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1 QR differentiation

Here we discuss how to compute δQ and δR from F and δF. This is used for computing the linearized force
in implicit time integration.
If F = QR where Q is orthonormal with QTQ = I, and

R =

r11 r12 r13

r22 r23

r33


is upper triangular, and we define the function Ψ(F) = Ψ̂(R) then we have

δF = QδR + δQR

δΨ(F) = δΨ̂(R)

δQTQ + QT δQ = 0

δR is upper triangular

QT δF = δR + QT δQR

Ω = QT δQ =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0


QT δF = δR +

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

R

a b c
d e f
g h i

 =

∗ ∗ ∗0 ∗ ∗
0 0 ∗

+

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

r11 r12 r13

0 r22 r23

0 0 r33



This implies

d = ω3r11

g = −ω2r11

h = −ω2r12 + ω1r22

We can use these three equations to solve for ω1, ω2, ω3. After that, we can construct δQ = QΩ and then
δR = QT δF−QT δQR.
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The corresponding 2D result is

a = − (QT δF)21

r11

δQ = aQ

(
0 1
−1 0

)
δR = QT δF−QT δQR

2 Computing stress

δΨ = δΨ̂

∂Ψ

∂F
: δF =

∂Ψ̂

∂R
: δR

∂Ψ

∂F
: (QδR + δQR) =

∂Ψ̂

∂R
: δR

∂Ψ

∂F
: (QδR) +

∂Ψ

∂F
: (δQR) =

∂Ψ̂

∂R
: δR (1)

It can be shown that the above holds for any δQ and δR that satisfy δQTQ + QT δQ = 0 and δR being
upper triangular. Specifically, it can be shown that given arbitrary δQ, δR with δQTQ + QT δQ = 0 and
δR upper triangular, ∃δF such that

δR =
∂R

∂F
(F) : δF, and δQ =

∂Q

∂F
(F) : δF.

Using null[∂Q∂F (F)] = span {N1,N2,N3,N4,N5,N6}, for all upper triangular δR, ∃δFQ ∈ null[∂Q∂F (F)]⊥

such that δQ = ∂Q
∂F (F) : δFQ = ∂Q

∂F (F) : δ(FQ + FR) ∀FR ∈ null[∂Q∂F (F)]. Further, it can be shown that

QδR + δQR− δFQ ∈ null[∂Q∂F (F)] and with δFR = QδR + δQR− δFQ, δF = δFQ + δFR produces

δR =
∂R

∂F
(F) : δF, and δQ =

∂Q

∂F
(F) : δF.

If we choose δQ = 0 in Equation (1), then

∂Ψ

∂F
: (QδR) =

∂Ψ̂

∂R
: δR

(QT ∂Ψ

∂F
) : δR =

∂Ψ̂

∂R
: δR

Recall δR is any upper triangular matrix, therefore (QT ∂Ψ
∂F ) and ∂Ψ̂

∂R have the same upper triangular part.

Further more, since RT is lower triangular, it is easy to show (entry wise provable) that QT ∂Ψ
∂FRT and

∂Ψ̂
∂RRT have the same upper triangular part.
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If we choose δR = 0 in Equation (1), then

∂Ψ

∂F
: (δQR) = 0

(
∂Ψ

∂F
RT ) : δQ = 0

(
∂Ψ

∂F
RT ) : (δQQTQ) = 0

(
∂Ψ

∂F
RTQT ) : (δQQT ) = 0

(
∂Ψ

∂F
FT ) : (δQQT ) = 0

Since δQQT is an arbitrary skew symmetric matrix (due to δQTQ + QT δQ = 0), for the above equation
to hold, we know ∂Ψ

∂FFT has to be symmetric. This also proves that Kirchoff stress τ = ∂Ψ
∂FFT is symmetric

without needing to use conservation of angular momentum. Now we have

τ = τT

∂Ψ

∂F
FT = F(

∂Ψ

∂F
)T

∂Ψ

∂F
RTQT = QR(

∂Ψ

∂F
)T

QT ∂Ψ

∂F
RT = R(

∂Ψ

∂F
)TQ

i.e., QT ∂Ψ
∂FRT is symmetric.

In summary, QT ∂Ψ
∂FRT and ∂Ψ̂

∂RRT have the same upper triangular part. QT ∂Ψ
∂FRT is symmetric. We further

denote this tensor with A := QT ∂Ψ
∂FRT = QT ∂Ψ

∂FFTQ = QT τQ. Therefore A is just τ written in the Q
basis.

3 A curve in 3D

We can construct the upper triangular part of A with ∂Ψ̂
∂RRT , then fill the rest using symmetry of A.

Assuming

Ψ̂ = f(r11) +
1

2
g(r2

12 + r2
13) + h(r22, r23, r33),

then

∂Ψ̂

∂R
=

[
f ′ g′rT

0 P̂

]
,

where r = (r12, r13)T , R =

[
r11 rT

0 R̂

]
,P̂ = ∂h

∂R̂
.

We can show

A =

[
f ′r11 + g′rT r g′rT R̂T

g′rT R̂T P̂R̂T

]
Here, we choose P̂R̂T to be the dilational part of the Kirchoff stress from the 2 × 2 Stvk Hencky Drucker-
Prager. i.e., assuming we get some τ̂ after the return mapping of dry sand from an input F = R̂, we replace
the bottom right corner of A with pI, where p = tr(τ̂)/2.
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Under such a choice,

A =

[
f ′r11 + g′rT r g′rT R̂T

g′rT R̂T pI

]
.

Mohr friction criteria leads to the following maximization problem:
Maximize dT τn + cFnT τn over all possible n that is perpendicular to the fiber direction, with all d perpen-
dicular to n and has unit length.
i.e.,
Maximize dTQAQTn + cFnTQAQTn over all possible n that is perpendicular to the fiber direction, with
all d perpendicular to n and has unit length.
i.e.,
Maximize d̃TAñ + cF ñTAñ over all possible n that is perpendicular to the fiber direction, with all d
perpendicular to n and has unit length, where ñ = QTn and d̃ = QTd. Since in our discretization, the fiber
direction is q1, therefore qT1 n = 0, then we know ñ = (0, c, s) for some θ.
i.e.,
Maximize d̃TAñ + cF ñTAñ over all possible n that is (0, c, s) over all θ, with all d̃ perpendicular to ñ and
has unit length.

Lagrangian multiplier can solve this problem and gives the maximum
∥∥∥R̂r

∥∥∥ g′+ cF p. If we choose g(x) = x,

then we have our yield surface
∥∥∥R̂r

∥∥∥ + cF p < 0. The return mapping is then simply a scaling on r so that

the yield criteria is satisfied.

4 A surface in 3D

Surface is very similar to curve in our framework. With our codimensional discretization, we map the triangle
back to x-y plane. If the input 3D triangle at rest is Â, B̂, Ĉ, we can define D̂1 = B̂− Â and D̂2 = Ĉ− Â.
This forms an imaginary D̂s, whose QR decomposition gives us the rotation from x-y plane of this triangle
Q̂, as well as the top part of R̂3×2 being the 2 × 2 version Dm. The third column of Q̂ is the rotated D3

where D3 = e3.
With these precomputations, for any triangle d1,d2 in world space, we can construct the full F as

F = [d1,d2,d3]

[
D−1
m

1

]
.

In MPM, we have dn+1
3 = (I+∆t∇v)dn3 , with d0

3 = q̂3. Keep in mind that Dm is upper triangular, therefore
D−1
m is upper triangular.

Now do the thin QR decomposition
[d1,d2] = [q1,q2]R̃

where R̃ is 2× 2 upper.
If we construct q3 = q1 × q2, then

[d1,d2,d3] = [q1,q2,q3]

[
R̃ (hx, hy)T

0T hz

]
where Qh := d3. Now we have constructed the (unique) QR decomposition of F as

F = [q1,q2,q3]

[
R̃ (hx, hy)T

0T hz

] [
D−1
m

1

]
:= QR = Q

r11 r12 r13

r22 r23

r33


We can see h = r3 = QTd3.
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The previous lemma in curve still holds: QT ∂Ψ
∂FRT and ∂Ψ̂

∂RRT have the same upper triangular part.

QT ∂Ψ
∂FRT is symmetric. We further denote this tensor with A := QT ∂Ψ

∂FRT = QT ∂Ψ
∂FFTQ = QT τQ.

Therefore A is just τ written in the Q basis. We can construct the upper triangular part of A with ∂Ψ̂
∂RRT ,

then fill the rest using symmetry of A.

4.1 Surface elastoplasticity

Recall D3 = e3,

F = Q

r11 r12 r13

r22 r23

r33


Physically, the top left is in plane (x-y) deformation of the triangle, sincer11 r12 r13

r22 r23

r33

 e3 = r3,

we know r3 represents the deformation of D3. From h = r3 = QTd3, we can say |r3| is the length change,
r2
13 + r2

23 is the shearing (or the deviation from being perpendicular to the x-y triangle plane). Note that
shearing also pernalizes length change.
From these, we can define

Ψ̂ = f(r33) +
1

2
g(r2

13 + r2
23) + h(r11, r12, r21, r22),

then

∂Ψ̂

∂R
=

[
P̂ g′r
0T f ′

]
,

where r = (r13, r23)T , R =

[
R̂ r
0T r33

]
,P̂ = ∂h

∂R̂
.

We can show

A =

[
P̂R̂T + g′rrT g′r33r

g′r33r
T f ′r33

]
Mohr friction criteria leads to the following maximization problem:
Maximize dT τn + cFnT τn over all possible n that is perpendicular to the manifold plane, with all d
perpendicular to n and has unit length.
i.e.,
Maximize dTQAQTn + cFnTQAQTn over all possible n that is perpendicular to the manifold plane, with
all d perpendicular to n and has unit length.
i.e.,
Maximize d̃TAñ + cF ñTAñ over all possible n that is perpendicular to the manifold plane, with all d
perpendicular to n and has unit length, where ñ = QTn and d̃ = QTd.
n perpendicular to manifold plane means n = k(d1×d2) for some k (unit length constraint is extra). Recall

[d1,d2] = [q1,q2]R̃,

where R̃ is upper triangular 2 × 2, this means k(d1 × d2) = z(q1 × q2) for some z. Therefore, n = ±q3.
Therefore ñ = QTn = ±e3.
i.e.,
Maximize d̃TAñ + cF ñTAñ over ñ = ±e3 , with all d̃ = (c, s, 0) for some θ
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The maximum is
±g′r33|r|+ cF f

′r33

Assume f(x) = 1
3k(1− x)3 for x ≤ 1, 0 otherwise. g(x) = γx. When r33 > 1, f = 0, the maximum is

γr33|r|

. In this case the return mapping is making r to be zero.
When r33 < 1, the maximum is

±γr33|r| − cF k(r33 − 1)2r33

. The yield surface is therefore

max(±γ
k
r33|r| − cF (r33 − 1)2r33) ≤ 0

If r33 is negative (corresponding to inverted collision), the max should choose −γk . The return mapping is
setting r to be 0.
Otherwise, try to scale r (when necessary) to satisfy

γ

k
|r| − cF (r33 − 1)2 ≤ 0

5 A curve in 2D

2D derivation follows 3D curve derivation: QT ∂Ψ
∂FRT and ∂Ψ̂

∂RRT have the same upper triangular part.

QT ∂Ψ
∂FRT is symmetric. We further denote this tensor with A := QT ∂Ψ

∂FRT = QT ∂Ψ
∂FFTQ = QT τQ.

Therefore A is just τ written in the Q basis.
The energy choice is

Ψ̂ = f(r11) +
1

2
g(r2

12) + h(r22),

then

∂Ψ̂

∂R
=

[
f ′ g′r12

0 h′

]
,

where R =

[
r11 r12

0 r22

]
,P̂ = ∂h

∂R̂
.

We can show

A =

[
f ′r11 + g′r2

12 g′r12r22

g′r12r22 h′r22

]
Mohr friction criteria leads to the following maximization problem:
Maximize dT τn + cFnT τn over all possible n that is perpendicular to the fiber direction, with all d perpen-
dicular to n and has unit length.
i.e.,
Maximize dTQAQTn + cFnTQAQTn over all possible n that is perpendicular to the fiber direction, with
all d perpendicular to n and has unit length.
i.e.,
Maximize d̃TAñ + cF ñTAñ over all possible n that is perpendicular to the fiber direction, with all d
perpendicular to n and has unit length, where ñ = QTn and d̃ = QTd. Since in our discretization, the fiber
direction is q1, therefore qT1 n = 0, then we know ñ = ±(0, 1)
i.e.,
Maximize d̃TAñ + cF ñTAñ over ñ = (0,±1) and d̃ = (±1, 0)
i.e.,
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Maximize d̃TAñ + cF ñTAñ over ñ = (0,±1) and d̃ = (±1, 0)
The maximum is

±g′r12r22 + cFh
′r22

Assume g(x) = γx, h(x) = 1
3s(1− x)3 for x ≤ 1, 0 otherwise.

When r22 > 1, h = 0, the maximum is
|γr12r22|,

the return mapping is setting r12 = 0.
When r22 < 1, the maximum is

±γ|r12|r22 − cF s(1− r22)2r22

The yield surface is therefore

max(±γ
s
|r12|r22 − cF (1− r22)2r22) ≤ 0

If r22 < 0, the max should choose −γs . The return ampping is setting r12 = 0.
Otherwise, r22 ∈ [0, 1], try to scale r12 to satisfy

γ

s
|r12| − cF (1− r22)2 ≤ 0

6 Derivative of F̂E

In the paper we mention that
∂F̂E

p

∂xi
is a third order tensor, and does not depend on x̂ because F̂Ep is linear

in x̂i. Here we give the derivation of computing this derivative. We have by definition

d̂Ep,β(x̂) = x̂mesh(p,β) − x̂mesh(p,0) (2)

d̂Ep,β(x̂) = (∇x̂)pd
E,n
p,β (3)

x̂q =
∑
i

x̂iw
n
iq (4)

F̂Ep (x̂) = d̂Ep D−1
p (5)

Plugging in

F̂Ep,αε =
∑
i

 γ∑
β=1

(wni,mesh(p,β) − w
n
i,mesh(p,0))xi,αD

−1
p,βε +

3∑
β=γ+1

3∑
κ=1

∂wnip
∂xκ

dE,np,κβxi,αD
−1
p,βε


Differentiating we have

∂F̂Ep,αε
∂xiζ

=

γ∑
β=1

(wni,mesh(p,β) − w
n
i,mesh(p,0))δαζD

−1
p,βε +

3∑
β=γ+1

3∑
κ=1

∂wnip
∂xκ

dE,np,κβδαζD
−1
p,βε

which doesn’t depend on x̂. Note we can think of the undeformed segment or triangle as being aligned with
the x-axis or xy-plane respectively. This will mean that the initial F is no longer I, but rather the rotation
which maps the axis aligned element to its initial position in space. This is not an issue as our elastic energy
density ψ is world space rotation invariant. However this allows us to assume that Dp is block diagonal of
the form

Dp =

D11 0 0
0 1 0
0 0 1


for segments and

Dp =

D11 D12 0
0 D22 0
0 0 1


for triangles. This saves memory for Dp, and simplifies computing D−1

p .
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7 Computation of Force on the Grid

f
(iii)
i (x̂) = −

∑
p∈I(iii)

V 0
p

∂ψ

∂F
:
∂F̂Ep
∂xi

(6)

f
(iii)
iζ (x̂) = −

∑
p∈I(iii)

∑
α

∑
ε

V 0
p

∂ψ

∂Fαε

∂F̂Ep,αε
∂xiζ

(7)

f
(iii)
iζ (x̂) = −

∑
p∈I(iii)

∑
ε

V 0
p

∂ψ

∂Fζε

( γ∑
β=1

(wni,mesh(p,β) − w
n
i,mesh(p,0))D

−1
p,βε+ (8)

3∑
β=γ+1

3∑
κ=1

∂wnip
∂xκ

dE,np,κβD
−1
p,βε

)
(9)

f
(iii)
iζ (x̂) = −

∑
p∈I(iii)

∑
ε

V 0
p

∂ψ

∂Fζε

( γ∑
β=1

(wni,mesh(p,β) − w
n
i,mesh(p,0))D

−1
p,βε+ (10)

3∑
β=γ+1

3∑
κ=1

∂wnip
∂xκ

dE,np,κβδβε

)
(11)

Define

f
(ii)
qζ (x̂) = −

∑
p∈I(iii)

∑
ε

V 0
p

∂ψ

∂Fζε

γ∑
β=1

(δq,mesh(p,β) − δq,mesh(p,0))D
−1
p,βε (12)

= −
∑

p∈I(iii)

γ∑
ε=1

V 0
p

∂ψ

∂Fζε

γ∑
β=1

(δq,mesh(p,β) − δq,mesh(p,0))D
−1
p,βε (13)

Then

f
(iii)
iζ (x̂) =

∑
p∈I(ii)

f
(ii)
qζ (x̂)wnip −

∑
p∈I(iii)

∑
ε

V 0
p

∂ψ

∂Fζε

3∑
β=γ+1

3∑
κ=1

∂wnip
∂xκ

dE,np,κβδβε (14)

f
(iii)
iζ (x̂) =

∑
p∈I(ii)

f
(ii)
qζ (x̂)wnip −

∑
p∈I(iii)

3∑
ε=γ+1

V 0
p

∂ψ

∂Fζε

3∑
κ=1

∂wnip
∂xκ

dE,np,κε (15)
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8 Pseudocode

Algorithm 1 Simulate

1: procedure Time Step
2: Transfer to grid
3: Grid step
4: Transfer to particles
5: Update particle state
6: Plasticity

1: procedure Transfer to grid
2: for all grid nodes i do
3: mn

i ←
∑
p w

n
ipmp

4: vni ← 1
mn

i

∑
p w

n
ipmp

(
vnp + Cn

p (xi − xnp )
)

1: procedure Grid step
2: 〈v?i 〉 ← 〈vni 〉+ Force increment(〈FE,np 〉)
3: 〈vn+1

i 〉 ← Grid collisions(〈v?i 〉)
4: 〈ṽn+1

i 〉 ← Friction(〈vn+1
i 〉, 〈vn+1

i − v?i 〉)
1: procedure Transfer to particles
2: for all particles p of type (i) and (ii) do

3: vn+1
p ←

∑
i

wnipṽ
n+1
i

4: for all particles p of type (iii) do

5: vn+1
p ←

γ∑
β=0

1

γ
vn+1

mesh(p,β)

6: for all particles p do

7: Cn+1
p ←

∑
i

wnipṽ
n+1
i (xi − xnp )T

1: procedure Update particle state
2: for all particles p of type (i) do

3: xn+1
p ←

∑
i

wnip(x
n
i + ∆tvn+1

i )

4: ∇vp ←
∑
i

vn+1
i (∇wnip)T

5: F̂E,n+1
p ← (I + ∆t∇vp)F

E,n
p

6: for all particles p of type (ii) do

7: xn+1
p ←

∑
i

wnip(x
n
i + ∆tvn+1

i )

8: for all particles p of type (iii) do

9: xn+1
p ←

γ∑
β=0

1

γ
xn+1

mesh(p,β)

10: ∇vp ←
∑
i

vn+1
i (∇wnip)T

11: for β = 1 to γ do
12: d̂E,n+1

p,β ← xn+1
mesh(p,β) − xn+1

mesh(p,0)

13: for β =γ + 1 to 3 do
14: d̂E,n+1

p,β ← (I + ∆t∇vp)d
E,n
p

15: F̂E,n+1
p ← d̂E,n+1

p D−1
p

1: procedure Plasticity
2: for all particles p of type (i) and (iii) do

3: FE,n+1
p ← Return mapping(F̂E,n+1

p )
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