
Convolution semigroups of measures in NIP groups (joint w/ Kyle Gannon)

T - A complete Theory
IMKT - a monster model of T ,

M
,
N HIM

.

5. ✗ (A) ,
A ≤ µ

SHM) - types

PI A keister measure µ in var 's ✗ over A ≤ 1M
is a

finitely additive prob .
measure on the A-definable

subsets

of Mx -

SM
✗
(A) _

the compact Hausdorff spare of
keister measures

over A in the variable ✗
,
equipped with the

topology induced from [o, ☐
↳ 'A) with the product

topology .

Basis of open
subsets : A { µ c- M×(A) : ri <plein ) < si }

in

for h c- IN and Yi G) c- h(A) ,
ri , Si c- [ QB for ian .



Roy Every pet Mx (A) can be viewed as a measure on the

dopen subsets of SFA) , then extends uniquely to a regular

( countably additive ) probability measure on Borel subsets
g EA?

Then the topology above corresponds to the weak # _ topology .

he set of all global A- inv.
Convolution products
Given pas ✗ ( M) , gtSylM) ,

P fÉlM tykes
,

then P g
c- Sxy GM ) : for any small Uh Nam ,

we let pay /
µ
= tpca.li/N ) for some / any btglv , atpfrf.

- -

Assume that T expands a group ,
then given pig c- 5×04,1-1

,

we have an invariant type p*g
c- SHIM

,
A) , via

YG) c- p*q ⇔ ycx.gl c- px
☒ qy , for every eltlthf

Equivalently , ptxg-tpca.to/1M
)
, for

some /any 6,8) f- P f.

( in some larger
model)

,



Given A c- IM
,
SEAM , A) - the closed ) set of global A- iv. tyres

5¥ CIM
,A) - closed) set of global types

finitely satisfiable in A

SIGN , A) for 1- c- { inv , ts} ,

¢¥),*) - compact left - continuous semigroup -
• g-

i.e
: for any gest

CMU )
,
- * g
:S'TM,M)
y

is continuous
.

Motivation • By a theorem of Newelski, if T is stable ,

idempotent tyres ( SEIM , M) / *) correspond to

type
- definable subgroups of

6
.

• Classical case : If 6 is a locally compact topological app,
the space of regular Borel probability

measure on 6 is



quipped with

yq.gg?;j.ti7.yYa%Ef-ny7 , MA ≤ •µ #0 (A) =@ Borel
.

• If 6 is compact , then µ
is idempotent iff the

support of ↑ is a compact subgroup of 6
and µ restricted

to it is the Roar measure
. [ Kawada , Iti

'
40 ]
,
[Wendel ' 54]

.

• Same char
.

extends to locally compact abelian groups

[ Rudin
' 59 ]
,
[Cohen ' 60 ] , . . .

FÉÉÉM4M) if :

* for any early ? e- hxy and b c- My , µ hear ,b) ) depends

only on tp ( & / M) ( i.e. µ is M -
invariant )

2) g c- Sy 1M) ↳ µ ( ycx , G) for some / any btg
is

c- [913
Borel

,

r



Given µ c- MIMI , i c- My ( IM) with µ Borel def . / M
,

µ 0 c- Mxyttl) via

µ Oleary )) : -_ S Neang)) duffy )

Sycm)

ÉÉTiexparisian of a group
and NIP

.

If M
,
d are

invariant
,
µ * 0 ( ear)) : -_ µ# Ugly a- • y )) .
D-

let ME " (MN) -
he set og global d-

inv
.

measures

ME ( IM , M)

MI ( M , M) for
t c- { ts, inv} ,

Fact Ic , Gannon] It
T is NIP ,

then M(µ, A) is
compact , left

- continuous semigroup .



Given µ c- M
✗
(A)
,
Sgu ) :

-

_ {pts✗ (A) : YA)
c- P ⇒ Meal ) >of

The support of µ .

Not necessarily a group for an idempotent µ
" =/"*̂ )
-

(e.g. M
= ( S '

,

•

, Clay ,z) ) _

the circle
group of rotating

& circular ordering of the unit circle
.

r ↑ - the restriction of the Haar measure to definable
subsets

SCH is nothing ,
(SH) /* ) Es

'

✗ { +, - }

Fad [c. , Gannon] Adapting blicksfoerg , it µ c- MDM)
and idempotent

is definable , then (S(µ), *) is a compact , /octant . semigroup

with no
closed two - sided ideals

,

• .

Fait Ic .

,
Gannon] If

T is stable , µ
is any

measure

( or 6 isolation , µ
is g. , µ

is idempotent if f

µ is
the unique left _

invariant neeastte on
the tepee - def .

subgroup stfu) ⇐ { GEM : g.µ
-

_ µ} _



Thru [ C.
,
Gannon]

.

Assume 6 is NIP
,

let I be a
minimal left ideal og

MI ( M , M) ,

Then :

1) I is a
closed convex

subset of
Mt (M, M) .

a-D-

2) For any µ c- I ,
I
* ( y) =L ,

where h is the normalized

Haar measure on 616
" and IT : G → 6/6

"

is the

-
theidealgroupqud.ient map .

3) For any idempotent u c- I
,
- is

trivial
_

(In contrast to the case of tyres ,
where by the

Ellis group conjecture of
Newelski / Pillay 1 if 6 is def .

amenable
,

then a *I E 6/6
"

- so often thou - trivial
.

In M ¥4M ,M) ,
minimal left ideals are g

the term
"

¥ :}:÷%÷É::⇔•⇔i• .

It



5) InM¥ there exists a unique minimal kept

( and two - sided ) ideal I = { µ c- MY CMU) : µ is GCM)- right.
intercut}
-

The set ex (I) is closed theme I is a Bauer simpler)
and equal to { xp : PE Si

"

( M, M) is right f-generic} ,
I

b) In the 1- say , witnessed by a gem .
stable G- in v. meas

.

.tl , the { µ} is the unique lemiuimdl left ideal .
0

Poulsen simplex
a-
-
extremal points are dense

.


