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1 Pseudocode

Here we present algorithms for all of our new methods, putting them in context within the MPM data flow
to highlight them as MPM augmentations that can be added to any existing pipeline.

1.1 General Routines

Algorithm 1 Initialize

1: {ai} = set of structural directors (one for transverse isotropy, two for orthotropy)
2: {αi} = set of corresponding weights ∈ [−1,∞) (we only choose αi ∈ {−1, 0})
3: Set l0 = 0.5 ∗∆x
4: Set ζ = 1
5: Empirically tune σc (good starting value is to use a stress corresponding to some uniform stretch)
6: Empirically tune η //controls crack speed like Mc

Algorithm 2 Construct Structural Tensor ({ai}, {αi},F)

1: F = RS //Grab rotation, R, from F
2: if transverse isotropic then
3: return A = I + α1(Ra1 ⊗Ra1)
4: else if orthotropic then
5: return A = I + α1(Ra1 ⊗Ra1) + α2(Ra2 ⊗Ra2)
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1.2 AnisoMPM Explicit Damage

Algorithm 3 AnisoMPM Explicit Damage

1: initializeParameters()
2: for each substep do
3: Begin MPM like usual until just before computeGridVelocity
4: computeLaplacians()
5: updateDamage()
6: Continue MPM like usual using the new updated damage values in computeGridVelocity

Algorithm 4 Compute Laplacians (Explicit Only)

1: //Transfer damage to grid
2: Compute interpolation weights, wnip //We must use cubic B-spline
3: for each grid node, i, do

4: dni =
∑

p w
n
ipd

n
p∑

p w
n
ip

5: ∆Nn
i = N ′′i (x)Ni(y)Ni(z) +Ni(x)N ′′i (y)Ni(z) +Ni(x)Ni(y)N ′′i (z) //Requires cubic N

6: //Compute and store Laplacians
7: for each particle, p, do
8: ∆dnp =

∑
i d
n
i ∆Nn

i

Algorithm 5 Update Damage (Explicit Only)

1: for each particle, p, do
2: //Compute geometric resistance: Dn

c

3: Dn
c = dnp − l20∆dnp

4: //Compute driving force: (1− dnp )D̃n
p

5: Get un-degraded Cauchy stress, σnp , from F n and constitutive model
6: Get eigenvalues, {σa}a=1,2,3, and eigenvectors, {na}a=1,2,3, of σp
7: σ+

p
n

=
∑3
a=1〈σa〉na ⊗ na //With 〈x〉 = x+|x|

2
8: An

p = constructStructuralTensor({ai}p, {αi}p,F np ) //pass structure directors and F

9: Φ(σ+
p
n
) = 1

σ2
crit

(An
pσ

+
p
n
) : (σ+

p
n
An
p) //See tech doc for derivation

10: D̃n
p = max(ζ〈Φ(σ+

p
n
)− 1〉, D̃H,n−1

p )

11: D̃H,n
p = D̃n

p //update D̃ history to keep the max

12: if (1− dnp )D̃n
p > Dn

c then

13: dn+1
p = min(1, dnp + ∆t

η 〈(1− d
n
p )D̃n

p −Dn
c 〉)

14: else
15: dn+1

p = dnp
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1.3 AnisoMPM Implicit Damage

Algorithm 6 AnisoMPM Implicit Damage

1: initializeParameters()
2: for each substep do
3: Begin MPM like usual until just before computeGridVelocity
4: damageP2G()
5: updateD̃()
6: damageSolve()
7: damageG2P()
8: Continue MPM like usual using the new updated damage values in computeGridVelocity

Algorithm 7 Damage P2G (Implicit Only)

1: //Transfer damage to grid
2: Compute interpolation weights, wnip //We must use cubic B-spline
3: for each grid node, i, do

4: dni =
∑

p w
n
ipd

n
p∑

p w
n
ip

Algorithm 8 Update D̃ (Implicit Only)

1: for each particle, p, do
2: //Compute driving force: (1− dnp )D̃n

p

3: Get un-degraded Cauchy stress, σnp , from F n and constitutive model
4: Get eigenvalues, {σa}a=1,2,3, and eigenvectors, {na}a=1,2,3, of σp
5: σ+

p
n

=
∑3
a=1〈σa〉na ⊗ na //With 〈x〉 = x+|x|

2
6: An

p = constructStructuralTensor({ai}p, {αi}p,F np ) //pass structure directors and F

7: Φ(σ+
p
n
) = 1

σ2
crit

(An
pσ

+
p
n
) : (σ+

p
n
An
p) //See tech doc for derivation

8: D̃n
p = max(ζ〈Φ(σ+

p
n
)− 1〉, D̃H,n−1

p )

9: D̃H,n
p = D̃n

p //update D̃ history to keep the max

Algorithm 9 Damage Solve (Implicit Only)

1: //Goal is to contruct and solve this system for d: (A+ B)d = c

2: c = [ci] =
∑
p V

n
p

(
∆t
η D̃

n
p + dni

)
wnip //Build rhs

3: B = [Bij ] =
∑
p V

n
p

(
∆t
η l

2
0

) (
∇Θi(x

n
p )
)T (∇Θj(x

n
p )
)

//Build MPM discrete Laplace operator

4: A = [Aii] =
∑
p V

n
p

(
1 + ∆t

η (D̃n
p + 1)

)
wnip //Build diagonal matrix

5: Solve the system with PCG (we use Jacobi preconditioner)

Algorithm 10 Damage G2P (Implicit Only)

1: //Transfer damage from the grid
2: Compute interpolation weights, wnip //We must use cubic B-spline
3: for each particle, p, do
4: dn+1

p = min(1,
∑
i d
n+1
i wnip)
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1.4 Inextensibility Solve

Algorithm 11 Enforce Inextensibility

1: procedure Compute Coefficient
2: //We store iα at (i ∗ d+ α)-th position in an array
3: d = simulation dimension, Nn = number of grid nodes, Nc = number of cell centers
4: Initialize Ni as quadratic basis over grid nodes, Γz as linear basis over grid cells
5: Set M−1 = Zero(d ∗Nn, d ∗Nn),B = Zero(Nc, d ∗Nn), b = Zero(d ∗Nn, 1)
6: Compute (M−1)iαiα = ∆t/mi

7: Compute biα = mi

∆t v
n
iα −

∑
p
V np σ

n
pαβNi,β(xp) //Loop over particles and sum up

8: Compute Kc,iα =
∑
p
V np Γz(xp)aα(a · ∇Nj(xp))//Loop over particles and sum up

9: procedure Solve Linear System
10: Compute coefficient matrix: L = BM−1BT , assemble RHS: r = BM−1b
11: Solve linear system Lλ = r with conjugate gradient method
12: Compute v = {viα}i=1···nnode,α=1···d = M−1(b−BTλ)
13: Update grid velocity using viα
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2 Anisotropic Damage

2.1 Explicit Damage Derivation

Starting from the continuous damage evolution equation in [6], we can use explicit integration to get a
local damage evolution equation as follows:

ḋ =
1

η

〈
(1− d)D̃ − (d− l20∆d)

〉
dn+1 − dn

∆t
=

1

η

〈
(1− dn)D̃n − (dn − l20∆dn)

〉
dn+1 = dn +

∆t

η

〈
(1− dn)D̃n − (dn − l20∆dn)

〉
Thus, our explicit damage update scheme becomes:

dn+1
p = min

(
1, dnp +

∆t

η
〈(1− dnp )D̃n

p − (dnp − l20∆dnp )〉
)

where we take the min with 1 to enforce d ∈ [0, 1]. D̃n
p is the maximum value in the history of particle p’s

driving force, D̃H
p , such that D̃n

p = max(D̃H
p , ζ〈Φ(σ+

p
n
)− 1〉). Note that, for explicit damage, we directly

update damage over particles, while the grid is only used for computing the damage Laplacians like so:

∆dnp =
∑
i

dni ∆Nn
i with dni =

∑
p w

n
ipd

n
p∑

p w
n
ip

,

and ∆Nn
i = N ′′i (x)Ni(y)Ni(z) + Ni(x)N ′′i (y)Ni(z) + Ni(x)Ni(y)N ′′i (z) where Ni(xp) is the interpolation

function used for transfer. Note that this computation requires the second derivative, mandating that we
use at least cubic Ni(xp).

2.2 Implicit Damage Derivation

Here we begin with the same local damage evolution equation and discretize it using implicit integration
as follows:

ηḋ = (1− d)D̃ − (d− l20∆d) //Local damage evolution rule

dn+1 − dn

∆t
=

1

η

〈
(1− dn+1)D̃ − (dn+1 − l20∆dn+1)

〉
dn+1 − dn =

∆t

η

〈
D̃ − dn+1D̃ − dn+1 + l20∆dn+1)

〉
dn+1 − dn =

∆t

η

(
D̃ − dn+1D̃ − dn+1 + l20∆dn+1)

)
//Can remove Macauley brackets if we enforce history of D̃

dn+1 − dn =
∆t

η
D̃ − ∆t

η
dn+1D̃ − ∆t

η
dn+1 +

∆t

η
l20∆dn+1

dn+1 +
∆t

η
dn+1D̃ +

∆t

η
dn+1 − ∆t

η
l20∆dn+1 =

∆t

η
D̃ + dn

dn+1(1 +
∆t

η
D̃ +

∆t

η
)− ∆t

η
l20∆dn+1 =

∆t

η
D̃ + dn

(1 +
∆t

η
(D̃n + 1))dn+1 − (

∆t

η
l20)∆dn+1 =

∆t

η
D̃n + dn

At this point we may write an Eulerian weak form of this PDE as follows:∫
Ωt

ω((α− β∆)dn+1 − γ)dx = 0,
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where α(x, t), β(x, t), and γ(x, t) are corresponding coefficients, and ω(x, t) is the arbitrary test function.
From this point we use MLS-MPM [1] to get a positive semi definite linear system to solve for unknown
grid damage values, dn+1

i . For this system we follow the derivation presented by Wolper et al. 2019 in
section 3 of their supplemental document [9].

3 Anisotropic Elasticity

3.1 QR-based General Anisotropic Hyperelasticity

Drawing inspirations from [2], we can design arbitrary anisotropic hyperelastic constitutive models through
QR decomposition of F , i.e. F = QR where Q is a rotation, and R is upper-triangular.

R =

r11 r12 r13

r22 r23

r33


Similar to standard SVD type elasticity, in 2D we require a sign convention that r11 is non-negative to

make sure that Q is a rotation matrix. Since

F = [r11Q1 r12Q1 + r22Q2]

we can enforce this by flipping the sign of the entire Q and R if after QR decomposition we detect r11 < 0.
Similarly, since in 3D we have

F = [r11Q1 r12Q1 + r22Q2 r13Q1 + r23Q2 + r33Q3]

We can enforce a sign convention that r11 and r22 are non-negative by saying: if after QR, we detect
r11 < 0, then we flip the sign of r11, Q1, r12, r13, r33, Q3. Then if we further detect r22 < 0, we flip the
sign of r22, Q2, r23, r33, Q3.

We define our elastic energy as:

Ψ̂ =
µ

2
(
∑
ij

r2
ij − d)− µ(J − 1) +

λ

2
(J − 1)2 +

kx
2

(r11 − 1)2 +
ky
2

(
√
r2
12 + r2

22 − 1)2.

The first three terms, inspired by stable Neo-Hookean [8], consist of the isotropic part of our energy. We
add the last two terms to penalize the x and y direction fiber stretching. For 2D, we add only the kx term,
and the energy formula becomes

Ψ̂ =
µ

2
(
∑
ij

r2
ij − d)− µ(J − 1) +

λ

2
(J − 1)2 +

kx
2

(r11 − 1)2.

3.2 Stress

In [3] it was proven that given Ψ(F ) = Ψ̂(R), the stress P can be computed through

QTPRT = QT ∂Ψ

∂F
RT = A =


(
∂Ψ̂
∂RR

T
)

11

(
∂Ψ̂
∂RR

T
)

12

(
∂Ψ̂
∂RR

T
)

13(
∂Ψ̂
∂RR

T
)

12

(
∂Ψ̂
∂RR

T
)

22

(
∂Ψ̂
∂RR

T
)

23(
∂Ψ̂
∂RR

T
)

13

(
∂Ψ̂
∂RR

T
)

23

(
∂Ψ̂
∂RR

T
)

33


Note that, in our method, J =

∏
rii; thus, for 3D we have

∂Ψ̂

∂R
=

K1 µr12 + kyr12(1− 1√
r212+r222

) µr13

0 K2 µr23

0 0 K3


7



where K1 = µ(r11−r22r33)+λ(J−1)r22r33 +kx(r11−1), K2 = µ(r22−r11r33)+λ(J−1)r33r11 +kyr22(1−
1√

r212+r222
) and K3 = µ(r33 − r11r22) + λ(J − 1)r11r22. For 2D we have

∂Ψ̂

∂R
=

[
µ(r11 − r22) + λ(J − 1)r22 + kx(r11 − 1) µr12

0 µ(r22 − r11) + λ(J − 1)r11

]
We can then compute P using the above formula. Later, we will show that our QR-based energy always
has a bounded first Piola-Kirchhoff stress under arbitrary circumstances.

3.3 Stress Differential

Note that [3] has shown how to compute δQ and δR. Here we further derive δP , which is essential for
implicit QR energy. Starting from P = QAR−T , we have

δP = δQAR−T +QδAR−T +QAδ(R−T ).

The first term is

δQAR−T = δQQTPRTR−T

= −QδQTP

where we have used QQT = I to get the last equality.
For the second term, note that for a given energy, Ψ̂, we explicitly know the entries in A as a function

of entries of R. Thus we can explicitly build δA. That allows us to compute the second term.
The third term is

QAδ(R−T ) = QQTPRT δ(R−T )

= PRT δ(R−T )

= −P δRTR−T

where we have used RTR−T = I to get the last equality.
Combining the above we get δP .

3.4 Stress Derivative

We further show how to derive the stress derivative ∂P
∂F . Again, starting from P = QAR−T , we have

Pij = QikAkl(R
−T )lj

∂Pij
∂Fab

=
∂Qik
∂Fab

Akl(R
−T )lj +Qik

∂Akl
∂Fab

(R−T )lj +QikAkl
∂(R−T )lj
∂Fab

=
∂Qik
∂Fab

Akl(R
−T )lj +Qik

∂Akl
∂rcd

∂rcd
∂Fab

(R−T )lj +QikAkl
∂(R−T )lj
∂Fab

The first term can be computed if we know how to compute ∂Q
∂F , the second term can be constructed if we

know how to compute ∂R
∂F , and the third term can be computed by noticing

R−T = QT 1

J
JF−T ,

whose derivative can be computed if we can compute ∂Q
∂F and the derivative of the cofactor matrix JF−T .
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3.4.1 Derivative of R

If we can compute ∂Q
∂F , then we can construct ∂R

∂F through:

rij = QTikFkj

∂rij
∂Fab

=
∂Qki
∂Fab

Fkj +QTikδkaδjb

3.4.2 Derivative of Q

All that is left is computing ∂Q
∂F . Through differentiating both sides of QTQ = I w.r.t. Fij we obtain:

∂QT

∂Fij
Q+QT ∂Q

∂Fij
= 0,

which means QT ∂Q
∂Fij

is skew symmetric and can be written as: 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 .
By differentiating both sides of F = QR w.r.t. Fij , and left multiplying QT on both sides we obtain:

QT ∂F

∂Fij
= QT ∂Q

∂Fij
R+

∂R

∂Fij

which is essentially:(QT ∂F
∂Fij

)11 (QT ∂F
∂Fij

)12 (QT ∂F
∂Fij

)13

(QT ∂F
∂Fij

)21 (QT ∂F
∂Fij

)22 (QT ∂F
∂Fij

)23

(QT ∂F
∂Fij

)31 (QT ∂F
∂Fij

)32 (QT ∂F
∂Fij

)33

 =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

r11 r12 r13

0 r22 r23

0 0 r33

+

( ∂R
∂Fij

)11 ( ∂R
∂Fij

)12 ( ∂R
∂Fij

)13

0 ( ∂R
∂Fij

)22 ( ∂R
∂Fij

)23

0 0 ( ∂R
∂Fij

)33

 ,
and then we know:

Qi2δj1 = ω3r11

Qi3δj1 = −ω2r11

Qi3δj2 = −ω2r12 + ω1r22

which can be used to construct ∂Q
∂Fij

by computing:

∂Q

∂Fij
= Q(QT ∂Q

∂Fij
) =

Q12ω3 −Q13ω2 −Q11ω3 +Q13ω1 Q11ω2 −Q12ω1

Q22ω3 −Q23ω2 −Q21ω3 +Q23ω1 Q21ω2 −Q22ω1

Q32ω3 −Q33ω2 −Q31ω3 +Q33ω1 Q31ω2 −Q32ω1

 .
3.4.3 MATLAB code

compute dQ div dF.m

F = randn ( 3 , 3 ) ;
[Q, R] = qr (F ) ;

% for f a s t e r computation
one div R11 = 1 .0 / R( 1 , 1 ) ;
one div R22 = 1 .0 / R( 2 , 2 ) ;
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% 1 ,1
w3 = Q(1 ,2 ) ∗ one div R11 ;
w2 = −Q(1 ,3 ) ∗ one div R11 ;
w1 = w2 ∗ R(1 ,2 ) ∗ one div R22 ;
dQ div dF11 = Q mult Omega (Q, w1 , w2 , w3 ) ;

% check wi th f i n i t e d i f f
perturb = 1e−7;
[ Q p , R p ] = qr (F + [ perturb , 0 , 0 ; 0 , 0 , 0 ; 0 , 0 , 0 ] ) ;
e r r = (Q p − Q) / perturb − dQ div dF11

Q mult Omega.m

function r e s u l t = Q mult Omega (Q, w1 , w2 , w3)
r e s u l t = [Q(1 , 2 ) ∗ w3 − Q(1 ,3 ) ∗ w2 , . . .

−Q(1 ,1 ) ∗ w3 + Q(1 ,3 ) ∗ w1 , . . .
Q(1 , 1 ) ∗ w2 − Q(1 ,2 ) ∗ w1 ;
Q(2 , 2 ) ∗ w3 − Q(2 ,3 ) ∗ w2 , . . .
−Q(2 ,1 ) ∗ w3 + Q(2 ,3 ) ∗ w1 , . . .
Q(2 , 1 ) ∗ w2 − Q(2 ,2 ) ∗ w1 ;
Q(3 , 2 ) ∗ w3 − Q(3 ,3 ) ∗ w2 , . . .
−Q(3 ,1 ) ∗ w3 + Q(3 ,3 ) ∗ w1 , . . .
Q(3 , 1 ) ∗ w2 − Q(3 ,2 ) ∗ w1 ] ;

end

3.5 Bounded Stress

We now address the design choices of our energy density function and, furthermore, show that our energy
has bounded stress everywhere.

3.5.1 2D

For arbitrary energy Ψ̂ = Ψ̂(R) in 2D, we now derive the stress using the method mentioned above to see
what necessary conditions should be met.

QTPRT = A

∂Ψ̂

∂R
=

(
∂Ψ̂
∂r11

∂Ψ̂
∂r12
∂Ψ̂
∂r22

)

∂Ψ̂

∂R
RT =

(
∂Ψ̂
∂r11

r11 + ∂Ψ̂
∂r12

r12
∂Ψ̂
∂r12

r22

∗ ∂Ψ̂
∂r22

r22

)

A =

(
∂Ψ̂
∂r11

r11 + ∂Ψ̂
∂r12

r12
∂Ψ̂
∂r12

r22

∂Ψ̂
∂r12

r22
∂Ψ̂
∂r22

r22

)

R−T =
1

r11r22

(
r22 0
−r12 r11

)

QTP = AR−T =

(
∂Ψ̂
∂r11

∂Ψ̂
∂r12

∂Ψ̂
∂r12

r22
r11
− ∂Ψ̂

∂r22
r12
r11

∂Ψ̂
∂r22

)
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Ultimately for P to be well defined, we need:

∂Ψ̂

∂r12
r22 −

∂Ψ̂

∂r22
r12

to either have r11 as a factor, or be equal to zero.

Using the 2D version of ∂Ψ̂
∂R derived in 3.2, we can easily verify that for our energy this term equals to

r11r12(µ− λ(J − 1)), which is a multiple of r11; hence, the computed stress is always bounded.

3.5.2 3D

QTPRT = A

∂Ψ̂

∂R
=


∂Ψ̂
∂r11

∂Ψ̂
∂r12

∂Ψ̂
∂r13

∂Ψ̂
∂r22

∂Ψ̂
∂r23
∂Ψ̂
∂r33


∂Ψ̂

∂R
RT =


∂Ψ̂
∂r11

r11 + ∂Ψ̂
∂r12

r12 + ∂Ψ̂
∂r13

r13
∂Ψ̂
∂r12

r22 + ∂Ψ̂
∂r13

r23
∂Ψ̂
∂r13

r33

∗ ∂Ψ̂
∂r22

r22 + ∂Ψ̂
∂r23

r23
∂Ψ̂
∂r23

r33

∗ ∗ ∂Ψ̂
∂r33

r33



A =


∂Ψ̂
∂r11

r11 + ∂Ψ̂
∂r12

r12 + ∂Ψ̂
∂r13

r13
∂Ψ̂
∂r12

r22 + ∂Ψ̂
∂r13

r23
∂Ψ̂
∂r13

r33

∂Ψ̂
∂r12

r22 + ∂Ψ̂
∂r13

r23
∂Ψ̂
∂r22

r22 + ∂Ψ̂
∂r23

r23
∂Ψ̂
∂r23

r33

∂Ψ̂
∂r13

r33
∂Ψ̂
∂r23

r33
∂Ψ̂
∂r33

r33



R−T =
1

r11r22r33

 r22r33

−r12r33 r11r33

r12r23 − r13r22 −r11r23 r11r22



QTP = AR−T =


∂Ψ̂
∂r11

r11 + ∂Ψ̂
∂r12

r12 + ∂Ψ̂
∂r13

r13
∂Ψ̂
∂r12

r22 + ∂Ψ̂
∂r13

r23
∂Ψ̂
∂r13

r33

∂Ψ̂
∂r12

r22 + ∂Ψ̂
∂r13

r23
∂Ψ̂
∂r22

r22 + ∂Ψ̂
∂r23

r23
∂Ψ̂
∂r23

r33

∂Ψ̂
∂r13

r33
∂Ψ̂
∂r23

r33
∂Ψ̂
∂r33

r33

 1

r11r22r33 r22r33

−r12r33 r11r33

r12r23 − r13r22 −r11r23 r11r22



The (1, 1) term is 1
r11r22r33

times

∂Ψ̂

∂r11
r11r22r33+

∂Ψ̂

∂r12
r12r22r33+

∂Ψ̂

∂r13
r13r22r33−

∂Ψ̂

∂r12
r22r12r33−

∂Ψ̂

∂r13
r23r12r33+

∂Ψ̂

∂r13
r33r12r23−

∂Ψ̂

∂r13
r33r13r22

giving no divisions.
The (1, 2) term is 1

r11r22r33
times

∂Ψ̂

∂r12
r22r11r33 +

∂Ψ̂

∂r13
r23r11r33 −

∂Ψ̂

∂r13
r33r11r23

giving no divisions.
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The (1, 3) term is 1
r11r22r33

times

∂Ψ̂

∂r13
r33r11r22

giving no divisions.
The (2, 1) term is 1

r11r22r33
times

∂Ψ̂

∂r12
r22r22r33 +

∂Ψ̂

∂r13
r23r22r33 −

∂Ψ̂

∂r22
r22r12r33 −

∂Ψ̂

∂r23
r23r12r33 +

∂Ψ̂

∂r23
r33r12r23 −

∂Ψ̂

∂r23
r33r13r22

The (2, 2) term is 1
r11r22r33

times

∂Ψ̂

∂r22
r22r11r33 +

∂Ψ̂

∂r23
r23r11r33 −

∂Ψ̂

∂r23
r33r11r23

giving no divisions.
The (2, 3) term is 1

r11r22r33
times

∂Ψ̂

∂r23
r33r11r22

giving no divisions.
The (3, 1) term is 1

r11r22r33
times

∂Ψ̂

∂r13
r33r22r33 −

∂Ψ̂

∂r23
r33r12r33 +

∂Ψ̂

∂r33
r33r12r23 −

∂Ψ̂

∂r33
r33r13r22

The (3, 2) term is 1
r11r22r33

times

∂Ψ̂

∂r23
r33r11r33 −

∂Ψ̂

∂r33
r33r11r23

The (3, 3) term is 1
r11r22r33

times

∂Ψ̂

∂r33
r33r11r22

giving no divisons.
In summary, the appearance of divisions are all in the lower left non-diagonal terms: 1

r11r22r33
times

∂Ψ̂

∂r12
r22r22r33 +

∂Ψ̂

∂r13
r23r22r33 −

∂Ψ̂

∂r22
r22r12r33 −

∂Ψ̂

∂r23
r23r12r33 +

∂Ψ̂

∂r23
r33r12r23 −

∂Ψ̂

∂r23
r33r13r22

∂Ψ̂

∂r13
r33r22r33 −

∂Ψ̂

∂r23
r33r12r33 +

∂Ψ̂

∂r33
r33r12r23 −

∂Ψ̂

∂r33
r33r13r22

∂Ψ̂

∂r23
r33r11r33 −

∂Ψ̂

∂r33
r33r11r23

which are

∂Ψ̂

∂r12

r22

r11
+

∂Ψ̂

∂r13

r23

r11
− ∂Ψ̂

∂r22

r12

r11
− ∂Ψ̂

∂r23

r13

r11

∂Ψ̂

∂r13

r33

r11
− ∂Ψ̂

∂r23

r12r33

r11r22
+

∂Ψ̂

∂r33

r12r23

r11r22
− ∂Ψ̂

∂r33

r13

r11

∂Ψ̂

∂r23

r33

r22
− ∂Ψ̂

∂r33

r23

r22

Using ∂Ψ̂
∂R derived in 3.2, we can verify that all three of these expressions give no division; thus, our

elastic energy can be used to compute stress under an arbitrary setting.
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3.6 Energy Degradation

To allow damage to degrade our elastic potential, we use a typical degradation function [7, 5], g(d), such
that g ∈ [0, 1] and choose to selectively degrade specific terms like so:

• We always degrade the shearing term (our two µ terms) by multiplying it by g.

• We conditionally degrade the volumetric term (the λ term) when J > 1 (volume increase, associated
with tension) by multiplying it by g.

• We never degrade the kx and ky terms to allow for the fiber elasticity to remain intact.

We write our QR-elasticity in the following form, splitting it into a tension term, Ψ+(R), a compression
term, Ψ−(R), and a fiber term, Ψf (R), as follows:

Ψ(R) = Ψ+(R) + Ψ−(R) + Ψf (R).

This incorporates our aforementioned terms in the following way:

Ψ+(R) =

{
Ψµ(R) + Ψλ(R) J ≥ 1

Ψµ(R) J < 1
, Ψ−(R) =

{
0 J ≥ 1

Ψλ(R) J < 1
.

Thus, we can simply degrade elasticity like so, successfully only degrading the tension portion of our
elasticity:

Ψ̂(R) = g(d)Ψ+(R) + Ψ−(R) + Ψf (R).

4 Inextensibility

4.1 Derivation of Constraint Equation

Our inextensibility constraint equation is:

(aaT ) : d = 0. (1)

In the following context, we will use notations and concepts from standard MPM and continuum mechanics.
We list some of them here for reference. Assuming we have a deformation map ϕ(X, t), the deformation
gradient is defined as F = ∂ϕ

∂X . J = |F | denotes the determinant of F . C denotes Cauchy-Green tensor
defined as C = F TF and E denotes the Green-Lagrangian strain tensor defined as E = 1

2 (F TF − I) =
1
2 (C− 1).

Let a0 = a(x, 0) = (a0
α)α=1···d denote the initial fiber direction. The structural tensor is defined

M = a0 ⊗ a0. In mechanics literature like [10], the constraint relation for inextensibility is a0 ·Ea0 = 0.
We can rewrite the above condition as: a0 · Ca0 = (a0)Ta0 = 1 (a0 is a unit vector). Notice that
a0 ·Ca0 = C : M = tr(CM) (a0 ·Ca0 = a0

i (Ca
0)i = a0

iCija
0
j , tr(CM) = CijMji = Cija

0
ja

0
i ). Thus, the

inextensibility constraint becomes:
tr(CM) = 1. (2)

Note that tr(CM) equals 1 in the initial configuration. In order to keep the fiber inextensible, the derivative

should equal 0 in all configurations. Thus, C satisfies D(tr(CM))
Dt = 0. We can derive that

0 =
D(tr(CM))

Dt
= tr(ĊM) = tr(F T (∇vT +∇v)FM). (3)

Here the upper dot represents derivative with respect to time, and ∇ represents the spatial gradient. The
second equal sign holds because M is a constant tensor. To derive the third equation, we can see from
MPM literature that Ḟ = ∇vF Hence we have Ċ = ˙(F TF ) = ˙F TF + F T Ḟ = (∇vF )TF + F T∇vF =
F T (∇vT +∇v)F .
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Our formulation then becomes tr(F T (∇vT +∇v)F nM) = 0. Hence, we have:

0 = F Tij (∇vT +∇v)jkFkla
0
l a

0
i = F Tij a

0
i (∇vT +∇v)jkFkla

0
l = (Fa0)j(∇vT +∇v)jk(Fa0)k (4)

where summation over i, j, k, l is implied. Notice that a = Fa0(up to a scalar scaling) and d = 1
2 (∇vT +

∇v). The above derivation gives (aaT ) : d = tr(aaTd) = tr(aTda) = ajdjkak = 0. Thus, our formulation
in Eq. (1) is proven.

4.2 Derivation of Weak Form

4.2.1 Momentum Equation

ρ(x, t)
Dv

Dt
= ∇x · σfull + ρ(x, t)g (5)

Through introducing test function, q(x, t), and ignoring gravity for simplicity, the weak form of Eq. (5) is:∫
Ωt

q(x, t)ρ(x, t)
Dv

Dt
dx =

∫
Ωt

q(x, t)∇x · (σ + λaaT )dx. (6)

After applying integration by parts and divergence theorem, this becomes:∫
Ωt

qα(x, t)ρ(x, t)
Dvα(x, t)

Dt
dx =

∫
∂Ωt

qαtαds(x)−
(∫

Ωt

qα,βσαβdx+

∫
Ωt

qα,βλ(x, t)aα(x, t)aβ(x, t)dx

)
.

We’ll assume a zero-traction boundary condition, so let’s remove the boundary integral term and to arrive
at: ∫

Ωt

qα(x, t)ρ(x, t)
Dvα(x, t)

Dt
dx = −

(∫
Ωt

qα,kσαβdx+

∫
Ωt

qα,kλ(x, t)aα(x, t)aβ(x, t)dx

)
. (7)

Now, we follow the standard MPM weak form derivation and only focus on the final integration since
the others are proven in [4]. By expanding velocity and q at nodes, and λ at cell centers as:

qα(x) = qiαNi(x), vα(x) = viαNi(x), λ(x) = λzΓz(x),

we get:

1

∆t

∫
Ωt

qniαNi(x)ρ(x, tn)(vn+1
jα − vnjα)Nj(x) = −

∫
Ωtn

qniαNi,β(x)σαβ(x, tn)dx−
∫

Ωtn
Ni,βaαaβλzΓz(x)dx.

(8)
Thus, following the same mass lumping strategy from [4], we have:

(mv)n+1
iα − (mv)niα

∆t
= −

∫
Ωtn

Ni,β(x)σαβ(x, tn)dx−
∫

Ωtn
Ni,βaαaβλzΓz(x)dx. (9)

Rearranging this equation, we get an equation of unknown λ and v:

mi

∆t
vn+1
iα +

(∫
Ωtn

aα(a · ∇Ni)Γz(x)dx

)
λz =

mi

∆t
vniα −

∫
Ωtn

Ni,β(x)σαβ(x, tn)dx. (10)

For simplicity, let dim be the dimension of simulation, Nn be the number of grid nodes, and Nc be the
number of grid cells. Eq.(9) gives dim × Nn equations of vn+1

iα and λz. We further use B(z,iα) to denote
the coefficient of λz while using biα to denote the right hand side. This item relates the z-th cell and the
α-th dimension of i-th node, i.e.

mi

∆t
vn+1
iα +B(z,iα)λz = biα (11)
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4.2.2 Constraint

Recall Eq. (1). By introducing the test function, h(x, t), the weak form of Eq. (1) is:∫
Ωt

h(x, t)(aaT ) : ddx = 0.

This is: ∫
Ωt

h(x, t)(aaT ) :
1

2

(
∂v

∂x
+
∂v

∂x

T
)
dx = 0

1

2

∫
Ωt

haαaβ

(
∂vα
∂xβ

+
∂vβ
∂xα

)
dx = 0

Through expanding velocity at nodes and h at cell centers like so:

vα(x) = viαNi(x), h(x) = hzΓz(x),

we get:

1

2

∫
Ωt

hzΓz(x)aαaβ

(
viα

∂Ni(x)

∂xβ
+ vkβ

∂Nk(x)

∂xα

)
dx = 0

1

2

∫
Ωt

hzΓz(x)aαaβviα
∂Ni(x)

∂xβ
+ hzΓz(x)aαaβvkβ

∂Nk(x)

∂xα
dx = 0.

Let hz = δzc (in turn picking an equation for each cell center c):

1

2

∫
Ωt

Γc(x)aαaβviα
∂Ni(x)

∂xβ
+ Γc(x)aαaβvkβ

∂Nk(x)

∂xα
dx = 0.

Note that the two terms are equal to each other (to see this, we could switch k to i and swap α and β in
the second term, since they are all dummy indices); therefore, we get:∫

Ωt

Γc(x)aαaβviα
∂Ni(x)

∂xβ
dx = 0,

i.e., ∫
Ωt

Γc(x)aα(a · ∇Ni)dxviα = 0 (12)

In a stacked view, this defines a linear constraint on v: Bv = 0. One constraint per cell c.
Comparing Eq.(12) with Eq.(9) we can easily see that the coefficient of viα is exactly B(c,iα). This gives

Nc equations of viα and λc(with zero coefficient), i.e.

B(c,iα)viα = 0. (13)

4.3 KKT Relaxation

Directly solving the KKT system can be difficult both because it introduces more degrees of freedom (the
Lagrange multipliers) as well as non-symmetric positive definite (SPD) nature of the system. Even if
the Schur-complement is applied to solve for Lagrange multipliers and original unknowns in sequence to
make the sub-systems SPD, the computational overhead is still large, especially when the upper-left part
is not diagonal (when implicit time integration is applied). Likewise, the system can be super stiff and
ill-conditioned. Thus, we investigate relaxing the KKT system by augmenting the lower right block with
a diagonal matrix 1

ηI.
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Suppose we are solving:

min
x
E(x) s.t. c(x) = 0 (14)

with nonlinear energy, E(x), and linear constraints, c(x) and (∇2c(x) = 0), the KKT system at iteration
i is: (

∇2E(xi) −∇T c(xi)
−∇c(xi) O

)(
∆x
λ

)
=

(
−∇E(xi)
c(xi)

)
, (15)

then the relaxed KKT system would become:(
∇2E(xi) −∇T c(xi)
−∇c(xi) 1

ηI

)(
∆x
λ

)
=

(
−∇E(xi)
c(xi)

)
. (16)

When the optimization converges at x∗, the above system will be solved to give ∆x = 0, which means we
have:

−∇T c(x∗)λ∗ = −∇E(x∗) (17)

1

η
λ∗ = c(x∗). (18)

By combining (18) and (17) to eliminate λ∗ we obtain:

∇E(x∗)−∇T c(x∗)ηc(x∗) = 0, (19)

which means the solved x∗ from our relaxed KKT is also a local optimum of the penalty-based soft
constraint version of our original problem:

min
x
E(x) +

−η
2
||c(x)||2. (20)

When η → −∞, the constraint in Eq. (20) will be strictly satisfied after convergence, which is essentially
equivalent to not adding relaxation on our KKT formulation.

In this way, we can further demonstrate that a relaxation on our KKT formulation is essentially equiv-
alent to solving anisotropic elasticity by properly defining c(x).
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