3 The semantics of pure first-order predicate logic

We now begin our study of what is called, among other things, predicate
logic, quantificational logic, and first-order logic. We shall use the term “first-
order logic” for our subject. The term “predicate logic” suggests formal
languages that have predicate lettrers but not function letters, and we do not
want to leave out the latter. Both “predicate logic” and “quantificational
logic” fail to suggest that higher-order and infinitary logics are excluded,
and—except for a brief consideration of second-order logic at the end of the
course—we do intend to exclude them.

In order that our first pass through first-order logic be as free of complex-
ities as possible, we study in this section a simplified version of first-order
logic, one whose formal languages lack two important kinds of symbols:

(a) function letters;

(b) an identity symbol.

We call this simplified logic “pure first-order predicate logic.” In the next
section, we shall see what changes have to be made in our definitions and
proofs to accommodate the presence of these symbols.

The languages L{, of pure predicate logic.
For any set C of constant symbols, we shall have a language L¢..

Symbols of LE,:

(i) sentence letters Do, P1, P2, - - -
(ii) for each n > 1, n-place predicate letters FPf, Py, Py, ...
(iii) variables Vg, V1, V2, - . -
(iv) constant symbols (constants) all members of C
(v) connectives -, —
vi) quantifier v
(vi)
(vil) parentheses (,)

Constants and variables will more or less play the role played in natural
languages by nouns and pronouns respectively. Predicate letters will more or
less play the role that predicates play in natural languages. In combination,
these symbols will give our formal language a new kind of basic formulas,
the simplest of which will play the role that subject-predicate sentences play
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in natural languages. The quantifier V will play the role that the phrase “for
all” can play in natural languages.

Formulas of L,

(1) Each sentence letter is a formula.

2) Foreachnandi,iftq,...,t, are variables or constants, then Pty ...%,
1
is a formula.

(3
(4
(5
(6

If A is a formula, then so is —A.
If A and B are formulas, then so is (A — B).

If A is a formula and x is a variable, then Vx A is a formula.

~— ~— ~— ~—

Nothing is a formula unless its being one follows from (1)—(5).

The formulas given by (1) and (2) are called atomic formulas. An occurrence
of a variable z in a formula A is free if the occurrence is not within any
subformula of A of the form VxB. A sentence or closed formula is a formula
with no free occurrences of variables. An open formula is a formula with at
least one free occurrence of a variable.

Ezample. The third occurrence of v; in the formula
va(Vleglvl — P12U1U2)
is free, and so this formula is not a sentence.

The method of proof by induction on length applies to L¢, as it does to
L. The difference is that we now have four basic kinds of formulas.

Lemma 3.1. For every formula A, exactly one of the following holds.

(1) A is an atomic formula.

(2) There is a formula B such that A is —B.

(3) There are formulas B and C such that A is (B — C).

(4) There is a formula B and there is a variable x such that A isVzB.

The proof of Lemma 3.1 is like that of Lemma 1.1. Because of the four kinds
of formulas, there is an extra case in proofs by induction on length:

Case (iv) A is VaB for some formula B and some variable z.
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Also Case(i), the case that A is an atomic formula, has two subcases:

Case (i)(a) A is a sentence letter.

Case (i)(b) Ais Pty ...t, for some i and n, and some variables or constants
to ot

)

Unique readability holds for L as it does for L.

Lemma 3.2. No proper initial segment of a formula of L& is a formula of

i

Theorem 3.3 (Unique Readability). Let A be a formula of Li. Then
exactly one of the following holds.

(1) A is an atomic formula.
(2) There is a unique formula B such that A is —B.
(8) There are unique formulas B and C such that A is (B — C).

(4) There is a unique formula B and there is a unique variable x such
that A is VaB.

The proofs of Lemma 3.2 and Theorem 3.3 are similar to those of Lemma 1.2
and Theorem 1.3

Truth and logical implication.

As we did with the sentential language £, we want to introduce semantic
notions for the languages L¢.. If we want to keep as close as possible to the
methods of §1, then we might try to extend the notion of a valuation v so
that v assigns a truth-value to all atomic formulas, not just all sentence
letters. And we might try to add a clause to v* for formulas of the form
VzA. There are complications with both of these ideas. We shall discuss
the former complication now, the latter complication later.

The complication is that an open formula (one with free variables), does
not, by itself, have a truth-value. Consider “x < 3,” from the language of
arithmetic, or “He is fat.” from English. Neither formula has a truth-value
on its own. To get a truth-value for the former, one needs to assign some
particular number to the variable z. To get a truth-value for the latter,
one needs a context in which “he” denotes a particular person (or animal or
whatever). Similarly, the semantics of £ will not by itself provide a truth-
value for open atomic formulas such as P?vze. And, we cannot ignore the
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semantics of formulas with free variables. For such formulas occur within
the scope of V, as in VvaPlvg, and the semantic properties of the quantified
sentence depend upon the semantic properties of the formula. So in our
semantics, we will allow for the assignment of a truth-value to PZvsc given
an assignment of v3 to some particular object.

What are the objects over which our variables are to range? A natural
answer would be that they range over all objects. If we made this choice,
then we could interpret Vus as saying “for all objects v3.” However, there
are reasons for not wanting to make a matter of logic that, e.g., there are
more than 17 objects, and requiring that our variables range over all objects
would make this a matter of logic. Therefore we allow the variables to range
over any set of objects, and we make the specification of such a set part of
any interpretatation of our language.

The first step in providing an interpretation of L (or, as we shall say,
a model for L) is thus to specify a set D as the domain or universe of the
model. It is standard to require that D be a non-empty set, because doing
so avoids certain technical complexities. We make this requirement.

The second step is to provide a way to assign truth-values to atomic
formulas when their variables are assigned to particular members of D.
To accomplish this (in an indirect way), (i) we specify the truth-values of
sentence letters and (ii) we specify what property of elements of D or relation
among elements of D each predicate letter is to stand for. We do this by
telling, for each n and ¢, which n-tuples (di,...,d,) of elements of D the
predicate P/ is true of.

The final step in determining a model for £¢, is to specify what element
of D each constant denotes.

Here is the formal definition. A model for L¢ is a triple MM = (D, v, x),
where

(i) D is a non-empty set (the domain or universe of IM);

(ii) v is a function (the valuation of M) that assigns a truth-value to each
sentence letter and each (n + 1)-tuple of the form (P, dy,...,d,) for
di,...,d, members of D.

(iii) x is a function (the constant assignment of 9t) that assigns to each
constant an element of D.

Note that, except for the sentence letters, the things to which v assigns
truth-values are not actually formulas.

In describing the v of a model, we shall often find it convenient to list
the set of things to which v assigns T. Let us call this the v-truth set.
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Examples:
(a) Let Cq = {c}. Let M, = (Dq, vq, Xa), Where:

D, = {di,dy}
ve-truth set = {ps, (P',dy), (P%,dy,dy), (P?, dy,ds)}
Xa(c) = d2

(b) Let Cp = {¢,'}. Let My, = (Dy, vy, Xp), where:

D, = {0,1,2,...}

v-truth set = {(P1,0)} U {(P?,m,n) | m > n}
xp(c) = 0
xo(d) =1

Whenever we omit the subscript of a predicate letter, as we have done in
describing these two models, let us take the omitted subscript to be 0.

Given a valuation v, in §1 we defined a function v* that assigned truth-
values to all the sentences in £. It might seem natural to attempt to directly
define a function vgy that assigns a truth-value to all the formulas in £¢. In
fact, we shall proceed in a more indirect fashion with our semantics for L.
The first problem for this attempt arises with open formulas. As already
noted, formulas such as Plvy or Vv P?vivg do not have truth-values. They
only have truth-values relative to assignments to their free variables. This
problem might not seem fundamental. Could we directly define a function,
just for all the sentences of L{,? We cannot even do that. Consider sentences
of the form Yz A. The natural clause is:

T if for all d € D, von(A) = T

van(VeA) = { F otherwise.

But, the contemplated recursive definition of vgy does not give a value
for a formula A relative to an assignment of d to z in A. So, we will need
to define a function vg,(A) that yields a truth-value for a formula A, given
a model M, and an assignment s of values to the formula’s free variables.
Then, we can define vgy for sentences, in terms of vgy.

So, let M = (D, v, x) be a model for L. Let s be a variable assignment,
a function that assigns a member s(x) of D to each variable x. And, for
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each variable or constant ¢, let

s _ | s(t) iftis a variable;
dengy(t) = { x(t) if t is a constant.

By the version of recursion on formulas appropriate for L, we define a
function vgy that assigns a truth-value to each formula.

(i) The case of A atomic:

(a) vgp(pi) = v(pi);
(b) vin(Pl't1 ... tn) = v((P]', dengy(t1), . .., dengy(ty)))

o [ F ifugy(A) =T,
(i) vge(=A) = { T if viy(A) = F

T if vj(A) = T and viy(B) = T';
ST ) F ifvjp(A) =T and viy(B) = F;
() v3e((A = B) = 0 if y3;(4) = F and viy(B) = T
T if v (A) = F and vgy(B) = F;

T if foralld € D, v(A) = T,
(iv) vgp(VzA) = where ¢’ is like s except that §'(z) = d;
F otherwise.

M satisfies A under s if and only if v5,(A) = T.

Clause (iv) merits discussion, which it will receive shortly. We introduce
one more abbreviation:

dzxA for —Vz—A.

It is not hard to verify that the defined symbol 3 obeys the following rule:

T if for some d € D, US;?(A) =T,
(v) vip(FzA) = where ¢’ is like s except that §'(z) = d;
F otherwise.

Clause (iv) can be difficult to understand on a first encounter. What is
the s’ doing? What is the relation between s and s'? Clause (iv) is as it is to
allow us to consider all assignments to x while holding fixed s’s assignments
to other variables. To understand this in more depth, we will start with
an example in the language of mathematics, “For every number x, x > 3”.
Suppose n is assigned to y. Given that assignment, the formula is true if
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and only if each number in the domain is greater than or equal to n. That
is, the formula is true iff for each number m, “z > y” is true if m is assigned
to x and n is assigned to y. In this last statement, it becomes clear that we
hold the assignment of n to y fixed, and consider different assignments to
z. In determining the truth of “For every number x, x > 4" given n as y’s
value, we ignore assignments of other values to y.

Now, consider an example from L, YogP%vgvy. Let s(v1) = e, where
e € D of M. Intuitively, M satisfies Vg P2vgvy under s if and only if for each
', if s(v1) = e, then, whatever s(vg) may be, US;R(PZU()Ul) = T. That is, we
consider any variable assignment s’, and hence assignment of any values to
0, S0 long as s also assigns e to vi. If P2vgv; is true in Ot under all of those
assignments, then Yoy P?vguy is true in 9t under s. Otherwise, YvgP%vgv; is
not.

These examples illustrate that our clause defining vi;(VzA) needs to
accomplish two things. It needs to hold fixed the assignments to free variable
in A other than xz. And it needs to consider all assignments to xz. In
clause (iv), we consider an assignment ', if it agree with s on assignments
to all variables other than x. We thereby consider all s’ that agree with all
of s’s assignments to all of A’s free variables, other than z.

We now introduce some terminology. Note that whether or not 90 satis-
fies A under s does not depend on the whole of s but only on the values s(z)
for variables x that have free occurrences in A.3 For sentences A, we may
then define vgn(A) to be the common value of all vy, (A). We define a sen-
tence A to be true in M if vgp(A) = T and false in M if vop(A4) = F. M
satisfies a set I' of formulas under s if and only if all 91 satisfies each member
of I under s. A set of sentences is true in 9 if and only if all its members
are true in 9.

Ezample. Here are some sentences true in the model 91, described on
page 31: ~Ple; Y3y P?vivg; Jvi(pe A P2upvy).

Exercise 3.1. For each of the following sentences, tell in which of the mod-
els M, and M, the sentence is true. Explain your answers briefly and infor-
mally.

(a) Fu Vg P?vovy  (b) Yoy (Ploy V P2cvy)

(C) Vvl (Pl’l)l — pg) (d) E|U1 (Plvl — pg)

3This is easily verifiable. See exercise 3.2.
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Exercise 3.2. If A is a formula, = is a variable, and t is a variable or
constant, then A(z;t) is the result of replacing each free occurrence of z in
A by an occurrence of t. For example, V01P201U2(02; c) = Yo P2v;c.

Let A be any formula such that z is the only variable with free occur-
rences in A. Show that, for every constant ¢, model 91, and assignments s,
s,

/

if dengy(z) = deny(t), then vi(A) = vin(A(z;t)).
Remarks:

1. Suppose that x is the only free variable in A, and that s(z) = §'(x).
Then, dengy,(z) = deny(z). vin(A) = vip(A(z;t)). Since A(x;x) = A,
vin(A) = US;I(A). That is, whether or not 9t satisfies A under s does
not depend on the whole of s but only on the values s(zx).

2. Exercise 3.2 straightforwardly extends to cases in which multiple free
variables 1, ..., 2, occur in A. A consequence of the generalization is
that, for any formula A, whether or not 9 satisfies A under s does
not depend on the whole of s but only on the values s(x1), ..., s(xy).

If I' is a set of formulas and A is a formula, then we say that I' logically
implies A (in symbols, I' = A) if and only if, for every model 9t and every
variable assignment s,

if 9 satisfies I" under s, then 9 satisfies A under s.

A formula or set of formulas is valid if it is satisfied in every model under
every variable assignment; it is satisfiable if it is satisfied in some model
under some variable assignment. As in sentential logic, a formula A is valid
if and only if ) = A, and we abbreviate ) = A by E A. We shall be
interested in the notions of implication, validity, and satisfiability mainly
for sets of sentences and sentences. In this case variable assignments s play
no role. For example, a set ¥ of sentences implies a sentence A if and only
if, for every model 9N,

if 3 is true in 9, then A is true in M.

Exercise 3.3. For each of the following pairs (I', A), tell whether I' = A.
If the answer is yes, explain why. If the answer is no, then describe a model
or a model and a variable assignment showing that the answer is no.

(a) T: {Vu13vg P2ujva}; A: JuaVuy P?uivs.
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(b) T: {3v1Vg P?vive}; A: YueTuy Plugus.
(c) T: {Yvy P%vivi, P?ciea}; A: Pleyer;
(d) T: {VuiVug P?viva}; A: VYuoVuy P2ugvg;
(e) T: {Plvi}; A: Vo Plog.

Exercise 3.4. Describe a model in which the following sentences are all
true.

(a) Vv13vs Ploqus.
(b) Yo1Vua(P?vivg — ~P2uuy).
(c) VorVuaVuz((P2vive A P?uaus) — P?vivs).

Can these three sentences be true in a model whose universe is finite? Ex-
plain.

Exercise 3.5. Show that the four statements of Exercise 1.7 hold for for-
mulas of L.

For sentential logic, valid formulas and tautologies are by definition the
same. For predicate logic, the notion of a tautology is different from that of
a valid formula. Consider:

(1) Vv Plug — Yo Plog;
(2) Vv Py — 3ug Ploy.

Intuitively, (1) is valid just because of its truth-functional structure. If
the antecedent is true, then the consequent is true, so the conditional is true.
If the antecedent is false, the conditional is true. On the other hand, the
validity of (2) depends also on its quantificational structure. So we would
like to distinguish valid sentences like (1) from valid sentences like (2). We
now explain how to do so.

Call a formula of any of our formal languages sententially atomic if it is
neither a negation nor a conditional, i.e., if it is not —A for any A and it is
not (A — B) for any A and B. The sententially atomic formulas of £ are
the sentence letters. The sententially atomic formulas of L, are the atomic
formulas and the quantifications (the formulas of the form VzA). Note that
every formula can be gotten from the sententially atomic formulas using
only negation and conjunction.

An extended valuation for any of our languages is a function that assigns
a truth-value to each sententially atomic formula.

Let v be an extended valuation. We as follows define a function v* that
assigns a truth-value to each formula.
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(a) if A is sententially atomic, then v*(A) = v(A);

. F ifv*(A) =T;
(b) v7(~4) = { T ifv*(A) = F;

T if v*(A) =T and v*(B) = T;

. ) F ifv*(A) =T and v*(B) = F;

() (A= B)) =4 7 ifp*(4) = F and v*(B) = T
T ifv*(A)=F and v*(B) =F.

We define a formula A to be true under the extended valuation v if v*(A) =
T and to be false under v if v*(A) = F. We define a set I' of formulas to be
true under v if and only if all members of I' are true under v.

If I' is a set of formulas and A is a formula, then say that I" sententially
implies A if and only if A is true under every extended valuation under
which T' is true. We write I' =g A to mean that I" sententially implies A. A
formula A is a tautology if and only if () =g A, i.e., if and only if A is true
under every extended valuation. We usually write =g A instead of () =4 A.

For the language £, the new definition of tautology agrees with the old
definition. It is easy to see that for both £ and L{, every tautology is valid.
The converse, while true for £, is false for L. For example, (2) is not a
tautology but is valid.

Exercise 3.6.
V’Ul (P1v1 — Plvl)

is valid. Is it a tautology? Explain.
Exercise 3.7. For each of the following pairs (I', A), tell whether I" =g A.
Prove your answers.

(a) T: {Vuy Plvg, Yo (Plvy — Plug}; A: Plus;

(b) I {(Vvl ﬂPlvl — po), (ﬁva Pl'UQ — —\p())}; A: (\V/'UQPLUQ V

3’[)1 Plvl).

Compactness

We now begin the proof of the Compactness Theorem for £f,. As we did with
L, we call a set I' of formulas of L¢, finitely satisfiable if every finite subset of
I' is satisfiable. The Compactness Theorem we shall prove states that every
finitely satisfiable set of sentences is satisfiable. The stronger statement with
“sentences” replaced by “formulas” is true. The reasons why we prove only
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the weaker one are (a) simplicity and (b) considerations—to be explained
later—involving the theory of deduction.

The analogue for formulas of the following lemma is true and has a proof
like that of the lemma.

Lemma 3.4. Let I' be a finitely satisfiable set of sentences of L and let A
be a sentence of L. Then either T'U{A} is finitely satisfiable or T'U{—-A}
1s finitely satisfiable.

Proof. The proof is like the proof of Lemma 1.4. Assume for a contradiction
neither I'U{A} nor I'U{—A} is finitely satisfiable. It follows that there are
finite subsets A and A’ of ' such that neither A U {A} nor A’ U {-A} is
satisfiable. Since T" is finitely satisfiable, the finite subset A U A’ of T" is
satisfiable. Let 9 be a model in which AU A’ is true. If vgp(A) = T, then
A U{A} is true in 9 and so A U {A} is satisfiable. Otherwise A’ U {—A}
is true in 9 and so A’ U {—A} is satisfiable. In either case we have a
contradiction. 0

Simplifying assumption. From now on we assume that the members of
the set C can be arranged in a finite or infinite list. In the technical jargon
of set theory, this is the assumption that C is countable. Most of the facts we
shall prove can be proved without this assumption, but the proofs involve
concepts beyond the scope of this course.

Our next lemma is the analogue for £ of Lemma 1.5. The main dif-
ference from the earlier lemma is that the set I'* has a fourth property.
This property will be needed for the proof of Lemma 3.6, the analogue of
Lemma 1.6. A set I' of formulas in a language L£¢, is Henkin in L if and
only if, for each formula A and each variable z, if (i) below holds, then (ii)
also holds.

(i) A(z;c) €T forall c € C.
(ii) VzA eT.

Lemma 3.5. Let I' be a finitely satisfiable set of sentences of L. Let C*
be a set gotten from C by adding infinitely many new constants. There is a
set I'* of sentences of L. such that

(1) T CT*;
(2) T* is finitely satifiable ;
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(3) for every sentence A of L., either A belongs to I'* or = A belongs
to I'*;
(4) T* is Henkin in L¢..

Proof. In keeping with our simplying assumption, let cg, c1, ..., be all the
constants of Lf..

Since L. has symbols that are not symbols of £, we need to specify an
alphabetical order for the symbols of L}... Let that order be as follows.

-, —, (7 ), v,
Vo, U1, V2y...,
Cp, C1, C2y ...,
bo, P1, P2,-- -,
P, PL P} ...,
P PP ...,

Now we give a method for listing all the sentences of L¢. in an infinite
list. First list in alphabetical order all the sentences that have length 1
and contain no occurrences of variables, constants, sentence letters, or pred-
icate letters with any subscript or superscript larger than 0. Next list in
alphabetical order all the sentences that have length < 2 and contain no oc-
currences of variables, constants, sentence letters, or predicate letters with
any subscript or superscript larger than 1. Next list in alphabetical order
all the sentences that have length < 3 and contain no occurrences of vari-
ables, constants, sentence letters, or predicate letters with any subscript or
superscript larger than 2. Continue in this way.
Let the sentences of L., in the order listed, be

A07 A17 A2> A3a

We define, by recursion on natural numbers, a function that associates with
each natural number n a set I',, of sentences of L{.. For each n, I';, will
be a subset of 'y, 11, and there will be at most 2 sentences that belong to
Cpt1 \ Th.

Let FO =T.

Our definition of I';,41 is more complicated than it was in Lemma 1.5,
because we need to insure that I'* is Henkin.

We define I', 1 from T'), in two steps. For the first step, let

Il =

n

r,u{A,} ifT, U{A,} is finitely satisfiable;
I, U{-A,} otherwise.
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Let T'y41 = I}, unless both of the following hold.

(a) A, €T,

(b) A, is Vx, B, for some variable z,, and formula B,,.

Suppose that both (a) and (b) hold. Let i, be the least ¢ such that the
constant ¢; does not occur in any formula belonging to I'},. To see that such
an ¢ must exist, recall that there are infinitely many new constants in C*.
I'g is ', which contains none of the new constants. For each m < n, at most
two sentences were added in the passage from I, to I'yyq. Thus I, \ T is
finite, so only finitely many of the infinitely many new constants occur in
sentences in I'),. Let

Lpy1 = F;L U{=Bn(zn;ci,)}-

Let I = {J,, I'n.

Because I' =Ty C I'*, I'* has property (1).

We prove by mathematical induction that I';, is finitely satisfiable for
each n. Iy is finitely satifiable by hypothesis.* Assume that I, is finitely
satisfiable. Lemma 3.4 implies that I' is finitely satisfiable. If T',, 41 = I',,
then I'y41 is finitely satisfiable. Assume then that (a) and (b) hold and
so I'yy1 = T, U {=Bn(xp;ci,)} and, in order to derive a contradiction,
assume that 'y 41 is not finitely satisfiable. For some finite subset A of
I, AU{=By(xn;ci,)} is not satisfiable. Since I", is finitely satisfiable and
-A, € T, AU {=A4,} is satisfiable. Let MM = (D, v, x) be a model for
L&« in which AU {—A,} is true. Since A, is V&, B, Vx,B, is false in 9.
This means that there is a d € D such that viy(B,) = F for any variable
assignment s such that s(x,) = d. Let 9 = (D,v,x’) be just like 9N,
except let

x(ci,) =d.

Since ¢;,, does not occur in B,

voy (Bn(xn;ci,)) = F.

4Actually there is a subtlety here. The assumption that T' is finitely satisfiable, if
precisely formulated, says that every finite subset of T' is true in some model for £&. But
we want ['g to be finitely satisfiable in the sense that every finite subset of I'g is true in a
model for L&«. Nevertheless, there is no problem. Any model for £¢ can be made into a
model for L&« by defining x of the new constants in an arbitrary way. Since I'g contains
none of the new constants, subsets of it will be true in the resulting model if and only if
they are true in the given one.
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Since ¢;, does not occur in A, A is true in 9. Thus we have the contra-
diction that A U {=By,(zn;c¢i,)} is satisfiable.

If A is any finite subset of I'*, then A C I';, for some n. Since I'j, is
finitely satisfiable, A is satisfiable. Thus I'* has property (2).

Because either A,, or =A,, belongs to I',,11 for each n and because each
41 C T, T has property (3).

Suppose that A, is Va,By,. If A, ¢ T*, then A, ¢ I',,+1 and so —A,, €
I'y41. But this implies that =B (zp;ci,) € T'ny1 € I'*. By property (2)
of T, it follows that By, (zp;c;,) ¢ T'*. This argument shows that I'* has
property (4). O

Lemma 3.6. Let I'* be a set of sentences of a language LE. having proper-
ties (2), (3), and (4) described in the statement of Lemma 3.5. Then I'* is
satisfiable.
Proof. Define a model MM = (D, v, x) for L. as follows.
(i) D =C*.
(ii) (a) v(p;) =T if and only if p; € T*.
(b) v((P,c1,...,¢n)) =T if and only if Pl'c;...c, € T*.
(iii) x(¢) = ¢ for each ¢ € C*.
Let P be the property of being a sentence A such that
vogn(A) =T if and only if A€ T™.

We prove by induction on length that every sentence of L. has property P.
Case (i)(a). A is a sentence letter p;. A has P because vgn(p;) = v(p;)
and v(p;) = T if and only if p; € I'*.
Case (i)(b). Ais Pl'cy...c,. A has P by clause (ii)(b) above and by
vom(Pl*c1 .. .cn) = v((P, x(c1), .-, x(en))) = v((P,c1y. .-y cn)).

Case (ii)—the case that A is =B for some B—and Case (iii)—the case
that A is (B — () for some B and C—are just like the corresponding steps
of the proof of Lemma 1.6.

Case (iv). A is VB for some formula B and some variable x. We prove
that Vx B has P.

vop(VeB) =T iff for all s,v5p(B) =T
iff for all ¢ € C*, for all s with s(z) = ¢, vjp(B) =T
iff for all c € C*, von(B(z;¢)) =T
iff for all c € C*, B(x;c) € I'*
iff VaB el
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The first biconditional is by the definition of vy and the fact that no
variable besides x occurs free in B. The second biconditional is by the fact
that no variable besides = occurs free in B and the fact that D = C*. The
third biconditional is by the fact that x(c) = ¢ for each ¢ € C*. The fourth
biconditional by the fact that the sentences B(z;c) have property P.

To see that the “if” part of the last biconditional holds, assume that
VxB € I'* and that, for some ¢ € C*, B(z;c) ¢ I'*. By (3), -B(z;¢) €
I'*. Thus {VxB,—~B(z;c)} is a finite subset of I'*. But this subset is not
satisfiable, contradicting (2).

The “only if” part of the last biconditional holds by (4).

Since, in particular, vgn(A) = T for every member of A of I'*, we have
shown that I'* is satisfiable. O

Theorem 3.7 (Compactness). Let ' be a finitely satisfiable set of sen-
tences of L¢,. Then I' is satisfiable, i.e., true in a model for Lf..

Proof. By Lemma 3.5, let I'* have properties (1)—(4) of that lemma. By
Lemma 3.6, I'* is satisfiable. Let 91 be a model for £¢. in which I'* is true.
By (1), I is true in 9*. We can turn 9t* into a model for £, in which T
is true by throwing away the part of the y of I'* that assigns objects to the
constants in C* that do not belong to C. (The resulting model 9t is called
the reduct of MM* to LE..) O

Corollary 3.8 (Compactness, Second Form). Let I' be a set of sen-
tences of L& and let A be a sentence such that I' = A. Then there is a
finite subset A of I' such that A = A.

Proof. The proof is just like that of Corollary 1.8. O

Exercise 3.8. Call a set I' of formulas in a language £¢, Henkin® in Lf, if
and only if, for each formula A and each variable z, each variable z, if (iii)
below holds, then (iv) also holds.

(iii) JzA € T.
(iv) A(z;c) €T for some ¢ € C.

Let I'* be a set of sentences in a language L. having properties (2) and (3)
described in the statement of Lemma 3.5. Show that I'* is Henkin in L. if
and only if it is Henkin* in L}..
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Exercise 3.9. Let C ={0,1,2,...}, where, e.g., 7 is the numeral “7.” Let
M = (D, v, x), where:

D = {0,1,2,...}
v-truth set = {(P?,m,n) | m >n}U{(P5,m,n,p) | m+n=np}
U {(PP,m,n,p) [ m-n=p}
x(n) = n
Let ¥ be the set of all sentences true in 9. Prove that there is a model
M = (D',v', x’) such that:
(a) X is true in IN;

(b) thereisad € D’ such that, for every natural number n, (P2?,d, x'(n))
belongs to the v’-truth set.

Hint. Let C* = CU{c}. Describe the set II of sentences involving ¢ that
need to be true in M if x'(c) is to be a d witnessing that (b) holds. Next
show that 3 UTI is finitely satisfiable. To do this, assume that A is a finite
subset of II. Show that 9t can be made into a model M = (D, v, ) of TUA
by an appropriate choice of y(¢). Apply the Compactness Theorem to get
a model M* of ¥ UIL Finally let M be the reduct of M* to L.

Exercise 3.10. Suppose we added 3 as an official symbol of our languages
L, extending the definition of vy, using clause (v) on page 32. The part of
the proof of Lemma 3.6 by induction on length would have an extra case.
Supply this extra case.
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