4 The semantics of full first-order logic

In this section we make two additions to the languages L of §3. The first is
the addition of a symbol for identity. The second is the addition of symbols
that are used to denote functions.

The languages LI . of predicate logic with identity.

For each set C of constant symbols, we have a language L .
Symbols of L : All symbols of L¢, plus the symbol =.

Formulas of LZ : Modify the definition, given on page 28, of formulas of
L by renumbering clause (6) as clause (7) and adding the following clause.

(6) If t; and ty are variables or constants, then t; = t2 is a formula.

Remark. Unique readability holds for L o by a proof very similar to
the proof that it holds for L¢..

Models for LZ : Models for L  are the same as models for £g,.
Satisfaction and truth for L «:

The notions of a variable assignment and of dengy are the same as for
L. The definition of vgy is the same as that for £Z (-, except that there is
an extra subclause of the atomic clause (i):

e v [T if dengp(ty) = dengy(ta);
(c) vip(ts = t2) = { F if dengy(t1) # dengy(t2).

Satisfaction and truth are defined as for L.

Logical implication for L o: Logical implication, validity, and satisfiability
are defined as for L.

Ezxample. The following formulas are valid.

(a) v1 = vy (d) v1 = vg — (Plvy < Plug)
(b) Vvl V1 = U1 (e) \V/’Ul\V/’UQ(Ul = Vg — (Pl’Ul > Plvg))
(c) vvi=v1 (f)vi=c— (c=v2— v =0v2)

The proof of the Compactness Theorem for L . is similar to that for
¢, but there is one important difference, as we shall see.
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Lemma 4.1. Let I be a finitely satisfiable set of sentences of L. o and let A
be a sentence of L2 . Then either 'U{A} is finitely satisfiable or 'U{-A}
is finitely satzsﬁable

Proof. The proof is exactly like that of Lemma 3.4. g

Lemma 4.2. Let I" be a finitely satisfiable set of sentences of L ~. Let C*
be a set gotten from C by adding infinitely many new constants. There is a
set I'* of sentences of L ~. such that

(1) T CTI*;

(2) T* is finitely satifiable ;

(3) for every sentence A of LY ., either A belongs to I'* or —A belongs
to I'*;

(4) T'* is Henkin in L . .

Proof. The only change we have to make in the proof of Lemma 3.5 is that
we must specify an alphabetical order for the symbols of LZ .. Let us do
this by letting the new symbol = come immediately after V. 0

In our proof of Compactness for L{,, the next Lemma, Lemma 3.6,
was that if a set I' of sentences in L is finitely satisfiable, maximal, and
Henkin, I' is also satisfiable. Lemma 4.4 is the same result for any such set
of sentences of L* o Our proof of Lemma 4.4 relies on facts about =, which
we shall establish before proving Lemma 4.4.

A 2-place relation R on a set X is an equivalence relation on X if and
only if all three of the following conditions are satisfied.
(a) R is reflexive: Rxx holds for all z € X.
(b) R is symmetric: if x € X and y € X and Rxy holds, then Ryz holds.
(¢) R is transitive: if x € X, y € X, z € X, and both Rzy and Ryz hold,
then Rxz holds.

If R is an equivalence relation on X, then R divides X up into equivalence
classes. For x € X, let [z|g, the equivalence class of x with respect to R, be
defined by

[z]r = {y € X | Rxy holds}.
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Lemma 4.3. Let I'* be a set of sentences of a language L . having prop-
erties (2) and (3) described in the statement of Lemma 4.2. Let R be the
relation on C* defined by

Reicg holds iff ¢ = co €T,
Then R is an equivalence relation on C*.

Proof. For reflexivity, we must show that ¢ = ¢ belongs to I'* for all
members ¢ of C*. ¢ # ' abbreviates =t = t/. {c¢ # ¢} is finite and not
satisfiable. By (2), {c#c} L T*,soc#c ¢ T*. By (3),c=cel™

For symmetry, we must show that, for all members ¢; and co of I'*, if
cp = cg € T'* then ¢g = ¢; € T'*. Assume that ¢y = ¢ € T*. {c; =
o, Co # c1} is finite and unsatisfiable and so, by (2), not a subset of I'*. So,
co#c1 ¢I*. By (3),co=c1 €T

For transitivity, we must show that, for all members c¢1, ¢o, and c3 of I'*, if
c1 =co €™ and cg = ¢c3 € I'*, then ¢; = ¢3 € I'*. Assume that ¢; = ¢y € T'™*
and ca = c3 € I'". {c1 = co,c2 = ¢3,¢1 # c3} is finite and unsatisfiable, so
not a subset of I'*. By (2), ¢1 # ¢c3 ¢ I'*. By (3), ¢ =c3 €' O

Lemma 4.4. Let I'* be a set of sentences of a language E;C* having prop-
erties (2), (3), and (4) described in the statement of Lemma 4.2. Then T'*
1s satisfiable.

Proof. We wish to begin, as we did in the proof of Lemma 3.6, by using I'*
to define a model for £Z .. But we must not define the model as we did
before (on page 40). To see this, assume that we did use the old definition.
Let ¢; and ¢ be two distinct members of C* and suppose that the sentence
¢1 = cg belongs to I'*, as is possible. Since x(c1) = ¢1, x(¢2) = ¢2, and ¢; and
¢y are distinct objects, the new clause (i)(c) in the definition of vy, implies
that vgn(ci = c2) = F. Thus it is not the case that, for all formulas A,
va(A) = T if and only if A € I'*. But for the proof of Lemma 3.6 it was
critical that this was the case. If we are to define a model for which it is the
case, then we must make sure that

if ¢ =co €T, then x(c1) = x(c2).

To secure that result, our domain D will be composed, not of constants,
but of the equivalence classes of constants defined in Lemma 4.3. Define a
model M = (D, v, x) for LL . as follows.

(i) D={[dr|ceC}.

45



(ii) (a) v(p;) =T if and only if p; € T*.
(b) v((P",[c1]R,---,[cn]r)) =T if and only if Plcy...c, € T'™.
(iii) x(c) = [c]gr for each ¢ € C*.

Consider how (ii)(b) defines v for (PL, [¢]g). (ii)(b) says: take a repre-
sentative ¢/ from []g, and with it form the sentence Plc’. If Pjc € T'*,
v((Pf, [d]r) = T. If not, v((PL, [¢]r)) = F. Now, suppose that [¢|g =
{c, "}, where ¢ and ¢ are distinct constants. (ii)(b) is a genuine definition
if and only if it does not matter which ¢ is chosen from [¢/]g, i.e. if and
only if: Plc € I'* iff Pl¢” € I'*.

So, to show that (ii)(b) is a genuine definition, we are going to show that
the truth-value (ii)(b) assigns does not depend on the choice of representa-
tives from the equivalence classes. Assume that [cj]g = [¢j]g for 1 < j <n.
By the definition of the equivalence classes, we have that chc; holds for
1 < j < n. By the definition of R, we get that the sentence c¢; = c;- belongs
to I'* for 1 < 5 < n. We must show that P’ci...c, € I'" if and only if
P ...c, € T*. For the “only if” direction, assume that Pl'c;...c, € I'*
and that P'c)|...c, ¢ I'*. By (3), =P} ...c,, € I'*. Thus

{Plci...cp, PPy ..dyycr =0, o yen=20)}
is a finite subset of I'x. By (2) it is satisfiable. This is a contradiction. The
“if” direction is similar.
Let P be the property of being a sentence A such that

vogn(A) =T if and only if A €T™.

We prove by induction on length that every sentence of ﬁi,c* has prop-
erty P.
There are only two cases that are significantly different from the corre-
sponding cases in the proof of Lemma 3.6, so we omit the other cases.
Case (i)(c). A is ¢; = ca. A has P because

vop(c1 = c2) =T iff x(c1) = x(e2) ff [e1]r = [e2]r iff ¢4 =g €T
Case (iv). A is VaB for some formula B and variable . We prove that
VB has P.
vop(VeB) =T iff for all s, vge(B) =T
iff for all ¢ € C*, for all s with s(z) = [¢]r, vop(B) =T
iff for all c € C*, von(B(z;¢)) =T
iff for all c € C*, B(x;c) € I'*
iff VaB el

46



The first biconditional is by the definition of vy and the fact that no
variable besides x occurs free in B. The second biconditional is by the fact
that no variable besides x occurs free in B and the fact that D = {[c]|r |
¢ € C*}. The third biconditional is by the fact that x(c) = [¢|r for each
¢ € C*. The fourth biconditional is by the fact that the sentences B(x;c)
have property P. The proof that the fifth biconditional holds is exactly the
same as the corresponding step in the proof of Lemma 3.6.

Since, in particular, vgn(A) = T for every member of A of I'*, we have
shown that I'* is satisfiable. O

The proof of the two Compactness Theorems that follow are just like the
proofs Theorem 3.7 and Theorem 3.8.

Theorem 4.5 (Compactness). Let I' be a finitely satisfiable set of sen-
tences of LZ . Then I' is satisfiable, i.e., true in a model for L .

Corollary 4.6 (Compactness, Second Form). Let T’ be a set of sen-
tences of L* - and let A be a sentence such that I' |= A. Then there is
a finite subset A of T such that A = A.

Exercise 4.1. Exhibit a sentence of L ; that is true in every model with
exactly three elements and is false in all other models.

Exercise 4.2. Tell which of the following sentences of L , , are valid. If a

sentence is valid, explain briefly why. If it is invalid, give a model in which
it is false.

(a) Voie=c c) Yui (Plvy — Fua(vy = va A Plug))
(b) V’U1V’U2P2’U1UQ — V01V02 V1 = V2 (d) VUl (Pl’l)l — VUQ(P1U2 — V1 = ’Ug))

—~

The languages Eﬁ of full first-order logic.
For each set C of constant symbols, we have a language Eﬁ.

Symbols of Eé#: All symbols of all symbols of LZ  plus n-place function
letters
Fg, FYS FY .

for each n > 1.
Terms of Eﬁ:

(1) Each variable or constant is a term.
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(2) For each n and ¢, if ty,...,t, are terms, then F't;...¢, is a term.

(3) Nothing is a term unless its being one follows from (1)—(2).

Ezample of a term:
F}FicFlugugFjc.

Remarks:

(a) As we shall see, terms are expressions that, in a model and under
a variable assignment, denote a member of the domain of the model. The
terms of L¢ and L - are—let us retroactively specify—the variables and
constants. Variables and constants are the atomic terms of a language. The
new ingredients of Eéé are the complex terms given by clause (2) above.

(b) Proof by induction on length works for terms as well as for formulas.
In proving by induction on length that every term t has a property P, there
are two cases: (1) ¢ is a variable or constant; (2) t is F/*t;...,t, for some
numbers n and ¢ and some terms tq,...,1t,.

(c) As we can define functions by recursion on formulas, we can use
definition by recursion on terms to define functions whose domain is the set
of all terms.

Formulas of Lﬁ: Replace clauses (2) and (6) in the definition of formulas of
LZ « by the following clauses.

(2) For each n and 1, if ¢y,...,t, are terms, then P]'t;...t, is a formula.

(6) If t; and to are terms, then t; = ty is a formula.

Note that, with our retroactive definition of term for £ and LX , the
new clauses (2) and (6) have the same meaning as the old (2) and (6).

Remark. The proof of unique readability for formulas of [Zﬁ has a pre-
liminary step. One first needs to prove Unique Readability for Terms. This
states that every term is either a variable or constant or else is F*t1...t,
for unique n, 7, and t1,...,t,. The rest of the proof of unique readability
for formulas is similar to the proof for the other languages.

Models for EC# :

A model for Eéﬁ is a triple MM = (D, v, x) satisfying conditions (i) and (ii)
in the definition of a model for £X . and satisfying the following condition:

(iii) x is a function that assigns
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(a) a member of D to each constant;

(b) a member of D to each (n+ 1)-tuple of the form (F*,dy,...,d,)
for dy,...,d, members of D.

Satisfaction, truth, and logical implication for Eé&:

The notion of a variable assignment is the same as for £ and LZ .

The definition of dengy for the other languages has to be extended so
that dengy(t) is defined for all terms ¢. The definition is by recursion on
terms.

(1) dengy(t) = s(t) if t is a variable, and dengy(t) = x(t) if ¢ is a constant.
(2) dengyn(F't1...tn) = x((F]',dengy(t1), . .., dengy(t,))).

The definitions of satisfaction, truth, logical implication, validity, and
satisfiability are word for word the same as for E;C.

The proof of the Compactness Theorem for Eﬁ is very much like that for
LE . We list the lemmas and indicate the ways the proofs of the analogous
earlier lemmas are to be modified.

Lemma 4.7. Let T be a finitely satisfiable set of sentences of [’#C# and let A

be a sentence of Eéé. Then either T U{A} is finitely satisfiable or T'U{—A}
1s finitely satisfiable.

Lemma 4.8. Let I' be a finitely satisfiable set of sentences of ,Cé’k. Let C*
be a set gotten from C by adding infinitely many new constants. There is a
set T'* of sentences of L. such that

(1) T CT*;
(2) T* is finitely satifiable ;

(8) for every sentence A of [Zﬁ*, either A belongs to I'* or = A belongs
to I'*;
(4) T* is Henkin.
Proof. The only change we have to make in the proof of Lemma 4.2 is that
we must specify an alphabetical order for the symbols of Eﬁ*. Let us do this

by letting the new symbols F* come after the symbols of L ., ordered
first by superscript and then by subscript. O
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Lemma 4.9. Let I'* be a set of sentences of a language Eﬁ* having proper-
ties (2), (3), and (4) described in the statement of Lemma 4.8. Then I'* is
satisfiable.

Proof. We need to make two changes in the proof of Lemma 4.4.
First we need to provide the second part of the definition of y. We do
that by setting.

X((Fin, [Cl]R, ceey [Cn]R)) = [C]R iff Fl-"cl c.ep=c eI

We must show that this is a genuine definition. One thing doing that involves
is proving that the definition does not depend on the choices of elements of
equivalence classes. This proof is like the proof of the corresponding fact
about the P in the proof of Lemma 4.4, and we omit it. We also need to
prove that for all c1,...,c,, there is a ¢ such that F'c;...c, = c €' and
that all such ¢ have the same equivalence class. For the first fact, note that
JzF'c1...cp, = x is valid. By (2) and (3), it belongs to I'*. The desired
conclusion follows by (4). For the second fact, one uses (2), (3), and the
validity of (F*¢i...chn =cANFl'ci...cn=¢) —c="¢.

The other change we have to make is in the atomic cases (i)(b) and (i)(c)
of the proof that all formulas have property P.

Before considering the proofs of these facts, we first prove another fact
that we will need in these proofs.

Say that a term ¢ containing no variables has property @ if and only if|
for every ¢ € C*,

if dengn(t) = [c]g then c =t € T'",

where dengy(t) is the common value of the dengy(t). We prove by induction
on length that all terms without variables have Q.

(1) If t is a constant, then dengp(t) = [t|gr. By definition of [c]g, ¢ =t
belongs to I'* if and only if [t]gr = [¢|g. Thus ¢ has Q.

(2) Assume that t is F't;...t,. Let dengn(t;) = [ci]r for 1 < i < n.
All the t; have @), so the sentence ¢; = t; belongs to I'* for each i. Let
dengyn(t) = [¢|r. By the definition of dengy, it follows that

dengn(F/*c1...cn) = x((E" [ci]r,---,[cnlR))
= dengn(F/*t;...t,)
= dengy(t)

= g
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By the definition of x((F}*, [c1]R,---,[cn]r)), We have that F'c;...c, = ¢
belongs to I'*. Assume that ¢ = F]'t;...t, does not belong to I'*. By
property (3) of I'*, ¢ # F't;...t, belongs to I'*. Since ¢; = t; € T'"* for
every i, the set

{1 =t1,...,cn=1tpn, El'c1...cn=c,c# F't1...t,}

is a finite subset of I'*. This set is not satisfiable, and so we have contradicted
property (2) of I'*. In doing so, we have shown that ¢ has Q.

Now we are ready for cases (i)(b) and (i)(c) of the property P proof. Let
dengy(t;) = [¢i]r for 1 < i < n. Since the ¢; have Q, ¢; = t; € I'* for each i.

vop( Pty ... tp,) =T iff o((P",dengn(t1),...,dengy(t,))) =T

iff U((F)in7 [Cl]p“ ey [cn]R>) =T
iff F)incl...CnEF*
iff Pi”tl...tnel“*,

where the last iff is by properties (2) and (3) of I'™*.
The proof for case (i)(c) is similar, and we omit it. O

Theorem 4.10 (Compactness). Let I' be a finitely satisfiable set of sen-
tences of Cé’&. Then T is satisfiable, i.e., true in a model for ,Céé.

Corollary 4.11 (Compactness, Second Form). Let I' be a set of sen-
tences of [’#C# and let A be a sentence such that T' = A. Then there is a finite
subset A of T' such that A = A.

Exercise 4.3. Which of the following sentences are valid? For each one,
explain or give (the relevant part of) a counter-model.

(a) FviF3vgcvs = vg
(b) Yo1Vua(vy # va — Flog # Flug) — Yo FueFlug = vy

Exercise 4.4. Give the omitted case (i)(c) in the proof of Lemma 4.9.
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