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The collapse of an axi-symmetric, swirling vortex sheet
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Abstract. An axi-symmetric and swirling vortex sheet is investigated as the simplest flow
in which there is non-trivial vortex stretching and as a possible setting for studying vortex
cancellation and singularity formation. Rayleigh’s criterion indicates linear stability of a single
sheet but instability for other configurations of sheets. Due to the simplicity of vortex sheet
problems, the linear modes and growth rates (or frequencies) can be explicitly expressed.
Subsequent nonlinear evelution is numerically simulated using & vortex method. The numerical
resuits for an axi-symmaetric switling sheet with a vortex line along the axis of symmetry show
detachment of a vortex ring from the sheet into the outer fiuid, and collapse of the sheet onto the-
vortex line at some points. Vortex cancellation, which in the presence of viscosity would likely
lead to vortex line reconnection, seems 10 occur in both of these phenomena. The evolation of
two co-axial, axi-symmetric, swirling vortex sheets is similar.

PACS numbers: 0340G, 4720, 4730

1. Introduction

Axi-symmetric flow with swirl for an inviscid incompressible fluid is the simplest flow that
allows non-trivial vortex stretching. The flow description is further simplified if the vorticity
is concentrated on an axi-symmefric surface; that is, a flow induced by a vortex sheet (or
more than one sheet}.

The restriction to axi-symmetry and to vortex sheets provides the simplest setting in
which to examine nonlinear processes such as vortex cancellation and singolarity formation.
For similar reasons, there have been a number of recent computational studies of smooth
axi-symmetric flow with swirl [3,11,16,22]. Furthermore in the present study, a new
phenomenon, the pinching and collapse of a vortex sheet, is exhibited.

These flows represent a significant idealization, since the restriction to axi-s ymmel:ry
for a swirling vortex sheet suppresses the dominant Kelvin-Helmholtz instability, which is
not axi-symmetric. The resulting flows, however, are gquite similar in appearance to those
generated by the impulsive rotation of a cylinder [7, 12,31]. This gives us some confidence
that the phenomena studied here are of physical significance, in addition to their basic
mathematical importance.
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An axi-symmetric swirling vortex sheet with circulation I' can be represented by the
cylindrical coordinates (z(e, #), r (o, 1), ¥r (o, £)) of a vortex line on the sheet, in which «
is a ‘Lagrangian’ parameter along the vortex line. The full sheet is formed by rotating this
curve around the axis of symmetry r = 0. The evolution of the sheet is governed by the
following integro-differential equations [5]:

Bzee, 1) = %PV f hir,r',z—2', ¢y de (1.1
o, t) = %PV‘[ B(r,r,z—2, ¢ de (1.2)
(e, £) = Tdrr®)™! (1.3)

{(sign errors in the r, z equations in (5.11) have been corrected) in which

4ry! 1—m
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In these equations r* and ¥’ denote r(a") and ¢ (&), etc, and E = E(m) and K = K(m)
are the elliptic integrals of the first kind evaluated at

L, r, Az, y’)") =r:¢; ( m )3/2 (r’ —r B %(E _ K))
(1.4)

m
i I N
Lir, 7', Az, ') =r'Y Az (4”,

Arr!

e AR R (1.5
They account for the integration of the vortex interaction around a circle of symmetry, The
integrals in (1.1) and (1.2) have singular integrands at ¢’ = « and are interpreted in the
Canchy principal value sense. The simplicity of the angular velocity equation is because
the circulation riuy is constant in each irrotational region of an axi-symmetric flow, ie.
rig = 0 inside the sheet and rug = I'/2m outside the sheet, and because the velocity u
of the sheet (at fixed o) is the average u = %(u.,. + w_) of the limiting velocities w4
and u._. on either side of the sheet. The system (1.1)—(1.3) is analogous to the Lagrangian
description of two-dimensional vortex sheet dynamics through the Birkhoff-Rott integral.
The generalization of (1.1)-(1.3) to configurations of more than one sheet is straightforward.
For the case of an axi-symmetric vortex sheet without swirl, these equations were derived
earlier by de Bernardinis and Moore [9] and used in [8, 19-21].

The steady-flow solution (z, r, ¥} = (&, R, tI'/(4r R%)) for (1.1)=(1.3) is linearly stable
to axi-symmeiric disturbances, but flows with multiple vortex sheets can be linearly unstable,
as described in section 2. In order to investigate the subsequent nonlinear evolution,
a numerical method for solving the vortex sheet equations (1.1}{1.3) is formuiated in
section 3.

The numerical method is applied first to the (linearly) stable configuration of a single
axi-symmetric swirling vortex sheet in section 4. For small amplitude perturbations, the
oscillation of the sheet agrees with the linear theory; while for larger amplitude the resulting
outward flow leads to a curvature singularity and rollap of the sheet, which cannot be
reversed, so that the flow loses its temporal periodicity.
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The simplest linearly unstable configuration consists of an axi-symmetric vortex sheet
combined with a vortex line on the axis of symmetry. According to Rayleigh’s criterion
(re-derived through a kinematic argument at the end of section 2) this flow is unstable if

[T < [Iy] (L.6)

in which Ty is the circulation inside the sheet and [, is the circulation outside the sheet; i.e.
Iy is the strength of the vortex line and I'y — I'y is the strength of the sheet. The numerical
computations presented in section 5 for the resulting nonlinear evolution show formation of
outward and inward jets along the sheet, detachment of a vortex ring from the sheet into
the outer fluid, and collapse of the sheet onto the vortex Iine at some points. The intense
winding-up of the sheet as it collapses prevents accurate computation past a certain time
before the sheet hits » = 0. Extrapolation of the results, however, seems to indicate that
in a finite time there is a collision and cancellation between the sheet and the vortex line,
as well as a collision between the sheet and iiself during the detachment of the outer ring.
In the presence of viscosity, this would lead to the breaking and reconnection of vortex
lines (see [26] for example). Rayleigh [23] also noted the analogy between the stability of
axisymmetric flows and the stability of density stratified two-dimensional flows. However,
while some of the structures observed here are very similar to those seen in simulations of
the Rayleigh-Taylor instability (see [30] for example), very nonlinear phenomena such as
collapse of the sheet onto the axis of symmetry are quite specific to axisymmetric flows.
For two co-axial axi-symmetric vortex sheets with swirl, the instability criterion is the
same as {1.6) and the subsequent nonlinear evolution is also similar if the inner radius is
not too large, as shown in section 6. As before the outer sheet collapses onto the inner
sheet at some points. Unlike the previous case no collapse onto the axis is observed.
Conclusions from this investigation are presented in section 7.

2. Linear stability analysis for axi-symmetric vortex sheets

On a cylindrical vortex sheet with pure swirling flow, the vortex lines are straight lines in
the 2 direction. The Kelvin—Helmholtz instability for this steady flow is then in the x—y
plane, and so it is not excited by perturbations that are axi-symmetric. In this section a
linearized stability analysis is presented for axi-symmetric perturbations of cylindrical sheets
in several configurations. .

Rayleigh’s criterion [10] provides a necessary and sufficient criterion for linear stability
of a steady swirling flow to axi-symmetric perturbations; namely the flow is stable if and
only if the square of the circulation is a non-decreasing function of the radius. The results
of this section are of course consistent with Rayleigh’s criterion, but for these vortex sheet
problems, explicit expressions are found for the linear modes and for the dispersion relation.
At the end of this section, a kinematic argument for stability or instability of a vortex sheet
is presented, as an alternative to the usual dynamic argument in the derivation of Rayleigh’s
criterion.

Two vortex sheet configurations are considered. First is the case of a single, axi-
symmetric vortex sheet with a vortex line along the axis. Second, to give the inner flow
more degrees of freedom, the vortex line is replaced by an inner vortex sheet. The linearized
analysis is performed in the Bulerian variables and follows that of Rotunno [24] for a single
axi-symmetric sheet. A related stability analysis for a swirling vortex sheet within an
annulus is given in [3]. :
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2.1. Cylindrical vortex sheet and a vortex line

Consider a vortex line of circulation I"; on the axis of symmetry, contained inside a
cylindrical vortex sheet so that combination has circulation ;. Axi-symmetric perturbations
will not alter the position of the vortex line. The velocity potential in Eulerian variables for
this flow will be

6= { 1z, r,t)+00 27 ins:lc?e the sheet o
Sz, r, 1y + 00/ 2m outside
and the sheet position is
r=Ro+E&(z,1). (2.2)
These satisfy the Eulerian fluid equations
V2 =0 Vigp =0 (2.3)

inside and outside the sheet, with jump conditions that the normal velocity and pressure are
continuous, i.e.,

»

1r =& + 12k, ‘ (2.4)

G2 = & + Pu:k, . (2.5)
1/Ty/2eN 1, 1, l(Fz/er)z 1, 1,

¢+ 3 (m—) + 2‘251;_ + 2‘?5[;- = ¢y + ACEY: + 2¢’2z + 2¢1-- (2.6)

The linearized free boundary equations are then

1 =&
o =§ 2 2 @7
b1 — (ﬁfgﬂ') £ = g, — (Fz%ﬂ’) .
The kth mode for (2.3) is
é1 = by o(lklr )fj‘kﬁm
¢z = by Ko(k|r)e" =t (2.8)

f _ eikz-i-at

in which Iy and Kj are the modified Bessel functions [1] and &, b, and ¢ will be determined
from the linearized free boundary conditions (2.7). Since I, = I; and K, = —Ki, these
equations become

bilk|fp =0
— k| =0 2.9
obilo — Ry (T /27)? = abKop — RG3 (T2 /2m)2. '
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in which Ipy = Ip{|k|Ro}, 1o = Li{|k|Ro), etc. Since Iy(x)Ki(x) + hHX)Ke(x) = i-, it
foliows that

o =£@2m) 1T} - THY2 kRS V HoKio (2.10)
by = £(2m)7 (I} - TRy’ Kio/Tno
by = F(2n) " (T} —~THY2R; ' VTo/Kio-

This shows that the configuration of a voriex line inside a cylindrical vortex sheet is
unstable if and only if

2.1

r? s 2 @.12)

in agreement with Rayleigh'’s criterion. For large wavenumber &, the growth (or decay) rate
is approximately

o = =2m) " (T2 —THY2/|k| /2R , (2.13)

The linear growth rate ¢ as a function of +/% is plotted in figure 2.1(a), for the unstable
configuration of a vortex sheet and line vortex with 'y = 6.0, ', =27 — 6 and & = 1.0.
This is the same configuration for which the nonlinear evolution is computed in section 5.

Fipure 2.1. The linear growth rate o as a function of % for two unstable vortex sheet
configurations: {@) a cylindrical vortex sheet and line vortex with 'y = 6.0, Ta = 2 — 6 and
Ry = 1.0; (&) Two concentric cylindrical vortex sheets with I'y = —2m, [, = 0.0, R; = 0.1
and Ry = 1.0. Note that the growth rate is neacly a constant times +/%. These are the same
configurations for which the nonlinear evolutions are computed in figures 5.1-5.10 and 6.1-6.10
_respectively.

2.2. Concentric, cylindrical vortex sheets

Consider two cylindrical vortex sheets of radius Ry and R; with zero circulation inside the
inper sheet, circulation I'; in the region between the sheets and 'y outside the outer sheet.
The potential is then
dolr, z, 1) inner ‘
¢=1{ o0 z,1)+6T /27 middle (2.14)
@i, 2, 8) + 62/ 2 outer.



843 R E Caflisch et ai

The perturbed sheet positions are

r=n=R+5(z1) r=rn=R+&1) @2.15)
The linearized jump conditions are

dor =8 Gr=Ff  do=¢u— RT/2m)E (2.16)
onr = Ry and

b1, = &

P2r = &2 2.17)

o — B (T1/27) % = ¢ — B> (Ta/27) 78
on r = Rp. The linearized mode is

o = by Lo([k|r)e+

¢1 = (b2lo([klr) + b3 Ko(lkIr))e s+

o = byKo(lklr)e™ st (2.13)
;_—1 — bseikz-l-crf
EZ = eikz-i—at.

After substitution in (2.16) and (2.17) and some manipulation, the dispersion relation is
found to be

o* + (InKuGr + 2 KpnGok’o? + G1Galy K (K — nKp)d* =0 (2.19)
in which

Gi= (/2R Ga=(T3—TH/@n R (2.20)
and 11 = L{|k|R1), 12 = (|| Rs), etc. As in Rayieigh’s criterion, the dispersion relation
{2.19) has 2 root o with Re(s) > 0, comresponding to instability, if and only if T? > I'Z,

le. G < (.
The coefficients for the linear mode are

by = (o/lkti)bs
by = —(lkl/o)G2K12
by = —(o/|k|K12)
: " (2.21)
by = —(|k|/0)Gahha — (o/1k DKy
bs = ([kl/o) (b2 f11 — b3K )
= —(lkl/eY(In K1z — Kuli2)Ga + K1t/ K1a.
The linear grow‘ril rate o as a function of /% is plotted in figure Q.l(b), for the unstable
configuration of two concentric cylindrical vortex sheets with I'y = =2, I'; = 0.0,

Ry = 0.1 and R; = 1.0. This is the same configuration for which the nonlinear evolution
is computed in section 6.
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" 2.3. Lagrangian modes

As detailed above, the Eulerian description of a vortex sheet consists of a radius r =
R(z,t) and a potential ¢ = ¢(z,7,8,¢}). On the other hand the Lagrangian description
used in the Birkhoff-Rott equation in section 1, consists of cylindrical coordinates
(z{o, D), r{z, ), ¥{w, 1)) for a vortex filament on the sheet. The linearization of the integro-
differential equation for the Lagrangian description of the sheet is much more difficult than
the linearization of the Eulerian description. These Eulerian results will now be translated
into Lagrangian form.

The relation between these descriptions is that the Lagrangian position moves at the
average of the velocities on either side of the sheet, i.e.

(2o, oo i) = (7 @ 1l 08) + (07, 87, 7070} (2.22)

in which ¢+ and ¢~ are the potentials evaluated at the vortex sheet point (z,r, ¥) from
either side.

For each of the vortex sheet flows above, we will now determine the Lagrangian
description for both the steady state and a linearized mode. Set the potential to be

O=F+o (2.23)

in which ¢ is the basic steady flow and ¢ is a perturbation. Similarly set the Lagrangian
coordinates to be

(Z, R = (&, 7, %) + (2, 1, ¥). ' (2.24)
Since ¢, = ¢, = 0 in all of the flows above, the steady solution satisfies
Gr, P Y1) = (0,0, 3R +83)) (2.25)

The linearized terms in {2.22) come from two sources, the perturbation ¢ of the potential
and the perturbation £ of the interface. Since ¢, = ¢ = 0, then the perturbation velocity
is

7 = §(67 +¢0)
re =387 + o) (2.26)
¥ = —R7@ + )k
2.3.1. Lagrangian modes for a sheet and line. The steady fluid flow corresponds to a vortex
filament on the sheet with
@ 7, ¥) = (@, Ro, tR7(Ty + o) f4m). (2.27)
The equations for the linearized mode (z, r, ¥) are
&z = 3(¢: + ¢2) (r=~Rpz=0)
= 3ik(b1Joo + bz Koo)e*
dr = 3(@1r +b2) (r=Rp,z=0) (2.28)
= 31ki(b1 Lo — b2 K1g)e ™t '
ay = —((I'1 + [2)/2m) Ry el
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which has solution
(2,1, ¥) = @& F, §)eiterer ' (2.29)

with Z, 7, ¥ given by

. ik
i= 1—(b;Ioa 4 b2 Ko)
20

. k
F= S outg - bakio) 2.30)
o

~ 1
¥ = ——R;*(T1 +T2)/2%

in which Iy = I (Jk|Rg), etc, and by, by are defined in (2.11).

Note that the period of the swirling flow is found from (2.27) to be Tp = 8x2RZ/(Ty +
"2} whereas the period of the oscillation for the linearized mode (in the stable problem) is
71 = 2n/|o|. Since these will differ in general, a vortex line will not return to its original
position after one oscillation but will be shifted by a finite angle.

2.3.2. Lagrangian mode for two sheets. Now there are two vortex sheets with two filaments
(z1, 1. Y1) (e, 2) and (22, 72, ¥2)(e, 1). In the steady flow these are

(21: Flv {b-"[) = (O"v Rlv tR‘[_zr]/4?r)

ey , @31)
(2o, 12, ¥2) = (&, Ra, tR5(I"1 + o) /4m).
The linearized mode is
(21, 71, Y1) = (B1, P, Yr)eet™
e (2.32)
(22, 12, W) = (%2, Fa, Wra)e!@
in which
Z1 = i(k/20){(b1 + b2) Io1 + b3 Ko1)
71 = ((kl/20)((b1 + b2) i1 — B3K11)
b = —(1/0)R7°T /27
'lffl / 1 l/ (2_33)

2y = i(k/20) (ba 2oy + (b3 + baYKoz)
Fo = (|k]/20)(balia — (b3 + Ba)Kiz)
¥ = —(1/0)R;* (Tt + T'y) /27

2.4. Kinematic argument for linearized stability

The motion of vortex filaments is best described through a kinematic, rather than a dynamic,
description. Here we present a kinematic derivation of the stability or instability for the
vortex sheet configurations described above..
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Figure 2.2, Oscillation of a single perturbed cylindrical vortex sheet with positive switl. The
broken curve is a vertex line on the sheet. A vortex line with constant angle 8 in the initial
data () will be wrapped around the sheet in the positive 8 direction as in (4), due to increased
angular velocity in a pinched region. The azimuthal vorticity generated by this stretching causes
the vortex sheet to bulge out and the vortex lines to then wrap around the sheet in the opposite
direction.

Consider first a single cylindrical vortex sheet with vorticity in the £ direction and
perturb its shape by a small sinnsoidal perturbation, as drawn in figure 2.2(a).

Since the circulation 2y, is constant, then the angular velocity is larger where the sheet

is pinched. This differential rotation rate can also be thought of as a resuit of vorticity in the
7 direction. It stretches out the vortex lines in the positive 8 direction in pinched regions,
~as indicated in figure 2.2(5). The resulting angular vorticity is in the § direction below
the centre of the pinch and in the —@ direction above the centre. This angular vorticity
produces an axial flow into the pinched region from below and from above. This inward
flow continues until the pinched region bulges out, which causes the vortex lines to wrap up
in the —8 direction as in figure 2.2(c). The resulting angular vorticity then produces axial
flow out of the pinched region. This eventually causes the bulged region to become pinched
again, and the sheet retorns to the state in figure 2.2{5). In this process there will be a phase
lag between the bulging and pinching of the sheet and the wrapping and unwrapping of the
vortex lines, This argument shows that a single vortex sheet is stable.

The same reasoning can be applied to the vortex sheet with a vortex line as section 2.2
and drawn in figure 2.3(a). The angular velocity of the sheet is ¥, = R™%(I"y 4 I'»)/2.
If I'? > T2, then the circulation I'j of the line is of opposite sign to the circulation I'y of
the sheet, since Iy = 'y — I'[. Moreover the vortex lines will now wrap up the opposite
direction to those for a single sheet, since sign (I + I'z) = —sgn(ls). As shown in
figure 2.3(p), this produces an outward flow away from the pinched region on the sheet,
causing it to pinch further. Therefore the sheet is unstable in this flow.

3. Numerical methods

In this section we discuss the numerical methods used to evolve the vortex sheet whose
motion is given by (1.1)—(1.3). Numerical issues that must be carefully addressed include the
implementation of axial periodicity, the evaluation of singular integrals, the consequences
and treatment of singularity formation. and the resolution of vortex line complexity.
Denote z =a +%. If at ¢ = () the data r (), ¥ (o), and Z{x) are 2x-periodic, then this
axial periodicity will be preserved by the subsequent motion. For a two-dimensional planar
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Figure 2.3. For a perturbed vortex sheet with a strong negative vortex line (not drawn) on the
axis of symmetry, an initial vortex line (a) is stretched in the negative 8 direction along the
pinched region of the sheet. The azimuthal vorticity generated by this streiching causes the
vortex sheet to pinch further and thus the stretching to increase as in ().

vartex sheet with périodic data (sheet strength and displacement) the Birkhoff-Rott integral
over B can be resummed to yield an integral over [0, 2z] with a modified but explicitly
given kemmel [14]. An exact resumination is not known for the velocity integrals in (1.1)
and (1.2), and a velocity integral I () is instead approximated by the symmetric truncation

a+{M+ L2
Iy(e) = PVf flo, o')do' 3.1
e—{M+4)2m

The range of integration is thus 2M + 1 periods of the data (r, Z, ). By centring the
range of integration at ¢z, Jyr{) is a 2w-periodic function, as is 7(x), and the integral need
only be evaluated for 0 < & < 27. Moreover, the convergence of Ine(e) to I{e) is rapid.
Using the periodicity of the data, the symmetry of truncation, and the small m behaviour
of E{m) and K (m), it can be shown that

@) = Iu@) + O ((i ;d,) ) 32)

for large M , where [, is a characteristic radius of the sheet, and I, the periodicity length
along z (here set to 2x). For the calculations presented here M = 4 (9 periods) was found
to be sufficient. Further increases in M gave no significant changes in the resuits.

From the initial instability of the sheet the first significant event is the formation
of a singularity, which is apparently related to those seen in 2D vortex sheet motion
[14,15,17,18,25]. We seek to compute the sheet motion accurately up to this first
singularity time and then beyond it. One consideration must be the accurate quadrature
of the singular velocity integrals. The limit o' — « gives m — 17, for which both
integrands are singular. For simplicity consider « = 0. Then either velocity integrand can
be written in the form

2( "
fle) = i) + —— +H3(0£)log[a| (3.3)

where the functions H;(e") are smooth if the data (r, Z, ) are smooth. The pole singularity
has a well defined principal value integral, while the remainder is absolutely integrable. Sidi
and Jsraeli [28] have developed generalizations of the Buler-MacLaurin error expansion
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for trapezoidal rule approximations to such singular integrals. Let z;c'fﬂ a; denote the
‘trapezoidal rule’ sum in which the endpoints a;, and g;, are both weighted by % Let the
a-interval [—sr, 7] be discretized uniformly by N + 1 points (including endpoints) where N
is even. Then 2N = (2M 4 1)N + 1 is the total number of quadrature points of [—L, L],
where L = (M + %)27{. Then the trapezoidal rule approximation to Ip;(0), which omits the
singular point {at & = 0), has the leading order errors [28]

Et=1Iy— 1" —PVfo(a’)d ‘_h )f !
=Iy—If= o fikR)
~-L =R
k£0
= — 5 (f' (L) — F(—=L)h* + Hy(O)h —In(2m) H3(0)k + H3(O)h log h + O(R®)

3.4

where 2 = 2Zx /N. The first term is usually associated with the Enler—-MacLaurin expansion
for smooth integrands (cf [29]), while the others are associated with the singularities of the
integrand. The Richardson extrapolation [, = 2% — I* removes the O(k) error terms,
and the quadrature formula becomes an alternate point quadrature rule over odd indices, or
equivalently the mid-point rule over cells of length 24. That is

3

L N
=PV[ flehde — 2R E fkh)
-L

k=—~N
k odd

= §(F' (D) = FI(=L)A* — 2H;(0) In(2)k + O(?). (3.3)

For the velocity integrands of (1.1}, (1.2), H3(0) is easily calculated. For (1.1), we have
H3(0) = —(T' /272 (¥, (0} /4r (D)), while H3(0) = 0 for (1.2). Thus, the overall quadrature
error is made O(h%) by the calculation of H3(0) and the explicit removal of the remaining
O(h) error term in (3.53). For 2D planar sheets the alternate point quadrature is of infinite
order, and was used successfully by Shelley [25] in the study of singularity formation.

The higher order of the alternate point quadrature given in (3.3) (together with the
explicit error correction) depends upon the smoothness of (r, Z, ¥) and requires uniform
discretization in o, The initial discretization in « is thus chosen to be on a uniform
grid. Derivatives with respect to o are approximated to fourth order using splines, and
the overall quadrature error is effectively of order (k) since | f*(L) — F/(—L)|A? is small
compared with O(#®). Time integration is accomplished by Hamming’s method, a fourth-
order predictor—corrector method which requires only two velocity evaluations (each of
which is @(N?)) per time step.

Another aspect of the evolution which must be dealt with is its linear ill posedness. The
linear analysis of the previous section gives the growth rate

op ~ Ikl (3.6)

The unboundedness of this linear growth rate causes the rapid and spurious growth of
round-off induced noise at the smallest scales, as they have the fastest growth rates. This
phenomenon has been well studied for the motion of 2D planar sheets. Krasny [14] controlled
this spurious behaviour by using a nonlinear Fourier filter at every time step. It sets to zero
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any Fourier coefficient of the data with magnitude less than some given filter level. For
example for the function r(c), the discrete Fourier transform 7, is modified at the beginning
of every time step by the assignment ‘

BT

. Fa if 17 > &
Py

0 if |F] < &.

In these calculations, ¢ lies in the range 10-'2-10", i.e. near the level of the round-off
error. In short, if the calculation is well resolved, so that the highest modes have amplitude
near the round-off error, these amplitudes are set to zero at each time step. This filter
prevents spurious growth of roundoff error in the high wavenumber modes, but it allows
the correct growth of these modes due to nonlinearities. Convergence of such a method,
when combined with the alternate point quadrature as used by Shelley {25], has been proved
by Caflisch er al [4]. This concludes the discussion of the methods used before the first
singularity time, .

As is the case for 2D planar sheets, a regularization of vortex sheet motion is apparently
necessary to investigate the behaviour of the sheet past the singularity time [13]. Different
approaches can be taken [2], but the most convenient regularization, which preserves the
sheet description of the flow, is to mollify the singularities in the integrands [13,27]. We
introduce a smoothing parameter § and define

4rr’

(e—2P+ 0 +rP+8°

ms = (38)

which bounds m; below by 1+ @(8%). Thus, each calculation is stopped shortly before the
first singularity begins to appear, and m is replaced by m; in the equations of motion (1.1},
(1.2) for the remainder of the computation. As the integrands are now smoothed, special
guadrature methods are unnecessary, and full trapezoidal rule is used. More importantly,
the ‘8-smoothing’ removes the unboundedness of the growth rates at large k. In the case
of 2D planar sheets it has also been shown that an analogous regularization gives global
analyticity of the sheet motion [6]. While smoother data, or the inclusion of viscosity, are
more natural regularizations, it has been seen that ‘-smoothing’ captures the qualitative
features of smoother flows [13]. For the computations described below, the validity of the
results with §-smoothing will be demonstraied by carefully assessing the effect of varying
. .
As shown in section 5, the arclength of the vortex sheet goes to infinity. Therefore,
in addition to the parameters N, M, At, §, a set of interpolation criterion tolerances 1;, 1,
and ny are needed. In particular, we require that [zj41 — Z| < By |Fje — 1l < 7y,
[¥j41— ¥5| < ny for every pair of neighbouring points (z;, r;, ¥7) and (2541, a1, ¥jg1)
at each time step. The typical values for (75, #,,ny) are (0.1,0.0375,0.1). I two
points (z;,7;, ¥;) and (Zj41, rjar, Yyq) fail the requirement, we insert a point in the
middle by placing it on a cubic polynomial which is fit to the neighbouring four points
{@or Yedle =7 =1, j, j+1,j+2}L

4. Computation of a single cylindrical swirling vortex sheet

The first computations using the method of the previous section were performed on the
linearly stable problem of a single cylindrical, swirling vortex sheet. The unperturbed vortex
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sheet has radius Rp = 1 and circulation I' = —2%. An initial perturbation is added which
is an exact eigenfunction corresponding to a standing wave. The evolution is governed by
equations (1.1)-(1.3).

From (2.30) with '} = 0 and I’; = —2x the linearized mode for a standing wave with
E=11s (z,r',¥') given by

(', r', ¥") = (a; sina cos wt, apcosacoswt, ascosa sinwt) 4.1)
in which
ay = —0.770355 a; =10 as = 1.714549 o = 0.583 244, {4.2)
Thus the initial data for this computatidn are

z=w+eaqsing r = Ry+ea;cose =0 (4.3)

in which the amplitude £ is chosen to be & = 107%, small enough that linear theory is valid.
The resuoiting solution serves as a check on the analytical and numerical formulation and

implementation.
The computation is performed in double precision using Krasny filtering at a level
g = 107", with no desingularization (6" = 0) since no singularities formed. The

computation used N = 512 points, M = 4 (9 periods) and the time step At = 0.010773.
For this small amplitude, the computation works equally well without Krasny filtering.

For z and r respectively, figures 4.1(a) and (6) show that the initial data (full curve)
and the solution after one period T = 10.772 828 are indistinguishable. The agreement of
zand r at ¢t =0 and ¢ = T shows that the solution is correctly simulated.

x10+ x10?

@] (]

7 "o 1 2 3 4 5 6 [

Figure 4.1. Comparison of initial data and solution after one period, which are indistinguishable,
for a single cylindrical vortex sheet with small initial perturbation, with § = 0,0. The perturbation
in height z — o against the Lagrangian parameter « is plotted in (a), and the perturbation in
radius r — 1 is plotted in (&).

The computational result for a perturbation of larger amplitude & = 0.6 is shown in
figure 4.2. In this solution the outward jet has begun to significantly distort due to Kelvin—
Helmholtz instability, destroying the periodicity of the solution. This phenomenon is also
observed in the computations of the next section, where it will be discussed in detail.
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Figure 4.2. Development of rolled-up jets for a single cylindrical vortex sheet with perturbation
of large amplitude. This profile is irreversible, so that the motion is not periodic.

5. Computation of an axi-symmetric swirling vortex sheet with a line vortex on
symmetry axis

5.1. Evolution of a linearly unstable vortex sheet

In this section, we will consider an axi-symmetric vortex sheet with a line vortex along the
symmetry axis. Denote the circulation inside the sheet and outside the sheet by I', and I,
respectively. Because of its symmefry the line vortex does not move.

Since the circulation of the sheet is Ty = 'y — I't, the Lagrangian equations of motion
for the sheet are (with T" replaced by T’y in the r, z equations, and by I'y + Tz in the
equation)

-T
= I ‘IPVfII(r,r',z — 7' "y de
—T
r = Fzzxz Lpv f L,z — 29 -

¥y = (T + ) dnr) ™

For this problem, the sheet is linearly unstable if and only if 'Y > I'y according to
Rayleigh’s criterion. We choose a linear unstable Lagrangian mode as initial data, derived
in section 2.5.2. In particular, let Rp = 1, [y = 6, I’ = 6 —2m, k = 1 in (2.27) and (2.30},
and choose initial amplitude ¢ = 0.1:

2 =0)=wu+ec;sing
r=1+4+¢ecose 5.2)
Y = eczcose

in which ¢; = —0.77, e = —1.6.

The equations (5.1) are solved by the methods described in section 3 with N = 312,
M =4, and time step Az = 0.005.

The plots in figures 5.1-5.6 are vertical cross sections of two periods in z for the cylinder
at successive times. As discussed in section 2.6, the unstable Lagrangian mode produces
axial flows which send fluid into the regions where the cylinder bulges and out of those where
it pinches (figures 5.1-5.3). This motion forms an incoming jet towards the symmetry axis
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Figure 51. Profile z (height) against » (radius) at Fignre 5.2. Same as figure 5.1 butat ¢ = 1.26. § = 0.0.
t = 0.0 for a perturbed cylindrical vortex sheet with  Note the formation of inward and outward jets.

a vorteX line on the axis of symmetry (r = 0). The

perturbation of the initial data shown here is chosen to

be a linearly unstable mode, The horizontal scale is

quite exaggerated in figures 5.1-5.6.
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Figure 5.3. Same as figure 5.1 but at r = 2.7, showing  Figure 5.4. Same as figure 5.1 but at ¢ = 4.05, showing
broadening of the inward jet. § = 0.0. splitting of the inward jet and the beginning of roll-up
on the outward jet. § =0.1.

and an outgoing jet away from the axis in each axial period. Simultaneously, this collapse
causes the vortex lines to be pulled around the axis more rapidly where the cylinder is
narrower (i.e. z = ), and there is substantial stretching and realignment of vorticity into
the azimuthal direction. This is vorticity for which the Kelvin—Helmholtz instability is
operative, and at t 7~ 2.7 {figure 5.3), we observe a curvature singularity presumably related
to that seen in 2D vortex sheet motion [14, 15,17, 18,25]. This curvature singularity for
an axi-syminetric vortex sheet has been studied in detail by Pugh and Cowley [21]. As
described in section 3, for ¢ > 2.7, the d-regularization is introduced together with the usual
trapezoidal quadrature.

Proceeding on, figure 5.4 shows splitting of the tip of the incoming jet and roll-up on
the neck of the outgoing jet for § = 0.1. The roll-up is a result of the Kelvin—Helmhoitz
instability in the z—r plane induced by angular vorticity on the sheet. In figure 5.5,
the stem of the outgoing jet sheet pinches further together, the tips of the incoming jet
continue to move towards the axis, and the roll-up proceeds smoothly. Figure 5.6 shows
the configuration of the vortex sheet at the end of the computation. The sheet is further
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ed T4

=1 &5

Figure 5.5. Same as figure 5.1 but at + = 4.65, Note  Figure 5.6. Same as figure 5.1 but att = 4,74, § = 0.1,

the narrowing of the stem to the cutward jet and the The inward jet has split a second time and nearly hit

further roll-up. § =0.1. the vortex line on r = (. The stem of the outward jet
has nearly collapsed.

pinched together at the stem of the outgoing jet, the tips of the incoming jet are yet closer
to the axis, and each tip has split a second time.

The computation stops at this time because the sheet configuration has become
complicated and difficult to accurately represent. Since the minimum radius of the sheet is
nearly zero, the angular velocity v is very large, and the vortex lines on the sheet are tightly
wound up. Moreover, since the vorticity density is r='(r2 + zﬁ)‘% (Ts/27)(2e, ra. r¥e) in
cylindrical coordinate (z, r, 8), the vorticity density blows up when the radius goes to zero.
This collapse and 'singularity formation is caused by vortex stretching that produces angular
vorticity and radial jets. ‘

The collapse of the vortex sheet onto r = 0 could also be interpreted as (partial)
vortex cancellation between vortex lines on the sheet and the central vortex line. Since the
computations stop slightly before this collapse occurs, further details of the cancellation are
not discernible.

A. second cancellation occurs as the vortex sheet hits itself along the stem of the outward
jet. Note that the vortex sheet stays symmetric with respect to planes z = 2w (or.-any
pericdic image of 2m) where this collision occurs. At points (z;, 11, ¥1) and (22, ra, )
that are symmetric about the plane z = 2w, iie. 2o = 27w — 2y, ra = 1, ¥y = ¥, the
derivatives are (Z1q, Mo, Yia) = — (224, M. ¥2o). Thus the vorticity vectors are equal and
opposite at these points; so that during this event the vorticity cancels along the pinching
stem of the outgoing jet. Therefore the outgoing jet forms a vortex ring that is detached
from the rest of the sheet. '

Note that the vortex blob method could be interpreted as a vortex sheet with ‘thickness’
8. Therefore, it desingularizes the collision of the sheet with itself and the collision does
not actually appear in the computation. Finally, figure 5.7 shows that the arclength of the
vortex line goes to co as the sheet evolves in time. This requires addition of new points on
a vortex line after a certain time using the tolerances 7, as described in section 3.

5.2. Sensitivity to numerical parameters

For fixed § = 0.1, the graphs presented in section 5.1 are not significantly altered if Az
is decreased or M is increased. Variation in the number of points N is slightly more
subtle since points will be automatically inserted, as described in section 3. Consider two
computations with inttial values of N = 512 and N = 1024, and with values of the insertion
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Figure 5.7. Inverse of the arclength for a vortex line  Figure 5.8. Comparison of the computation of
against time in the computation of figures 5.1-5.6.  figures 5.1-5.6 (full curve), in which the initial number
Rapid growth of the arclength requires addition of new  of points is ¥ = 512, with a refined computation
computational points. (broken curve) for which NV = 1024. § =0.1.

parameters n for the 1024 computation equal to half their values for the 512 computation.
The sheet positions are detectably different only for ¢ = 4.5, Figure 5.8 at t = 4.71 shows
slight differences in the region where many points have been inserted.

Figures 5.9(a) shows that the minitum radius r;, of the sheet goes to zero at a rate that
is similar for different § values. Figure 5.9(b) shows the minimumn distance d, between
the two sides of the stem of the outer jet, which also goes to zero at a rate that is similar
for different § values. Since the speed of vortex sheet motion increases as the blob size §
is decreased, the collapse of ruy, and dyn occurs earlier for smaller 5. We also found that
the horizontal velocities inside the stem became very large as it pinched. It was, however,
difficult to quantify whether these velocities or their associated mass fluxes were actually,
diverging as the blob size was decreased.
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Figure 5.9. Dependence or the value of the desingnlarization parameter & for (a) the minimum
radins rpn of the sheet, and (b) the minimum distance dm;, between the sides of the stem for
the outgoing jet. The values of & are 0. (Q), 0.075 (+), and 0.05 (). Note that the collapse
of both 7y and dmie occurs earlier for smaller 5.

Finally, the vortex sheet profiles are compared for two different values of §. Since the
velocity is large for r near 0, which is the most interesting region in this comparison, small
differences between the solutions can easily be amplified. In order to show a meaningful
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Figure 5.10. Dependence of the vortex sheet profile on & at (g) an early time and (b) a later
time. The values of 3 are 0.1 (full corve) and 0.05 (broken curve). The times for the two
computations are chosen so that ryi is the same: ¢ = 4.35 for § = 0.1 and ¢ = 4.26 [or
5=0.051n (a); t =4.71 for § = 0.1 and ¢ =4.52 for & = 0.05 in (b).

agreement between the two computations for 8 = 0.1 and § = 0.05, we compare the two
solutions at times for which the values of ruy, are the same. Figures 5.10(a) and (&) show
this comparison at two values of 7mi,. The shape of the vortex sheet is seen to be roughly
independent of 8.

Together with the comparison of rm, and diy, at different values of § in figures 5.9(a)
and (b), this shows that the qualitative features of the flow, including collapse and pinchoff,
are independent of 3.

6. Computation of two axi-symmetric swirling vortex sheets

If the vortex line in the computations of section 5 is replaced by an axi-symmetric vortex
sheet of small radius and with the same circulation, then the initial motion of the outer
vortex sheet will be nearly unchanged. As the radius outer vortex sheet collapses, however,
the two sheets will start to interact in a non-trivial way.

In these computations the background steady flow is that due to an inner cylindrical
vortex sheet of radius 0.1 with circulation I'y = —27 and an outer cylindrical vortex sheet
of radius 1.0 with circulation I' = I'y — I'y = 27. The circulation outside the outer sheet
is thus 'z = 0, so that the configuration is unstable according to Rayleigh’s criterion.
Following the linear stability analysis of section 2, an unstable mode of amplitude 0.1 on
the outer sheet is added to this steady state. The initial data are thus

z; = - 0.090868 sinw r; =0.14+0.000061 cose ¥ =0.104298 cosex  (6.1)

zo = o — 0.077 83 sine " rp =1.040.1cosex Yo =0.171917 cos e (6.2)

The evolution equations for these two sheets are generalized from (1.1)-(1.3) as
G —-—P—!PV hirs. v zr — 2 1}r’)do¢’+L Ly, — Zf, Wy do! (6.3)
L] = 52 WinrpZr—Zn ¥, ) W T, Zr — 2o Yo ) A6 .

r r
B:r: = gEPVfI:(r;,r},z; —Z;, 'l/f;)daf-l-m Iz(r;,ré,z; —Zb,‘l,{fé))dct’ (64)
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By =T/ (dmr?) (6.5)

r r
920 = EPVfII(rC)!r[’?:ZO _Z:Dv 'ﬁ’o)dw,'*"z_n%fll(rOur;azO_z;, ‘p;)da; (6.6) B

I-‘ I i g 1-11 '3

dro = —i;r-zPVfIz(ro,-”'@, Zm _Z’cy 111'0)(105 +:,2'7—r'§‘/‘fz(ro,?‘1,zo "'Z;', W’;)da, (6.7)
Yo = (T + T2}/ (@nrd) 6.8)
in which I; and I, are defined in (1.4).
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Figure 6.1. Profile z (height) against » (radius) at  Figure 6.2. Same as figure 6.1 butatr = 4.0. § = 0.05.
t = 0.0 for a configuration of two co-axial, perturbed  The outer sheet has formed jets and roli-up as in the
cylindrical vortex sheets. In this computation the initial  computation of section 5.

radii of the two sheets are very different.

Equations (6.3)-(6.8) with initial data (6.1)=(6.2) were numerically solved using the
method described in section 3 with N = 512 numerical points, M = 3, desingularization
parameter § = 0.05, time step At = 0.01, and point insertion parameters (i7;;, 7r7) =
(0.03, 0.001) for the inner sheet and (1,0, 5r0) = (0.06, 0.038) for the inner sheet. No
point insertion parameter ng was needed. Desingularization was used throughout the
computation. For consistency and simplicity, all of the integrals in equations (6.3}~(6.7)
were desingularized throughout the computation.

The numerical results of this computation are displayed in figures 6.1-6.6. In the
ficst two figures 6.1 and 6.2, the initial unstable amplification and the formation of an
outward jet with Kelvin-Helmholtz rolls are displayed and are almost exactly the same as
the corresponding results for a vortex sheet and a line vortex in figures 5.1 and 5.2. Note
that since the external flow fields for a line vortex and an unperturbed cylindrical sheet
are identical, the difference in the behaviour of the outer sheet in the two cases is initially
proportional to the deformation of the inner sheet.

When the outer sheet approaches the inner sheet, as portrayed in figure 6.3 and continued
in figures 6.4 and 6.5, a strong interaction develops between them. In figures 6.3-6.5, the
first figure (a) shows the overall shape of the two. sheets and the second figure (b) is a
magnification of the interaction region. At first, the inner sheet is pushed inward by the
inward radial jet of the outer sheet, as in figure 6.3 at £ = 4.5. Then rolls in the outer sheet
begin to form on the sides of the inward jet and the inner sheet gets entrained into these
rolls, as in figure 6.4 at £ = 4.55. The last figure 6.5 at ¢ = 4.6, shows the two vortex sheets
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Figure 6.3. Same as figure 6.1 but at r = 4.5, § = 0.05 The inner sheet has begun to deform as
it is hit by the inner jets of the outer sheet, A detailed view of the region of interaction between
the sheets is provided in (#).
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Figure 6.5. Same as figure 6.4 but at t = 4.6. § =0.05.

-to be almost exactly aligned (i.e. ro = ry, 2o = z7) in their interaction region. Unlike the
previous case of a single sheet interacting with the line vortex, no collapse onto the axis is
observed. Although the computation presented here is for equal and opposite values of the
circulation on the two sheets, this alignment of the sheets (but nct of the vorticity vectors)
still occurs if the circulation values are not equal.
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Figure 6.6. Same as figure 6.4 but with § = 0.1 and at ¥ = 4.8.

Although the configuration at these late times is quite complicated, the vortex sheet
curves are well resolved, as seen in figures 6.3(b), 0.4(b) and 6.5(k). Moreover the results
for 5 = 0.1 presented in figure 6.6 are very close qualitatively to the results for § = 0.05.
The main difference for two different values of & is a time delay for larger 4, as discussed
in detail in section 5.

As the two sheets align there is cancellation of their » and z vorticity, but not their 8
vorticity, as shown in figure 6.7. The values of the z-component o for the inner sheet and
the negative of the z-component for the outer sheet are plotted against z in figure 6.7().
The analogous plot for the r-components 0' I'and o€ is in figure 6.7(b). Figure 6.7(c) shows
that there is no relation between o] and o

This cancellation is expected according to the following argument: For the z-component,
consider the circulation I'; around a circular loop outside the two sheets. Since the net
circulation vanishes, I'; = 0. On the other hand, Stokes theorem says that I'; is equal to
the integral of w, over the horizontal disc bound by their loop. Since the surface area of
the sheet per unit height in z is 27r./1 + r2/zZ, this integral is

Te=0l2mrf 141k /a0 + 022mron L+ rby/the (6.9)

When the two sheets are aligned then r; = ro and (F14/270)? = (Fou/Zox)* so that

ol = ~a0. ' (6.10)

F4

For the r-components suppose that the two sheets are nearly aligned and not vertical.
Consider two Joops of the same radius, one inside the inner sheet and the other cutside
the outer sheet, both of which have zero circulation so that the total circulation is I'y = 0.
Apply Stokes theorem using the cylindrical sectlon bound by these two Ioops As in (6.9)
the integral of @, over this section is

T = 021y L+ 23, /i, + 0P 2wroy/ 1 + 28/ rbe. (6.11)

As before this implies
ol =—c® (6.12)

if the two sheets are aligned. This anti-alignment of the vorticity vectors can only occur if
the circulation values of the two sheets are equal and opposite.
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Fipure 6.7. Comparison of {@) the z-components, {§) the r-components and {¢} the &-
components of the vorticity vector on the inner sheet () and the ounter sheet (full curve) at
t = 4.55 as a function of z. Note that in regions where the two sheets align, the z- and
r-CcOmpoRents are equal.

A very different evolution occurs if the radius of the inner sheet is not small. Consider
a steady configuration with inner radius 1 and outer radius 1.5 and perturb with the unstable
mode to get initial data

zy=oa—0.119007sin¢ rr=1.4+0.015975¢cosx Yy = 0.051 564 cosx
zo =a — 0.077275sin« ro=15+0.1cose Yo = 0.095 639 cos .

The solution of equations (6.3){(6.8) is presented in figures 6.8-6.10 for these initial data.

The first figure 6.8 shows the linear growth of inward and outward jets on the two
sheets, as expected. Because the radius of the inner sheet is relatively large compared to
that in the previous computation, the amplitude of the perturbation is also much larger. As
the outward jet on the outer sheet starts to pull away and roll-up, the inner sheet is entrained
into the stem of the outward jet on the outer sheet, as seen in figure 6.9. The inner sheet
then begins to roli-up inside of this stem and the main interaction of the two sheets occurs
along this stem, as seen in figure 6.10, in contrast to the earlier computation.

7. Conclusion

Axi-symmetric vortex sheets are a special class of solutions that may be studied to gain
ingight into three-dimensional fluid fiow. Qur investigation demonstrates that analysis and
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Figure 6.8. Profile z (height) against r (radius) at Figore 6.9. Same as in figure 6.8 but at # = 8.0. Note
t = 0.0 for a configuration of two co-axial, perturbed  that the inner sheet is entrained into the outgeing jet of
cylindrical vortex sheets. In this computation the initial  the outer jet, in contrast to the behaviour of the sheets

radii of the two sheets are not very different. in computation of figures 6.1-6.6.
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Figure 6.10. Same as in figure 6.8 but at ¢ = 8.25. A detailed view of the region of interaction
between the sheets is provided in ().

computation for such flows can be performed in a relatively straightforward manner. A
number of phenomena emerge from this study:

Instability occurs for a system of axi-symmetric vortex sheets if Rayleigh's criterion is
met. Due to the simplicity of these flows, explicit expressions are found for the unstable
growth rate {(or the frequency in the stable case) and for the linear modes.

Although there are singularities and numerical difficuities in the vortex sheet
formulation, an effective numerical method has been developed for this problem. The
method is stabilized through use of Krasny filtering before the first roll-up singularity and
§-desingularization afterwards. Although it is not possible to make § smaller than (.01, the
main features of the flow are seen to be independent of 4.

The numerical results show the formation of inward and outward jets, along with
winding up and stretching of the vortex lines, as predicted by linear theory. Further
computation shows a nomber of nonlinear effects in the unstable cases. The tip of the
inward jet splits into two. Furthermore, in the case of a vortex sheet and an axial vortex
line, the inward jet drives the vortex sheet to collapse onto the vortex line at some points;
while for two vortex sheets, the outer gheet is driven into the inner one. This process may
be interpreted as vortex cancellation, and in the case of the collapse onto. the axis it is
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accompanied by blow-up of the vorticity density.

A second collision take place between the vortex sheet and itself along the stem of the
outward jet. Due to the symmetry in these problems, the vorticity exactly cancels where it
hits. The result is detachment of an outer vortex ring.
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