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Tree properties
Let T be a complete theory and ¢(x;y) € L a formula in the
language of T.
> ¢(x;y) has the tree property (TP) if there is k < w and a tree
of tuples (ay),ecw<w in M such that:
» for all n € w®, {¢(x; aya) : @ < w} is consistent,
» for all n € w<, {©(x;a,~(j) : i <w} is k-inconsistent.
» ¢(x;y) has the tree property of the first kind (TP1) if there is
a tree of tuples (a;),cu,<w in M such that:
» forall n € w?, {¢(x;aya) : @ < w} is consistent,
» forall n L vinw<¥, {¢(x;a,),p(x;a,)} is inconsistent.
> ©(x; y) has the tree property of the second kind (TP5) if there
isa k <w and an array (aa,i)a<w,i<w in M such that:
» for all functions f : w — w, {©(X; an,f(a)) 1 @ < W} is
consistent,
» for all o, {p(x; aq,i) : i < w} is k-inconsistent.
» T has one of the above properties if some formula does
modulo T.



Shelah's theorem, 1

» So TPy and TP» are two extreme forms in which TP can
occur. In TPy, everything that is not forced to be consistent
by the definition of TP, is inconsistent. In TP, everything
that is not forced to be inconsistent by the definition of TP, is
consistent.

Fact
[Shelah] If T has TP, then it either has TPy or TP».

» To each theory T, one associates cardinal invariants
Kedt, Ksct, Kinp Measuring how much of TP, TPy and TP>
(respectively) it contains. Namely, we allow different formulas
at each level in the definition above, and take the first cardinal
such that there is no tree with that many levels.

» E.g. kegt = o0 iff T has TP, and T is supersimple iff
Kedt = No. Similarly, kinp = 0o iff T has TPy, and T is strong
iff Kinp = No.

» Shelah asked for a quantitative refinement of the above
theorem: does K4t = Ksct + Kinp hold?



Shelah's theorem, 2

Theorem
If T is countable, then kcgr = Ksct + Kinp-

> In fact if T is countable, then kg, Ksct, Kinp € {No, N1, 00}
We treat each of Ng and N; separately, the oo case follows
from Shelah’s theorem.

Theorem
[Ramsey]| There are theories (in an uncountable language) with
Kedt > Kinp + Ksct-

» Constructs a theory reducing the question to a deep result of
Shelah and Juhasz on the non-existence of homogeneous
partitions for certain colorings of families of finite subsets of
certain cardinals (one can take k = (2’\)++ + wy for some
infinite cardinal A, then there is T with | T| = x and such that
Kedt = KT but kst < K and Kinp < K).



So what is known about NTP;?

v

[Kim, Kim] In the definition of TPy, one can replace

2-inconsistency by k-inconsistency, for any k > 2. Also, there

is a characterization of NTP; via counting certain families of

partial types.

» [Malliaris, Shelah] If T has TPy, then it is maximal in the
Keisler order (via equivalence to SOP>, see later).

» Not much more. For example, any kind of a basic theory of
forking is missing.

» Another question from Shelah’s book, in the special case: is
TPy always witnessed by a formula in a single variable?

» As usual for this kind of questions, to simplify combinatorics

we would like to work with “indiscernible” witnesses of our

properties.



Indiscernible trees, 1

» Fix a theory T in a language L and M = T a monster model.

» Consider the language Lo = {<, A, <jex}. We view the tree
k<" as an Lo-structure in a natural way, interpreting <1 as the
tree partial order, A as the binary meet function and <. as
the lexicographic order.

> Suppose that (a;),c.<» is collection of tuples and C a set of
parameters in some model.

» We say that (ay),c.<x is a strongly indiscernible tree over C if

qftpLo(T/Ov I 777n71) = qftpLo(V()a SRR anl)

implies tp; (ang, - -+, an,_1/C) =tp,(avys - - -5 av,_,/C), for all
necw.



Indiscernible trees, 2

Using some results from structural Ramsey theory of trees, one can
show that indiscernible trees “exist”. More precisely, let ly be the
Lo-structure (w<¥, <, <jex, A) with all symbols given their intended
interpretations.

Fact

[Takeuchi, Tsuboi], [Kim, Kim, Scow] Given any tree (a;j : i € ) of
tuples from M, there is a strongly indiscernible tree (b; : i € Iy) in
M locally based on the (a;): given any finite set of formulas A

from L and a finite tuple (to, ..., ta—1) from ly, there is a tuple
(so,-..,Sn—1) from Iy such that

aftp, (to, - -, ta—1) = aftp; (s0,- -, Sn-1)
and

tpA(th, ey btn—l) = tpA(aSO, ey asnfl).



Path collapse lemma, 1

» In particular, if ¢ (x;y) has TPy, then there is a strongly
indiscernible tree witnessing this.

» (Path Collapse lemma) Suppose & is an infinite cardinal,
(ap)nea<~ is a tree strongly indiscernible over a set of
parameters C and, moreover, (age : 0 < a < K) is an
indiscernible sequence over cC. Let

p(y:Z) = tp(c; (a0~0v : v < %)/ C).
Then if
p(y; (30/\0’Y )’y<l€) U p(y; (31/\0‘Y )'y<n)

is not consistent, then T has TPy, witnessed by a formula
with free variables y.



Path collapse lemma, 2

The proof requires in particular a (rather tedious) demonstration
that various operations on strongly indiscernible trees preserve
strong indiscernibility, e.g.

;z :; w] th 3

2-fold widening at level 3-fold stretch at level 1

Vo=

0-fold fattening 1-fold fattening 2-fold fattening



Application 1: TPy is witnessed by a formula in a single
variable

Theorem

Suppose T witnesses TPy via p(x,y;z). Then there is a formula
wo(x; v) with free variables x and parameter variables v, or a
formula p1(y; w) with free variables y and parameter variables w
so that one of g and @1 witness TPy.

» Proof idea. Start with a strongly indiscernible tree witnessing
that ¢ has TP;. Assume that no formula in the free variable y
has TP, and let bcy realize a branch of the tree. Then
iteratively applying the path collapse lemma to the type of ¢y
over that branch in increasing fattenings of the tree we can
conclude by compactness that there is some ¢ such that
¢ (x; ¢, z) has TPy, which is enough.



Application 2: Weak k — TPy is equivalent to TP,

» Say that a subset {n; : i < k} C w<¥ is a collection of distant
siblings if given i # i', j # j', all of which are < k,
ni A mir = nj A1
Definition
[Kim, Kim] ¢(x;y) has weak k — TPy if there is a a collection of
tuples (a;),cw<w such that:

» for all n € w®, {p(x; ayq) : @ < w} is consistent.

» if {n;:i < k} Cw<¥is a collection of distinct distant siblings,
then {¢(x; ay,) : i < k} is inconsistent.

» TPy < weak 2-TP; — weak 3-TP; — ...

» [Kim, Kim] Do the converse implications hold?

Theorem
T has weak k-TPy iff it has TPy, for all k > 2.



SOP,, hierarchy, 1
Definition
[Shelah], [Dzamonja, Shelah]
» Fix n > 3. We say that a formula ¢ (x; y) has SOP,, if:

> there are pairwise different (a;);., such that = ¢ (a;, a;) for all
I <j<uw,
> ': —dxg...Xp_1 /\j:H—l( mod n) ¢(Xi7)<j).
> ¢(x;y) has SOP; if there is a collection of tuples (a;),cp<«
such that:

iEw

» forall n € 2%, {p(x; ayja) : @ < w} is consistent,
» If n,v € 2<“ and n L v, then {o(x; a,), ¢(x; av)} is
inconsistent.

> ¢(x;y) has SOPy if there are (a;),cp<w such that:

» for all n € 2¥, {p(x; ayn) : N < w} is consistent,
» if n ~0Jdve2<¥, then {¢(x;a,~1),0(x;a,)} is
inconsistent.

» Motivated by the Keisler order and related questions.



SOP,, hierarchy, 2

» What is known:

» NTP C NSOP; € NSOP; = NTP; C NSOP3 C ... C NSOP.
» NSOP,.1 \NSOP, # 0 for all n > 3, and
NSOP\ (U, NSOP,) # 0.
» NSOP,NNTP, = NTP (Shelah's theorem).
» [Shelah, Usvyatsov] give an example showing that
NTP C NSOP;, however their proof appears to be wrong. Yet
their example is correct, as follows from our theorem.

» Open problems:

» Does NSOP,NNTP, collapse for n > 37 At least,
NTP C NSOPNNTP,?



Independent amalgamation of types

» Suppose | is an Aut(M)-invariant ternary relation on small
subsets of M.

Definition
1. | satisfies weak independent amalgamation over models if,
given M =T, bocg =p bicy satisfying b; J/M cifori=0,1
and ¢ LM c1, there is b satisfying bcy =y ber =p boco.
2. | satisfies independent amalgamation over models if, given
M = T, by =pm by satisfying b; \LM ¢ fori=0,1and
o J/M c1, there is b satisfying bcg =n bocy and bey =p bicy.

3. | satisfies stationarity over models if, given M |= T, if
bo =m b1 and by LM ¢, by J/Mc then by =pc b1.

» Stationarity — independent amalgamation — weak
independent amalgamation.

» E.g \Lf satisfies stationarity over models in stable theories
and independent amalgamation in simple theories.



Weak independent amalgamation and NSOP,
Suppose A, B, C are small subsets of the monster M.
> AL’C B if and only if tp(A/BC) can be extended to a global
type invariant over C. We denote its dual by | © —i.e.
A | B holds if and only if B |  A.
» A [ ¢ Bifand only if tp(A/BC) is finitely satisfiable in C. We
denote its dual by | " —ie. AJ/'& B if and only if B | [ A.

Theorem
The following are equivalent.
1. T is NSOP;.
2. \LC’. satisfies weak independent amalgamation: given any
M &= T, boco =m bicr so that ¢ \L’M co and ¢ \L’M b; for
Jj =0,1, there is b so that bco =p bcr =p bo .
3. Lh satisfies weak independent amalgamation: given any
M= T, boco =pm bicy so that ¢ \L”M co and ¢; \L”M b; for
j=0,1, there is b so that bcy = bcy =p boco.



A sufficient criterion for NSOP,

Corollary

Assume there is an Aut(M)-invariant independence relation | on
small subsets of the monster Ml |= T such that it satisfies the
following properties, for an arbitrary M |= T.

1. Strong finite character: if a [, b, then there is a formula
©(x, b, m) € tp(a/bM) such that for any a’ = o(x, b, m),
a L yb

Existence over models: M |= T implies a | ,, M for any a.
Monotonicity: aa" | ,, bb' = a |, b.

Symmetry: a | ,,b < b | ,,a

o s~ e

Independent amalgamation:

o J/M c1, by J/M co, b1 J/M c1, bp =p b1 implies there exists
b with b =c,m bo, b =c,m bi.

Then T is NSOP;.

» We do not require local character, and strong finite character
cannot be relaxed to finite character.



Examples of NSOP; theories: vector spaces with a generic
bilinear form, 1

» Let L denote the language with two sorts V and K containing
the language of abelian groups for variables from V/, the
language of rings for variables from K, a function
1K xV =V, and afunction[]: V x V — K.

» T, is the model companion of the L-theory asserting that K
is a field, V is a K-vector space of infinite dimension with the
action of K given by -, and [ ] is a non-degenerate bilinear
form on V.

» If (K, V) = T then K is an algebraically closed field.

The theory T, was introduced by Nicolas Granger, who observed
that its completions are not simple, but nonetheless have a notion
of independence called I'-non-forking satisfying essentially all
properties of forking in stable theories, except local character.



Examples of NSOP; theories: vector spaces with a generic
bilinear form, 2

Let M = (V, K) be a sufficiently saturated model of T.. Let

AC B C M and c € M with ¢ a singleton. Let C\L; B be the
assertion that Kac J/QEF Kpg in the sense of non-forking
independence for algebraically closed fields and one of the following
holds: ¢ € K; c € (A); ¢ & (B)and [c, B] is -independent over A,
where “[c, B] is ®-independent over A" means that whenever
{bo,...,bs—1} is a linearly independent set in By N (V \ (A)) then
the set {[c, bo], ..., [c, bn—1]} is algebraically independent over the
field KB(KAC)-

By induction, for ¢ = (¢, ..., cm) define ¢ \L; B by

cly,B < (. iem1) LyBandcn Ll Ba...cmor.



Examples of NSOP; theories: vector spaces with a generic
bilinear form, 3

» [Granger] Let M = (V,K) |= Too. Then the relation on
subsets of M given by -non-forking is automorphism
invariant, symmetric, and transitive. Moreover, it satisfies
extension, finite character, and stationarity over a model.

» Moreover, it is not hard to check that -non-forking satisfies
strong finite character.

» Applying the criterion, we conclude that T, is NSOP;.



Examples of NSOP; theories: w-free PAC fields of char 0

» A field F is pseudo-algebraically closed (or PAC) if every
absolutely irreducible variety defined over F has an F-rational
point. A field F is called w-free if it has a countable
elementary substructure Fy with G(Fp) = [, the free profinite
group on countably many generators.

» [Chatzidakis] A PAC field has a simple theory if and only if it
has finitely many degree n extensions for all n, so an w-free
PAC field is not simple.

» [Chatzidakis] Suppose F is a sufficiently saturated w-free PAC
field of characteristic 0. Given A = acl(A), B = acl(B),

C = acl(C) with C C A,B C F, write ALIC B to indicate
that A J/’éCF B and A*'8B2'e M acl(AB) = AB. Extend this to
non-algebraically closed sets by stipulating a \LID b holds if and

only if acl(aD) J-/;cl(D) acl(bD). Then | ! satisfies existence

over models, monotonicity, symmetry, and independent
amalgamation over models. Strong finite character holds as

well. It follows that F is NSOP;.
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