases of negations and conjunctions are routine.
Suppose that A is Va B(z).
Assume first that a =y A. Since by Ul

Fpr. VzB(z) D B(c),
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for all ¢ € C, it follows by PL¢-acceptability that « =y B(c) for all ¢ € C.
By induction, [=gn B(c) for all ¢ € C. Hence |=gn A.

Next assume that o & A. Since « is Henkin, there is a ¢ € C such that
a &y B(c). By induction, Eon B(c). Hence fgn A. O
Theorem 3.4. For each set C, the axiomatic system PL¢c is complete.
Proof. As for earlier systems, one can show that PL¢ is complete if and
only if every set of sentences consistent in PL¢ is satsifiable. Let then ® be
consistent in PLo. By Lemma 3.2, let a be, for some C* O C, a Henkin,
PL¢+-acceptable extended valuation such that « =y ®. By Lemma 3.3, ®
is true in the canonical model 9 on . Let M be the reduct of M’ to L

(i.e., get M by removing the extra constants and the restricting x to C).
Then @ is true in 9. U

The language £*(0) of modal predicate logic.
For each set C' we define a language £ (). (£*(0) is Ly }(D).)
Symbols: All symbols of L7, plus L.

Formulas: Add to the recursive definition of the formulas of L, the following
clause (and renumber the old clause (v)):

(v) If Ais a formula, then so is (JA.
Constant domain semantics.

A model for £F(0) is a quintuple (W, D, wo, ¢, x) where

1
2
3
4

W is a non-empty set;

D is a non-empty set;

wy € W;

© is a function that assigns to each w € W a set ¢y;

5) x is a function that assigns to each ¢ € C' an element x/(c) of D;

(1)
(2)
(3)
(4)
()
(6)

6) for each w € W, (D, ¢y, x) is a model for L.
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Let M = (W, D, wo, ¢, x) be a model for L(0). We define truth in 9t
as follows. Let C" = {¢4 | d € D} be a set of symbols distinct from those
of of Lf. Let M = (W, D, wo, ¢, x') be the model for Lf, ~,(0) given by
setting x'(c) = x(c) for ¢ € C and x'(¢q) = d for d € D. For worlds w € W
and sentences A of Lf, -, we define by recursion on A the notion w =g A
(A is true in M at w).

(i) The case of A atomic:

(a) w o pi < Pi € Pus
(b) w aw Ple1,...,cn < (P X' (c1),--..X (en)) € Qu:
(i) w oy ~A < w Py A
(ili) w Fov (AD B) < (w fraw A or w =ow B);
(iv) w ow Vo A(z) < foralld € D, w =g A(cq), where A(cq) is the

result of replacing each free occurrence of x in A(x) by an occurrence
of the constant cg;

(V) wEgr OA « forallve W, vlgy A.
If Ais a sentence of £ (0), then w [=on A if and only if w =ov A, and
FEm A (& Ais true in M) if and only if wy F=on A.

If ® is a set of sentences and A is a sentence, then we say that ® implies
A (& @ = A) if and only if A is true in every model in which @ is true (in
which all members of ® are true). Define validity and satisfiability in the
obvious way.

Ezample. Consider the following model 9 = (W, D, wy, ¢, x) for the
language with C' = {c}.

W = {wp,w;i}

D = {dy,ds}

po = {(P',d1)}

o1 = {(P',do)}
x(e) = d

Then [=gp O30y Ploy, but fegn Jvi0Pv;. Hence the formula
O3vy Plvy D Fu 0Py

is not valid.
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Exercise 3.1. Show that the following formulas are not valid (where x is
vy, and y is va).

(a) YzOPz D OVx Plx
(b) (O3x Plx A O3z Pix) D OJz(Plz A Piz)

Exercise 3.2. Show that the following formulas are valid.

(a) (0Fz Plz A OVz Plz) D OJx(Plz A Pix)
(b) 3x0VyP2zy D OVyIzPxy

Remarks:

(a) The constant domain semantics and the variable domain semantics
that we shall introduce later both seem committed to a somewhat contro-
versial view about modality and objects: the acceptance of de re modality.
This view holds that it is legitimate to attribute modal properties directly
to an object: e.g., to say that the object necessarily has some property.

(b) The constant domain semantics has an obvious defect. It seems true
of the intuitive notion of necessity that some objects in the actual world exist
only contingently and also that there might have been objects that are not
among the actually existing ones. Constant domain semantics does not allow
for this. It does not allow one to talk of existing objects whose existence
is not necessary or of possible objects that do not actually exist. One way
to take care of this would be to keep the constant domain semantics but to
add a new logical unary predicate letter F, interpreting Ez as “z exists.”
We shall say a little more about this possibility later. Another solution to
the problem is the variable domain semantics that we introduce later.

Deduction

For each set C, the axiomatic system S5B¢ for £ (0) is as follows.
(The “B” is for “Barcan,” i.e., for Ruth Barcan Marcus.)

Azioms: The schemas Taut, Dist, VacQ, UI, K, T, and 5
Rules of Inference: MP, Gen, and Nec.

Theorem 3.5. For each set C, the axiomatic system S5B¢ is sound.
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Proof. We give only the plan of the proof. One first shows by induction
that for every line A of a proof in S5B, the universal closure of A is valid.
Then one shows by induction that, for every line A of a deduction from a
set ® of sentences, ® = A*, where A* is the universal closure of A. O

Define sententially atomic, extended valuation, SSBc-acceptable, Henkin,
conforms, etc. in the obvious ways. Say that a set W of extended valuations
(for £5(0)) is modally Henkin if and only if, for all « € W and for all
sentences A, if a [ A then there is a § € W such that § & A. Say that
a set W of extended valuations is nice if if and only if W is non-empty and
modally Henkin, its members are Henkin and S5Bg-acceptable, and any
two members of W conform to one another.

Lemma 3.6. Let ® be a set of sentences of L(0) that is consistent in
S5B¢. Then there is a C* 2 C and there is a nice set W of extended
valuations for Lf.(O) such that, for some w € W, w = ®.

Proof. We omit the proof, which is a two-dimensional version of the proof
of Lemma 3.2. O

If W is a nice set of extended valuations and o« € W, then the canonical
model on (W, a) is (W, C, «, p, x) where, for € W,

pi € < pi€f
(P, c1,...,cn) Epg < Plei...cy €55
x(e) = c.

Lemma 3.7. Let 9 be the canonical model on (W, a), where W is a nice
set of extended valuations for L(O) and o € W. For every 3 € W and
every sentence A of Lf,,

BEmA < B A.
Proof. By formula induction. O
Theorem 3.8. For every set C, the axiomatic system S5B¢ is complete.

Proof. The proof is like that of Theorem 3.4. U
The Language £*(0J, E).

For each set C, we define L3, (0, ).
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Symbols: All symbols of L, () plus the symbol E.
The symbol F should be thought of as an existence predicate.

Formulas: Add to clause (i) of the definition of the formulas of £}, () the
following:

(c) If t is a constant or a variable, then Et is a formula.

Variable domain semantics.

A model for L§(0, E) is a sextuple (W, D, E,wo, ¢, X), where

(1) (W, D,wo,p,x) is a model for L (O);
(2) E is a function that assigns to each w € W a subset E,, of D.

One way to define truth in a model for £ (0, E) would be to modify
the definition of truth in a model for £, () just by adding to clause (i), the
atomic case, the following:

(¢) way Be o x/(¢) € By

Quantification would still be over D, which could be thought of as the set
of all possible objects (but see the remark on the following page). In each
world w, E,, could be thought of as the set possible objects that exist in w.

In what we shall call the variable domain semantics, the definition of
truth in a model for £} (0, E) is gotten by making two modifications in the
definition of truth in models for £ (). First we add (c) above to clause (i).
Second, we replace clause (iv) by

(iv) w =g Vo A(z) « for all d € E,, w =g Alcy), where A(cy) is the
result of replacing each free occurrence of x in A(x) by an occurrence
of the constant cg;

Remark. 1If one thinks of D as the set of all possible objects, then it
would be natural to require of models that D = J,, Ei. Then one would
add to S57¢ below axioms ¢ Et for variables and constants ¢.

Ezample. Let C be the empty set. Let 9 = (W, D, E, wo, ¢, X), where
W = {U}val}v D = {do’dl}v Ewo = {dO}’ Ewl = {dl}v Pwg = { }7 and
Pwy = {(Pladl)}'

Let = be a variable. Then Fon O3zPlz, but oy JzOP'2z. Thus the
sentence OJzPle D JxdPlx is false in 9 and so is not valid.
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We would still have a model, and with O3z Py D JxOPr still false, if
we dropped dy from D, making FE,, the empty set.

Suppose we modify 9 by making ¢.,, = {(P!,dp), (P!, d1)}. Let N be
the resulting model. Then =g FzOPlz. To see this, let N come from N by
adjoining constants cg, and ¢4, as in the definition of truth. Then w; oy
Plcdo, even though Ecg, is false at w;. Consequently wy F=gv OPlch and
so wo oy JxOP.

If we modify 0M by removing d; from E,,, then we get a model in which
JzOPx is true but OJz Pl is false.

Remarks:

(a) The example N of the preceding paragraph and the modification of
it point up a questionable property of our variable domain semantics: One
might want ¢0A(c) to be true only if there is a world in which A(c) is true
and x(c) exists. Correspondingly, one might want (JA(c) to be true if A(c)
is true in every world in which x(c) exists (i.e., where x(c) € E,. Thus one
might want to modify clause (v) in the definition of truth. A disadvantage
of this move is that OFEc would always be true, even if x(c) existed in no
possible world.

(b) Although we have demanded that D be non-empty, we have made
not required that the sets F,, be non-empty. In fact, our definition permits
all of the F,, to be non-empty, although this would be ruled out if we added
the requirement, discussed earlier, that D = J,, Fw. A disadvantage of
allowing empty sets E,, is that, for such w, (Ey, D, ¢y, X) is not a model
for L7.

Deduction.

For each set C, the axiomatic system S57¢ is as follows:

Azioms: Taut, Dist, VacQ, K, T, 5, and RUI, where RUI is the schema:
Vo A(x) D (Bt D A(t)),

with ¢ a constant or variable subject to the same restrictions as in the rule
UL

Ero> A

Rules of Inference: MP, Nec, and RGen, where RGen is the rule: Ve A

Theorem 3.9. For each set C, the aziomatic system S5wc is sound and
complete for the variable domain semantics.
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