TOPICS IN COMBINATORICS (MATH 285N, UCLA, WINTER
2016)

ARTEM CHERNIKOV

1. VAPNIK-CHERVONENKIS DIMENSION: BASIC PROPERTIES AND EXAMPLES

Let X be a set (finite or infinite), and let F be a family of subsets of X. A pair
(X, F) is called a set system.

Given A C X, we say that the family F shatters A if for every A’ C A, there is
a set S € F such that SNA=A"

The family F has VC-dimension at most n (written as VC (F) < n), if there
isno A C X of cardinality n + 1 such that F shatters A. We say that F is of
VC-dimension n if it is of VC-dimension at most n and shatters some subset of size
n.

If for every n € N we can find a subset of X of cardinality n shattered by F,
then we say that F has infinite VC-dimension (VC (F) = o0). If VC(F) is finite,
we say that F is a VC-family. Note that if 7' C F then VC (F') < VC (F).

Example 1.1. Let X = R and let F be the family of all unbounded intervals.
Then F has VC-dimension 2. Clearly any two-element set can be shattered by F.
However, if we take any a < b < ¢, then {a,b,c} cannot be shattered by F.

Exercise 1.2. Let X = R?, and let F be the set of all half-spaces. Show that
VC (F)=3.

Exercise 1.3. Let X = R? and let F be the set of all convex polygons. Show that
VC (F) = .

Exercise 1.4. Show that for every d € N, there is a convex set on the real plane
such that the family of all of its isometric copies has VC-dimension at least d.

For a finer analysis, we define the shatter function wz : N — N associated to
the family F as follows. For aset A C X welet FNA:={SNA:SeF}. Then
7w (n) is the maximum over all A C X of |A N F|.

Note that 7z (n) < 27, and that VC(F) <n <= nz(m) < 2™ for all m > n.
The following fundamental lemma states that either 7 (n) = 2" for all n € N, or
7 (n) has polynomial growth.

Lemma 1.5. (Sauer-Shelah lemma) Let (X, F) be a set system of VC-dimension
at most k. Then, for alln >k, we have 7z (n) < Zf:o (?)
In particular, 7z (n) = O (nk)

There are numerous proofs and generalizations, we give a proof using the so-
called “shifting” technique. Notice that the bound is tight: take F to be the family
of all subsets of X of cardinality < k, then F has VC-dimension exactly k£ and
its shatter function is equal to the bound in the statement of the lemma. The
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idea of the proof is to reduce the general situation to this case by modifying the
elements of F making them as small as possible without changing the cardinality
or VC-dimension of F.

Proof. Fix an integer n > k. If F contradicts the bound, then this is also true
for some finite subfamily of F, so for the proof we may assume that F is finite.
Similarly we may assume that X is finite, say, X = {z1,...,z,}, and 7x (n) = |F|.

We define recursively families Fo, ..., F, of subsets of X. Set Fy = F.

Let | < n and assume that F; has been defined. Go through the sets in F; one
by one. For each S € F, if ;41 € S and S\ {x;41} is not in F, replace S by
S\ {11} If not, leave S as it is. Let F;41 be the resulting family.

The following is straightforward by construction:

(1) for each I, |Fiy1| = |Ful;
(2) let S € F and A = SN{xy,...,z;}, then for every 4y C A, the set
Ao U (S\ A) is in Fy;
(3) any A C X shattered by F;1 is also shattered by JF;.
It follows from (2) that if S € F,,, then S is shattered by F,,. It follows from (3)
that the VC (F,,) < VC(F). Therefore no set in F,, can have cardinality greater

than k. Hence, by (3) we have Y2F (") > |F,| = |F| = 77 (n). 0

i
Exercise 1.6. Prove a more general fact, due to Pajor: every finite set system
(X, F) shatters at least |F| subsets of X. Deduce Sauer-Shelah lemma from it.

We consider some general ways of producing VC-families.

Exercise 1.7. (Boolean operations preserve finite VC-dimension) Let JFi, F2 be
two families of subsets of X of finite VC-dimension. Show that all of the following
families have finite VC-dimension:
(1) F = ]:1 U]:Q,

) Fn = {Sl NSy :8;€Fi= 1,2},
) Fu = {Sl UsSsy:S; e Fii = 1,2}7.7:16 = {X\Sl 0 S 6]:1},
) F1 X Fo:={S1 x S3:5] € F1,S9 € Fo} — a family of subsets of X x X.
5) Besides, if X’ is an infinite set and f : X’ — X is a map, let f~! (Fy) :=

{f‘l (S):S¢€ ]-'1}. Then VC (f_l (]-"1)) < VC (Fy).
(Hint: bound the shattering functions of the corresponding families in terms of
Tr,,7F, and use Lemma[L.5])

Definition 1.8. Given a set system (X, F), we define the dual set system (X*, F*),
where X* = F and F* = {F, :a € X} with F, = {S € F : a € S}. We then define
the dual VC-dimension of F (written as VC* (F)) as the VC-dimension of F7*, and
the dual shatter function % as the shatter function of F*.

(2
3
(4
(

Given a set system (X,F), we can consider its incidence matriz M defined as
an |X| x |F|-matrix such that rows are identified with the elements of x, columns
with the elements of F and for any x € X, S € F the corresponding entry M, s is
1if € S and 0 otherwise. Note that if M is the incidence matrix for (X, F) then

the transposed matrix M1 is the incidence matrix of the dual system (X*, F*).

Exercise 1.9. Let X = R? and let F be the family of all open half-planes. Then

7% (n) is the maximal number of regions into which n lines can partition the plane.

Show by induction that this number is equal to @ + 1.
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Lemma 1.10. (VC duality) We have VC* (F) < 2VC)+1 qnd VC (F) < 2VC )+,

Proof. Assume that VC (F) > 2". Then there is some subset B C X of size 2"
shattered by F. Write B = {b; : J C n}, and we have {S;: I C P (n)} C F such
that by € Sy < J € I. For each k < n, let I, = {J Cn:keJ}. Then
J el < k& J, hence we have by € S;, <= k € J. This shows that the set
{81, : k <n} C X* is shattered by {Fp, : J Cn} C F*, so VC* (F) > n.

This proves the second inequality, the first one is proved similarly. [

Exercise 1.11. Show that this bound is optimal.

We describe a large source of examples of VC-families coming from model theory.

A (first-order) structure M = (M, Ry, Ra, ..., f1, f2,...,¢1,C2,...) consists of an
underlying set M, together with some distinguished relations R; (subsets of M™i,
n; € N), functions f; : M™ — M, and constants ¢; (distinguished elements of M).
We refer to the collection of all these relations, function symbols and constants as the
signature of M. For example, a group is naturally viewed as a structure (G7 S 1),
as well as a ring (R, +,+,0, 1), ordered set (X, <), graph (X, E), etc. A formula is
an expression of the form ¢ (y1,...,¥m) = Q121 ... Qn@n® (1, Tn; Y1, - Yn),
where @; € {V,3} and ¢ is given by a boolean combination of (superpositions of)
the basic relations and functions (and vy, ...,y are the free variables of ). We
denote the set of all formulas by L. By a partitioned formula ¢ (Z,y) we mean a
formula with its free variables partitioned into two groups T (object variables) and
7 (parameter variables). Given a partitioned formula ¢ (zZ,%) and b € M9, we let
1) (lelj) be the set of all @ € MI?! such that M |= ¢ (@,b). Sets of this form
are called definable (or ¢-definable, in this case). We consider the family Fyz ;) of
subsets of M1Z| defined by Fy(z 5 = {¢ (MI*,0) : b e MI¥I}.

Example 1.12. Let G = (V, E) be a graph. Then we can consider the formula
E (z,y), and for every v € V, then set E (V,v) is the set of all elements connected
to v, and the family Fg(, ,) is the family of all neighborhoods of vertices in G.
Similarly, for any k£ € N let

di (z,y):=32z0...3zk1 | 2o=2 A zk—1 =Y A /\ E (zi—1,2i)
1<i<k
Let Dy (z,y) := V<, di (z,y). Then for every v € V, Dy (V,v) is the set of all
vertices at distance at most k from v. But there is no first-order formula expressing
that x is in the connected component of y (Exercise).

Theorem 1.13. (Reduction to formulas in a single variable, Shelah) Let M be a
first-order structure. Assume that for every partitioned formula ¢ (z,y) with = a
singleton, the family Fy has finite VC dimension. Then for any ¢ (Z,y) € L, the
corresponding family Fy has finite VC dimension.

Before proving it, we point out some examples of VC-families that it easily
applies to.

Example 1.14. (Semialgebraic sets of bounded complexity) Recall that a set X C
R™ is semialgebraic if it is given by a Boolean combination of polynomial equalities
and inequalities.

We say that the description complexity of a semialgebraic set X C R? is bounded
by t € Nif d <t and X can be defined as a Boolean combination of at most ¢
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polynomial equalities and inequalities, such that all of the polynomials involved
have degree at most t. For example, consider the family of all spheres in R™, or all
cubes in R™, etc.

We claim that for any ¢, the family F; of all semialgebraic sets of complexity
< t has finite VC-dimension. To see this, consider the field of real numbers as a
first-order structure M = (R, +, x,0,1, <). Note that F; is contained in the union
of finitely many families of the form {}"@.(i,y) i< t’} where ¢’ only depends on ¢
(since there are only finitely many different polynomials of degree < ¢, up to varying
coefficients, and only finitely many different Boolean combinations of size < t). So
it is enough to show that every such family has finite VC-dimension (by Exercise
D).

By the classical result of Tarski, this structure M eliminates quantifiers, and so
definable sets are precisely the semialgebraic ones. In particular, if we are given a
formula of the form ¢ (z,7), for every b € M9l the set ¢ (M,b) is just a union of
at most n, intervals and points, where ng only depends on ¢. As the collection of
all intervals has finite VC-dimension, in view of Exercise we have that for all
formulas ¢ (x,§) with |z| = 1, F, has finite VC-dimension. By Theorem this
implies that the same is true for all formulas.

Remark 1.15. In particular, let X = R and let F be the family of all convex n-gons.
Then F has finite VC-dimension (one can verify that VC (F) = 2n+1) — compare
this to Exercise [L3

Example 1.16. More generally, definable families in arbitrary o-minimal struc-
tures have finite VC-dimension.

A structure M = (M, <,...) is o-minimal if every definable subset of M is a
finite union of singletons and intervals (with endpoints in M U {£o0}). From this
assumption one obtains cell decomposition for definable subsets of M™, for all (see
[8] for a detailed treatment of o-minimality, or [6, Section 3] and references there for
a quick introduction). Examples of o-minimal structures include (in each of these
cases it is a highly non-trivial theorem): (R,+,x,0,1,<), Rexp = (R, +, X, €7),
Ran = (R,+, x, f [[071];&) for f ranging over all functions real-analytic on some

neighborhood of [0, 1]*, or the combination of both Ran exp-
The same argument as in the previous example shows that all definable families
in o-minimal structures have finite VC-dimension.

Exercise 1.17. Show that the family F = {X) : A € R} where

A
XAZ{ZEGR:IZO,OSQZ)\ 1}

has finite VC-dimension.

Example 1.18. Definable families in stable structures.

The class of stable structures is well studied in model theory, originating from
Morley’s theorem and Shelah’s work on classification theory. See e.g. [3] for more
details. Examples of stable structures:

e (C, x,+4,0,1) (definable sets correspond to the constructible sets, i.e. Boolean
combinations of algebraic sets),

e separably closed and differentially closed fields,

e arbitrary planar graphs G = (V, E),
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e abelian groups (viewed as structures in the pure group language (G, -, 1)),
e [Z. Sela] non-commutative free groups (in the pure group language).

Example 1.19. [] Let (G,-, <) be an arbitrary ordered abelian group. Then
definable families of sets have finite VC-dimension. In particular, all definable
families in Presburger arithmetic (Z, +, <) have finite VC-dimension.

Example 1.20. Let (Q,, X, +,0,1) be the field of p-adics. Using quantifier elim-
ination results of Macintyre in this setting, one can show that again all definable
families have finite VC-dimension.

Now we work towards a proof of Theorem [I.13] First recall a classical theorem
of Ramsey generalizing the pigeon-hole principle.

Theorem 1.21. (Ramsey) For any l,k,n € N there is some N € N such that
N — (n)gC holds, i.e. for any set A with |A] > N and any coloring of k-subsets of
A inl colors, f: (’2) — [, there is a homogeneous subset B C A of size > n, where
homogeneous means that the value of f is constant on all k-subsets of B.

Let us fix a first-order structure M. Given a formula ¢ (Z1, ..., Z) with |Z;| =m
and a sequence (a; :4 € I) of elements of M™, where I is an arbitrary linearly
ordered set, we say that this sequence is ¢-indiscernible if for any 47 < ... < i and
Jo < ...<Jji from I we have that ¢ (a;,,...,a;,) < ¢(aj,,...,a; ) holdsin M.
Given a set of such formulas A, we say that (a; : ¢ € I) is A-indiscernible if it is
¢-indiscernible for every ¢ € A such that the arities of its variables are compatible
with the arities of the tuples in the sequence.

Note that if A is a finite set of formulas, then its closure under arbitrary repar-
titions of the variables of formulas in it is also finite. Thus, in all the arguments
below we may assume that our finite sets of formulas are closed under choosing a
different partition of the variables.

Lemma 1.22. For every finite set of formulas A and every n € N there is some
N € N such that every sequence (a; : i < N) of m-tuples from M of length > N
contains a A-indiscernible subsequence of length > n.

Proof. Follows by an iterated application of Ramsey theorem. Let n be fixed. Let’s
say A = {¢1,...,¢0p} with ¢; (T1,...,Z,) fori=1,...,r. Let k = max {k; : 1 <i <
We find an N as wanted by induction on 7.

Assume first that A = {¢1}. Let Ny be as given by Theorem such that
Ny — (n);C holds. Let (a@;:i < Np) from M™ be arbitrary. Consider a coloring
of all increasing k-tuples from this sequence in two colors, such that the color of
the tuple (a;,,...,a;, ) corresponds to the truth value of ¢ (a;,,...,a;, ). Then by
Theorem there is a homogeneous subset of size > n, which corresponds to a
¢-indiscernible subsequence of length > n.

Assume now that we have found a number N,. that works for {¢1, ..., ¢, }, and let
A={d1,...,¢r,drr1} be given. Let N,.;1 be as given by Theorem such that
Ny — (NT)IQ€ holds. Again, it follows that an arbitrary sequence (a; : i < Nyi1)
contains a ¢,1-indiscernible subsequence (a; : i € I) for some I C N,|I| > N,.
Applying the inductive assumption to the sequence (a; : ¢ € I) and {¢1,... ¢, }, we
find a A-indiscernible subsequence of length > n. O

r}.
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Remark 1.23. The dual set system for (M®l, Fy; o)) is given by (MY, Fyu (g 1))
and ¢* (§,Z) = ¢ (T,7), i.e. we exchange the roles of the object variables and the
parameter variables in the partitioned formula (see Definition .

From now on, by the VC-dimension of a formula VC (¢) we mean VC (Fy) (and
the same for the dual VC-dimension, shatter function, etc.).

Lemma 1.24. Let ¢ (Z,§) be a partitioned formula, and assume that VC (¢) = oo.
Then for any finite set of formulas A and every n € N there is a A-indiscernible
sequence (a; : i < n) from M9 and a tuple b € M® so that M = ¢ (5, ELi) if and
only if 1 is even.

Proof. Note that if VC (Fy) = oo, then also VC (Fy+) = oo (see Lemma and
Remark[1.23)). This means that for any N € N we can find some set A = (@; : i < N)
in M9l of size > N which is shattered by the family Fy- = {¢ (b, M%) : b € MI=I}.
Then taking N sufficiently large, Lemmal[l.22 ensures that A contains a A-indiscernible
subsequence (a; : 4 < n) of length n, and this sequence is still shattered by Fy4«, in
particular there is some b such that Eo (5, di) iff 4 is even. ([l

Now we give a converse to Lemma The point is that a formula of finite
VC-dimension cannot cut out the set of even members from a sufficiently long and
indiscernible sequence. What does “sufficiently” mean here?

Given ¢ (Z,y), n € Nand w C n, let

03 (i'nga“-afgn—l) = /\ Qb('fvyz)/\ /\ _‘(b(i'vgi)y

S iEn\w

Pi @0; ey gn—l) = 3@03) (‘iagfh sy yn—l) )

Aﬁ::{pﬁ:wgn}.

Lemma 1.25. Let ¢ (Z,7) be a formula with VC* (¢) < d. Then if (a; : i < N) is
a Ag—indiscermble sequence from MY and b € M7, there do not exist iy < ... <
i2d—1 < N so that ¢ (E, dij) holds if and only if j is even.

Proof. Assume that (a; : i < N)is a Aﬁ—indiscernible sequence from M9 and there
are ig < ... < isg_1 and b € MIZl such that M Eo¢ (5, ELZ-].) iff j is even. We claim
that the sequence (@; :i < d) is shattered by the family {¢ (b, M*) :b e M'i‘},
which would give a contradiction.

Indeed, for any w C d, define a function fy, : {0,...,d — 1} = {ig,...,i24—1} by
fuw (§) =g, if j € wand fy, (j) = d2j41 if j ¢ w. Now 09 (b,ay,(0),- -8, (d-1))
holds in M, so p¢, (szw(o), .. .,z‘sz(d_l)) holds in M. However, as f,, (0) < ... <
fw(d—1) and (@; :i < N) is A¢-indiscernible, so in particular p¢-indiscernible,

this implies that p? (ao, ..., aq-1) holds as well, i.e. there is some b e M!*l such
that for all ¢ < d we have ¢ (b, Zzi) holds in M iff i € w. Since this works for any
w C d, we conclude. (I

Now we amplify this by finding a large chunk of our sequence that is indiscernible
“over b”.

Lemma 1.26. Let A be a finite set of formulas such that for every ¢ (z,y) € A
with |Z| < 1 we have VC* (¢) < d. Then for any n € N there is a finite set of
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formulas A" and N € N such that if (a; : i < N) is a A’-indiscernible sequence and
b € M®l is an arbitrary tuple of length < l, then for some interval I C N with
[I| > n, the sequence of (|z| + |y|)-tuples (azb: i € I) is A-indiscernible.

Proof. Let us take A" = Jycn Ag ,let N/ =|A|(2d — 1) and N = N'n.

Let (@; : i < N) and b € M?! be arbitrary.

Let us partition N into N’-many consecutive intervals (I; : j < N'), each of
length n. Assume that for each of those intervals, the conclusion of the lemma
does not hold. This means that for each j < N’ there is some ¢; € A and some

Gy < oo <idp_q,h) <...<hj, _y €I such that M = ¢; (b’ai%""’aifn.l) A
J
—|¢)j b,ahg,...,ahfnj_l

By the choice of N’, throwing away some intervals, we may assume that ¢; is
constant for all j < 2d — 1, say ¢; = ¢/ and m; = m/.

For j < 2d — 1, we consider the sequence of (m'|[g|)-tuples @’; defined by taking
aj to be N if j is even, and to be Qg - - g if j is odd.

m/—1 m! —1
Observe that the sequence (dé 1] <2d-—- 1) is still Agl—indiscernible since the
original sequence was, and ¢’ (I_), d;-) holds iff j is even. By Lemma @ this con-

tradicts the assumption that VC* (¢') < d.

Iterating Lemma [T.26] we obtain:

Corollary 1.27. Assume that all formulas in M in a single object variable have
finite VC-dimension. Then for any A a finite set of formulas and n,l € N there is
a finite set of formulas A" and N € N such that if (a; : i < N) is a A’-indiscernible
sequence and b € M is an arbitrary l-tuple, then for some interval I C N with
[I| > n, the sequence of (I|a;|)-tuples (ab:i € I) is A-indiscernible.
Proof. Define recursively Ag = A, Ny = n and take N; 1,411 to be the N and A’
given by Lemmall.26|for n = N;, A = A; and d = max {VC” (¢ (z,7)) : ¢ (z,9) € A}
Let N := N;_1 and A= JAVERS

Let now (di 11 < N) be A-indiscernible and let b € M! be arbitrary, say

b = by...b_1. Applying Lemma [1.26 to (di < ]\7) and by we find some in-

terval I,_; C N with |I;—1] > N;—1 such that the sequence (a;by:i € ;1) is
A;_1-indiscernible. Again applying Lemma to this sequence of thicker tu-
ples (@;bg : i € I;_1) and by, we find some interval I;_o C ;1 with |I;_2| > N;_»
such that the sequence (a;boby : 7 € I;_5) is A;_s-indiscernible. Continuing in this
fashion we finally find an interval Iy C N with |[Iy] > n such that the sequence
(@;bg ...b—1 : i € Ip) is A-indiscernible, as wanted. O

Finally, to prove Theorem assume that some formula ¢ (Z,7) has infinite
VC-dimension. Let A be the finite collection of formulas given by taking arbitrary
partitions of the variables in ¢. Let A’ and N be as given by Corollary for A,
[ =|Z| and n = 2.

Now on the one hand, by Lemma we can find a A-indiscernible sequence
(@; :i < N) and b such that ¢ (B, ai) holds iff 4 is even. On the other hand, by
Corollary [.27) we can find an interval I C N of length > 2 such that the sequence



TOPICS IN COMBINATORICS (MATH 285N, UCLA, WINTER 2016) 8

{ELJJ 11 € I} is A-indiscernible, so for all 4,7" € I we have ¢ (5, ai) — ¢ (B, ai/).
As I must contain both an even and an odd indices, we get a contradiction.

Remark 1.28. The bounds on the VC-dimension given by this proof are astronom-
ical as we have used Ramsey’s theorem iteratively. In most specific cases it is
possible to obtain much stronger bounds.

E.g., let i mn be the family of all semialgebraic subsets of R"™ that can be repre-
sented as a Boolean combination of at most & sets of the form {z € R" : f; (z) > 0}
where the functions f; are real polynomials of maximum degree m. Then VC (Fj p n) <
Qk(m;") log (k: (k+1) (m+")), and this differs only by a logarithmic factor from the

known lower bound (see T[ré] for the details).

Historic remarks. In model theory, a partitioned formula ¢ (Z, ) is called NIP
(No Independence Property) if the family F4 has finite VC-dimension. A structure
M is NIP if all definable families in it are NIP. Such structures were defined by
Shelah around the same time as Vapnik and Chervonenkis have defined their di-
mension for entirely different purposes, and are currently being actively studied in
model theory (see [7] for a survey). The original proof of Lemma by Shelah
used forcing and absoluteness (see [3] for some more details). It was first finitized
by Laskowski [5], and further simplified by Poizat, Adler and others [I]. We avoid
the use of compactness and give a purely combinatorial proof which in principle
gives explicit bounds, using compactness we could have avoided micromanaging all
the numerical parameters involved.

2. VC-DENSITY
Let (X,F) be a family of finite VC-dimension. By Lemma we know that
7r (n) = O (n?), but how exactly can 7r (n) grow?

Definition 2.1. We define the VC-density of F to be vc (F) = limsup,,_, loglrr(n))

logn
In other words, vc (F) is the infimum over all real numbers r > 0 for which we have
7r (n) = O (n"). Similarly, we define the VC-codensity as v¢* (F) = ve (F*).

We have vc (F) < oo <= VC(F) < oo and by Lemma [L.5| we have vc (F) <
VC (F). Often they coincide.

Exercise 2.2. (1) Let F = (X)). Show that VC (F) = vc (F) = d.
(2) Let X = R, & > 1 and let F be the collection whose members are the
unions of k disjoint open intervals in R. Show that VC (F) = vc (F) = 2k,
and in fact 7z (n) = (%, ) for each n.

In some sense, the VC-density is a more rigid version of the VC-dimension ig-
noring small noise.

Example 2.3. Let (X, F) be a set system with ve (F) < k. Let X’ = X UY where
Y is a set of size k disjoint from X. Let 7/ = FUP (Y). Then VC (F') = k, but
ve (F') = ve(F) < k.

Exercise 2.4. (Some properties of VC-density)

(1) Let (X,F) be a set system, let X’ be an infinite set and f : X’ — X be
a map. Let f~!(F):= {f71(5):S € F}. Then w15 < 7p for all n,
with equality if f is surjective. In particular, vc (f*1 (]-')) < ve (F).



TOPICS IN COMBINATORICS (MATH 285N, UCLA, WINTER 2016) 9

(2) If F=F, UFy then ve(F) = max{vc(F1),vc(Fz)}, and ve (X \ F) =
ve (F) where X \ F:={X\S5:5 e F}

(3) Given two set systems (X1, F1), (X2, F2), consider the set system (X; x Xo, F)

with F := (81 x S2:5; € ;). Then ve (F) < ve (Fyr) + ve (Fa).
(4) F is finite if and only if ve (F) = 0.

In fact, the last claim can be strengthened.

Proposition 2.5. If ve(F) < 1, then F is finite (and so VC-density never takes
values in the interval (0,1)).

Proof. Assume that we have a set system (X,F) with vc(F) < 1. Let F; =
FU(X \ F). By Exercise[2.4] vc (F) = vc (F) < 1. This means that there is some
c € Nand s € (0,1) such that |[ANF;| < c|A|® for all A C X. In particular, for
m € N large enough we have that if |A| = m then |A N Fi| < m. Fix some m like
that.

Claim. Fix k € N, and let Fy := {UKk S;:S; € .7-"1}. Now for any F' C Fy
there is some S C F’ with |S| < m” such that NS C N F'.

Proof. Assume that there is no such § for some F’. Then there are some sets
T, € F',i=1,...,m", such that (m Tj)\TZ— £0foralli=1,...,mF Take A=

{Z1,. .., Ty } With z; € (ﬂ]QTj) \ T;. We then have |A N Fy| > m* > |An Fy|*
— which is impossible as every element in Fj is determined by k elements in F;.

7<i

Let now G be an arbitrary finite subfamily of F;. Let C' C X be an atom of the
Boolean algebra generated by G (i.e. C'=\g¢g Sf for some f: G — {0,1}, where
Sf=8if f(S)=1and S/ =X\ Sif f(S)=0).

Let G be the collection of all elements of GU (X \ G) that contain C. Applying
the claim with £ = 1 to G¢, we see that C' is given by the intersection of some
(m — 1) elements of Fj.

Let now H be the collection of all sets of the form X \ C' with C' an atom of the
Boolean algebra generated by G. We have H C F,,_1 by the previous remark.

Note that (\H = 0. Applying the claim again with & = m — 1 to H, it follows
that H contains some subset H’ such that |H'| < N =m™~! —1 and \H' = 0.

It follows that G has at most N atoms, thus |G| < 2V. Since G was an arbitrary
finite subfamily of J7, it follows that |F;| < 2V as well. O
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