
As,

Lincer Indap ,
Bases :

ker(A) im (A)

A
,

man
,

IR"-R

Ker(A) = Gall
solutions to

3Ax = 0

closed under scalar multiplication
↳ Subspace

:

closed under vector addition

Lincerindependance :

, , ...,
En

Linearly independent if the only solution to

x
,n +... + x =

x
,

= xz=... = X = 0

[.... ][] = =

-



Basisfor a subspace :

If V is a subspace of MV
,
(thi , For(A)

then a rating sat for V is a set of

rectors
, ,

. . .

,
TK if

V =
d , ..., 3

↳ all liner combinations of ..... K

A generating set is a bis if it is also

~dependent

-> The number of vectors in a basis
,

is called

the dimension of the subspace.
-



Math 33A Worksheet Week 5

TA: Emil Geisler and Caleb Partin

April 29, 2024

Exercise 1. Determine whether the following sets of vectors are linearly independent or linearly
dependent:

(a)


3
�1

�
,


0
1

�
,


2
2

�

(b)

2

4
0
0
0

3

5

(c)

2

664

1
0
0
0

3

775 ,

2

664

1
3
0
0

3

775 ,

2

664

�1
0
4
0

3

775 ,

2

664

1
0
0
5

3

775

1

iiilydependent , x10] = [] for my were

( (i)
,

(i)
,

(i)
What are the sols-to Ax =* ?

-1 2Iso I
3

· /][-1

A
X

, As

DocB]*I



X = t
,

ter

x, = - 2(3x3 = - 2/st

-2 = - %7 = -

St = (i)
=> Since Ax =O has non-to solutions

,

[i]
,
[i]

,

[2] are linely dependent

- (i) + - = (i) + (2) = [0)
-

(2) : = (i) + : (i)



Exercise 2. Let A : R3 ! R3 be the linear transformation given by the matrix

2

4
4 2 �1
0 1 0
�8 0 2

3

5.

Find a basis for kerA. Find a basis for imA. What are the dimensions of kerA and imA?

Exercise 3. Find a linear transformation A : R3 ! R3 which satisfies each of the following
conditions, or explain why such a linear transformation doesn’t exist:

(a) kerA = {~0}, imA = {~0}.

(b) kerA = span{

2

4
1
3
�3

3

5} and detA = 0

(c) kerA = span{

2

4
1
3
�3

3

5} and detA 6= 0

(d) kerA = span{

2

4
1
0
0

3

5 ,

2

4
0
1
0

3

5}, imA = span{

2

4
1
0
0

3

5}.

2

[i]

nomrieversible
-

invertible
-



How to find the basis

[0: ] for im(A) & Ker(A)
-

& Row reduce A to RREF

4 14

I & -> I O I?? ()
- 80 2 +2(I)

① M
- 114 ② Identify pivots

->
⑧ O &( = O IE

③
Find basis fr im (A) :

-

Take columns of A that correspond to cols with

pivots in RREF of A

im(A) = spar3[]
,
[073

NOT

NOTE : YOU HAVE TO USE COLUMNS OF A
, RREF(A)

-



④ Augment now-reduced metres of t
,

and identify

from variables
O

↓
X+Ex-try = O

O xz
= 0[] Es = t

,

tER

x
, x,
m

* = x = ItM

free variable

(i) :(I
u

Ker(a) = spood(o]}
always

dim (im(A)) = # of pivots

I
true,

dim (ker(A)) = # of free variables for any

A

dim (in (A)) + dim(ke(A)) = # of columns of

A



I iii] bail rector
-

im (A) = spad(1]3

I iii( : ] - 181 :)
free variables

↑ 1 + xz + xz = 0
x

,
= -x- xz = -t-S

*
= t

,

t-1R =

Xz
= s

,
St

(7 : (*) : (: 7 +[]S

= + (i) + (i)
↳heis for Ker(t)



Exercise 4. Find the kernel of the following matrices:

(a)


3 2 1
�1 0 1

�

(b)

2

4
3 �1
0 1
2 1

3

5

(c) A for A : Rn ! Rn invertible.

(d) A with row reduced echelon form

2

4
1 0 �1
0 1 �3
0 0 0

3

5.

3

-

4 . (c) A
,
nen

(t
= = =nd(0)

A invertibl whic # of pirots = n (
kor(A) = 0

A has AR free variables
,

so Ker(A) rely contains to

O

A invertible <=S # of pirots
= n (=)kc(t) = 0

nun
L = ) cols of A are lincely independent


