Deginition. A vector Spate l/ ovev a field F o a s with +wo goeat 10vs
(veo{vr a///ym) F"‘”"ﬁ X qm/d m l/) fhave  a WM;M p{%/’ma/ element Xy V.
(scatear kww/v‘//y//aﬁ&u) For a i F and xml/, thoe “ 4 W/M #f/'m»/ Aot g ml.
Sa«lf‘sfj/% 2 ,wf/m//@ egﬁv‘ condrtions  (VS/) ~(vS 8) -
(vsi) — xy Sy frang g m Vo (commitativity o additi)
(vs2) (X+5)+2~ = x1(y12) o ovy x4,2 mV /assoclhv‘)yig o additiin)
(VS?) Theve 15 an sbwend i |/  dosoded Kﬁ 0 such Thatt x40 =X fr oM x i V.
(VSlf) For coch x mV/ dove s some iV sach TheX  x1y = 0.
(V$8) |- X =X for all oo V. ((Whwe {15 duz malbipliative idsutiby of ).
(vs¢) a-(6x) = (at)x fer M _xinl and 46 F. (assac?a-/iw'l% o Staler wultiplicartion)
(v57)  a-(x+y) = axtay v al amF ad x40 V
(IISS) (a+t) x = ax+bx por o a8 mF and xinV.

distribudive laws

L e ments ot V ave called vectors, and ele ments op F ave cafled scalars.
. MSM//J F will be either the greld op read numbesrs R or fre Fiedd o coneples nambers (L.
Ex’arwp/a/, Given a tied F , considen the o
F"= § (b, %) tx; eF§ (Ho sot of all  n-tuplet o lewsnts prow ).
We deping e sperativus op vectoy additivg and scalor mutiplicatipn I Yhe ,Lg//aw'ﬁ way ;
(i, ) Xa) # (o) oylfn) = (Xatye, ) Xutlln)
)
whete (1, ,%), (o5 s iful MEJJN‘VHVJ elenents s F" and  a is an awbitrayy efenues o F.
(am/ Xit i and q-x; ave cqlculgted in F)_
With these sperntions F"1s a vector spae over the gicld F. (One has 4o check fu? (VSI) =(58) hotd, Do i41)
In par'//"ou/M ) 7‘4 n=2 and F?/Q) we obtain the familiar space fﬁz o vectoys ou Yhe plape.

a - (xi,. %) =(Axs, .. 4%,

Example 2. LA F fe a pield, aud bt P(F)  demote The sef o M polynomisks with coeggicients
m . That is P(F) cousisds o oM expressjons o Vhe forns

gy, X" + G, X4 . 4 a,x +a,

for Some Nzo , with 4, i F o M iz Lyt g @70 por M iz0,,.,n then pt) s called e 2000 polynomal .

The degrec q a won-2ero polymomi [ 15 e Jovgest | such that a;#o. (he degree e the 2ers polynormial s degined do ¥ -1

Twe pelynomials pe)= a,k"s . +ax+a, and ?(x)=amx"’4u.4!,x45, are efua/ ie mn and q; =b, por M izg1,. 0.

We deging addition and scalay mu [tiplication ou P(F) in the usual woy :

Addtion: Civen pea, plo) as above , suppose that men. Tpy we can also write 69 as 4, x"+ .4 b +b,

Then we degine porpe) = (9. +6,)x" + (qh_,¢§"_,)>("'+ ot (a,46)x +(a,48,).
$ calar multipli cation : For ang ¢ mF, degine e:pex) = ca, X" cq, k"¢ +cax + Ca,.

, where fm‘,:{m‘;“-‘gfp

fq,uimlm'f{j )Pty be depmned es fhe /wlduomia/ smlr';fgmg ¢ HYO = pex) 2ge) for all vin By and cpas the po?nomia/
sﬂksfacfrg @p) (%) = c.px)_(oraf) x in F‘],

\,,W-IH' these operations | P(F) & a veckor space aver F. (Aaain , need to check that (VS1)-(vsg) ho/v()

Exnm,o/e 3. Llet M, (/R) denote the sef o all 2x2 matrices with entries from IR.

Ne detine additin ed Scalap m«/-f/'p/icm‘/'w, in the gam(liar way :
a & e F) - q+€ é*,( vl . a f) :(,(q d/é/ tor a% a,f,c)o/)e,f,i};,d,
c d § h ctg d+h c d Lo ad n R.

With thase spem‘//'ans) M,(R) is avecter space over K.

Analujaus/g/ the space Mumxn (R) o all mxn matrices s « vector space.

Example § The most garind rector space, aka the zero yector space.
M wnsists a a single weter 0 (5o |/ =502).
Operations of addition and scalar multiphcatin are degined %
0to =0



L&o—v For all K in F
With these gperatins , V is a rector space over . (check if./)

@ﬂsic properties o7 vecier Spaces.
Now, we will 3ee some of the basic properties sg vector spoces (we will deduce +hew as /ﬂg/cd/ conse -
guences f The axioms (K1) - [1sg). )
T/ne orem [.] (CancellaTion /7[4/)
Lm‘ V €e a vector space and X’i’z be argl‘frug elements o’ V.
X+2z2 = S 2, thew x=
“’"f As V.15 a vector space, it i all of the preperties (1) -(vsE).
55 (54) there exists au element Z ua / such that 2+ Z =0, We have:
—.-.)(40:x+(z+2) -(x42)+} _(g_+3)42~#+(e+2) =y +o = 4.
¢ Q/S}) b +Le choite of 2 e& (vs2) ’J ossumpt o 3 (vs2) again by the choice o2 N‘a (vs3) ogain,
Thas x=y.

63 commut a i w/fg o addition (VS/) we also have : i TrE =24y then X=y.
Cgro//ar /. The vector 0 described (v (VS;) s un/?m (and is called the zero vector o V)
Prwf Suppose  that 0 and 0° dre two tlements n a vector space | that bo 4 54*/5,45 (s2) .
Then ter awy  x mV we haye :
X+0 = )( = x40’
4 (vs;\ for0 '\6(7 (v83) por 0’
@2 ﬂ,e cancell ation law it tollows that o=0’

n times )
For (,xam,o/e) i B the 2ero vedor s m) and in MZ(/R) the zevo vecdor (s [a p/,
Cm//ar(jz_. For any x in V, the vector y described jn (VS4) is umgue.
(/'1‘ is called #the additive inverse o X and s denpted 45 -x).
Proﬂ, Let x da V b arén‘ra/y/ and suppose ﬂm/(y, and g e two <lements w V  Loth _5.,1‘:5,7 (}S?/
That 15, x4, =0 =x44,.
&(j Cance//qv‘iaw lew  1his /mf//es (71 :J’- .

F/’na//g , we stfate Some 'Lur#/ler Mse,,cu/ properties % ve tor Spaces.
Theorem 2. Let Y fe a vector space ever ,u‘e/o/ F
For all % mV aund a n F we have:

1 0-x -0
) 7‘ ‘\ 11,‘ . ‘
scalar i F ¢ 2tro vecray ¥ V.
D) (a)x = - (ax) = a-(-x).
——
the addiFive mverse o the vector ax .
3) a9 =9

~ 7
Hie zevo vector m V

P roog- Pvoblem Set | |

Subspaces

Deginifion. Let V be « vector Space over a creld F.

A subset W ex V (Wey) is a subspace op V ig W itselg is a vector space over F, with
respect to the addition aud scalar multiplication def/'wea/ on V.

That is, W 5q+/s‘4je3 all of The Iaraperﬁ'es (VS/)—[VIZ),
E)(olmp/c | Let nzi be an /m‘%/’ and F a fl'e/ﬂf,
Recall *hat 4he vector space /C" s the set $ (xivouxa): X € F € with addition and scalav multiolication



Jrrest 43 (xe, "'}X")*(gu'vg"/: ("/*jn R aund ”6"/) ) = (A, ., ax,).
CoMSl'o(eﬂ the JMgSE‘f

= f(xr/--')xn-/; 0) LX éF_g
Then W is « Sabspace o F" (we. will prove it /a*/cr),
For example , for F =R and h=2 we have V:}RZ:ZC o) 7, e R W =5 (x,0): xeRZ :
gT V:}Q2 —~ the whole real plane
X

L } W= Hae x-line

EXamp/o Let F fe a f/e// and recall that  P(F) is the vector spate

F.r an m#ger nzo, considey  The subset P(F) SP(F) cons;sh;zj o
Then  Po(F) is asuls/ome s P(F).

—

Example 3 For any vector space V. | jtselp  and 502 are both subspaces op V.
,EXﬂmp/t 4 et S fe a mmempg set and F o gield

Let F (S,F) denote the sef of all maps from S 4o F.
(/4 map S >F takes xS as an input and returns () E o an output.
55 "o nym.: gunction
Two  maps ¢ aw/c7 in F(E,F) are efua/ 00 =4 for all X in S
For ang ¢ M/d in F(s,F) and ¢ in F we degine £y and ¢-f in J:(S,F) by Afakin

6L+(j) (x) = ,L(x/ +5 (x) por each x in S (whcre "t and 1" outhe r/&hf side aye calculated u F).
(&) 9 C-£00)

With these operations 3(5,/—‘)5 4 vector space (c/recé./)

A particaler F(R,B)  cousists o A real-vatued fanctions degined ou teal numbeys.
Let C(P) deuote the set of all  coutinuous veal fomctions.

anw CR) 1« 4 subset o ffk;k}; and  we will see Shat it isa Sﬂgspacc as welf.

of all /"’/JWW"/S witly coefpicient:  from F
al Fo/dﬂoMiﬂZS 2 /efree <h.

»

Lt new  V le a4 vector space, and [T W EV be a sublset o V. /hcaro(inc? to the deginition , i order

to show that [/ ic a sy&s/aacel we have v check that all op the properties (i) -(vsg) hold i W , with respat
1o add’tion and scalpr Mu/-/:;a//‘cqﬁ'aq 4€‘wae‘/ on 'V

Turns out that we ac‘fua//a need to  check /ers-?n this  Situation . S wot bo a
Theorem 13, Let V e a vector space over F , and et Wecy fte a Sufset o v (5Z€£sp::e C)
Then W 15 a sabspace of V' i¢ aud ouly (f  the (.o//awm& bolole tor W

() pew ( that /s, the 2em0 vector op V & i /t/)

(¢) I Y€ W then xigeld (that s, Wis closed wnder add i+ion)

() le xeW and ceF then cx c¢W [ﬂ:a-/ is, Wis closed wunder scalar Mu///;o//'cdﬁm)
IDVM,L

1) Firsf we assumg that W iz a subspace op V  and show that  (a),(6),0¢) ho/

"Wois a swbspace o V' means Hhat it is a veclor spoce wunder the operat img o addi#iow and xalar

mu ltipli cat (on degined on v

Tu /Jar-/j calar :

 forang Yy bn W and CL,/:) X1y ond cx must qfs, Ae in W . So (£) awd (&) hold

« (VS2) holds in W | that i there 15 some o' e W such that x 40! = x

_Zh /oar-/icu/ar/ 0/+0” =0"

But as O/él/) alse 09 =o' (Since veV satis¢ies (V52) ZF___M)

63 cancellation Jaw in the vector space V', Hhis implies that o/ =0 In particaler 0eW oand (a) holde.
L) c,fnw,rse/d} suppose(a) , (6),(c) /w/a/: and we will show that theon W s wnot just smf}e'fp(_ V/14/ also a
51465/9«0&. For this we bhaye 4o check ﬂmd‘ W Sa'//Sf/e; (VS/)—{VSE)
“As Ve a vechor seace. (VD (VS2) (ys8), (v5C) . (V), (v58) hold tor all elements or V. As W is q subsetor V.

por all xeW.



they hold in particular por all elements o W. (so we get all these properties in W por pree)
. pzmains to check +4hat (¥s3) and (V_U/) hold in /.
(st)i holds % (a) .
(vsy): Lt xeW fe ar&/#mri, We need 4o fionf sowg ye W such thof X4 =0, We kinow thut in V there & suchan
tlement | yamely the addifive mverse -x. We Show thgt  ackually -x e W as wel
/ d d
As -1 s o scalar in £, gg, (c) we heve  (0.x = W.
As V s a veckor space 1+ saticgies ~X =(-1).x , 65 Theorem [.2,
TL'MS -xeW , as wanted.

Now we vedarn o Vhe examples and Veriey our claims ustng  Theorem |3
Example 1 V=F" , W=500,.%.,,0) x;eF{ £V
We check 4haf W so(fzs,cfe: @),y ce), and so moleed W is a Safspace of 74 4(7 Theorem 1.3,
(a) The zere vector % V « W/ itois o m W (4«/(/.»(7 XE = Xy TO)
@O W s closed wder addition aud scalar vua/+iplication.
Given ary (X,,...,xh.,,o),(a,,__.,g,w)a} i W and ain F we have:

(XII'”)Y"'U”} + (Jl )"'1%”»//7) = (X,q, "‘)’Yv—/ 467!-/ ) [0*7, — alse in M/
=24
A (K sy Koy y0) = (ax, , cp @ Xy, 42 a/)
~ =0

Sr'mi/qr’g/ w :f(ojxl),.,xn_,)-'x;éfj is alse a subspace of F’
Exam,n/c 2. V= P(F)) W= F, (F) — The sei of all /.véynam[aé % /yrze at most n. —

(a) The 2ero yector in P(F) ic the 2%rs /eo/d nowtial p,6) = 4 x" ¢ .xapctay with a, = ..z aza,z0 s /eJrea /s

fa o(e,(?hiﬁw/ -1, 3o A is w P, (F).
A Ty bt P and g0 orein P, (F), that is +L\aﬂ harve degree at most n, theun r(X)w‘i/(X/ alse bas
desree at wost n, and thus pty i in P, (F) aswel

K I( pec) has Jegree cn oaud aeF  Fhen  o-plx) e degree v as w&/é awd so qp e £ (F)
Example 4. Y= F (R, R)—~all real-rathed gunctions = C(R) — continuous real -valued pumctios,

The 2evo yecder n F s the anct; en givew % Lx) =0  por all x in R

Kd basic calculus we kwnow Fhat all coustant ponctions ove cww‘imwws, that Sami sg Ay Fwo coutrou-
ous ‘szmc'h'% is cow-//'mzwws/ and that 4 product % a  consfouns- Fu,nc/-fom wmd a coutipuont f—WV’(ﬁL/br)
s glso a confinuous .

Thue C(/R) sufis,cicg Hhe  cond(froug (@), (4),(c) 1 T heovens /2

We can porm  pew M;faces prem the old ones

Theore m LY Llet V f a vectsr Space  ovep E.
[IF W, , .., W, are subspaces or l/) thew e st W=WNAW,n W, & also a subspace of V.
Praof.. We check that W satispies (9,(8),(c) and a,"l"’J Theorem /3.
BJ asspiption  each op Wi | i21,..,0, js a subspace ; and  so satis fies  (ay,(€), 6

[ﬂ} As Mvﬂrof Ww; sq%is,ﬁ/es (), we have 0c W, for M /= by yh.

But 4his meant +hot o ¢ W,0..oW, =w as well

(9 Let g el , which weans frec/‘so({j that- )4 eW: pr ol i=1,.,n

As each op Wi safisgies (4), X4 €W, fr each a1y, .

H«’/me Awg EW, N...) Wi, .

(‘) [p Xe W ; then X e W, por Lach I':l)._,)VI_

T hens fo_any ceF, cxeW, (o cah  jz1,..n (a} Wi satipgien @),
L Hme c-x e W, N .. AW, ~w

Exomple. Lot V= R”.
Let W= § (x,0) 2%, 6RE and It W, =5 (o,x,): x, e/RS. P . >
We q’reao((j know thaX foth W, and W, ore subspaces o V. (
Then W, Nw, =5 (08 — 4he zoro subsrace o IR




\ - ¢ = N i v

However, the waion W=, W. ot Vwo subspaces W, W, o V/ weed not be a subspace op V in aqﬂnern//

(see Protlom Set 1)




Linear ComBinations and Span.

DOf/hl'f/M, led V be a vector space and S<V a mﬂ—e,mp/g subset op v

A vector v in V is called 4 [incar coméination o vectore  gf S i there exist a tinite, number of elemomitc
Uy, Uy in S ond scalars g,,..,d, in E  such that V = QU+ Qi +. . +4,U,.

In this cace we also say that v s a liner comtination G Uiy phn and call 4, ..., 4, the coegiciends o the
lineas oM/naf/M.

I any veofor  Spall V, we always hawe 0v=0 tor cach veV. Thes the 2ero yeckor is a linear combi-
nation of any nen-coply subset o V.
e Civen yelf and Uysoytty €V, how can one defermine whether v is a linear combivation sy Vhe vectors
oy Un 2
That i , we need Ao understand iy i+ is possible 4o pind scalars  a,,..,a, e F such tat a,u, + .+ 44y =V
This quest i q)(en reduces 7o So/w'nﬂ a sgs{-m op lirsar Tons .
Example. LA Y = R°, Ikt v=(,5)  and U, = (2,0) , Uy = (3,-1).
We wuwd deferming whether there e scalaws a,, @, €R such That v = 44, + 4,0, or:
(b5) = a, (2)0) v, (3,°1) = (24, ,0) + (24, ,-0.) = (24,430, -4, ).
So v is a linesr Wiu}//bﬂgl_ Ui,y igp  theve ave reaf nuwmber s a,,azém such thal the
%54‘%4 o lineay &fmaﬁmxs
@ 1 = 2a, + 3a,
@ 5 = -a,
Sq+i5f/'60/~
Note that #hem necessarchy 4=-5 by (1) , hence 1=204 43 (5) , S0 za, =)6 | 50 a,=4.
The  (a,,0.) = (8,-5) is a solution, showing That jndecd V 15 a lincor covbination s d,, 4.
(er a mere involved example See 72x+€aal<) Section 1y and Problem Set 2.).

&

* Theorem 1,3 allows #s 1o determine when a swbsef S o a vechor space V is ¢lready a subspace.

Now we discuss how Starting With an ar!ifmrd sbset Sc<ly (Wh:bh thﬂ? not le a Mspﬂce oV l"llse/‘&)/
to pind o swbspae g Y ”J,uwmfe/ 53 it

Depinition. Lt S 4 subset o a vetor space 4

The spay op S, densted ~ Span (5)/ is the sef Ms#g & all linewr combinatious op e rectors
in S That i,

Span (S) = [a,w,h-*a.,uﬂ cnell, aefF u;e S¢ sV

'45 the cef~ /s a subset VecAsr v, S an ¢) a/{Sa needs #o fe ined.
For Mme) M/@¢¢(Eff—/n€ Spaw? %: fﬂfw G ( A?
Neote that S < §pan(5) ) Stnce for vy ueX , “z 1 € Span(s)
E)(Wfplc, Comnsider the vedfoys M,{I,ﬂ,o)/t{L :(0//;0) iR lXt S= fu,,u,_g cV
Thew yeckors 1n Span(S) ave /:reo?sctg the veckors o the fermr  Gu, + ayd, Wheve a,, 4, vary over R
Thatt is , Spau (S) vousisds o oMl the yeckors op tne perun 4,(1,00) 14 0,1,0) = (4,8,0) for some 4,4eR.
Tl.us 5/:4,. [S) = g (@,,42)0)-‘ WA é/R_f — Wwe a/keaﬁg bwu/ Yat Wis s a &wés,vace o V
This is wet a coincidemce !

TAM;’W /5. LeA V be 4 Ve(/v‘W Sprme evepr .
1) The span 9;%%&0@‘54!/[50{%&7%2}/
z) Awg %xéﬁpm 2 V X couttainse S st ahso  conHain S,baw (S)

(50 §,:an($) 15 the swmallest Mspﬁw o I/ Pt cortaing _S)
preaﬁ Both (1) aud (2) ave obvis i S= ¢, because Span (&)= F03—we kogw PhafX it is a sub-
Space of V) and axmg MS,DM& o l/ pnsr € contain 0.

/‘& S f/) Hon S confains a vechor 2. AS 0z =0 , o€ SPaw(S),

Let X, 9 & Span (S) Then Wwe Com write

X = aqufcau,+...+a,d,, ana/#: g/v,f it buv, for some a,)._,a,,,g,)_“)g"él—' mv(h/,w,ﬂm,‘/,r,V,,‘S




v

Then 444

XY = AUy Gy Uy + v 4.8, v, and cx= (ca)u +Ca ), +..* (ca,)u,,

we also linear comBivations of veckors o S, and so delony o Span (s).

Thus  (a),(6),() i Theovews 12 hotd and it pothows sk Span(C) Is a subspae o V] >lmwg 0]
/Vva/ A WQV e Wg MS,’M(,&‘F Vv Hrat  covtais S.

Te we Span(S) dhew we cam wride

W= Wt . +Cpay

v sewme vedkors w,,..,wg €S qud senw 5C¢/{M’S Cip c)CQ in F (V//s WW
Sine S cw S we have w, .., ag eW addt s m‘f’.f’/’?"/’}’)
But as W (s a vector spee this fW'/,b//é/S st W=, +..*Cy 0y s also jn W

becase w, an Mz;fmﬁ vector i1 Span (5)/‘”“”% o W, it tolews talt  Spau(S) c .

This  preves (2,

Depinition. A swbset S op a Veov‘yréfmcc 1% ;,MWM{% (or spoms) V e Span(S) =V
(5 145 o, e sl sy ks vectors 5. S grasnhe, o spom, V)
(and explicit)

'F/l"ldl‘”(’_’] @ soall Wﬂ?‘/}y sek o a ved‘ar?a(e ls an efficient W%y? O(I&;Ng;p‘,ﬁ \/am/)/hfp//;jeg
Werk: with (.
Example  For anyg vecdsr spae l/) Sean(Vv) =V (So V i Wq-/'e/ Ky itsedr ).

EXW[C‘ The vectors (1y90!, (o18)) (9,0,1) Wa*c he  vecdor spote ]Ra

Zh/ec/, any veAor (a,4,c) € R> can be wriltem as a-(1,0,0)# 8 (01,0) + ¢ (o,01), and so

Sfmn (f(/,a,ﬂ), (9,4,9), (a/g//)f) :Kg

Examp/e. Lt V = M, .. (R) be the veckor spae o all  2x2 matr)ces Wity emtries prom R.
Thon #,= (30), m=(3,), Ma=(]2) and My=(37) generate M. .(R).
Todeed |, for o a,6,c,d c R we cam wrife
a 6| _ [ o0 40/ 00 d (2o
(c 0{) a00 * (ﬂd)#c(/g}* (ﬁ/).
TL""") SF“” (5M1)~")M‘I§> = szz_(/k)~

EXamp/e. Let P(E) fe the veckor spee op M /oo/gmmia/s vy F

Then The set 51,5, x* x° ¢ dwm,w«)(% P(F) .

Imolcgp() .Spnn ({// Y/Xl,"‘f) :[a,-fa,x—# ~»-+q,,XH . ne//V} a; éFj—' all po/fwrmia/s over F‘appeﬂn
Similerly P, (F) s jWMfw/ % $hx, %"

Lineatr Ihplefmdwce

MW/?% there WVCW"?%&Y‘S MWW(G/Z\&WW

EXWW’,D/C

We saw thad Vle veotors (1,00), (oy1,9) , (90,1) Wafc e veehor spae Kg_

The st $ (19,9), (0,10, €2,0,1), (2,3 ,-1) 4 ahso Wﬂ% /ES) but in o the veor (2,3,-)) is
reduwndant .

T i k] b Lok o tre smalot possitle subsed o UV fhat vae/& .
First ; we ciplove dhe circomstmes wndor which o yector cam fbe remeved prow n/m/.ra)f/}}j sef
to  obtuin a swaMey d@mwu‘/p:j et

o Iy uy, . d, ove any vekors g vesy space V over F, dhen e zers yechor s ﬂW a lingar
codoinad foy of Uiy oy Un L
0= 0d,+ 0t +..%04. .



(H“'; s called a trivid rafresw?‘ah,;p,af 0 ws a linear covnbinatioy 67-”/),..,%,,),
¢ Somedtines It s oo poscibl fo wrile
0= au, + .. +a,u,
S0 that ot off of a,),,,,ﬂhép are 0. (a won- ¥ viaf h’freSo.W(’a‘Hm o 0),
E)(awvf/(. o R* p 0 =2(12) 4+ 5(z2,4) + 3(-4,-3) is a nev-fpiviacd vepreseytation o 0.

Deginid ion. A cubsed S o a veckor spoce V is clled //nur/y o(@/omffwf e theve esasdt

a ¢inide nwmter o JdistincA vectors u,, .., Udn in S and scalers a, .. 4, €F, not o 2er0

such thet aq,u, + a, U, + .. +4d,u, =0,

Te S s net lineawly ptpondondt, then S is called [incorly indepoudent.

(Wb o W/g W Ve vecfors VI)~~-)‘/V| ave //hea//a d&f&ﬂM/ ,’Wa(z’?WaW }(_‘/Z\,( SUVLZ(V,),.,/V,,I

/s //'Vlwlg v(bfaéwM//ho{efWW/

N~

E vample. Lt v=p°

e The ceX S, =5w1) ,(1,0)F s lintary Indepondont

Indeed , i (0)= a, (0,1) + 4, (1,0) ; then iﬁ =a,0ta,.l  must hold, aud so a,z0 , @,=0. Ths
0= a,| + 4,0

meanns, ot any represeatation o Ve 2ero reeksr as a liedr combinatim & vectors prom S, & ivigl

‘ Howww/ e sed S, = 5&,/))(/,0)} (1#,8)¢ s lingarly depondost.

Londeed , 18(0,0) + 17 (1y0) + ((1)(17)18) =0 , and Vhis is a vou-Yrivia| represwdation o 0.

Example. LtV b au ovbitrary Vet spae o F.
1) ’4"6 st Scy quim'pd 0 /s //N,MIJ Memf(w‘/. (/ha/ee// as 0eS, Yhew 0=10 is a nour —riviad repre —
sewkadion o 0.
2) The Wp‘g s gl s //W& [m{e/feh/(w/f (we cannetl orm oy linear combinotron atall Ms/ﬁ it e,émpzq)
3) Ie S =5up eV consists of a single yam-zers veotor u, Yhem S is linearly indepondont,
Tndeed , ie fuf is lineanly depondburt, thon au=o for some pon-2est scalow acF. Thus
q = (.f.:Z)M = a"[au) - a'0=0 (@ Theorepu /2)

=1

E’\'““”F/"—- Q[MI/MZZ , In V= Mm(/?/ y e w{’j’f (a/ao)/ (;o/// (/0://(3 /0)’{ (s //Wé /ho/efmt/wf/f
Im{cca/) assome ot

(:; = a, (; ;)+ 4, (;a//“r 45(7f)+ 7y (:,0) — a represedtution o {he  2er0 vetor (:ap/é/vzﬂ(//e)
This mearts {Laf /ﬁasgsa‘ewr of /incar W/M/v&
= 4, ] + 45T + 4570 *2s0

AT 4+ dyl + A0 + Ay
9T+ 4T + gy )+ gD

Gr T+ Gy 0 + Gt t ayl

is 541‘1'5‘Li&6/. But vhis s #/PV% /9055'/% Whau 4 =a,>4,=q, =0, 7—[1«3/ theve ave no non—v#iViad
rezpre%v‘aﬂ‘fm o 0 usr'k\bj Aemonte from <.

N

1l

o
0
0
Y

)

E)ra/Wlf/tL- Ly V= P.(F), the st S=51,x,.,x"¢ is lineary molepen dont.
IMM/ asswme  fhaf

0= dpl+a,-X + . +a,x" is q re/{yreswfwf/m op (he zeyo veckor v P,(F) (wh/ch /s e 2ev0 faémoqu,
This s Wr/vg ,ﬂoss/?{e whem wﬂof @ , 120, .0 awre O, whicl implies ot Vi WeSWVLﬁ#/W/l+fIV/é/.

Thewomlb Lt V be a vedor spoe over F; and JeX S, ES, 2l Le two subsets.
1) S, s //W/J dependent => S, s //W/a MWM
2) S, is linesly indepondsnd S, s lirearly indepen Ao .

Prest. @) tollowe pwont ().



To see ), notice That e QU At AU, & g linesy cwmbinat oy o{-e/(/mrwfs oL S, Then (F s
also . [insay  cowlinaf i o Nements o So-

Now we Copnecd The wotions span  and linear ndependeuce.

Theoows 17 Lt S be almarly ircepenclnt subset op a vector spue V, and /ot v fe
a vehor i /'  that s e ju S

T hen Svivg is /in WW i and oty ig Vg-San(S),

Prost.
Ip The et Sv3ve is //MC/T dependendt  then we cau wrive
0= au, + ...*aq,u,

gor some U, ,..,un € SUSVE and some ren-zero scedors a,, .., a, & F.
becake S s /f'nwév /ho(&me) it s vt possible et

u, €S for all (21,...,7.
Thas one op the u, , let’s “,,

s v. Then Qv+ a, dyt. ta,u,=0. As 0,40, we get
(L (e ) e (e et

As (- %) awe scalavs jn Fpeyall (22, . ,u, it tollows thaf v (s q linear combinatiom
0f e velCtotrs Uy, .., UneS Thue v & Span(S).

Cawwsegf/ led ve Span(8). Then we can werite

V=l,v,+.”+gm!/m

Lor seme  veckorS W, .V S and some  scoduns €,,. . Cum €F. Hence

0 =4,y + _._+gm I/M—l—["/)l/_

Since v is v in S, in particntor V FV; for j=1,.., m

”ms/ the coepficient o vV m s lineawr combinesfiom Is mem-zerv and So the set-
S Visy Yuay V3 s linearly deppendent.

\As §vi st 02 S SVERR 5 fle set Su3VE Qs lieerly Aep oo % Tleoven 15,
T tollows el & S gomerates asnbspae b/ and vopropey Wa(_j%nmzﬁ’s h/) then S i /’he”/J indep

By cor aud dimension

Do ginition. A basis B fer 4 vector space / s a /mearg mdependend swbset
0f  thet Ownemv‘@s V.

Ie pois a bosis for V, we 4/50546 tHhat the vectore o B frm a basic (o |/

E)ram;b/e [ Recadl Vhad Span [p”/‘fvf and g s //'neq,y/g /h/{/%a('mf, Thus He emf)?;e,v‘%

t‘s 4 fasis for the 2tro yeotor space.

T n
Ek“’”f/e 2, I V- F > fe? e’;(// 99, "‘10)/ €2 :(0//)0""/0)/ 1) €y :(0/0) 0, /),

Then  Se,6,, .6 8 is a basis por F" and is called the standard Gasis for F’f
(10 tue previews exercises ve hore dready checked Huis for R*).

Exaniple 2. In V= Moy (F) , let £ fuote the matriy whose ouly vonzero

enbtry s a | in The i rews aud /ﬂ' columd .

Thew the Set- fgd S ENE I« <nf s a basic ot Mh’xn (F)

(Againy in 10 previous exercises we bhave al ready checked This for Mor (R).)
i ¥

iy 0 %
8 —

(Exaple . Tn V=P, (F), #e st §1,x, 47, ., X"§ s a basis.  We call this botis e



Lj/’ﬁ/naﬁ;w// tasis for P, (F).

Exomple 5. Iw V= P(F))ﬂ.csp,?" 5//)())(2))(&),_,§ s a baSis
This shaws in particatm 0f ¢ fesls need e e pinide.
(La“[c}’ we will see hadt tn fackt w0 fosis  por PF) com &//Vr/a‘c.)

The nest theovom etoblistes Yhe wd 5/&:10:/,(/6«»4/1/?‘— propetiy of 4 fasis:
'EVWJ’ Vecdor in V' can be etpresced iy ome omd m? ok Way as 4 lirear combinotivn G The vectors
the lasis.

I+ & this PVWDIy Thaf nakol faseg Ve &u‘/d/;g bfocke 2 vecksr W

Theorom |6 LA V fe a vector sppl and P=§Ui, . Uyf be @ subset g V. Then +1e H//9W/@

Swo Statememds qre @fuiw/eﬂf.

4)/23 is a lasis for Vv

1)Eve/rél vector ve V| an fe MﬂiM expressed as a linear combinatrin of rectors in R,

that s,
Proog. ) 1mpliee (2).

let R b a tasis por V. T¢ veV e wy vector in \/) thew v & Span (B) becanse

Span(p) = |/ (% assumpTing).  That y is a linesr combination o (o  rectors fn .
Suppvse 2t

V=a+ &y +..+ a6, and v=Fba +bu,s..+8 4,

areg%*WSuch reyf-resmu‘w‘/M % v

Suéso‘mcv‘/'w‘j the o4 aymw‘/m prom Tl /2 o ézfv&s:

0= (a-6)u, + (0 -6 Ut -.* (a,-bn)Up,.

Since p is //“W/é’ indlepevidonX | it follows that

a,-4, =0, .., a4,-€,=0 Cotrerwise we would }#a vandpivid rq:rzs@ﬂ/yﬂlm,rfﬂw/dv vectors /hﬁ).
Heure 4,2/,) ) Ay =6, — which meams féax‘ theve & a an/W w’ag % express v as q M. comb. o

the veedrre wm p.

com ‘e e-\—presse/ n_ the fporm V=ad,t..*a,d, gor Mn/i,m scalars 4, .., 4.

(2) mplres (1) .
Suppose aveny  vel/ comte wnigwly expressed os o in. k. o u,, 4,
Theu Spam () =V (i pﬂk-h'o«/ﬂw)/ avd it remains  Jo check That B s //nem-g /'ndef-m
Assume 0 = a,u, + ..+ a,U,  for some 4,,.,4, in F.
But ako 0 = 0.t + ..+ 0-4,.
_ These are  +wo ways do express 06l , so Y te Ui ness QSWf’VLW they mundl coincide.
h/n,,}f ,g/v/emwgf‘ have 4,20 , a,=0, .../1,, =0 — which wmewnl Mﬁ & //h./m(.,;,



Pasis and o imenision .

Recall fladt s \//S a fusis fpor v it _Sfom(})=v aud pisa /l'wl.vlv‘l?o. seft

We have shawn (Theoem 18) trat i Ly, S T a basis for |/, Pren e/mrﬁ veckor ve |/ can fo expressed s
V=4 U ey,
g wn/w thoice o Ve scalars 41, )% eF.

¢ But  hew dots epe ,c/no/q Losis por Ve
Thesrem |1.9. I(_ V s a veolsr spae W?Me/ g(y ¢ finik sof- S/ Fhou  some subsed o S e

[ a basis por V. T fan-f/};«/lwr/ V has a ginite fasis.

Proor.

lwf S=¢ or S‘"?(OS?/ o V:Srw"(s):fgfm/ﬁ Is a subset o S tht (s a tasis (r V

Wl\wwi;e) S contaims a4 veckor u, # 0.

Bd‘ tle  previevk wmwf&) e s 73 is /irw? fnzv(ﬂfwM.

T Vterve isu, In Sst. Fu,md i shill /IW‘H }wﬁp./ add it v ju,§ ?,M‘ U U,

Te Plove s UyeS S, Us) Usg is liv. adep., add it Vo oltain the sef {”’/”Z/”sf) edc . ..

Sinee S s poate  this P rocess nus st ou seme st 4, and we tainn a set

Priu, L u,p =S sH P is //Wéy M./ but- pusx3 is //L,_M o ang xe_S\},

Claim. P ls a fesis for V

P s lin. indep, — % corvstructvon

Remains ¢ Show : 5f4w(ﬁ):l/

gg Theorenn 1S, need ¢o stww that S € Spam (g)— as Span(p) isa%;mv;l/w}fqm}o(j S, it mucd atsy
conhain  Span (S)=V.

Lo¥ vel & Wg//VMg

I,c VER , then \/éjpam(ﬁ)_

Ofkarvise, it Vi, thn by congheuctinn B v3vi s lindep. — 50 ve Spam(p) % Viearews |7

Thus S = Spam (p).

\

@ Lrilewe % a i in /) conbe proved withod pssumiing el S i pinbe o5 well) tut the prog is mave intlved,
. ’/—Ws) ﬂ/waf f/'m'/c WMV@S&?‘ for V  con e pedued 4o o bsi for V eremwiaUM rectors .

Exavaple. Tle set S=3(2,3,5),(10,-2), (720), (0),0)f < gonowgtes R>  ( cheok it!)
We reduce it ¢ a rﬂ*s/,'s?/f;}a tn The ProtE Theorene 1.9

S, :gg;,—z,s)_f — i indup.

S, =5, -3,5), {/,ﬂ/—z)jé—S*/// //hmo(lp (cM /‘f,//

_(1 = ; (2,3, g)/ //’ﬂ/‘z))ﬁ/la”)j%

Bt  (0,0) ¢Speu(Ss): —55(2,-3,5)-22 (o 2) + 2 (7,2,0) =@,1,0).

Hute p=S, is o fasis for (R®

the size o G

Now, the & techmnicad VM#]— s seifhiom.
Tleovem Lio (l?ef/amwf). let |/ 4 a vs. WW% 7 sa‘&szar&/&/-m/ nd W LeV & 4 //h/'m@,
subsed F V with L= .
Then  men, ond Vtere exists H< C uitn /H/= -m  sucs toas L uH Jw.btrw(% V.
Prw(., We prove it ty mductive on m,

For m=o0 , L'—V/ and so We tom Juke H=6.

Now supprse Vhe resoft is Trae for m 20, and we prove ¥ for m.

Lef L2350, cvmul eV b loindep. , |L]=m+.

Theovem 16, 30, ..;Vu§ s also lin. indap. Af/’lﬁf':j The induction ?/th%) m<n and Vheve (s asubses

fu, i nml & 6 st 3V VS VS, Uy Jorsvafes V.



50, Hove exiX Gy os@my #1y € w-m suctr Yhast-

At oo Ay Vg + b, + ,,A+£h_m Hemn = Vonny (;k)

NeAc. Since $i,sVon,Veneid & lin. indep., we must have n>m (e s ,n 2mt) and come 5;;(0/ sasf 4 #o.
(cfhenvise Varrs /5 a lis cubinativn g v, .., V).

Sol ing (R per b gives:

u, = [~{,’7’)V/ MRS _%'IL)VW, ""(?(‘-)VMH + —%\7/47_—/»...4»(_ f’;‘L)M,,_M, (*%)

LA H = fuy ytinmd ) so JHl=n-(mr). ’

Then U, € Span (LuH) % (#al)} and 50 fv,,.,.,l/m)u,,...,u,,-m_fs.S/Jan (Lt//'l)~

As 201y eVon) U)oy e WM{(.& V/ SPM (LUH) =y [1; Theorem /,S)

Thus, (he flaovew, s Vroe [of mt/.

This (lworews  hos szﬁ / ntt s Lt .
Cara//a?/. LA V e a vs /tw'wg a  finie lagis. Thew oy fesis for V' cowtaing the same puher of Veotors.
Pmp. Supprse p £V witt [B/=n is o 4sic for V) ind fet FeV e Myoﬂw busis por V.

Suppeose Wt [i]>0, and leof- SV bhove n+r elonendss,

Sine S s . ndep and p grusrbes ) by replotwendt A+l sn = a wwlradictin.

Thws (¥ =m <0,

Rversing The yolos 6 B and & ) b (e same avgunend we geA Nzm. flewce n=m.

N

This ot moker possifle the ,za%/m/}uﬂ [wportsst b initun.

Depinition. A vs Vs tinite —dimeusionald  ig it has a pinite fasic,

The (wrigue) niber o veckors in 4 fosis for V ic cabled Vhe dimensing op V | dewoted dio (V).
Tt twve i no pinite fasis, then |V s inginik~ dinensionad

Exawple.  In view o the previpn, disoussion, we hove :
0 dim (fo{) =o0. (¢ ls Yhe {asis).

2) dim ( F") =, (j(/,a,__,a)) (91,0,.0), - ,(0,-..,0,)§ 7s 4 hsis g size ). . 0 1o
3) dim (Mm,m)f—”’ll’l, (2‘5’5 gigm, 12 jeul Ts o fesis & Size mn vecall Tl EY - '6%’5} )
y) diw (P, (F)) = nw. (fz, XXX s a dasis s size net).

Exovple. On Yho ofhuy hoand | some o T famifiog exonples ove /hgiw/'le—o/fmws/ma/
by e peplacument Trerrewn , i V' is tinite-dimensiood | ttan po lin. indep, set- canr coutain wave tan dw (V)
Aesments  Tlous ; ‘

P(F) i iuginile - dimensiovaf (ﬂS Frxx, X% .3 s am tnginite fin. tndep. s&‘)

Coro//w 2. Lt V fe a vs. o dimension 1.

4)4»‘3 lin. indep. W«z’; V with n denents s a basis.

) €y n. indsp, sabseht op V cow le extouded Yo o fsis por V.

Prog. Lt p te a fosis por ¥ [p/=n.

) LAt LV b lnmdp wi /L7 B, N Replacewsst thworom, IH S R with [Hf =n-p =0 elemonts
such thaX Lot seerates | Thus 1L/=¢, and S0 | gomer V — so L is a fesic

6) T¢ LV is linindep. wity [LI=m) & Yhe Replacepondt View TH<p witt, Hzn-m such ttat
Lot gweratee V. Now JLyH] < m+(n-m)=n.
% Theorewn 1.3 LuH  coutains some subsed & which 5 a ks v V7 and /J’/‘M % [ara//qg /
Budt then §=LUH.

Theorem LI,

LA~ W de a w&,om % a Vs V' with dwm(V)<zoo.
Thew dim (W) = dim(V).

Mrreover, i¢ dian (W) = dime (V) Vhen V=W



I’Mf_,

Let dim(V)=n.

Te W=§of then dim(W)=0 <u (4y The previevs example ).

Otherwice g x, e h/; x,70. Se X3 is a /r"m?htﬂqa. Sest.

Continne OMS/I/& X, kg €W st Fx,.,x4f is /in.}nphf.

Sine o lin ndep. sufseX of V cam wukain pure than n vectors (Corl+ Carz)/ this procecs must
stop I a salag,z Wheve

é v, §x,..,X48 s /in,/'m(vf;,) bt 50, 8 VEVS s lin. dop. (o ovy v € W.

By Theorem /-7) +his /Wp/l.t’/s S.oam (fx,,..,)x1g2)-—— W) herice fx,,”.,xéj s & basis for w.
5o dim (W) = £ zu,

(amo( % Cow//ag 20, it £z Vhen 3x,.x43is a fesis for V/ hene W=l/.)

lesis tor V.

Prosg. Te Scif is o fasis pr W) it a//}n.lhp(qalsfwfsa(qi. V/ so camt fe exdended oo a(wsisfrf V.
Exomaple.

) Lers describe ol subspoces o V= K
We Epow d/m(/e7=a (= Eho), (0,08 is a fw&fs)\
By Theoraw 111, for evervy subspme  WER® we nust pove dim(W) = 0,1 or 2.
It‘ div (W) =0 Hten szq} and it dw (W)=2 e W=R*
And ¢ dim(W)=1, tten W =5au : aeF € (o song nem-2ero yechor ue P*
2) Tp V=R, then din (V)23 and for W= 5 (a,8,0): 4,8 €RE we have dinr (W)=2 .
(as §C10,0), (3,0,0)§ &s a Hnsic fr W) and dim (U) =1 for l/'—f(a,ﬂ,a/-' aelRS
©

z
‘3 W i the /\a —f/w
U is Ve s~ axe

LCovr‘o//m/é, If W &« a%fw7 a vs. I/ wity J[m(l/} 4127/ % av?/&sis for W oeau fe esdevded do a

u=(8c)

We  can /J'SRLMW%/ES:

o/rm[W)=ﬂ ~ W e WI;IL} /’”;“V(/

dim (W)=l = Wis a line Throgh 2 origin,
p{im{h/):a - W s a plane v‘hm% s ory/w/
din (W)= —  W=[R®

=y
X

L. ineap Vrangformations

DC'L/"MIW&M LotV and W H s, (sver F)

A wnction T 2 /=W is a linear dronspormatsn from V% W e, pr oM k,iel/ and ¢ eF-
(2) T(x+g) = T(¥)+ 7‘(5)

() T(ex)[= < T(x)

daMi‘flkzw and  scalbr ppold. addition and Scadasr
m V mult. in l/l/

Busic properties o linear fromse or wakisus

Lt TV oW e ¢ lin trauspormation . Tlaw :

N T(o)=0

2) Tcx J): CT/X)+ 7‘[&) for M’f,\wév/ce/—_. (7_;';5 hold< /f””/ ’th it T is /?VLW)‘
3 T (x-g4) = Te)-T(y)

4) T(ia;x;): ;aiT(n) por oM x;eV,a;e F

U oot . L xewgise.




Exoww?‘%- Some cmwflv, op lr}z.ﬁunswmmft'ms 'T'T‘Rl A>|Rl.
) T(a,0) = (5a, 24,).
z) For oay 676/@/ y{quhe.‘
Tg 1 IR* —R*
Te(a,a;) = ( o2 @ — 4, Siu 8, qg,,,ﬂ»raZCos@) — cheok $ad T i lnew )
—The rodution ((comevter- c/rykbwge)% flg a/mz/k 6.
/] Tg (2,4,

/29 f (a,, 4)

>

3) T(a,, a2) = (a,,~a,) — Ve reglectiou bout (lg - aps.

6%70\1)

T(aya,)

YWT(a,a) =4, 0 — The projection ony the x-axis.

Ervaapla. Yo sogine T : My, (F) =My (F) % T(A) = A | whore A’ ic the trunspose 2 A
Thew T is a fin. Wausgotmartron .

—

Exwmp/fz Depine T: P, (K) = F,, (R) % T ( £6) = ('), whye ('(x) devnodes e dewrivaftive o {6,

To show (hat™ T (s livgay lw‘ &), hd & P,(R) and aeR 4 aw b tras Thew :

K:I'( aa(x} +h(x)) (ﬂd()()f-/,(;()) = ag (x} +h(,y) 7 - T(gﬁ()) + 7 (/,{,\4(%

Exoample. Lt V= COR), the veckor space s.c condinmons, reod ~votued pumitone on R
Leg méé/R) a4€g€fura/ We Aogive T :V = [R (”Lvs/ﬁ)%
T(p = 5 £CE) dt
for M pomctions £ e V. 4 { =
Teon T is liar (becanse 5(45@4) chie) g =a Sgedt + Sh)dt = a T+ T(h).
Null spae  and range. ’
Deginition. LA~V and Wihe vs , and T: VoW % (inear.
D led N(T) =§xeV: T)=0f — $he nuall space  (or ferned ) sg 7.
2) LA R(T) =§T6): xeV§ —  the bonge (o image) o T.

Example. Lot Vad W 4o vs.

) We oegine TV —=V 17 1092 x for oM xeV — Tl io/%"t{"”g Hrausformofion.
Theon T is lieay, N(I)=F0f and R(I)=V.

D We dpine T, : ¥ = W T, (x) =0 (or oMl xell — the 2ev0 Yramsgormad (ou.
77% To ic /?ku&ad"/ (7;,) :V and R(To) = fﬂf



Theovem 2.4 Lt~ V, 0y be vs and T:V—>W lineas.
Thowi N(T) and R(T) are subspmes o Y and W, respectively.
Prwf.
{ DN(T) is a subspae o V.
(@) 0 en(T) — ac T(0 =0
)9 Lx x19 € N(T) and c ¢ F.
T, T(,(+g) T(A’)+T(]= 0+0=9p and T(cx)=c- /(x)a c-0=0.
Heue X+fe N(T) ana( cxe MT)
Soe N(T) is @ SMA/W&} V.
L) R(T) /s « S«W{S/’ME— 4 W,
k Ama/égmﬁé (olo ).

Thewveniza ot YW 4e vs and TV W Jiveor.
It B=5v,..,Vu8 15 a feais fr V) then
R(T) = Span (T(2) = Span (§T(w), -, TCWR),
Prog.  Clearby T(vi) ¢ R(T) for each i-
Aj R(T) is a Swéspm&;_ '14// Sfan (fT(v,, /T(/")j) S[:w(l(}a)) < R(T) ({7 Theoveun (f)
Suppose we R(T), thew w= T(V) for soma vel
As p is a 4esis por V, we hove
v = Z AiVi  per sone a; &
Auo( smoa T ic linear,
w= l(V)-Z\ol T(v)) 6 gPan(T(F))
k Hamee R(T) < Span((T(p).

bepinibion. LA V,W b vs and T: VW lineor
Tt N(T), R(T) e ginite -olimumsisnad, hen we degrne
nu//)/z7(/—) = dim (M),
rank (T) = om (R(T})

- In wlwf/ye/fg g W(T) i /ﬂl‘}z (ot s, T sends warsy vecdors pom V o 0) then R(T) shof
{{ MSpqfll” (:m‘ So vecksvs v W cam be eldained Tfmmﬂ% vecdors v V) And vice versq.
TAMVMZ&(AV'WS/W Tlwovers). Lot V,W be vs and T: VoW finear _L'L o(/m(V) 200 thew
Vm//[ﬁ(T) + rank(T) = diwr (V)
Presg.
5"747‘055 ttatf oin (V) =0, 9/145»1[/‘/(7'))=£, and £, v48 i 2 fosis for M),
by the (oveblory o Vjsrems 11/
Can  oxtyd  §Vi). V43 do a fasis /3'—5\/.,...,\/4)vg,,,.._/vh] pr V.
Claim. S =3 Tlvy)), ., Tv)f is a besic far R(T).
. < g,wwwk& R(T).
As T(v)=o or i<k, Vheorom 2.2
R(T) = Span (£T(w), -, T (v)8) = Spom ($T(vaudy -, T6:)) = Span (S).

S i lin indeg. :
Suppose. 23 6 T(0)~0 por 4, .4, €F. .
As T s ;/f:;’w T(Zfzyv)k::; (o Wi ng s wbosis por (7)),

Se mee)\/(/)
Hoe 3 €.,...,cpe F such Vot %€V~ZCV,) or 2(6)11 +24V—0

=K+t
Sine P s a {M/s for |/ we hove ;=0 for oM /.
HWLQ S s Iin. maéf

S, Jim(V}:Ml Aom {/V(ﬁ)_-é and JIW(R(T)/ = p - 4.



/Dh;ow-%r@} op lin v‘rrwsprw{'m ( W"o(.)

Example.

Dt T:F —=F" & degrud éﬁ Tt )= (4,.ra,,) —so T “torgets! dhe n-th compmred.
Thow T is linear, N(T)=5(0,.,0, 0) :0,6F§ and R(T)= F""
And  dim (F*)=n1, dim (W(T)=)"" and dim(R(T)) = diw (F") = 1.

2) LA T: F(R) —> R(R) b The ditforonftiatron tramspormartion, i is T(pea) = (' ot oy /Ja(/ynmfﬂ//m
Thew  T(ptx))=0 & plx) =0 &) p)  wwstudd. So §(T)= f vvskond polynomias in P (K.
Recal dpast £, x" 5 is a tasi> por B ,(R). Sine 1= T(d,x =4 T(), .., x"" = LT(x") , 7 follows
etV = Span (FT0,.. T (x*)3) < £(T)

kﬂ% At (£o(R) =11, din (B(T)) =0 and  din (W(T) =7

D%{.iwiﬁw. Lt TV =>4 A4ea ln v‘rwg‘c.
T is injective ip T(v)=T(u) implies v=u , por oM uy el
T i surjective ¢ por every we W here s some ve l/ such Vhat T(r)=w
" T & gyw(ﬂ've i it is bty /hje/u‘"wz omnd S jekine.
Theorew 2.4 Lt T Vot be lincor Thon T is injective i amd why i N(T)= Jof.
Proog.
D" Supprse T s injeshive, and A xeN (7).
Than T(x)=p = T(c) => X=0. Heue N(T)=3
" Assume N(T)=§0f and suppose T(x) =T(y).
Then  0=T()=T(y)=T(x"y) , as T is lin
K So x-g € N(T) =§of. Howce x-§=0, or x=y.

Tharvem 2.5, Lot T V=W 4 (iw.) and  ofiws (V) :o/iW(W) <o Then fle (’V//Wi”’o” e of/u/Vw/w‘f-'
a T i I'MJ ectve,
) T is swrjective.
o T s GiJMfVc
04) d i ( R(T)) = fm (V)

Prog.
(53 e dimension «AMTW/ duM(N(T))"‘ dim (R(T)) = dim (V)'

We hove @ quwaary) .
T is  Wjeckive =N - Sof (=> dim(N(T) =0 &> dim (R(T)) = diw (V) &>

=5 dim (R(T)) = dim (W) =>  R(T) =w &> T is Serjecdie.

k (Thwe 1.11)

€;ra/Wlf/{.
)Degine T ¢ F* > FF b T (a,m) = (aeay, a,).
Thew  N(T) = §03 ; %0 T s inMi\m. @(j Theorem 2.5, T is oo w‘“)u}ﬁve.
2‘) DQ/("M T: Pn (R)'A7{R”+I T(ﬂa "‘?:XF...*‘?MX”) = (‘70/ Ay 9.
TIMM T s lineor aud /'w(/'Wc} henee T s {Qb()ﬁ;/(_ (az ,,(r}w(Pn(K)):glfn,(/kNI/ ‘/)_

Neat we Stow flat fofj I, VLVM/IS'L Jra Wff/w% p&wm,‘w % (s eflou on a usis !

Theavent  2.6.

LA V}M/ e vs. over a prdd F/ and A SV, Vel e a (asic fr V.

For Wi,y W, € W there oxsds w(m/"i*’ e lin. Vrospormetion T Y — W st
TU)=w; g izl h.



LU(— A V. nw = Z‘_:ﬂ; Vi for sewe WWW Scm Q) .-)an € F. ("""‘“’% 2 Vi) yVaf i a‘v&&/)
We degine a wap T: {;_>W {2

T(x) = 20 Wi
a) T s lineer.

SW eV  aud delF We wam  wrife

u= 2; bivi am‘( V:% avi prr sewe Scadeg gll-'-léuz Cips Oy efF.

Than “
dut+v = g (J€|-+(;)v;,

gﬂ _l\ v n
T (du+v)= 2. (dé+ci)w; = d 2 b *Zci“’i =~d T(u) + T(v).

=i

6) T (v)=w; for =1, 1 — cheer fprom (3 ofﬂ/,ll‘h/'v’ww 4T

AT s MM/W_
SW@ Vud U VAW s linear wmd ok ¢ ahso sadispies U(vi)=Wi 7oz, 0.
TLW/ for j‘(eV w/th JX= .Z«.' a;V, we  heve (a/s U s //W/V‘);
[/f(x) - Z 4;6{(v,-)'—§ a w; = T(9.

Hows U =T

Crrolfwr_ Lw‘ V/LI/ é V-s)’ V /vs a (,,_wi{c 4‘*9.& {V,}...)VL,E,
LI(- UT V—=W we fiar and (/f('/():T(v,')/—rr (= .,h Vhon U=T-
Example, Lt TR >R & e fo, Vransporwordion dgined b
Ta,2) = (20, -4, 30.)
Suppose X U R* >R ic lin. Nvansg.
If we lbuow Tt U(L2)= (3,2) and M(/,/)’(/,&)/ﬂ‘&"’ u=T.
This follews  (vom the Wa//a/g ) Gecanse  501,2),(1)0)5 s a besis fr /Rl.

7711 WZ;\/( VW«/Y/WW o @ /n, 'fhwsmma)('bw.
ﬁq.x'vu'\‘?/m Lt V b a pindim. vs An ordored  busic for Vica s s for V' ecodowed with o specigle

ordor.

Exangle. - Tn F ) p-Se,,6.,6,2 ic an ordored bosis. (H,Ca//( €= (192, €2 = (1,0 )¢5 =(90,1) )
/4/50) X:{C,_)e,,c-sz /s 4n aroloye d fesrs.
So poand & is e same st bt JITE ovdored HGages The choice s fhe ordap watlers!
n

cFer W v FU owe wM fee, . 0,2 (e sandoyd ovdoved fusis o F
 Stadan by, por e vs K(F) wead ¥x,, XY ta, sbasderd ovlyed bosis o p, (F)

D(f,}.}'“w.[ml}:fu.)uﬂhf& an ovooves busis fr o fphadim ve V.
For x eV, It a,, .., a4, ¢ F f N waigne Scalars Such flal-

x= 2lau. Yy Theorom 1.3.)
We y(e/vtfne Yoo @rrdinafe vechr op x relat jve 1o £ ofe noed [x1s, ,%, o each vetor cau
o , b descirbed & its
J 2 .?z . ( So [)(7} is a reder w F ) worolinates with ng{M
A o a fia/a( fasis .

o 4ice Yt [M,‘jﬁ = e;. )
» The  wrrespondine  x —=[xIg is « lin hm;ﬁrmﬁ&ww V& F (Echige),



~

Exavle. Lot V=P.(K), and kX B = £1,,677 be Voo shudend ordored tosis for V.
(omsider F(X}: Y+byw-F x> éV/ e

Y
[F]Jz—’ c)_
-7

Deﬂmi%[w Sufffv‘x VoW o {:}nio{r‘m. vs. with srolved fates f: 5V, Vnd and = z‘w,,.,,}w,,,j/resper‘/l}éd}
Lt T V—W 4 Jincor.
Then for eanh d'/ 12jsn, thore exist uwaiqnt scallors ajeF, iziem such thet
T Ch)=2la w, for 12j%n.
=1

We Ml the msn  matrie A Aeg 1 hed % Aij=aj e  martric represwkedion s T 1, The ordered
40&% JB and 3'/ ﬂVIp/ wride 74‘[7’]{.
Ig Vaw aud P, then we wrik A = [Tj)a.
Noetice  + Pra % whawm o A is [TOpT, . .
s Te U VIWis a fin Vramsg. st [Mj;= [TJ)S Yl (/:7( % the ww/% to Thuaront 2'5)
© So [TIn gives an oxplicid way Yo bscrife T which e very vseged in wiputadions.

Exm,ﬂ/e. [est ’/_"RZP»/RB & e lin- tramsy. obqfr}wa/%
T(“l;“1) = (7/*3“,_, ’) 2a - ba,). .
LAt ) —_fe,/g,_f , F=1¢ 6,65 — The sandowd trtes for r* ano//p/ r%'aedf/i/'ﬁ_ Now:
T(no)=(1,02) =/e, + 0e,+2¢x
T (0,/) = (3, 0/~l/) =3, +0¢, - Ye,.
Hence 13

- (3)

o
y’ 2 -y
/)7‘4/# "f we fake 3’/: ffs;ez)e’j/ ﬂw [T]P - (7 jﬂ)

Deginition LA T, U - VoW § farokios, whove V,Wape vs overF, and lod ace € We oloping :
T+U: V=W (T#) (x) = T (D +U(X) gor Ml xeV.
aT Vs W (qT){x)—"—aT(x) v M xeV.

So T+U and a] ove 4Vh pn Avons frow Y W.

These opevett iong  precerye /inw}g~
Therpern 22 Lt VW & vs over F} et T,U: V=W G fimear
a) Fov aM aeF) aT+U s [ingar.
6) With dhic afwaxfiau_g o adoition omd  scalar M/v‘/p//'mﬁw/ e 3eX ot A livear \{/uns,cormwfww
Vb W ¢ a vs ever F
Praq,.
d)MX/géVMV/ ceF. Vieu .
(quM) (cxf*g). = (a //(6*7) + U(cxty) = a(T(cfo)) + e é//(x) + M(i) =q (c T(x) +T/z))* C”[XHMKJ) =
frmAnn Ve 1uV = acT(X)+¢M[x)+a7—/i)+b{{3) = C(ﬂ/"’”)[)r)*(dT"‘M)(g)A
IL'L(AM{ M g aT+U o liear
4) Nete vt e zew tramcpmrwativy T, (vecall To(0=0 por all xcV) plogs fie rofe o fhe 2000 veckor
and its sy do vm’;fﬂ ik M op o oxioms (L/S/)—[V,(&)% a rechor spae ave sadispied.

Degiiiction  For VW vs. ver F, e dorde Aliyw)= 3T Tis alin dowsy pro VoW f —a s ovy F.
L In cese V=W, we wridp K‘(V) g Nead o1 A’(V)W)



Alyhraic dessripton g e qpepations i K (V, W)
Last +time we saw : - evety liv. Sransformastion _can fe represeated &y Ma{r/'x/
lineot Vrans formgios e V W (arm o et spae A (V) h/) 5 wnder  pointwise addition and
These orf?ﬂ\ﬂ'lm on A‘(V) W) Cﬂrrespon/ to matriv additivn omd scalar wult. on the re,:resem‘aflm_ M
TAWW 28
LA U)W 4 in. dim v.s. with ondeyed 45 b wd ¥, l"espcch'v(/%j.
LML T,M-' V—»W e linear. ﬂum

a) [T*MZ; = [T]; + [M]:A oioc/ra#/'m; on mwadrics !
0 LTI = W
Prwiu
QLet p iV, Vil amd Fiwi,., W],

There g/yr;tl W/M soa/‘wg a; and {,.J-"(/s/fm) 1525;4) sd:

T(v,—):éag W, and L/(vj):%'.l,-)wi pr o 1%jsn,

Honce m )
(T+u)(v)) = %(“:¢'+f’g)"’z
m, o {he matrix [T+M]; we here

([T+Ul}),; = ayeby = (T35 « LUT)

\é) Sintilar (Ewni;e )

Example. Lot T M- K > R e degined 4
T (a,,4) =(4,+2a,, 0,24,~Y44,),
U (a,a,) = ﬂ'/‘”z, 24, ,34, t2a,) .

Led p,o de the standard srdored €oses por R* and K’f resp. Vhem

/3 _ . /A
3

PR WXMM'O/C s

Afp/gitzj o/e/(./'ni%im, we  heve

(T+M} (a, 0,)= /ﬂ, + 34, )ﬂ)ld,—lmz)“(ffﬂz)Zﬂ,,Sﬂ,fZJZ) =[za, +20, 5 24, 5”('271). Se

2 2
[TW]::/,% Z) = [7]; *[M]; —os Theorom 2.6 predicds .

Gmposition op lin Sramsp)s and matrix a1 plical vy,
D%:'M('HWM Lefr T VoIW and U @ W—=2 4 Fwo liu V”NWK'L_’_( of vsTs.
Their composition , devoted UT | is ¢« pmction prom Vo £ degined «%
UT (x) = M(T(x}) pr oM xe /.

NT _\ :LVV:: u(T(v))

u

Thoven 2.9 Lt VW, 2 4o vs ovr F.
LO\” T: V“’]/\/ and M'W—‘JZ‘& linear.
Thew UT :V—~=>2 ic lneor.
P rooy.
Lef£ X,y € V ond ac F. Wm _ Ji o)
UT (ax+g) = U(Tarry) )2 Y T2 T(p)) =" al(T60) = UCT ()= o (47) ) ~UT ().

See  Froblom Seﬂf' 4 for" mere basic 'th&f\"ﬁg 7_ e Com/f”/,s}‘f}pn.



‘A”‘""’M fad V) W/% we  ys wer F and 1S
&L = §V,,~-, Vhf 7 F: éw/)w, me)d/ :fz,,...)z',%ﬁe Wv(WCD( @B&ES fo~ V/|4/ auo( Z, I”Cs'oed"nl/e/g.
Lt T VoW and U:W—>Z 4 linear

LA A=LUIL and B=[TIE 4o Aheir wafric representstos.
We howe UT : V-2 — their towposition

o Lets cdonlade its warix represeudadiou [uT]]
Fer 1¢jen, we hove

" L] “ e Ffm P
U)o () = A8 ) - Z800) = 228y (F0u2)- 2 (T AB )20
whate L

Cy = = AubByy
/—/Ww [MTJ:/ : C - (Ci))lﬁ'gsr -
This vovipuartion oVjvates  Vhe ,,4;;{’”77?;% F radfrix mulFiplicat o
Cefmﬁ,‘m LA A be an mxn matric, mwd & an  nxp watri  We degine the produt o A omd B,

0

dempted AB/ v‘; b Vhe mxp mafrix  such That
(AB,J)‘*%AJK By, frr l%i=m, izjzp

Exomple .
1) (r 1[)(2) . (l-%zzﬂ-s): (,5)
0 4y-i |y 04‘1411-2-*(_{).5 3 )
2) Matrix multiplicafion (s ot coppmutative.
<11)<01 :(ll Lod 0/)(”}_:((70 <o [t s passi% MAE*’LBA
90\ 1o 0o ’ 1o ) oo 1)

%) Recall  tue deginitron of The Frauspose e a maric froma Proflows St 2

Ie Ae M, ., (F), thea s ¢romspose ACe M, . (E) Fiven % (/‘k),)' = Aji peraMl 5iem 1244,
We %W M

(AB)*=p°A°
Todeed, we hove n " o
(AE‘)-:' - (AB)J':' = kL/_:‘ AJ“ B, - gl&k;ﬁﬂ:% (&é)ik (A )k) = (6 Aé)u A

Qu(-wmiw(ﬂ o et previons ca/{wtwfim, we Cam how e T in o wmpw( form ws}mﬂ wodeix  wiy Ifipliceofvou,
Tharrem 2.0

Lt v, W and 2. & pov. dism. Vs with oroved  Lpres d) R and ¥, reAPcc*Hve/%.
LA T VoW and U:W>Z be  lin tansprraakions.  Theu
CuT]® = Culg CTI)

Cotallany. LtV b apin div 15 vith am_ordred fosis 2.
L LeA Ty ¢ RV). Thom [UTJg = [U1, [T], .

Exm/;/<, Let U: P, (R) = P, (R) a/m/{ TP (R) P, (If) % The lin Nrousg. dogiined @5,
U(ed) = ¢'(x)  amd T (ge)= f((f)alf,

[_nﬂl J\‘—fl,z,)(’,x;j WJ }zgl,x,,\if (: e SA‘aMMﬂ/ 01‘0(04”?/ W 0(\ Pa (’R} and PL(IPJ/ ros/)u}/iveg.
WC /‘44/{1.'

U()=0= 0] +0x +0.x" Henee - 0 /oo
U(X)=1 = I/ +0x+0-x> ZM],& 2o 020
U (xP)=2x =01 +2.x+g9.x 0 ¢

U (X'*):gx":o-lﬁ‘ﬂ.)({.g.xl.
Sivai lowly , for T we bore.



7_(/) 2 X2 01+ [xtgxeox® & {0 ; g
T (x) =L x*=01r0x+Lix*+0x* Hene [TJJ3 “les 0
T(x) = £x*=01+0x+0x*+ 5% 013
T N x)
[uT], = Cul, (7] = (9 "/7 = [Ij/s , where T: R(R) = P(R) = the Mw*ﬁ rsperadion
00

72»/'; Coug iFms fhe WW Vhe oreym o whondis ju a ﬁfuar/n/ w«se,,/

| g iz
D%le'ltl'llw ﬂl( nxn ’/0/0%21/? mdﬁ’/‘)( I,,, 7 p(E?/Mo( % (]‘1)// = {0 /‘j ;{/4 .
L e 2o jk:(”//ﬂ )1 = ({;’og) y A
dgo)
We swmmmarize basic prsﬂﬁ‘f% 2 wedrix pu /vlip/r'mfm(
Themomt 2.2, LA A e M,,,,M(F}/ B,C¢ My (F)) ond D E¢ M?m (F). Theu
A) A(B+C) = ABTAC aud (D+E)A = DA +EA.
t) a (AR) = (@A)& = A(ad) for ey scalor acF.
) Tmd=h=AL, _
NI dim(V)=n and TV=V st iorbily dowssparmotion, han [T[,= 1, for eniy ovcbnd
basis, P V
Prot;.
N See  fexthook.
Comppare 1o fhe Lasic propertics o the conposifion o lin Avamsprrmotuns  (Theorewn 2,00).

Ca/a/llia)('inﬁ vakue of a lin Nramsy. u,s[mj its  mofrix represeutsiioy

Thettrenn 2 14,
leg T V=W 4 livesy, W v dim 1s.s Wity ovoloved fases Poand &, respecfively.

M wakr

Thow  por cach uel/ we hove K—'\(/wwwwx
/ [Tw]y, = 17,045,
vechvr m\/./'\
its wordinle vetor,

Pqu_, viewed s m x| VV'DL*)"IX
§M‘pra$< )3—_§v,),,‘)v“§} J’:%w,)_,‘)wms - ovdoyed Asgen for V oomd W, V%{rnv('ivdﬂ,
Le )(e(/ Sey XAV A,

W{s) D(—l} <ﬂ|>
qu

Lot @ =LTIF. The s n L,
T(X—a,T(VH +a,,/(l/h)_q,(zf$ Wi P_+a,,(25 w =‘ %l‘b ij)wi

Hence Z,- a4 BId a4 -
[7-()()\7 ) = B ( ) — 2y waned.
2 a; By a,

e o

T)/W/l o | 0 4 (A//OM/#M M a FVEVIM M(D/Wf/&
[T]jb: (,, ; Z_Z - BT~ shvadeyd  ovoleved boses.

LA Pl ¢ P, (R) te  wrtitn MWW{E /:(x) 2- 44k vax®
Then T (peo) = fﬁ()—~v+:?+5x‘

Hemce :

E)rwmﬂ& LeA T P(/k)%lo 6@) (‘ij/wﬂ % 7-(,4/’()) ,éﬂ()



y
[T(‘am)JZ, = [,o’(x)], = 2_).
Bud o

0
¥
71, [Pty =

w o

9
/
0
0

QN o

o)) - s e

A$$ociaﬁv3 a  linesg %w%«arm)ﬂm h o wefrix

Depinidion Lt Ae Mypn (F).  We donote 4 Lp Hhe wagping
L, FQ”—»F’" dogiived by Ly ()= A
regowded ol column veckvrs.
Q/C M LA a /q.-v‘—mu/v‘ip//cﬁim WWWM.

Example L
LU‘f’ /4: (0’ { L)eszg(/R)j lwwcc LA" Rg—ﬁ /RZ

I

Lox-(3) e Loo-pr- (00) (5= (9

Thesverm 215 <“Pre'p€/r+l'€& o La) v
LA Ae men (F) Thew L,q . F'"= F is  linear . "
I¢ B eM,,, (F) and B e the s dovd  srodened Hases fer F oand F , resp., theu

2 [LA];:A-
0 Ly=L, 2=> A=8

) Lae=Latbe, L= ably o ol ae B )
H Tp T F =" s lin, Ten e is 0 wiigue  CeMpn(F) st T= L Topd, C=[T],
Q Tp Ee Mpo(F), Yham Lag =L,L,.

e T wm=n, thean LT_":_T

B

Phq,, Livnwd—z ot LA is cleer 6‘6 Theorewr 2.12.
) The )Lh orlun ot [LA]:Z s Laleg) =Ae; ) whichis aleo n“Jﬁ ohn ot A
Se [LA_(;:A
g)"é": Aear v ¥
st T Lozl then by (), A= [LA]P*—[LB]F:B.
D LA T F 5" & liv, leA ¢ = [T]5.
By Thaovem 2.1y, .
[T(x}_]a = [7}; Ddp , o T(9)=Cx = LG por oM xe F |
So T=Le. T wiiprieness o C ptlows  from (8).
e) (AE)Q)» = e (JW' column o AE ”—A(Ee;\ — koAl MVM/{:{-,% o (yn\ljd'n see @g wr(‘ng
o fle rrM(//W('s,
That  Lap ()= (AE)e; = A(Ee)) = Ly (Ee) = L, (Lg (o))"
Hoe L, =L,lg (4;7#1 ma//a/rd o Thaovem 2.6, (¢ to lincor $omspls opvee on a fosis flun

Yoy are W).

Theowvem 2.16. (MaAris wuMiplicastion (s associative)
LA he My, (F), BeM, (F),CeM,, (F). Then
A(Bse) = (AR) C.
Preeq.

\(c), (¢) — Exercise.

Fxr



We hove (usivgy Vhwear 2.1S(€) and associativity o e composidion g pumekious)
Lycog=babec=la(lele)=(Lot,)lce=lygle=L

(Ag)c -
By Tasem 2.15 (6), A(8C) = (A8)c.

I nvewrtidi [ivy

Depinibirs, LA V and W/ b v and T VoW fneer
A [_wm U W=V s an myerse of T
Te T hoe an invere, Fhon T /s inverditle.
I{_ T i iwv.&r"ﬁ%/ Theur Yhe myerse P T s HMI}WL& and s olewpted 4(7 7_4’

7[£ 7M=Iu/ and MT:IV'

Basic 'wa‘s abonst inverdifle pnfvons .

ok Tand Y e invertite. Thou fre potlowing hetds:
a) (T '=u'T" ,

8) (T7)'= 7'/ P FM'/’AW/“””) T s /'p/wy!‘VLI"Ml.

W) T s mvertitle 2=> T s a f,’aiw‘iLW‘W.

FVO’&F, 7_) " fr MZ Jel/t/, TT"(C.f) ——IV(J) —_&_ Hence y= T( 7'”(1,) yso Tis swrjecdive .
Asvme T(x) =T(x), Thon T (700) =T (T(x)) , “hance %,=x — so T i isjecfive.

Therrewa 202 Lot VW levs | Jet T V=W 4 Jio and invertifle.
Thewn T-,-' W - l/ s g/ko /i near.
Preog.

LeA Sy € W oand ceF Sive T is 4t s jective and ;y'wﬁw, Hhove €xist  wgut  vectors
x, eV s Ta)z=y, and T(x1)=J2_, gt

Thus X, = T"(J,) and X, = T-’(J,_). Am{ so »
T (cyitgn) = T (e TCx)+ Tlxa)) = T"(T(C*MXJ) = I, (cxixa)= cxyrg, =c 7'(3,)4 7 (1.).

Examply. LA T : £ (R)~ R™ 4 the i, trancy oélf/-h&/? T (at4x) = (g,a+4).
Thew T R =P M) i ole'um/@ T'(e,d) = c+ (d-c)x" — atso linest, as Theovesn 2. 17 predicts.

+ Recal The am/% between finear Framsgormadtions amnd  matrices.
Deginition. Lot Ae My (F). Thon A is invertitle g Vhere exists BeM,,(F) ot AB=BA=T.

Node . 7y A /Lryvrv‘/‘&(z/ Yoo The wotrix B such Yhat AB=RA=T s war

scatled Vhe inverse o A and
(I; C were amothoy such maXric, than C=CI = C(AB) = (CA)B = T8 =& ).

denoted 47

e e q (o) o (18] Dndel, (LO)(00)-(1 )= (42)(ir)

Lowma.  Led T V=W b lin and invertible, and din (V) 2. Them dim (V) = diss (W).
Prs»e(_, Led R= $x, e XS b a Lssis feor V.

[_;(.1 Theotrem 2.2, .Spom(T(]z,)) = R(T) =W.

Neat, T is a 4ijectin, so:

dim (/1/(7’)) =0 (as M(T)z353 as T is iz/y'wﬁve).

dine (R(T)) = diws (W) (ws R(T)=W.).
Henee, by dre  dimension fheoren,  olim (V) = dint (N(T)) + diiu €(T)) = dim(w).

-



Thesrewn  2.18 Lot VW 4 f/w i, v.s. withs syleved €ocec 2 and &, resp.
LAt TV >W be )i
T hew T is mVM‘q‘IW &> ):l_-(} e invertifle.

Furttar more [7 ] ([T]P)"

P roog
‘SSuppose T is invertitle.
Ea' the Lemma) c//m(f/) = im (W) =. So [7];6 th,,(f:)_
By d whm) T WV safiepies TT'=1, and 7T =1,  Tha
I = [13p > [T' 7] = LTI [TI5.
5/vwl/w/
M [( 1r-1..
So [TIf is in vertible oo ([T]P) ‘[T J

§“H>m A= [7_7/3 i invertile. Thon fhere exicds B¢ Mpso (F)  st. AB=BA=T,.
By Thesrem 2.4, \ﬂ\we exists U € AZ(WV) s.+.
M(WJJ by T fEL

Where )y = {w,,,, ,,j B =Ygy Vind .
T+ petows Aot [MJF B
To stew thad  (f= T’ ) netice dhad

[T, = [WI[TIZ < BA =T, = LT3 =4 Thevew 2.

$o MT"‘IV ” am/ S;WI'/W%/ TU=T,.

“@"

Ekmp/l(- Lt poand & & the sndord ordoved  fpirn o P/(/ﬁ) and /fz/ resp.
For T givew T(M{)() (a,4+8) from tha previous esomple, we here
F /a) ndl ~_]_( ) We have v checked oot tach o These
L F ( [ Y -l meAvices is Z:lﬂihvwsao; Ve oAy

C&’P&Md Lt A e M”,”[FJ. Thwm A i inverditle 2= Lﬁ is inrertibly . /‘101'601’&&"/ (LA)_/:LA



Isewwrph}sb%.
Semedinter dwo Yedor ok cousisf o g{;wfs o VMJ o(l',&,wtfmﬂ‘ W@ bt fetore
idenst-i ot Vie alpelyay  por View. e desrcribe A precise w “idestis ying * veckor
%mﬂw uﬂ\ﬁ[ peindt o Vi W cribe 4 precise % L4
Degivition. Let V,W 4e vs. We Soy thaf V 65 isomwerphic do W ip there exists a  lin. Yrauy.
T VoW Huwt & invertible.
Sur @ lin.Aramsg. i catMed am isewerphicm  from V oondo W.

Node. 1) V is tsomaorphic do V  (usi T,). o
D Vs isewpr}a/k)‘c do W/ = ‘UW ic isoWrdal/l"CJn v Exexsice.
2)I¢ V is isewlorphic ¢o W and W ic isomatphic b2 then | i /smwpkfc do 2.

Ths somorphism & am W/‘Vw/woa relefioy ov vedkor Spots.

Exm/&- LA T F*=> P,(F) t j/vw T/‘h,ﬂ;_):"rfﬂz%
Thew T is an [somerphions, so  F* & isoworphic 4o P, (F)

Therrem 2.8, Let V,W te gin. dim. vs. sver F.

Them  V is isoworphic & W i¢ and ww% i Adina (V) = dim (W)

Pkm' st A T VoW e am is&wwrfhiw prov Vo s W
Bdﬂw. lermvwma wgm/e) a({Wl(V]z o(l'lM(WB.

E" Suppone diw (V] = din(W),  and lek o2 Svis s V], 82 Twyse, Weg e dits for Voand
W, v .
&5 \(mz.e) VYre oxisAe T: V=W s+ T is Jin. and T (vi)=w; pori =p, .., n.
&a TL\WW/I 2.2,
R(T) = Spw(‘l’(ﬁ)] = Spwm (§)=W 5, so T s serpcbive.
P)& Thaaveru 2.5, T /s atro fw'_)‘fzu('l'v&-
Heme T is an  isewrorphion .

WWJ LA V e a vs over F
Theun Vi< isohmplflfc +o Fw it omnd 9’1/1/(8 ié Adins (V)= u.

Up do (his poind, we hove associaked linear frausgormartions with Viair mafrry reprecodiong,
wd we have seem MW‘?/@S Ledweey Ve efwwu(;m ou ﬁ{V/W/ o d M oy (F).
Now we comt sthow it dhese 4o Spones nay te io(wv‘/"z/’lzo(

Theoront 2.20.
LA V,W 4 vs. over b dim (V)= v, diw(W)=m.

LA p,a A ordored fores por \/ and W, vespoctively.
Then ¥ra punchion Do L (1) = Mun (F) cogined 4
QM) = LTIp  por ol TeL(v,W)

is an [sewsrphiswe.

P,
By  Thurum 2.8, ¢ & lineanr. So remaing Vo stow ¢ s a {ijecdon.
7%14/1‘ e, wo need o sty dhat T ey A€My, (F), Hlave ic awnigue  lin Aramsg. T-V=W s+

P(r) = A.
LeA p=5vi,vid, ¥ =3w,. wn§, and X AeM,,,, (F) 4 Gireu.

By Tharem 2.6 . Hure erasds a IAMt'ti/ML lin. framst. . T: V=W s.+.
5 w7 i
T(vd):.-Z.A'JN' sy 2n,
Rut Vhic meas  dat 1—7'.]; :,4-) o ¢[T):4, Thas ¢u B



Covollary . J,ﬁ olzizu(l/)=l4) o//'m(h/)-‘-m/ Yhen o im [ﬁ(V/W//:WN?
(by ™ previos Viwsrew, as M;W(wau(p)):mw)4

CAWVI}@ @(_ Wo(/wwk Ma)frlz\’

W@ have seem Ylud suce we f(xamarr«:(wc/@ispo,za ve. Vb wery veedor e VU we com
a/ss/gw its  corrdinates [M]}‘ And s:'m,'/wljl for T-V 2V, we assiqu (45 ndtrix vep. L71g.

Hower, dhuge comrdinahes  depond o /B./ And v te dif porent o cwice o am evolred faris.
EXMMP&.
(0, N iﬁi— ~4-,M \/: ]RZ
| P=100), (o0f — srdeved rgis
( EV’I)3 = (l[)

=100 l/ Gy X ¥ = $ (), 008 - awflor oroloved fusis for V.
@1,-1) EMZD' = <ii).

We wm’o{ l/ke a mejﬁwo(/v a/o«/iw(e fﬂd— from CWJ} ) for om Mgi'frwvé Awice oL )& 01440/ .
D%,im'\ﬁxm. Lot P and }s’ be tvo ordored buces for a gin. dim. vs. V. »
La dogine  Vhe u{/wug,z o coordinafe waArix  (or "ohwdu&F frsis Mm/}”} to bc & = [IV]}/.

Theorem 2.22. B

) Q is mvertitic (od &= BI) ),

2) For omy vel/ [vig = Q [Viy.

Prw@

N As 1y is ivn/W"H{{lL) & 5 adse wverti#le %Thm 2.18

2) For ve V

L m:%- [Ivc)ol;s: CIv]JfIvJF' =@My by Therw 24,

Sa/muu'\l‘.)lg'[{/(a éa Q‘/ (‘/{/u/ma,(,g the F—?Wfdiww{% 9},,0( Veo?"b’v‘ ) 1+s P —Wiwq}k&_
Aud W’Ml‘/lf/ﬁl“j éﬁ ] c,h,wwi/v& )s—carrrf/ma;('@l iAo }—mhllwwﬁ(%.

Exmrﬁ _
Tn < Wwp/e a/gﬂ’e/ [IJ/J?: (0' j)
And [y - (7)

Hene [uly = (;/_7) (:,/) - (/I)

Deginibion A lin Framgy T VsV prow  a  vs. V/ o itsedp is cafed o livear sperader w I/
Now we dAermive how Vo caf ontoatz [7,7}; from [_7]};/; o o P oroyed Gk por V.
Therem 223 LeA T be a lin querakor ov a gindim vs. V-

Lt p,p’ € o;o(xwe/ foins for V.

ﬂLj:; @ = [ly]/&, Y Ve Cha/bfgﬂ f wordiuafe ma/(\r‘fy; yﬁmj/t,j /a/—mwl»; 1fo B-coord,

[T1y = @ [7],8.

Presg.

Recatd trad  T=T1,T-T1,. )

QLTly = [L1) 073} = [1,735 = [T1,3) = [13, [13p = [13, Q. (b Vhearsns 2.01)
Therepere

K [Tl = @ LT73,Q.



EXMMf/Q. -
Considey The //'wAthﬁ’f T e IR MI'MM( % T(k,ﬁ )= (Xf—i/ Y'a).
LeA = £0,0,(008 and f= {0, (0,205 b ordeved gpes.

G?Q[It}j e W ey - ( )
s (1) Mo Ty =dem o> D) GGG

DeAerminamts
b%iwid’l}ﬂ’w
Let AeMnyvn( FB
DFer omg 1¢i3¢n we olz‘r.hj&d’lw togotor maAtiy o the endr A i rew i amd
Wmh/‘ to Lo e madtix A,,Jé M(n_,))((r\-l> (F) gMuiuep( frew A 52 ,,(0{“4,*% Fow i
omd  colpwan .
) The determinant op A, dewted deft (A); is a scadar in T degined recursively ox follms:
—)(. M:l) So M A-_(A,,B) we Mf“& O(R*(A)';All.
—pr w2, we degine

dei (A) :.2i‘(—l)ua./£\;“)‘o‘vlr (Av,)) for avy PR (-f’lm mmul«g/besm;m
2! )

5) Equiv ) pe Jave il :
det (A) = %(.,)"’A,-) "”(Au) for g 12 =h

EXWWW/'Q. Lekre consider i ke N=2 .
= A” A’l | .
LA A (Az, Az;) e MDQ (F) 4 Jiver

Acording d» e o(l/(_/'u/‘v‘/im/ we Cam evalugile s dedermivpyt Mm/\j W'f('f row | .
L Sdake =, ~ .

TAW \n\l. %ﬂuﬁ?’f W’m/—ﬂf& a”g/ A,’/ = (Azz) q”d }4,/1 = (A'al>.

Se dot (/4,,,): A 5 At (Al,z)’-Az_l and

dot (A) = 20 Ay AA(R) e Ak =R = e pauilion permndn,
d:l
Crample.
I 2 -2
L-U{ A_’ <‘B 23 ZJéngs(R)
-y Ll -6

qu;h , letrs  cadoutode At (A) %/‘MJ cop oA s a//mé e 1% pew.  We sbtain:
of«vf’(A) = (—I)H'Au olet (X\,l)’l' (")HlAlz_'M(A\")’-) * ("), BA}a ok ("Z\/'G) =
0N 1 dek (:’; _26) + (-I)g'?>' et (:j .z(,) + (")L’- -2) - dot <:: _'—IS) =

(500 m2) - 2 (-2 (-2 (1) ~ 5 (554 - E26n) =

1-22 -3.2¢ -3-(-22) = Yo,

)\l

)]

1"



Proporkies o Vhe deAermivant ( See Sections Y24y in Ve toxd fook (o Vie proogs)
LA A€M, (F). T¢ B is amatriv sbonived prom A by
1) swifching dwo pows (er fwe M//WMMS)/ X%
deA (B = - det (A),
2) multiplying 4 vow (o a column) st A @2 o schorr ceF | tlan
TZH g) = c;’f/e/f (A). — ¢ )
3) adoding a wmultiple rew rew J(or a multipl o colpwmm |t tolumn |
T k()L Ak, ’ e ”
These  properties owe helppud  tor compuv‘i@ et ik,
We oo horve Yhe following properties:
y Ip Be M, ,(F), then
Aot (AB) = dedt (A). deit (B),
5) A s ivertible ig and only i det (A) #o0.  Furthorpre,

/

dert (A7) = Ty

6) I@ I, éMm,,(F) is The Io/wvllblﬁ ’Vlﬂfﬁ"h(/ Vew
OJQ}{(IM)_— /
\F) det (A) = def (A*).

The WMMW Me rows o a wafrix degcrided n 1) ,2) avd 3) abeve are caMled

NemenVory row elowa)('t}m&. =
Fadt. Usig hele sperations , we cam Yramgperm Squane paATix lodo am wpper Vrianguler
matrix . That 18, 4 mpArix ep the form *4 j

A, An - A
&OA“.\“AA“‘) - M abries bedow e o/l'ddirva/ e 0
Fot.  T¢ Ae M (F) is wpper Vrianguler | Tlun dA (B = Ay Ay oA,

These  dwe //ao@fc Sﬁwp///ﬁ CW!@ he  deAerminannts
EXWW?’/(L' g )2
LA B= [ -2 -?'/-

¢ -uyq

Atelyrvng Semendtary rows epeyafins ) we have

() /-2 -3 =SY (3 [-r 25 ) (z) -2 -3 -g
g > (o / 3)——5 o / 3 - 0 ( 32 /.
v 4 A o 0 24
2 \ \

eydwaima VOWS | and 2 n»(olrhé 2x(row 1) Yo row 3 mJJtl/a [0x(rev2) o vew 3

As  z) deten’t megz Yhe  diermingudt, we have

-2 -3 -
M ¢ ¢ ﬁ):—z.l.(zq):-‘lﬂ/w& @ (1) VWZ Mw«j@sms‘}jh % M/ we  hae o(;Xl(g):l{&

4 -4 4



Eéjwva/ﬁw& and &gwrm.
Deginibion. ) A lin. opeartor T eu a oo olim. v.s. V' is called a/mfmw//'zm%e ;,_L Viwre i1s oy gm&re/
bokls B for V' such it [Tls s 4 o/fnfowa/ matrix,  Jhit s,

A 0
[T]P = <0Ah."A ) ffr sve A"z-~/Ahn ek,
2) A wekrix  Ae My, (F) s o/,‘aWMIM e A e similex o a a(faﬁmtz// waXri,

Recatl :  dwo watrices A, 8 & My (F) are singilar e Yhere s om (nverdifle matr iy dE Mnm[F}

such Thadf g = ®7Aq.
T heoren . Lt T V=V é a lin. ofwa/'w-/o/{m(l/]4vo and P& ordoved Gorer for V
Then  det(CT1a) = deA(17], ).

Prsog.

HZ, exishs  om apertifle maAric & <. [TJJ:Q—/[T]P ] (Vzm@g/ﬂu c/wwge % coovdinares
mafrix [IV]? W*’f'f;g - wordingdes }'Wﬁf/&d\%).

Thett , using e fasic properties op o(M”, we bhave. o

det (CT1,) = det (@' [T1z Q) = det(@) dot (CTIg) dot(8) =(bt Q) - deAQ - A ([T]s) =
k‘”‘ M(ET];).

Deginibion. For o lin. spevator T/ we degine s Aederminapd At T we foll ows .

cheme amy ordered foesis p gor V  aud Yake oAt T = M([T]/;)_
[% the previons Yhooress, fhe owict o g doctnt pater).

P repositivn

a) T is {yectie & 4t T Ho. ;

¢) T s gjedive => wA(T7) = (deAT) .

o) Te V=V s awilhy lin sperofor on V) an det (TU) = dA T -t .
Preeg :

E xercise,  pollows from ne Moffws ffaf%+l% o7 Do mafrix deAerminent-

ﬂMMM. L@#TV*V be o //‘nAWa,v(v’V'/ /Ihf[l/ 4(70/ }5 an Wo{%’ep( &4/5 ’{ff‘ l/ W\I/V/
T o(iaJ«Malizaﬂz => [T’J} s a o{/‘ﬂjﬂﬂﬂlilm et iy,

Presy.
LeA =SV Val

D Assome VoA T & J/@ma//zvé’(e. 705 weans Yhat V_iwre (s an srdbved fugis for 4
such ot  D=[T]y is a o/l'djma/ maArix. LA [Iv_'(a/, be T2a W op covrdiuafer potriv.
Thea  [TIy =@[TIaQ , so [Ty and [TIp ore similov , so [ Ts is ﬂ//‘agana//sz/@

£ Exercise.
Cv'r‘o//a//a. Ae M,,,,,,(/:) /s Jfag,owa/{l'zmﬂ => LA /s o//a&mz{/'a»éfe,
Proflowm. Wihea ic A/T ;//‘qﬁmzflzwg/(e K4

Thasrem, T i o/z‘aimwfizpﬁe. =D the & au srobred Aaxis Pz, ey VaF por V  aud
scalors ), ., A, e F  such Vit

T(V()’): Aiv} for ez
P/’Mq_.
te bD=T[Tg 1s a o/fawm/{ waArix, then por  tach vecdor Viep we have
T(v;):%ﬁg\/;:b;}vd-‘—)\; Vi, where )‘/:A)Jx

ﬁwvae/iy, e pis w ovd bosis for Vst T(\/)')=/\,'V,,‘ , Vhew




A0 0
(5 9)
0

< ‘ /\w

This MW psivates Vi ps/%mn/lmq M/M/W

qutfwi‘ﬁ/ﬂﬂ.
) 4 uwm-2evo wckor vell s am eigenvectrr s T g T(v)= Av pr sswe AeF
We M A Yoo &gwm/ﬁ% oF T mfrrys'oam()% fo Ve e/j;myw V.
2) Lok AcMuen (F). A wt—220n v £ T is au eig,ewveu@rr ?A i
Av=XAv (v seme Jef
Aud A is He &I;,WVM or A Wrﬂ/s«powﬂ(]mé to The MWW V.
2) The edemends (v o bosis B 05 (u the ok Aurrem ore e;]?/mvw(’bws) avd 1o Aj's are Yt

erV{ e}j,wz/am.

Thorrenns 5.2. A Scader JeF [ ou engmo;LTé) dat (T-AT,) =0
Ifw.S’PWM'WW‘V

Fro—r&,, We I'WL
AeF s am cgenolue s T & T(V=Av por somu V40 in V. & T-)0T0) (v) =0 for

Sowe vto V=D N(T-ATv)# 503 =5 T -ALy i ot bijective <;> det (T-)Tv)0

/wafw’ﬁb& op okeX.

CWV“VZ Let Ae Mo (F). Thon  AecF is an c(«jwl/a//u(, 0 A & M{A')L)zﬂ.
Examf/&. LA A= (t///l)f' Muz(/ﬁ).

Theo ded (A-ALY) = oot (02 1) = () -y = (A3 (A
Houe 4y tre —corvellany, dhe JWIJW o A ore the seludios do (A-3)(A4)20—whichare s,

Dq/},ﬁl"}m 1) The /90(/7Ww7w/ £(L) = AeX (A=t T.) in Ve vowicdle ¢ is called Ve
Chavacteristic fsgl/w’vmﬂ/ of A.
2) Given a . ahor T: V>V L, diw (V)20 am/)g o ovobved Gotis fov V) we degine vhe
cheraderistic plymommid o T o 4o Ve ober pelgrrmiad sg A=TT1p!

()= det (A-£T) \
/‘/9*46 Stwilar W;ﬁm'c% hove The sawme char /oaéZW{a// So js wed M;M&/

P eperties o chonm peifvwwra/
LA Ae My (F) be givey, and [ed () be s chor polppmmiad
) () > a faW?M o o{gr&c h with /uo(imd ooe‘cfic}wvf (-l)“;
FE) = ()4 Cuut A o fer sewe Loy, €y € F.
2) A seidar JeF s am eij,envm o A D L) =0,
3) A hes oA nst o distindt L?Oa,wvm (a5 tH4) hos ot e v reets ).
4) Te deF s an ei VaMV{-A/ﬂWaVMW e F7 i am CE&WVMW%A’WV@STD.

fo X &> x40 awnd xe N (Ly=ATp0).

E_xa/w!f/(!(. [e/‘{"s conx i oley A =~ (lll /// fljafh7 and (efrs H'uo( it
1) The e'ngwﬂws of A ore N=2 and A, =-I.

-2

L)LCA{; B.=A-)\1, - -2/
Thon x~ (5) €€ iz ou eigumveher o Acvramdiog o Ny () dere

(=D xto aimo( xe A/(LB) ED X#o  and :‘_’)()2):(;) =D



(> (o txg N [0
Ix, ~2x, 0

The set o ol _solufrrs Yo ¥hjs Sf}j%’w o fin. %a;ﬁms s

e (o) eh

)
fome xe K G5 an uaWVw(-«r Corresp. o A=z D> x=+4 {L) T sene T
gLt B = A-NT, = (3]) fowee: 2 0\ /%) o
e RY & au < vece x A erresp. fo A, (2D X #o and Xe /\/(LBL> D> B, x=0 & (h)(%):(o},

L:> 2x,+x, = 0
Y, +2X, =p

Hence /V(L,52> 15/{‘ (’z/) éé/ﬁ}_ Thas % Jsom e.vec correcp do dyz-r (=D x=“ﬁ(_zy¢7’-*f Some  tH#0.

A/o'{'lce Ykt {(;)/ (_;)'(7 /s a éwg/'; l&(r /Pz WS/'SHV% :7]_ e. vetoye of /4 T/v/w,g LA} am/ /WVI(I ,4}
L/s d,‘a(jma//z:vé(e.

Db4f/rmmlwg cdwvw\‘ms wnd eigonvatuns g a lin qpovoster

LA V4 4 us. o//m[l/ =un. LA J3 e am erdered busic pr V.

LA Te,[((/) be a lin. operator on |/,

Sumwmoriaing (he resudts gp Vra provius secton, we oescrile how +o ddevwive The ¢ vals amd
le  e.vells oz T

1) Dedermine  the maArix repregendad o f’T‘J)5 o T.

2) DeAermine the ewvale o T.
AeF & an evad o T &> & Ts a roo{ o {he  chuy., Pv'aowmia)( o [

That s ) we need o {.(Wl Yoe soludious xeF o J&([Tjﬁ—xl—m\=0
Thare ore ot wast 1 disdingh  selpklons ) S P
3) Now por each eval X o T | we com defeymine e WVWO/[% e veds. We hove:
Ty =dv &> (T-AL) ) =0 &> [T-21,J, V], =0
WWQ CJW vecdsrs Wf‘%fnm// Yo A are Ve %/«/ﬁmxrsav_ Yhis 535/(6147 o7 |cvear
( e /vreu;eéj Mvmj Yhis  Sysdenn  we find  dhe jB—wﬂ’o(OmJ(eg LI S which

e O(L\LOr‘mme& v).

Tleeorem' t.s
/LM Tei(l/) e /mWa.A‘Vk on V, end  feS- /\/} /Ik e oisdincA CWVM o
T Ta v,,..,vg ore evedss op [ st v mfms/mwgﬁ A, tlen Ve
SVi, ey VER
s m. fmv(e/'o.
Prov.

@Oq molwv('wwnr‘{.

=0 s vito, 3VE is lin indep.

imofﬁdﬁw&‘f'p, bo) = A

SuppeR  we funow $le  Vieorem for ﬁl/zvfmo(@/}wmmam{é/sm/en‘mfé
Suppose  a,, ... ap e ore such  hak

Aypv, * ot B Vg =0

Applying  The  lincat. tromsp. T - Ay Ty Vo Goth sides  and sy near, R jx)?/

(7 -24T,)= TC) ~dgLys) = 0 ~0 =0. o Taa T = AV
(T ,\ﬁ -Lv)(‘l,V £ 441‘,4) (q/ T(v,)+ ..+ ay T(Vﬁ)) /\,é (a,v, +a£v£) = q//\ v, *..+ay /\4\{(,
= Adhavot ot Mgy = a, (4 ) ey Ay, =Ag) Ve, =0

By Lunducken Hypatlasie, Vi, g f e lin. inolep. , so
44("/‘/\6) = = 44, (/\ﬁ-/-/\éJ =0.




g X, e Ag ave distinef 4 MWPVLW/ A - /\4 +o por iz, ., £-1.
Thass, 4 = ... = qg, =0
Mz/wcz agvg =o. BW,’L at Vg o (ms an ei}&wmm‘w}) Weﬂ qﬁzo_

—

CWO//:WJ Lt TeL(V) amef dim( V)= n.

I(. T b 1 olis it e.VM’S/ tene T is 0//\:?0/140&//-21&_

Pm;}.

Let A, A, % n distined ¢ val’s o T. Foreah | kA v, & an ziﬁxmvw(or omf%po‘v
Ay By e haorem, fn, . v,§ Js i indep. Sine dimCy)=n, s st & a bais por V.

Ve V bhes o Gagie m/sﬁyﬁ @ U};LWW(’D’V‘S for T , So T & o([aijmﬂfizm({c.

ST T~

Ex Tle comverse o Yo S5 7c o .
For example , e ;b/mfﬁ oo woter Ty e ng e 4éjewyaxﬁuc/mmw427 A=, Howeyer if
IS 0(1'4604/(&/{/\20!/&(2 !

K_\

Deg A PO%WM// ) € P(F) selits wey [ iy Yhere ave scolors ¢a,,. 4, e ©
wet pecessan 6 /is)(l'mv() suhy Tt
Ht) = c(t-a)t-a).. (t-q,).

Ex ) £ e BIR)  slibs ovenr R, romidy £%1= (e=1) (£ 1),
2) 4241 & P (R) deesn’t split sver R
Howeren, viewed as g p/%wmia/( o PZ(G)) t splite ever ¢ - fl+/’—(f*‘/)(("i).

Thn Se¢  The thar. ,b&/%/ywwfazf 57 oy drhjowa///iaxg’(e, lin. eperafor splits.

Proog..
lef n = o(/W(V)/ Té»é[l/) & o(r‘a(?owalléaﬁ/ Ve Ylere (s an ordwed Getis R fr Vst
[TJF:A/ wheve BN i o (e form

Ar O —p
D= ({7)\1»-0,>.
o o An

6 -

Lod“g(f)&mdwpv?widofr Tleu

_ A-¢
()= ot (D-1T) = ( 0"&'5 0 ) = (ht) Q) =N =4 - (D),
-t

. - /’T“

De(, LA 4 A au evad & a . qpevotor or wakPix witl,  oHon. P wonnaf ),

The (at/jy{»mic) Mx/véip//o@ aF/I Is the /MM /zo‘s/‘vll've. /hvé?,vr‘ £ gt which (f—/])ék
a W of f(\‘)( W/js/ L) cam e wridden as (€)= (e-/!)‘dfy for seme Wﬂ/’;’/
X(%) ).

P

) @9

Cx Lo A A—-_ (ﬂ 3‘/}/ ﬂw F(f)=—(€—3)2(f“(), che /*’3 s M?.Vﬂ/{.vf A- lq//% WMJ/’V(S

6 oq

ond /l:‘f s am  2.vaid 3 /4 withy mulf. .

—a

0—0{. Lv(‘/lT (—L(l/)/ A {30VIVM ?‘T“ We p{af/he E)\) the E’JWW T
crresp o A, a4

Ey=fxeVo T6=dxf = (T-)1) (wd Sl for a_wadtrrc).

Nole Yot Fhi s a w,év/zme o V/ mé#@ o 0 and e ¢ vedts o T mrwsfula A



T 3 LeA TG,C(!/)/ odim (V) <w, A an evad @ T with VM/M/VL/\P”&I.@ m.
TL\W [ 2 dim (E/l) Lwm,

Pkwqw
Chork  am ordeved fasis SV, s Vpd pr EN

By {le rb?fmmwu( ‘vaz) cam enctod 1t o av  evolved facsc /)3:§v,).../VP,VP+,/..7 Vy,j tor V.

LU'{‘ Ai [ij .
NoAice thad

v ) ,':l).../,a/ s o </jjm\/&/ﬁr 7 T m”%p 4o /\ /"(.zmcc
(AL 5) .
“\o | ¢/

ot (
_ GU-t)1, 2 ;W .
()= dot (A4 1) = bt \d,%__f = M((/\—f) L)dAt(c-%1,,)
= -4)" g (), 7 1€t

where 2(-6) = a ief.

Thas (A=) & « f/waf—vvq((-b)/ honce  the nad. Gf/\ s of leasd P
y{im[E/\):I; , 5 /fm(EA)sm_

)

Boust

Lewwma LA TéoC[V)/ Ay, o, Ay distined  e.vads o T
Let v, € E,\,. for eoch j=/,.., %,

T¢ v+ .. tVg =0 _ﬂ‘ﬂ Vi=0 (or M
Pe  Sugpore oAlermise, Sry We heve vito por £/ =m, ond vizo (or i>m}forwléms4_
Then for Coch itwm, Vi is o ¢ ek op [ Lerresp. Y V,-éE/\‘.\§a§)7

and V, * et V=0,

Bud this wnbradicde Vo £.5 a0 Vi) ooy Yy st G /fw.;m(!f. ﬂuww v, =0 for V”,Eg.yé.
Tho S8 Lt TelL(V), bt 4, ., 1o te distinck cvoke

e o 7.
For each /"—l)..‘/é, [ S; $e o fmike i IMMAW#\LQI,

T how SZ5,V-A~VS-& is alse a lin. ;MP{l’f. subsest o V.
Pr&v{,.
Supper Veat 53:%‘/:',»/ Vie) - Vi,n.‘g o Lach Q21 )""é'
Then _S:Z?v;l‘j!/é)sn;)/s/séf.
R
izzl; % ﬂg V‘) =0 . W»‘SM{
For i) (oA W; = i q;/V‘J' Tl Wi‘EA; ; and  wit .+ wy =0
By Yoo lomma, Ww;=0 = *

fer R -
Ruk ax cedh Si s (wo(br.} [t ’Lo/ﬂm/ Yhast ql.d- 20 for P4 ;-
Mevee S s lin. fwdrf.



Thw S8 et Te a(/VJ) a’/hf(V}<W/ and ossume. ook The har. ,ﬂf%, o T splids.
LA ki sy At Ve distind cigonveher o T Then
)T is disgomdizatle L=D Vhe walliplicity 7 4. is tpad bo din(Ep) for ok .
4)1; T i //hWEM and pB; is an erdered Grsis tor E,\,. P /') Yhew
}s:},u._.(/)s* 5 an  ordred 444/5/4” V msisv‘&g o% € .VeAts ot 7.
Pres.
for coh i, [F m dowde mu/v‘r/}/fc/'ﬁ o di, d; = dim(Ep,) |, amed = olim (V).
= Suppoe oA T s a/f'ajow/fi'ea/%c,
LA p b o fsis por V owisting o ¢veck o 1.
For  coch 0 /{x‘},=}nEA;.

LA v - Lpil.

Them :

cnicd por woch | (bequse p; s o linindep, siksed of e subspoe Ej,and  dim(€))=d)

o fl', 5144(' [gg T, .S'.-?)_

. ;w; =n ( becase P covtains n veukrrs).

. Zf_fm,-=n ( fecase Vhe degree s tun char poly-o. T & equed b The swm op Ve mult. g
e eigenvelues ) on the one hasd, amd s equd Vo dia(V)=0 o Ve oflr hond)

Thus: & 4 £

ho- o< 2, <2m =

3 MW;:IM = 5]

i_\;(“’ﬁ-o’,) =0

g’\”u’- Mi~d) 20 for oM |, R  wuhude thaf w;=d; for oM.

& MVWSR/%/WW Wl}:,;(l- 6'”4/”1
For 2ach |, lod Pi 4w opoored fosis pot E/\/_/ amd A PPV V.

By Vo 58, g ois lin indep.

Curfiwrmere  since d; = wy gor oM | 65 a«cwm/&ﬁm/ P condains
& &

Zdi - 25m = n vedt ors.

=t =t

WWQ 2 5 @n ordoyed fysis T 74 omzs/’gvﬁ}tj of @.vehs of V. Heyee T /e 0//%72'

This ewen  conctunde QM.S%A% L 1l d/iaiywa//z-a)ffm pro{’(um‘ LeA's  Lupmapze.

Texjé For- o‘(aé,o’wa/{?}kxébﬁd

Lot T 4 a linsperndor on am Neoim. v.e_ |/

Then T s O{/hdzwﬂ»d//fzw% e omd efw% i€ 40 oy e (—e/”&/u/{% covd it ious bl

) The char. P,V%,yww;a/ e T cplits.

L) Fer each o .vad /\ o T) e W/V‘f/'é//oiﬁ o /’ W dinm E,\ = dim /V(T’/\IV):
= Vl—r‘amk(T-/\IV).

The some cvd idions  can b wed Fo deudf iy 2 syeqe maAvix i o{fa/gé} Secanse A s
af,'%ﬂ/z' &2 Yie opepafor /_A is oﬁ'aﬁ&.

EXMW X
<0 2 0) € M;,; (’R) ) and we Je2gf ifs p//'%oww/iza.///f?_

A :

2 g 34 |/ 4 N R

Tt g pely. ()= At (At 1) = M( i ) S (-8 (s-4) = - (t-W)(£-3
o 0 4-t

This  shews Ak ¢ (€) splids, so wndifion () (o diege. mdde.



E vat:

A= 4 — il |

A=2 - mudt 2

Conditrov &) /s Mmax‘@/% sadis fied por A, (M Za Voo $7 , (< din(Ey) sm:,f/-//l,=/)
So outy reed Ao Chek ) o A, .

The nwstrix o 1 o (

A—}LIS:<000) has  ramk 2 ﬂterawkeg_ LAA_L.,/W’VWMM
o ! rmber ot lin. ndep. M

dim E,= 3 —venk (A -hT,)= 3221 # 2 ,he muhd. o As.

Hemee A is et diage.

ExW/Q. P

Lest A= (/ 3).

()= dd (g -t T.) = (4o0)(t2)

Wnce A=l , dy=2 ore oe covade, bl oo watt | . Thus  6An  conditins (1), )

EA, N /\/([A —/~z2) =< (_/2)> ave Mfs,(feo( and T s 0//%

Ea, = N(Lg=2T) = (7D

Mence £, F(F)Sis a fesis por £y aud p, 2 5(0)f is 0 bocis for £

@Cy ¥l flesvem  E= B UR, :§(~Iz) ,(‘,’)f b a focis for V=(R? mis#:u(,j ot vects,
P— So [LAI)} s 4 o(fa&. maArix

wt q= (7).

Man @A Q= (i5) —disgonad -_A,,vmg

Fact. LA Ae /{nkn(P)éﬁLb’&wwdﬁﬁ/sMF T4 o
[LAJJ —(?/46\7} wheve

.
= v, AV
l

I vner /orooﬂucx‘s and  norms.
o Tu l-p? , we Can v‘z//é ahsnt e /wzzﬂz of a vechor, Ve w/fc between tuwo vecksrs,

2 © ; "(C.
R . W vw(—w; g am%g,mw/ e

\x/"‘l/‘%‘ ’?w

e Tn aJ)w.Lrw/ V.S, V) Vhese nostions owe  pot /-ffinep/. FarﬂA’a/Vwr&) }; /= PZ(IR)) M is Yhe /%W o 4

N 2
M/qu/ 3XT+ 2 x—I

oroley to 54,,,09 ﬂ\m notions i Gwywm/} we [udrodnte  dan ”upgma/ea/” veysion o vetor Spres .

%Fé@

LA V be avs. ovep F (f” F=R o F= @)
An  netr produt= o0V i a pumctin Tt Ms/fz/a o oy ordored pair of vefors )(awm/(7

iV
)
S valerc in /: AeneTed ﬁg <)(,g> such hat pr o"{{*’z;,i eV and ccF te MM/MJ hadde -

a) Lx+Z,4> = <x,g>+ {z2,4> !—/,meqm,/—n in e firsd yeriofle
) Lexyg> = c Cxog>
o) L% 4> =<3,x> ( where = Adevgiles, ww/f/wz cywdl/ldot)ﬁm) - WJW ?LWVVWEVLré

d) Lx,;x> >0 tor XxZo — posctivity



Romark 1) Ir  F=R, Vien (c) reduncs o x> = (4,2
2) T4 fpollows prom Voo Sogialbion X ip 4, ..,a, eF  oaud Yo Visy Va € V/ Then

< %‘“‘V" ) (I}> :5“*@”}9.

Examnf'{z. We Mihe Yoo Amdord  inner pra/»wf on F”

n

For Xz(“))-v‘;”n)/ &: (‘/,---,'gk) in F 5 a{tf}ue

<’Wg> "%‘“‘-éi :
We  coam vw‘:m et 2> go@"n;(_{-e,s the  couditisug (af waw.g’ﬁ ).
For W) g 2 = (e, ), we Mew'l—o'r @)
<X+a,3>:zm(ﬂ'.+c;)fi =Z,ﬂ;zi +§Ci@i = Ogy> + (2,4

For erampl, (e x=(14i,u) and &:(Lsi)l(«&s‘i) in d:L, (x,p:(l+';)(2+3;)+4-(4-5‘;)= IS 1SS,

L\/‘/L\w F =R Y« mguﬂz«)(‘im e wt nedid , and Gy Jives e dot  product from S5A.

XWWML ,T(_ (X,5> s W”'ﬁ " new FVOM o1 a4 V.S ‘/ amd r>p , we W o(y/f/nc, anotlopr
hwnw pro duct g? fle  rude 4>(,J>' = rdagyd. (L r<o, fen @) wodd net hold)

Exonple

Lt V= C(R ), te ys o read valued contimiens pouchins oy £

Fer fgeV , degive

Lergd> = § FRGLE) dE.

(a) amd (4) hodd % ‘{/Z:( fas e f"’]‘“f‘h’“ ot fukg,faﬁow/ for Wa/wxfyﬁ o (q) we  have

L bt 8> = { (6 (O)+¢.(8) g () dt = l/,(p,(+)5(+)o/+ +ﬂ'f,cz(+)3(f) At = <g,,9>+ <ta,g>.
L(c} s Meew,  aud () /s easy fo veripy ok K/F({)}Lth R corXanork f Fo.

Thws , £-)> is gm inner ff‘m ou C(//Qa)

Vode  4ad ;imi/owfy s (g,g?’:ls (_(HJ(&)H 3((/% aMe’\fZLLr ey rb’M N C(K)
Exowwp'(z - _—
et AeM,., (F).We o(ﬂ(,:'we V‘Z.zmdufa/( ﬁ‘mpy&z 4% A e Yhe pnxm  maArix /4* s+, (/W,;"A;; .
W heu F=R  then A% i S}MP/J At

R o2 ¥ =t 2 >
For emmnple, ig A"(a ;+q;) ) Then A= -2i 3-4i) .

Cowsidey vV = My, (F) and dgine  CARD = 4r (67A) for A€V
This  degimes am (nner produwct on V, caMed Hhe Frobenins timer product.
(sce page 321, Ex.w,(fe! fet a  presy Hatk  (2)— (o) WJ

D“’/{» A vs. V sver F WZ@( weth a sfecr'pf'c (v hey prw'f,wf)f ic caled om iuner P”M spare.
Ip F=C, V is catled « CohAr/(M(inhM produd spece.

T¢ F’—/R/ V is called 4 reaf luner f’ro—phw?L Pl -

wak./)If a vs. V bhes au luner frwﬂwvf Log> and W (s a swésrwoe w V, Yoow W o ate,
ot i product spate wvhen Ve saue pumckion LS s retrickd do The vectors xy el

As  BP(R) i a sub cbl, it fad Py (R) v & eqyipped wity ( Aivse-
A b e G s g (e



(Tl €1 (Hesic propertios o lnner produchs).

LAV te o iuney produd Wﬁwfﬂrwg»ﬁgzel/m:/ ceF we have
a) )(,g—‘tzB—_(x g>-’- Cx, 2>

§) Lx) cgd = T xy>
) <dx,0> = K0,x> =0

d) <, x> =0 <=> x=0

¢e) ITqp YD =K%, 2> for oM xeV |, then (Jq:'a.

Pros.
(@) ¥, g+z>> <g+z.y> = <g.><>+ <2 = LY + 2> = <x,3>+<x,a>

(4) — (e) . Exercize.




E)(W/"V(L P
Consider R> with the hrdar inner produc . o
Then fer x=(a,4c) é/ésj Yhe /CM?/ﬂl of X ?;jivm% (1ﬁ
Vaz+42 « c* =\ dx,x> " /(

@8 ivmvaaAfMﬂ wbhatt h"]ﬁ/wm/hfg we (o o(wy'we /Wj/r% 1 an MérerMZt mher produd cpme.
Deq» LJf V te ant (vnepr PFvM sfm,e
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gymfm
LeAg V:FW~ IF X:(”l)-/ﬁ)/ {/L“’V’

Ixll = (e, . a.)l = (L Ja. 'z) z
is Fle Euc/lm o{z/f/m(,m ',,% {MW‘

MWZf /»var-H% o The Cactiodean /emg/ﬂ) i R® hetd i Oq,w-wa/

Thm 6-2

LAV 4e an inner produd cpae over F . Then for M <,8 eV omd ceF we have:
a) Mexll = Jef - fxll.

L) =0 &> x=0. (qm/ Ixl/30 ng )

O | <xu>| < lxfi-ligh.  ( Cauchy ~ Schwara T nequadify)

) gl <A +dygy  ( Triengle Toeguadiyy)

Preog
a It 4=, 1hew (&3) =0 oand //g//:y , S0 Yo recadt hodds.
Assume  now 40.

For WVVg. ceF we have
0 < }/X-CJ// = (k*~65l )(»C(7> dx, x~ cy> —c¢ <'5/x Céf> L, x> — Z(X,%> ,_C<H,X>+ CE<¢‘/’3>‘

T icdatr, 1o we Jduke ¢ = Sﬁ’.‘él o We ove Uk
MW rt a'é>*0a4 4 e ‘ a-a = lal® andat+a —;Pe(a\
2 d#e 2 e ony compleac bl o, and
< ¢ S ( <K/g>‘ [ s /< Y,g>/ Lxy = g
< x - — = — _a
)X <Z»b> (,\//( / Zl/l wwo{ (c) /,.;/Wm/ ) %

g read oyt o e
A)We, M{ WW(K}D
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< T [ < +//5// S o™« 2:llell Yyl « g™ = (//x//+//y//)1

6/? (c)

oA
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expressin Yoo  deAt /yroﬁwaz‘ of 'fwa vechors  x WX
<xg> = IxHl- Lyl - Cos &

whavre 0 (o<dsm) s e Wl/t"' between x  amd
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it and le (7(,55 =0. -

s We gmeradize Hhic do degrire ,oe/rpwdz'w/wh‘:] m wrbitravy luver !aroo/MVzW.




Deg. 1A v b an inner produA  spate.

1) VecArrs x a/m/du w V e M*a‘hoz,mw{ ( f@rpowo//m) I£ <X;5¢> =0-
2) A subsed S o0 WV 15 orth onad dwo distinck vetsrs o S e a’rﬂugﬁm/
DA webr x i V o oa wmit vw(-vr e dxn=1.
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Re/t/l/[a/rk (/VWMM/M)(-W) Lvivd =0 por oM I#J
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Ex  The st g(r"’_/ (‘(_, r,)j i au orfhonsymal bosis ter /IQZ.

.mewrh/mcz ot orthonsrmal sefs and frtes s ///Mszﬁ’méo(% o ’Lg/ﬂw//sz Voeorem —avd
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