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A LOCALIZED APPROXIMATION METHOD FOR VORTICAL FLOWS*

R. E. CAFLISCHt, O. F. ORELLANA%, AND M. SIEGELS$

Abstract. An approximation method of Moore for Kelvin-Helmholtz instability is formulated as a
general method for two-dimensional, incompressible, inviscid flows generated by a vortex sheet. In this
method the nonlocal equations describing evolution of the sheet are approximated by a system of (local)
differential equations. These equations are useful for predicting singularity formation on the sheet and for
analyzing the initial value problem before singularity formation. The general method is applied to a number
of problems: Kelvin-Helmholtz instability for periodic vortex sheets, motion of an interface in Hele-Shaw
flow, Rayleigh-Taylor instability for stratified flow, and Krasny’s desingularized vortex sheet equation. A
new physically desingularized vortex sheet equation is proposed, which agrees with the finite thickness
vortex layer equations in the localized approximation.

Key words. vortex dynamics, free boundaries, Kelvin-Helmholtz, Rayleigh-Taylor, Hele-Shaw
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1. Introduction. For many two-dimensional incompressible, inviscid flows, the
vorticity is confined to lie on a vortex sheet, which is a free surface in the flow. The
fluid velocity is then determined by the location and strength of the vortex sheet. Such
flows include the Kelvin-Helmholtz flow in which the vorticity is present initially,
Rayleigh-Taylor flow in which the vorticity is generated baroclinically along a curve
of density discontinuity, and motion of a fluid interface in a Hele-Shaw cell for which
vorticity is produced by a jump in viscosity across the interface. These problems are
described in detail in subsequent sections.

One of the most interesting phenomenon for such free surface flows is singularity
formation on the vortex sheet. The singularity may be of weak type, such as infinite
curvature of the sheet at a point. These singularities, if they occur, are clearly important
to mathematical theory and numerical computation, while their physical significance
varies from one problem to the next. For example, for the Kelvin-Helmholtz problem,
singularity formation immediately precedes roll-up of the sheet [8], [9]. This in turn
contributes to production of small-scale variation in the flow. Analysis of the solution
after singularity formation is a major open problem for these free surface flows.

Moore [11], [12] analyzed the formation of singularities for the Kelvin-Helmholtz
problem and derived a simple approximate description for the evolution of vortex
sheets as a system of differential equations in the circulation variable I' along the sheet.
A principal advantage of this approximate description is that it is local in I', in contrast
to the nonlocal exact description through the Birkhoff-Rott equation. A second feature
of this approximation is that it is hyperbolic in a complex I'-direction, so that singularity
formation on the sheet can be understood as motion of a singularity in the complex
I'-plane. The complex plane is purely a mathematical construction with no physical
meaning, but when the singularity reaches the real I'-line, it actually appears on the
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vortex sheet. Moore’s approximate equations were rederived and used by Caflisch and
Orellana [4] to prove long-time existence for a slightly perturbed vortex sheet.

Moore’s predictions for the singularity time and the type of singularity in the
Kelvin-Helmholtz problem have been verified numerically in [1], [8], and [17]. A
rigorous mathematical analysis of singularity formation in the Kelvin-Helmholtz
problem [5], [6] shows that Moore’s approximation (with some modifications) gives
a correct description for a large set of singular solutions of weak amplitude. Possible
limitations of Moore’s approximation and some disagreements between Shelley’s
numerical results [17] and Moore’s analysis are discussed at the ends of §§ 2 and 3.

The purpose of this paper is to present a general formulation of Moore’s approxi-
mation method (§ 2), which we call the “localized approximation.” In this form it can
be applied to a variety of flows involving vortex sheets: the periodic Kelvin-Helmholtz
problem (§3), an interface in Hele-Shaw flow (§ 4), the Rayleigh-Taylor problem
(8 5), and desingularized vortex sheet equations (§ 6) such as that of Krasny [9]. A
summary of these results and a discussion of additional applications is presented in
the final section, § 7.

2. The localized approximation method. Consider an integral operator M for which
the integrand k depends on the independent variable I', as well as on a function s(T),
ie.,

M = M[s](T)
2.1) _py J K(T, T, s(T), s(I")) dI".

The domain of integration will vary with the application. The integral is taken in the
Cauchy principal value sense, because of possible singularities at I''=T and || = cc.

We shall assume that s is analytic in [Im I'| < p and that s and M are 27-periodic
in I'. In addition, we assume that

(2.2) M[s,]=0

for any constant s,, and as a result that constant terms in s can be ignored. Then if s
is regular it can be decomposed as

(2.3) s=5.+s_

in which s, =¥7 §(k) e™" is analytic in the upper half plane {InT'>—p} and s_=
Y7 8(k) e™*" is analytic in the lower half plane {Im I'< p}. The integral operator M
can be written as

(2.4) M =M[s, J(I')+M[s_](T)+ E[s](T).

Although (2.4) is just a definition of E, we claim that E is negligible compared to the
other terms in (2.4). The reason for this can be understood in two equivalent ways.

The first justification for neglecting E uses properties of upper and lower analytic
functions. The difference

(2.5) E[s]=M[s +s_]-M[s,]—-M[s_]

depends only on cross multiplication terms such as s, s_, and not on pure s, or pure
s_ terms such as s3 or s>. The upper analytic function s, is exponentially decaying
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in the Im (I") direction, while s_ is exponentially decaying in the —Im (I") direction,
ie., forImI'>—p
(2.6a) s (D)= e ™M) sup s (1)
ImI'=—p
and for ImI'<p

(2.6b) |s_(T)|= e P ™) sup [s_(I)|.

ImI"=p
A detailed proof of (2.6a) and (2.6b) is provided in Appendix A of [4]. As a consequence,
for ImT|=p

@) sz sup 1s.)( sup 1s-r0)

ImI"=~p ImIM=p
Define ||s|| =supjmri=, |s(I)|- Then (2.7) says that ||s,s_|| < e *||s.|||s_||. If M is a
good operator, it follows that

(2.8) IECsl = e sl s,

whereas M[s.]= O(||s.|). Therefore if p > 1, E[s] is negligible.

A second explanation for the smallness of E comes from looking at the Fourier
series for s. This is the original explanation of Moore [11] and is actually equivalent
to the first explanation. Assume that s has the form

o]

(2.9) sM= Y &¥ae™.

k=—c0

k#0
This is equivalent to the assumption that s is analytic in {{Im I'| < p} with p =|log ¢|.
Such an expansion is natural if s is originally of the form s =¢a, e +ea_, e" (or
any finite number of wavenumbers) and s evolves in time due to a nonlinear process.
Then higher wavenumbers are generated by wavenumber doubling through multiplica-
tion of s with itself, so that the higher wavenumbers come with geometrically decreasing
amplitudes. Now consider the product s* which is expanded as

fe ] 0
M= Y 3 "sgk,|+|k2|aklak2 PRSI

ky=—00 ky=—00
ki %0 k=0

— Z (8|k1+k2|aklak2+ 0(8|k1+k2|+1)) ei(kl+k2)l“'
sgn (ky)=sgn (k;)

(2.10)

Since |k,|+]k,| =|k,+ k,| only if sgn (k;) =sgn (k,), only products of two positive k
terms or two negative k terms are significant, i.e., only s3 and s terms. For all cross
multiplications of negative k and positive k terms, the wavenumber sum k, + k, involves
cancellation while the amplitude exponent |k,|+|k,| add. Since E[s] involves only
products of + and — terms, it is negligible.

Return now to equation (2.4). Since E[s] is negligible, M can be approximated by

(2.11) M[s]=M][s, ]+ M[s_].

The advantage of the approximation (2.11) over the original operator (2.1) is that the
two integral operators on the right of (2.11) involve an integrand that is analytic in
the upper or lower half planes. Thus we can hope to directly evaluate them by

appropriate contour deformation.
Now suppose that s evolves in time according to the integrodifferential equation

(2.12) 3,s*(T, t)=M[s](T, t)
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in which s*(I')=s(T") and the overbar indicates the usual complex conjugate. The
function s* is the analytic extension of the conjugate function § from the real I’ line.
Define the projection H, onto the space of upper analytic functions and the projection
H_ onto that of lower analytic functions. Since the operator * switches upper and
lower half planes,

(2.13a) H.(s%)=(H_s)*=(s_)%,
(2.13b) H_(s*)=(H,s)*=(s.)*
We also assume that M[s,] is upper analytic and M[s_] is lower analytic, i.e., that
(2.14a) H M[s,]=M[s,],
(2.14b) H_M[s_]=M][s_].

Now use the localized approximation (2.11) in (2.12), with s =s, +s_, to obtain
(2.15) 9,(s )% +0,(s_)*=M[s, ]+ M[s_].
Apply the operators H, and H_ to (2.15) using the relations (2.13) and (2.14) to obtain
(2.16a) 3,(s)*=M[s_],
(2.16b) 9,(s_)*=M][s,].

It will be more convenient to have equations for s, and (s_)*, both of which are
analytic in the upper half plane. These are obtained by applying * to (2.16) to get the
equations

(2.17a) 9,5, = M[s_T%,
(2.17b) 9% =Mls,]

in which s* = (s_)*. The system (2.17) is the localized approximation for the evolution
equation (2.12).

A similar localized approximation can be made if M[s]is replaced by the somewhat
more complicated operator M[s, s*](T, t). Since M depends on both s and s*, the
localized approximation (2.11) for M must be modified. The functions s, and s* = (s_)*
are upper analytic, while s_ and s* = (s,)* are lower analytic. As before, product terms
sis_, s_s¥, s_s*, and s*s* are negligible compared to the purely upper analytic or
purely lower analytic terms s%, s>, s%?, s, s*, s_s*, and s*. This leads to the localized
approximation

(2.18) M[s, s*]1=M[s,, s*¥]+ M[s_, s¥]
for M.

Now consider an evolution equation of the form
(2.19) 9,8% = M[s, s*].

Use of the approximation (2.18), projection by H, and H_, and application of * to
the H_ equation results in the localized approximation

(2.20a) 8,5, = M[s_, s¥1*,
(2.20b) 9% =M[s,, s*]

in which s*=(s_)* and s* = (s,)*.
The localized approximations (2.17) or (2.20) for the evolution equations (2.12)
or (2.19), respectively, are the main results of this section. We shall employ this
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approximation and examine its consequences for a variety of problems below. For
these applications we shall find that M[s,]and M[s_]* (or M[s,, s*]and M[s_, s¥1*)
can be explicitly evaluated as differential operators.

Note that the localized approximation contains all of the linear terms and thus
has the same linearization as the original problem. For singularities far from the real
axis, it also contains the most important nonlinear terms. Thus the approximation
should correctly describe both the nonlinear production of singularities far from the
real axis and the propagation of singularities toward the real axis. If the initial
perturbation s is of size &, then it is expected to take time log (¢ ') for the singularities
to reach the real axis [11], [12]. The bound (2.8) suffices to make E[s] negligible even
over this long time period [4].

Once the singularities are near the real axis, then p (the width of the strip of
analyticity) is not large, and the factor e > in the bound (2.8) is not small. However
if the perturbation s in the vortex sheet position is small at the singularity time (as in
the Kelvin-Helmholtz problem), then the nonlinear term E[s] will still be negligible.
In this case the localized approximation should correctly describe the singularity
formation. Even if the vortex sheet perturbations are large at the singularity time, so
that the localized approximation is not quantitatively accurate, we still expect that it
will give a reasonable estimate of both the singularity time and the type of singularity.
As described at the end of §5, this is the case for the Boussinesq limit of the
Rayleigh-Taylor problem. Thus we expect the localized approximation to give a valid
description of singularity formation in free surface flows.

3. The Kelvin—-Helmholtz problem. The Kelvin-Helmholtz problem is to describe
the evolution of a small periodic perturbation of a flat vortex sheet of uniform strength.
The location of the sheet is described by a complex function z(I', t) = x + iy, in which
the real variable I' parameterizes the sheet. Choose the parameterization I', so that
al'/as = vorticity density along the sheet. The evolution of the sheet is governed by the
Birkhoff-Rott equation [3]

(3.1) f—:=(2wi)"'PV J“’O (z(T)—z(["))~ " dT”

—00

for I' real. A special equilibrium solution of (3.1) is z=T, corresponding to a flat
vortex sheet of uniform strength.
Write z as a perturbation of this exact solution, i.e.,

(3.2) 2(T, 1) =T+s(T, 1)

and define the integral operator

(3.3) B[s)(T) = (2mi)~' PV Jw (T-T'+s()—s(T)) " ar.

In (3.3) constants in s do not matter, so that we may assume that s,=0. The operator
B[ s] is of the form considered in § 2. Then Moore’s approximation (i.e., the localized
approximation) for B is

B[s]=B[s,]+ B[s_]
3.4) 1 9psi 1 drs.

T2 1+40ps, 21+dps.

The second line of (3.4) comes from the exact evaluations B[s.]=%(3y5.)(1 +dps.)”"
and B[s_]=—3(rs_)(1+3dps_) ", details of which are in [4]. If we assume that |3;-s.| <1,
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then B[s.]=3%drs./(1+0rs,) and B[s_1*=—33rs*/(1+0ors*) are upper analytic, as
assumed in § 2. Then the localized approximation (2.17) for the Birkhoff-Rott equation
(3.1) is

1 ors+
5 AS8E=——,
(3.52) s 2 1+9rps,
1 arsﬁ
(3.50) 0uS = 75 Thaps®

in which s*=(s_)*.
The system (3.5) can be made quasi-linear by differentiation in I', with the definition
¢ =9rs,, ¥ =0ors*, to obtain

(3.6a) dp=—30r(1+¢)7",
(3.6b) 3p =33r(1+¢) 7"

Equations (3.6) are the localized approximation for the Kelvin-Helmholtz problem
and are the main goal of this section.

The system (3.6) is a nonlinear hyperbolic system in complex I' versus ¢ with
Riemann invariants

(3.7a) r=log (1+¢)+ilog (1+¢),
(3.7b) s=log(1+¢)—ilog(1+y),
and characteristic speeds

(3.8) ,\=—5'(1+¢)“(1+¢)—‘,
(3.8) p=3 1+ (14
satisfying

(3.93) r,+/\rp=0,

(3.9b) s+ usp=0.

Moore [9], [10] used the Riemann invariant form for this system (actually he used
an equivalent system (3.11) below) to describe singularity formation for the vortex
sheet. This application of nonlinear hyperbolic equations is unusual in that the physi-
cally correct singularity occurs as an envelope of the characteristics. The reason is that
the characteristics move approximately in the imaginary I' direction, whereas the
physical line is the real I" axis. As sketched in Fig. 1 an envelope for the characteristics
may form off in the complex plane and travel to the real line. Up until the time that
it hits the real axis, the solution on the real axis is smooth. At the envelope, the generic
behavior of ¢ and ¢ is (I'—T,)"?, so that the generic singularity for the vortex sheet
is z=(I'=T,)*? (since ¢ and ¢ are related to zr). At the time of physical appearance
of the singularity on the real I line, two such 3 singularities may collide.

Note that after the envelope forms (say on the imaginary axis), the solution cannot
be continued past the envelope. Actually, as shown in Fig. 2, there are two envelope
curves. Continuation of the solution from the real axis is stopped by the envelope
curve E;. A shock could be inserted into the solution to make a jump from the sheet
S, onto the sheet S, (cf. Fig. 3), if the solution needs to be continued to the entire
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E,

r;

T'g

FIG. 1. One family of characteristics and their envelope for the system (3.12). A smooth solution on the
physical line Tk (i.e., T real) exists until time T. The characteristics have been drawn as straight lines for simplicity.

E, |t

/

LY
F1G. 2. Continuation of Fig. 1 to all T';. At initial formation of the envelope it has two branches. Only the
upper one is needed here, as in Fig. 1. A shock(s) would be inserted for a gas dynamics problem.

5

r;

FIG. 3. The solution as a multivalued function. A smooth solution exists on the lower branch S, up to the
envelope E, .
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imaginary axis. However, since the real axis is the physical line, this is unnecessary
(in contrast to usual applications of hyperbolic equation), so that no shock is needed.
The system used by Moore in [11] and [12] is a transformation of (3.6). Set

(3.10) b =—1+(1/vV2)h"/? 782
and set y=il. Then g and h satisfy

(3.11a) ho=g,

(3.11b) g =h"h,,

which is the system obtained by Moore [12]. The localized approximation equations
(3.6) or (3.11) were also used by Caflisch and Orellana [4] to prove long-time existence
for s that is initially small and analytic in a wide strip {|{Im I'| <p}.

Recent computations by Shelley [17] confirm the 3 power singularity and Moore’s
expression for the singularity time. However for initial perturbations of moderate size,
they show some disagreement with Moore’s expression for the form of the singularity.
We believe that Moore’s approximate equations (3.11) would give the correct form
for the singularity, and that these discrepancies come from Moore’s asymptotic solution
of equations (3.11). This possibility is currently being tested.

4. Interfaces in Hele-Shaw flow. Flow in a narrow gap between two plates is
described by the Hele-Shaw equations. The interface between two fluids in a Hele-Shaw
cell is a vortex sheet, since the tangential velocity is discontinuous there. Trygvasson
and Aref [19] show how to describe the dynamics of such an interface by an integral-
differential equation on the interface. We first recall this integral-differential equation,
then rewrite it in the complex analytic notation of the previous section, so that the
localized approximation method of § 2 can be applied.

The Hele-Shaw equations are

(4.1a) Vp=—(m/k)u+pg,
(4.1b) V-u=0 in Q,,
(4.1¢) Vp=—(un2/ k)u+pog,
(4.1d) V-u=0 inQ,

for upper fluid 1 in Q, and lower fluid 2 in Q, with fluid interface S =9Q,MN6Q,. The
forcing has been assumed to be gravitational, but this is equivalent to a prescribed
pressure gradiant. The boundary conditions across S are

(4.2a) P1= P2,
(4.2b) n-u,=n-u,

since there is no surface tension. At infinity the velocities u, and u, are assumed to go

to zero. The vorticity density y on S is found to be
y=(u—w) 7
(4.3) v
=2aU, - 7-2bg- 7

in which U, = (u; +u,)/2 is the average velocity of the two fluids at the interface and
a=(p1/ ki = pa/ ko)) (pr/ ki + po/ ks),
b=(p1—p)lgl/(u1/ ki + w2/ k),
g=g/lgl=(0,-1).
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For the interface velocity U=9x/dt we will use a weighted average of the two
fluid velocities at the interface, i.e.,
1-B 1+8
4.4 U=—u,+——
(4.4) it
in which —1=B =1 will be chosen later. Note that this choice is permissible since it
has the correct normal componentn - U=n - u; =n - u,, while the tangential component
for the velocity of any interface is arbitrary. Such a weighted average seems desirable,
because for an interface between liquid and gas with p, = u, =0, the most reasonable
choice for U is U=u,. The equation for motion of the interface is then

uy,

(4.5) ax(I',1)=U, +§ V7.

Parameterize the interface as x(I'). The Biot-Savart law says that the average
velocity U, is

Ua — (277)—11_)‘/ J"O w ,y(l"l) dS (Iv)

e [X(T)—x(I'"))?
_ -1 ®Ix (X(F) _ X(F,)) ' —(93‘_ ’
~enry | B ERR o ar

Equations (4.3), (4.5), and (4.6) give a complete description of the interface motion.
They can be rewritten in complex variable notation by defining z(I') = x(I") + iy(I'),
v=y(r,+ir,), and w= U, +iV,. The vorticity density y(3s/dT') is then found to be

as s

M,.xaua—bw~(TMJ
=2(aU,, aV,+b) - (xr, yr)
=2a(U,xp+ V,yr)+2byr

= a(WZr"‘ WZ_F) - ib(Zr“Zr)

(4.6)

4.7)

=a(w*zr+wz¥) —ib(zr — z¥).

Equality (4.7) is for real T'. Replacement of Z by z* (the analytic extension of Z) is
valid for real I' and analytically extends the formula for o(ds/oI') to complex T.
Similarly,

v*=zr{a(w*zr+ wz¥) — ib(zr — z§)},

o0

w*=H[z, z*]=(2mi) PV J (z=z2)V Ya(w*z+w'z¥)—ib(z}—zF)} AT’

(o o)

(4.8)

with z=z(T"), z’'=z(I"), etc., on the right side. Finally, (4.5) for the motion of the
interface is equivalent to

(4.9) 8.z%(T, t)=w* +§ v*.

An obvious solution of (4.9) is z=T" with w=0.

The complex analytic equation (4.9) can now be analyzed using the localized
approximation method. Look for z to be a slight perturbation of the steady-state
solution z,=T, i.e.,

z=T+s(T, 1)

(4.10) =T+s.(T, t)+s_(T, 1)
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and denote
(4.11) M([s, s*1=H[z, z*].
The localized approximation for M, according to (2.18), is
(4.12) M[s, s*]1=M[s,, s*]+M[s_, s¥]
in which

M[s,, s* ()
(4.13) =(277i)_1PVJ’co (zp—zi)!

Aaw*' zl r+aw! ¥ —ib(z\.r— z¥})} AT,

where we denote z, =T'+s,, z_=I+s_, etc. A straightforward contour integration
shows that

(4.14a) Mls,, s*]=—3ziHaw*z r+aw, z* —ib(z.r — z¥1)},

M[s_, s¥1* =3z*Yaw, z*r+ aw*z, + ib(z¥ - — z,1)}
(4.14b) L
=—z¥ 1z, M[s,., s*].

The change in sign in (4.14b) comes because the integration contour is deformed
downwards, rather than upwards as in (4.14a). If |s.| <3, then M[s,,s*] and
M([s_, s*T* are upper analytic, as required.

The localized approximation for w is (after some cancellation)

ib s,p—s*

*= M ¥ = 240 °-T

(4.15a) w* [s4, s*] 2 14s.p”
(4.15b) we=M[s_, s*]* = ’bsi——ii.
1+ s*-

Similarly, the localized approximation for v is

(4.16a) vi=zia(w¥z r+w z¥*r) —ib(zr— 2¥0)}
.16a

=ib(s*r—s%p)/(1+s47),
(4.16) v, =z Ya(woz¥r+wkz )+ ib(z¥*r— z.0)}

= lb(Sir - Sfr)/(] + Sf[‘).
The localized approximation (2.20) for the Hele-Shaw equation (4.5) is then

(4.17a) 0,5+ = w++§ V4,
(4.17b) 9% = wf+§vf,
ie.,

—S+r
4.18 =—— 1+
(4.18a) ( )Lt 1+s_r’
(4.18b) =——(1—/3) Sz

1+ Sir
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Equations (4.18) can be cast into a very simple form by differentiating them in T’
and defining

1-8 1+
(4.19a) u= -—£+ 'fz ,
1+s. 1+s*
1+s,r
4, =
(4.195) YTt s*r
Then (4.18) is equivalent to
(4.20a) d,u=0,
ib
(4.20b) 8,v+-2— udrv =0,

which is a linearly degenerate hyperbolic system. The system (4.20) is the localized
approximation for an interface in a Hele-Shaw cell. Singularities occur in the solution
of this system only if they are present initially somewhere in the complex plane. They
propagate along the characteristics dz/dt =0 or dz/dt = u(z).

At equilibrium z =T, the quantities u and v are u =2 and v = 1. Thus the lineariz-
ation of (4.20) for u=2+4u', v=14+70'1is

(4.21a) u,=0,
(4.21b) vi+ibvr=0,

which has the solution v'=e™*"™*"  Since v is upper analytic, k>0. Thus there is
instability if b > 0 and stability if b <0, in agreement with the linear analysis of Saffman
and Taylor [16].

In the extreme case of an interface between a liquid and a gas, i.e., p,=u,=0, it
is natural to take the interface velocity to be the velocity of the liquid, which means
to set B =—1. For this special case, there is a simple exact set of equations, which
differ from the localized approximation equations (4.18). The simplified system is
obtained by parameterizing the interface as z(x, t) = k + h(k, t) in which h is upper
analytic in k. The k-parameterization, which is determined by the requirement of upper
analyticity, differs from the I'-parameterization above, which is determined by the
velocity definition (4.5).

Using this simplified system for the liquid-gas interface, exact singular solutions
have been derived by Howison, Ockendon, and Lacey [7] and exact smooth solutions
by Saffman [15]. For the singular solutions of Howison, Ockendon, and Lacey [7] the
singular point is k = ik, at which 9,z =0. This can be transformed to a point at which
97z =00, by the mapping I'=«x +a cos k at t=0 with proper choice of a so that
9,.I'(iko) =0. Moreover, if |ko| is large enough, I'(«) is one to one and onto on the
interval [0, 27]. This choice is more natural for the hyperbolic equation (4.17), since
the singular point 67z =00 will move along the characteristics until it reaches the
physical line I' real. This shows that the singular solutions of [7] correspond to singular
solutions of our localized approximation (4.20).

5. The Rayleigh-Taylor problem. The Rayleigh-Taylor problem describes motion
of an interface between incompressible, inviscid fluids with different densities. The
baroclinic generation of vorticity along this interface makes it into a vortex sheet,
which is then subject to instability, singularity formation, and roll-up. As shown in
[1], the interface position z(«, t) is governed by a system of integrodifferential equations
on the interface (for consistency with [18] the variable I' is replaced by «a in this
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section). Neglect surface tension, take the gravitational force to be (0, —g), and let
v(a, t) denote the vorticity density on the interface. As in the previous section, we
take the vortex sheet velocity U to be the combination of the upper and lower fluid
velocities given by (4.4). We also assume that the zeroth Fourier coefficient vy, in vy is
zero. The equations for the Rayleigh-Taylor problem are then

02*(a, 1) = Rilz, y]= g*+ L2,
(5.1a) 2z,
aty(a’ t) = RZ[Z’ Z*, 7]

2

1
EA[(qi“za+qIZi‘)+-8a ! *—ig(z,,-—z’,‘;)]
4 " z,z

a“ o

(5.1b) . .
B[ y (qa qa)]
+B —Ay(Zeyde
2 aD‘zo,zi‘ Y z, z¥
in which
Q0 ! t)
2 *=(2 ’“lPVJ' _ e
2 TRV an-zain®

and A=(p,—p_)/(p++p_) is the Atwood number.
As before, z=a and y(a)=0 is an equilibrium solution. Thus set

z=a+s=a+s.(a,t)+s_(a,t),

(5.3)

y=7via, )ty (a,1)
and define
(5.4a) Mi[s, y]=Ri[z, 7],
(5.4b) M,[s, s*, y]1=R,[z, z*, v].
Apply the localized approximation method of § 2 to obtain
(5.5a) 9,5, =M [s_, v_1*,
(5.5b) dsEt=M[s., v:],
(5.5¢) dcys=My[s., s*, v,],
(5.5d) 8,y = M,[s_, s¥, y_T*.

Using the localized approximation, the integral term g in M, is calculated from (5.2)
by contour deformation to be

(5.6a) g+ =2y*z%.,
(5.6b) qt= _%'Y+Z-T—}x

in which z, =a+s, and z_=a+s_. Then

+1
(5.72) Mils 3 =B 2y,
-1 ~
(5.7b) M[s,, v4] =L 'Y+Z+L

2
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and the localized approximation for the differential operator M, gives

1 2
M2[s+9 s>—k’ ’Y+] = A l:qﬁtz+a + q+tz>fa +_aa y+* - ig(z+a - Zﬁa)]

4 +a“—a
(5.8) ,
B[ Y+ (‘ha ‘I’Ea)]
+£ ~ Ay, (Lep )]
2 amzmz’fo‘ Y+ Zio 2Z¥,

Since the vortex strength v is real for a real, the y, = y*. Under this assumption
the localized approximation equations (5.5)-(5.8) can be combined and simplified to
obtain

+1
(5.92) 0,84 =ﬁT (A+s%) vy,
-1
(5.9b) (9;Sf=32 (1+s+)w1')’+,
+A
(5.9C) 8,‘}’+ =BT(:)Q[(1 + s+a)_—l(1 + Sfa)_lyi] - iAgaa(S+_ S’l_().

Differentiate these equations in @ and denote ¢ =9,5,, ¥ =9,5*, and w =1vy,. The
result is the quasi-linear system

B+1 w
5-10 t = Ct——_’
(5.10a) 0P =" %1y
-1 w
.10b =0,
(5 ) al(ll 2 aa1+ 9
_[3+A

w2
g 1+ o)1 +w>] Ag(d =y

The system (5.10) forms the localized approximation for the Rayleigh-Taylor
problem. An analysis of this system by Siegel [18] shows that singularities form as
expected, giving the first analytic prediction of singularities for the Rayleigh-Taylor
problem. In addition, at Atwood number A =1, corresponding to liquid falling into a
vacuum, two singularities of opposite sign coalesce and partially cancel. Such cancella-
tion was conjectured by Baker, Meiron, and Orszag [1]. For this problem it is natural
to take B =—1, so that the interface velocity is that of the liquid. Computation of
singularity formation for the Rayleigh-Taylor problem in the Boussineq limit (A -0,
Ag ~ 1) has been performed by Pugh [14], and the singularity time predicted by Siegel
(for B =0) agrees well with Pugh’s computations.

(5.10¢) 9,0

6. Desingularized vortex sheet equations. A desingularized approximation of the
vortex sheet equations (3.1) was formulated by Krasny [9] and used by him to compute
roll-up of a vortex sheet after singularity formation. Krasny’s desingularized equation
is

3.2(T) = K;[z, 2]1= 2mi) ™"

© z(M)—z(I) ,
Jloo |z([) — z(I") >+ &° ar
(6.1) - .
A\ —1 zZ -2z '
=(277'l) J_w(z—z')(z*—z*’)+82 ar’.
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As before set z=T+s and M;[s, s*]= K[z, z*¥]. The localized approximation
for (6.1) is

(6.2a) 3,5+ = M,[s_, s¥]%,
(6.2b) 3% = My[s,, s*].
Now calculate M;[s,, s*] and M;[s_, s*]* for small 8. The first of these is
© Z¥ —z*

(6.3) M;[s,, s*]=—Q2mi)™" J ar’

oo (2 =z )(2¥ — z¥) + 87
in which we denote z, =T+ 5. (I"), z*¥ =T+ s*(T), z/, ="+ 5. (I""), etc. The denominator
is approximately

(6.4) (1+s. )1+ s*) (" -T)*+ 8>

so that it has poles at

(6.5) I'=T.=T+is(1+s.p) 21 +s*) V2

In computing the integral (6.3), the contour is deformed upwards so that the
residue at I'’, is obtained and there is also a contribution of 3 from the integral at co.
Thus

*_ g% 1
M =— +=
s, s¥] == res. ((z+—Z+)<z’f'—z>f)+52) 2

z¥ — ¥ 1

+2.
2 (2¥ = 2¥)+ 2¥ (2 —z,) 2

(6.6)

Now expand this to get the leading order corrections in 8, using the notation ¢ =I'', —I' =
i8(1+ s,1) " V2(1+s*:) "2 The result is

1 1 *
My[s,, s*]=2— 41 ( = +3Z*2”)f
2 2Z+r 8 Z+I"Z?r Zir
(6.7)
_1_ s +16< s*rr 3S.rr )
2 1+s.r (1+s+1~)3/2(1+s F)”2 (1+s,.0)%2(1+s*)"2
Similarly,
* *
S-r i6 S+rr 3%
65 M st d S )
(6.8) ols-, 11" = 2 1+s*. 8 \(1+s*, )3’/2(1+s+r)3‘/2 (1+s*2)2(1 + 5,p) "2

These expressions may be substituted into (6.2) to obtain the localized approximation
for Krasny’s desingularized vortex sheet equation.

Krasny’s desingularized equation can be compared to the equation for motion of
vortex layer of small thickness derived by Moore [10] and studied by Baker and Shelley
[2]. Let e = H/p be the dimensionless measure of thickness for the layer, with H the
dimensional thickness and p the radius of curvature. Let @ be the (constant) vorticity
in the layer, so that w = ¢ is the corresponding vortex sheet strength and is assumed
to be O(1) in size. Then the equation of motion for the center line z(T', t) =T+ s, +s_
of the vortex layer is

(6.9) 9,z2=M,s, s*]=2mi)" j (z2(T)—z(I")) " AT’ + e (6wi) "o (|zr| *zr)
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in which terms of size O(&°) have been ignored. The localized approximation for (6.9) is
(6.10a) 8,5. =M, [s_, s¥1*=—3s*(1+5*) " — e(6wi) "9r((1+s*) 21+ 5,0)7Y),
(6.10b) 9,5*=M,[s, s*]=3s (1 +s.0) "+ e(6wi)'ap((1+ s,7) 2(1+ s*) 7).

Comparison of (6.8) and (6.10) shows them to be significantly different so that
the desingularization parameter 8 cannot be interpreted as vortex layer thickness. This
difference can be understood by noting that Moore’s expansion parameter is (¢/w)
which has units of (length/velocity). A more physically meaningful desingularization
is found by replacing 8> in (6.1) by (¢/ ). Then a factor with units of velocity must
be put into the first term of the denominator. A natural choice is |z|* or |z{* (note
that the circulation variable I' has units of velocity x length).

Consider the desingularized integral

o [T (z—2")(e|z|*+ Blzil?) :
Ne[S, S*] - (27”) J‘—oo IZ_Z/|2(alzr|2+ﬁ|ZH2)+(8/w)2

(6.11)

_ i r (z* = 2*)(azpzi + Bzpz}) ,
T G (T =2 (azzE 4 Bzt )+ (efw)

The localized approximation for N, is
(6.12) N.[s, s*]1= N.[s., s*]+ N.[s_, s¥].

The first of these is evaluated by the same procedure as for Krasny’s desingularized
integral to obtain

) .
N.[ss, s¥]== —L +§l(f)(a +B)7*?

21+s, ¢

(6.13)

-{(a+3[3) $rr +(Ba+58) taiv) }

(1+s0)*(1+5%) (1+s5:0)’ (A +s%0) )
This agrees with the vortex layer equations, i.e.,
2
(6.14) N.[s,, s¥]= M.[s,, sf]+0(£>
w

if @ =B =3%. Similarly, N,[s_, s*]= M,[s_, s¥]+ O(e/w)>. Therefore we propose the
following physically desingularized vortex sheet equation:

N (Z=2) |zl + ]zt ,
(6.15) 8,2 = (2mi) I_m|Z—Z'l2(|zr|2+|ZHZ)+§(5/O))2dr.

Numerical solutions of this equation are now being performed.

7. Conclusions. We have reformulated and generalized an approximation method
of Moore and applied it to a variety of fluid flow problems involving vortex sheets.
Other applications of the method to circular vortex sheets and ringwings have been
made by Orellana [13]. We have also applied this localized approximation method to
a slightly perturbed strip of constant vorticity but with a trivial result; the linearized
equations are all that results. In general this approximation method is applicable to
the motion of any front, if the motion of the front can be described by an integrodifferen-
tial equation along the front.
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An improved version of the localized approximation has been formulated by
Caflisch and Semmes [5]. As described in § 2, the present approximation method is
valid only for p » 1, i.e., for singularities far from the physically meaningful real line.
In [5] the approximation is altered to a more complicated form that is valid up to the
time that singularities hit the real axis and hence appear physically. However we believe
that this improved approximation does not give a qualitative change in the singularity
formation.
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