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The Boltzmann Equation with a Soft Potential
1. Linear, Spatially-Homogeneous

Russel E. Caflisch*
Department of Mathematics, Stanford University, Stanford, CA 94305, USA

Abstract. The initial value problem for the linearized spatially-homogeneous
a . . .
Boltzmann equation has the form -3% + Lf=0 with f(§,t=0) given. The linear

operator L operates only on the £ variable and is non-negative, but, for the soft
potentials considered here, its continuous spectrum extends to the origin. Thus
one cannot expect exponential decay for f, but in this paper it is shown that f
decays like e ** with § < 1. This result will be used in Part IT to show existence
of solutions of the initial value problem for the full nonlinear, spatially
dependent problem for initial data that is close to equilibrium.

1. Introduction

The initial value problem for the Boltzmann equation of kinetic theory is
OF oF

& &5 TAURF)=0, F(=0)=F, (.1
in which
F=F(E,t,x), (1.2)
telR*, EecR® xeR3. (1.3)

Throughout this paper a boldface letter will represent a vector in IR3, while the
non-boldface letter signifies its magnitude. The quadratically nonlinear operator
Q vanishes if F is a Maxwellian:
_ @ —l&—ul22T
Fy = We {E-ui2T (1.4)
where g,u, T can be any functions of x and ¢. If they are constants, F,, is an

equilibrium solution of (1.1). We will study solutions of (1.1) which are close to
such an equilibrium and which are independent of space.
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Write F in the form

FE =ald)+ [ w(l) fE1), (L5)
in which
w(é)=me“”2¢2. (1.6)

Note that we have removed the g,u, and T by scaling and translating. The
equation for f is

f

é

o TLH(£)=0, (1.7)
with

Lf=2w""?Qw,0'? f), (1.8)

I )= 20" fw'?f). (L9)
In this paper we consider only the linearized equation with given initial data, ie.

of

hell = 1.1

= TLf=0, (1.10)

f&.0)=f,(§e N(L)*, (1.11)

where N(L)* is the orthogonal complement of the null space of L. This last
condition (1.11) on f, means that we have chosen the right Maxwellian to perturb
around; i.e. all the mass, momentum and energy is in the Maxwellian distribution
w.

The linear operator L was analyzed extensively by Grad [5], and we take our
notation as well as the general outline of our procedure from there. Grad showed
that

(LN E) =) SE)+ (KN E), (1.12)

where K is a compact integral operator and (&} is a function which is essentially of
the form

W) =(1+¢). (1.13)
The operator L is self-adjoint and non-negative, ie.
LA )z0, (1.14)

and has 0 as an eigenvalue of multiplicity 5. Since a compact perturbation does not
disturb the continuous spectrum of a self-adjoint operator [12], the decom-
position (1.12) shows that

oot L)= {4 : A=(£) for some &} . (1.15)
If the force law between two particles is a power of their distance apart, ie.
Fr)=r"%, (1.16)
then the exponent y is found as
~5
y= : (1.17)

s—1"
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The mathematical theory is sensitive to the sign of y. A hard potential is a
collision law for which y=0 or s = 5. The values of v go from 1 to co and se 5, (L)
does likewise. All that is left in o(L) is discrete eigenvalues, and there is a lowest
non-zero eigenvalue A, which is positive. This shows that the part of f in the range
of L decays like e™*". Using this decay various authors [6, 11, 137 have shown
existence for all time for the linear and nonlinear problems with spatial homo-
geneity or inhomogeneity, if the initial data is close to Maxwellian, i.e. if f,(E, x) is
small. For the nonlinear spatially homogeneous problem, Arkeryd [1] has shown
the global existence for a broad class of initial data.

On the other hand for a soft potential, with 3 <s<5, the function v has the
expression

WO =(1+&77, (1.18)
with
s—5
T=TLTT >0. (1.19)

{We have switched the sign of y to emphasis the negativity of the exponent.) Now
the values of v range from 0 to {, and so the spectrum of L goes all the way down to
0. Thus we cannot expect exponential decay in (1.10), and none of the existence
results mentioned above are applicable. Nonetheless we show in this paper that

. . 2
the part of f in the range of L does decay at the rate e™*”, with f= Ty and A>0.

This i3 our main result and is stated precisely in Sect. 3. The reason for this decay is
that the small values of 4 in (L) correspond to small values of v(&) and to large
velocities & But we will assume that f;, looks approximately like e ~*<*, i.e. that it is
comparable to a Maxwellian, so that these large velocities are relatively
unimportant.

The exact form of L and a modification to remove its null space are presented
in Sect. 2. After the main result is stated in Sect. 3, an outline of the proof'is given in
Sect. 4. Sections 5 and 6 are devoted to estimates on the compact operator K. Then
the spectrum of L restricted to .Z2(§ : ¢ <w)is analyzed in Sect. 7. In Sect. 8 we pick
the constants 4,, B, w, u which appear in previous sections. Finally in Sect. 9 the
iteration equation is solved and in Sects. 10 and 11 it is shown that the iteration
procedure converges for all time and that the decay is maintained for the %2
norm. In Sect. 12 we find that the a-norm is preserved and the sup norm decays.

In Part II we will show the global existence of solutions of the spatially periodic
initial value problem for the linear spatially dependent equation and for the full
nonlinear Eq. (1.1) with small initial data.

Inverse power repulsive forces are often used as first approximations to more
realistic but complicated forces [7]. The power s is usually chosen to give
agreement with the coefficient of viscosity or heat flow or some other measurable
guantity of the gas. For most gases hard forces, with s between 9 and 15, are most
realistic while for a few gases soft forces, with s below but close to 5, are relevant
{2]. Many authors [10,2,4] have also used the Maxwellian force s=35 because of
its computational simplicity. Of course there is interest in the very soft Coulomb
force with s=2, which our treatment of 3 <s<35 does not include.
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Short-time existence theorems for the full nonlinear, spatially dependent
problem (1.1) were proved by Glikson [3], Kaniel and Shinbrot {8], and Lanford
[9]. Their work included hard as well as soft potentials. Glikson solved the
equation by direct iteration. Kaniel and Shinbrot used decreasing and increasing
sequences of functions which squeezed down on the solution. Both allow a very
general class of initial data. Our results are more restrictive since we consider only
small perturbations from equilibrium, but are stronger since we obtain existence
and decay for all time.

Throughout the paper there are estimates with constant coefficients. It is not
necessary to keep careful account of these constants, and so we will use ¢ as a
generic constant replacing any other constant (such as ¢?) by c.

I am very grateful to Harold Grad, who suggested this problem and found the
improved estimates for soft potentials which are basic to its solution. He also
pointed out the decay of the eigenfunctions which is crucial in the analysis of o(L)
in Sect. 7. In addition I had a number of helpful and stimulating discussions with
Percy Deift and George Papanicolaou. This work was performed at the Courant
Institute and at the Mathematics Research Center; I am happy to acknowledge
their support.

2. The Linearized Collision Operator

The Boltzmann collision operator has the form

Q(F,F)(&)= [(F'F,—FF,)B(0,V)dfdeds, (2.1)
where

V=¢,-¢, 22)

F'=FE) F,=FE) F;=FE,), (2.3)

§=E+a@ V), 24)

Ei=& —aleV),

and a is the unit vector in the direction of the apse line. The angle 8 range from 0 to
2 with 7 — 28 being the angle of deflection in center of mass coordinates, and ¢ is
the angular coordinate in the impact parameter plane.

Grad [5] has found exact and convenient forms for the function v and the
compact operator K in (1.12). These are

W& =2xn f B(0,v)oly)dbdy, 2.5)
Kf (&)= k& n fm)dn, (2.6)
k=—k, +k,, 2.7

ky (& m)=2nw'*(&)w'*(n) | B, v)d0, 238)

2 1
k(& n)= W v—zeXp[ —$0* =371

[ exp[— 31w +E,17 10, w)dw, (2.9)
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in which
v=q—-E&=a(o-V) wv=Vcosl, (2.10)
w=V —af{a-V) w=Vsind, (2.1
& +E,=C=3E+m), (2.12)

with {, parallel to v and {, perpendicular to v. Note that w is perpendicular to v
and the integral in (2.9) is over that 2-dimensional plane with v held constant. We
define

1
Ofv, W)= Jsind] [B(6,V)+B(5—0,V)] (2.13)

and w is defined in (1.6).
We modify L to eliminate its null space, which is spanned by the five functions
Yo Y1s --» P, defined by

Wo(&) =)
@) =Eo'(¢) =123 (2.14)
P (§)=Ea*(§).

Replace L by L with

Lf=Lf+ ¥ viys)). (2.15)

This amounts to replacing k, by k, where

ki=ki= 3 vi(©wpn). (2.16)

With this modification, L is positive, ie.

(Lf.f)>0. 2.17)
Furthermore the problem

of =,

o TH=0 (2.18)

fle=0)=f,eN(L)* (2.19)

is equivalent to the problem (1.10) and (1.11). From now on we will drop the bar
and L and k, will mean the modification in (2.15) and (2.16). The reason for the
modification is that, although it does not change the problem, it does affect the
proof. We will be performing a velocity cutoff, multiplying L by y,, defined in (4.8)
and applying x,L to functions x.f But N(L)* is not invariant under this
multiplication. To get rid of this nuisance we have removed the null space by
modifying L.
We study only soft potentials, i.e. v must satisfy

co1+8 7= =c,(1+8)77, (2.20)

where ¢, ¢, and 0 <y <1 are positive constants.
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In addition we assume an angular cutoff to the collision process, which means
that
BB, VY<cV ™ ?sinfcos8|. (2.21)

In other words B must approach zero linearly at §=0 and §=1%, and it, as well as
the total collisional cross section v, must decay algebraically for large 7 and have
restricted growth for small V. The angular cutoff assumption was first suggested by
Grad [5] and used in many subsequent works (e.g. [1,3, 6, §, 11, 137]).

The formulas above are more explicit if the intermolecular force is an inverse
power, & =X "/r', with 3<s< 5. Then

B(O,v)=V"7p(0), (2.22)

y= ::f : (2.23)
Furthermore

W& =P [ lIn—& 7 exp(—in*)dn, (2.24)

o= T poran, 2.29)

which satisfies (2.20). The angular cut-off assumption (2.21) is a restriction on f(8).

3. Main Result

Before stating the main theorem we first define a few useful norms. The notation is
not confusing, although it is not entirely consistent.

Definition.

1fll= HL fE&)?*de.
1Al = sup (1+&r e /@)l

Lfla= 1 N0
1/ lw=1510,0-

The subscript « will always signify exponential decay and r algebraic decay. If y
ever appears in a subscript it is in the algebraic part. The algebraic decay is used in
the proofs but not in the results.

The following theorem establishes existence, uniqueness, and decay for the
spatially-homogeneous linearized Boltzman equation with a soft cut-off potential.

Theorem 3.1. Let O<a<Zi. Let foe N(L)*: with ||f,]| <co. Then there is a unique
solution of (1.10) and (1.11). Its decay in time is given by

L Zclfolle™™, (3.1)
1f Ol Scll folle ™, (3.2)
Il =clifolly (3.3)
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in which
2
B
;b=(1-2s)a1-ﬂ<il;l> , (3.5)

for any ¢>0. The constants ¢ depend on ¢.

Remarks. 1) The constant p comes from the following simpler problem which can
be solved exactly. Let

%f(t,§)+é‘yf(t,£)=0, for ¢>1, (3.6)

10,8 =e". 3.7)
Then

flt,&)=e 707, (3.8)

LA, =ce™®*, (3.9)

in which f is given by (3.4).

2) Notice that in both (3.1) and (3.2), the norm on the right is different from
that on the left. This will cause complications later (in Part II) when we solve the
nonlinear problem for small initial data, but it seems to be necessary.

3) There is a simple existence and uniqueness theorem which does not
guarantee decay:

Theorem 3.2. The Egs. (1.10) and (1.11) with fye L&) has a unique solution f(t,5)
in L&), and it satisfies

1O =ell foll, (3.10)
where k is a bound on L, i.e.
[Ll=x. G.11)

This simple result proves the uniqueness and existence in Theorem 3.1. The
real problem is to obtain the decay, which will be needed for subsequent work on
the nonlinear problem.

4. QOutline of the Proof of Theorem 3.1

First we give a very rough indication of the proof. Split the velocity space into two
parts A and A with

A=1{E {<w}
A={gE>w}.

In A4 the solution f of the Boltzmann equation is of size e”**’, Choose w so that
2 __ 4P ;
aw*=At?, Le.

w= ]/-’} 12, 4.2)
[+4

@.1)
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In 4 we consider the operator L, =y, L=v+y,K defined on ¥£*(4), where y , is

the characteristic function of 4. Since Igllfl;k W& =viw)rc,w™?, the continuous
€

spectrum of L has the lower bound v(w). The crucial fact, stated in Theorem 7.1, is
that also there are no eigenvalues below puv(w) for any 1> p>0. Thus {we omit the
4 in this rough statement)

~¥2
B ée“cﬂ“’_yzexp{~co (ﬁ) r‘”’"z} (4.3)

and
t 2' ~yi2t
le“‘(s’ds <exp{—c¢, ~> [S-724s
- ®
A1 (44)
= — o . B2 S
e"p{ ‘o (oc) -7 }
Now to get decay like e™*” inside A4, we ask that
AR
th—= - 1—vp/2 .
A CO(&) 1—yﬁ/2t , 4.5)
and are led to
2
P=31s @6)
s-1{% g
A=a %) 4.7

which is approximately the choice of constants in Theorem 3.1.
The actual proof requires a little more care. We make the splitting velocity w
constant in the interval [T, T+ 1]. Define the characteristic functions

. |1 Eeda
w®={) oo
. 4.8
XW = 1 - XW -
The Boltzmann equation (1.10) can be rewritten as
)+ xLyf=—1Kxf, (4.9)
G, +vif=—1KGf +xf). (4.10)

Solve these equations in the time period [T, T+ 1] uvsing the following iterative
scheme

s Dt 1 Ltf s 1= — 2K, (4.11)
Gfus e H vl 1= — XK+ X1 - (4.12)

We show in Sect.9 that f,,, decays if f, is decaying, and in Sect. 10 that f,—f,
which solves (1.10) and (1.11) and has the same decay rate. But in each interval we
pick up a factor of (1+¢T~/3), This results in a small loss in the coefficient in the
exponential decay, as shown in Sect. 11.

The above argument provides the decay for || f{. We show the decay of || ]|,
and the preservation of | f, in Sect. 12.
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5. Estimates on the Integral Kernels

The integral operator K is better behaved for a soft potential than for a hard
potential. Grad [5] briefly pointed this out, by noting that his estimate (60) could
be improved if the potential was soft. The following estimates on the kernel k are
the main results of this section.

Proposition 5.1. For any 0<e<1, and any EecR> and nelR3,

eI Se (14 E-+1) 0 Dexp{ —1-0) o> + D), 65.1)
JkEWan=Zc(1 48702, (5.2)
§ kE WP dnSc(1+E~ @, (5.3)

For a soft potential the kernel k is Hilbert-Schmidt, since the right hand side of (5.3)
is integrable in &,

Note. In (5.1) the constant ¢ may depend on &. But this does not matter since we

only use several choices of &. The vectors v and { are defined by (2.10) and (2.12).

These estimates are valid for —1 <y <1, ie. for hard as well as soft potentials.
These estimates will be proved using the next two propositions.

Propositions 5.2. For any ve R?, {,eR® and weR?, we have

(v, w) < co(v® + wz)_%, (5.4)
% g exp{—3(W+5,)"} Qv wdwc(1+{,+0)" 7Y, (5.5)

in which Q={welR>:w.lv}.
The inequality (5.5) is an improved version of Grad’s estimate (60) in [5].

Proposition 5.3. For any ¢>—3 and any a>0, b>0, there is a constant ¢
(depending on @, a, b) so that

[veexp{—av’* b2 dnsc(1+&)~! (5.6)
IR3

Sor any &. The vectors §, and v are defined as in (2.10) and (2.12).
These propositions are proved in reverse order.

Proof of Proposition 5.3. Denote the integral by I and change its variable of
integration to v=n—_&. Write & -v=x¢v and change to polar coordinates around &,
so that dv=v?dvdxdp. We can rewrite {; as

 28-v+0%)?

{1 I E— =3(2x¢+v)*. (5.7

Since the integrand is independent of ¢, the integral in (5.6) is
1

Izznfvg”e_“"z f e PUAREEH O gy (5.8)
4] -1
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The inner integral is estimated by

1 1 2&+v

~bl/42xi o) gy T —b1/4y? gy, < MM_WCW__ .
e =2 1, TS 59
Therefore
° c
< e+2 —av? d
I<2n g vt e " v
é]ié' (5.10)

Proof of Proposition 5.2. a) According to the angular cutoff hypothesis (2.21) and
the definition (2.13), (2.10), and (2.11),

Olv,w)<clcosHl V™7
<l +1H) Y202 w2, (5.11)

where t=tanf=w/v. Therefore

1Qgc(vz—i—wz)‘(”l’/z. (5.12)
v
as in (5.4).
b) Using the bound (5.12), we estimate
1 _ptl
5 LD H0v HE 0 Wdw S [exp{—Hw+8% (02 4w 2 dw
A
< fe W24 (w—C,) 2 aw. (5.13)
Q

Denote this integral by I, and split it into two parts: I,, with w>3{,, and I,, with
w<3{,. Estimate these two separately. First

_rri
L= [ eY™yw—{,)") ? dw
w>1/203
Se(+(,)" 0D, (5.14)
In the domain {w<%{,} we have
P+ w—E,) >0+ 103, (5.15)
So the integral I, is bounded by
_rt1
I= | e Y2 +(w—(,)%) ? dw
w<1/2L
_rtt
S+l . (5.16)

Furthermore since y<1, the integrand in I is integrable even for v=_,=0.
Combining this with (5.14) and (5.16), it follows that

I<c(l+v4{)~ 0D, (5.17)
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Proof of Proposition 5.1. First we prove (5.1) for k, and k, separately {recall that
k, has been modified as in (2.16)].
a) According to (2.16), (2.8), and (2.21), we know that

k(& m)=e Y4 V4 (On [ B(A,v)d0+ 1 +&-m+ &7}, {5.18)
in which
B(6,v)£v ™ ¥|cosfsind|. (5.19)

Therefore (making very crude estimates)
k(& m)Scv™Tem Y- @t
S Y14 E4y) 0D~ A1 -9E )
Scv L+ &+ T Vexp{—(1—8) P + 3D}, (5.20)

since H(E2+n?)=Gv?+303).
b) According to (2.9), we know that

2 1
k(& m)= o0 v—zexp{—évz~%ﬁ}- fexp{—Lw+{, 2100, wdw.  (5.21)

Proposition 5.2 provides an estimate for the integral on the right, so that
1
k&= c_exp{—§v> — 5T (L +o+0,) 70D

=c

S|

(L+o+L,+0) " Vexp{ (1 —&) (Gv> — 3{D)}. (5.22)

Recall that v=n—&| and {=1|E +1], and thus

4o+, + 2zl +E+n). (5.23)
Finaily
& WS e (1+E+n) 0"V exp{—(1—8) (ko ~ 3D} (524

¢) Now that (5.1) has been established the remaining estimates are easy. We
will prove (5.2); the proof of (5.3) is similar. We set e =3 and integrate (5.1) with the
result that

§ KEWASC [ v 1+ E+n) 0" D exp{—fsv? — (3} dn
R3 R3

Sc(1+8)70"D [ v texp{ — g’ — {3} dn
]R3

S+, (5.25)

using Proposition 5.3.
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6. Estimates on K

In this section we present a number of estimates on the compact integral operator
K. These show that the application of K to f results in extra algebraic decay in £.
These estimates are valid for hard, as well as soft, potentials.

Proposition 6.1. For any 0Za <+ and r 20,

I1KfNo,y+32=chf1s (6.1)
IKfllyriys 2=l e (6.2)
IKf ISl flo- (6.3)

In the sequel we also need estimates on K with a cutoff. Define the
characteristic functions y,, and %, as in (4.8). The product ¥ K has a simple
estimate.

Proposition 6.2. For any 0<a<% and any w>0,

HZWKwa“a,y-f?’/Z §Ceawz||f|l . (64)

Before proving these we state an elementary lemma.

Lemma 6.3.

0¥ +402 2824+ 297 >0, (6.5)
Jor all & and W with v and ,, as in (2.10) and (2.12). For any w>0,

v2+40242w2 =212 >0 (6.6)
if E>w>y.

Proof of Proposition 6.1. a) First we prove (6.1). Using the Schwartz inequality
and (5.3), we find that

IKSEN=1 11 [ kE m)*dn'?
Sc|lfl A +&™ e, (6.7)
Then

IKf o,y 32=clf1- (6.8)
b) Next we prove (6.2). From the estimate (5.1), we get

1
Kf()l=c f3 ;(1 +E+n) O Vexp{—(1—e) Gv* + 3D}/ W)ldn
Sce ™ fl, (147D
1
] Sexpl—(L—o) (b 4T+l —an) (1 +7) e,

Sce (148 VY],

1
- f )T exp{ =0 + 4D} dn, (6.9)
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1—4u 1—4
d8=
and 8 T

integral on the right by I and split it into two pieces: I,, with n <3¢, and I,, with
n>1& Now I, is easy to estimate since v*>4&? in that domain, and

after picking = x and applying (6.5} in Lemma 6.3. Denote the

I, Sce 4%, (6.10)
In the domain integration for I,, we have (1+#)>24(1+¢), so that

LEd1+87 | exp{—0w*+4(D}dn

n>1/2¢
sc(1+977 (6.11)
using Proposition 5.3. Combining (6.10) and (6.11) we see that
I=I+1,sc(l+& 1, 6.12)
and thus
KFQIScl+8™ 0 e ], ., (6.13)

from which (6.2) follows immediately.
¢} We prove {6.3) for K by writing

IKFI= [ (] ME . fdn)? ag

R
< sup |f)| [ ([ K& w)dn)*dE'"?
Sclifll fA+E720TDag!?
Sl fllw, (6.14)
using the estimate (5.2). This concludes the proof of Proposition 6.1.

Proof of Proposition 6.2. Write
LK, f2ISf H( { k(i,ﬂ)zdﬂyﬂ

7<w

1/2
Selfl [ e Ern 0 Dexpl~(1=0) o+ (D)

n<w

Scllfle e (140D

1/2
(f gfexp{——(l—s)(%;uz+Cf)m2aw2+2a§2}dn) . (6.15)

H<w
1—4y 1 4o
2 0= 8

In the last step we used (6.6) in Lemma 6.3 after choosing g==
and recognizing that £>w>y. Therefore

T Ko fScllfllem 28 (148~ 0+ D

1
- f Fexp{—ﬁ{sz-%a@g?)}dﬁnz
n<w

Sef flle™ U+ IRV

from which (6.6) follows immediately.
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7. Spectrum of the Cutoff Operator

Consider the linearized collision operator (with modification as in Sect. 2)

L=v&)+K. (7.1)
This operator has a positive numerical range, i.e.
(LA N1>0. {(7.2)

Since K is compact, the continuous spectrum of L comes from the values of v,
which range from 0 to vo=maxv. There may be discrete eigenvalues as well. In
order to get decay in the solution of the problem (1.10) we need a(L) to be bounded
away from the origin. That is not true for L, but it is for L with a velocity cutoff.
Define

L,=y,L (7.3)

as an operator from #*(&<w) into itself with y, defined as in (4.8).

Theorem 7.1. Let O<u<1. For w large enough, the operator L, has spectrum
bounded from below by pv(w), i.e.

o(L,) C{A>puv(w)} . (7.4)

The p which we use will be a constant chosen in Sect. 8. Theorem 7.1 is proved
using the following proposition about the decay of eigenfunctions of L.

Proposition 7.2. Let f be an eigenfunction of L, with eigenvalue 4, i.e.

fe L E<w) 73
L,f=4f,
and suppose that
0<d<pv(w). (7.6)
Then f is rapidly decreasing at oo, i.e. for each m there is a constant c,, such that
1f@lom=<callfl. (71.7)

Furthermore c,, is independent of f, 1, and w, but depends on p.

Proof of Proposition 7.2. Since v is a decreasing function of ¢, it follows from (7.6)
that

W —A>(1— (). (7.8)
The eigen-equation (6.11) can be written as
YK f=—0=2Nf. (7.9)
As a result of (7.8) and (2.20)
IKfIz(1—wylf]
Zco(l=w(1+8)77If1, (7.10)

from which it follows that
”Kfl|0,r+y>cuf“0,r‘ (711)
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Use this in the estimates of Proposition 6.1. From (7.11) and (6.1) we estimate
Hf”(),_v,/z §C|‘Kf||o,3/z+y
=c|fi. (7.12)
Continue by iteration using (7.11) and (6.2) with «=0, to find

Hf“og/z§C1|Kf”o,3/2+y+z

§C§]f“0,3f2
=clfl, (7.13)
1fllo,2n+ 32l S5 (7.14)

from which (7.7) follows.

Proof of Theorem 7.1. Suppose that the theorem is not true. Then there is a
sequence w,— o0 so that each operator L,, has a point 4, in its spectrum with
A, <p¥(w,). Since the continuous spectrum of L, is bounded below by v(w,), in
fact each 1, is a discrete eigenvalue with eigenfunction f, ie.

Ly, fo=2utu; (7.15)

with | f,| = L. The above Eq. (7.15) is in #*(¢ <w,), but we also want to think of f,
as a member of Z4R3), by just extending it to be zero on {{>w,}. We shall show
that f,—f, in which f is a null eigenfunction of the full operator L. This is a
contradiction, since L is a positive operator.

The eigen-equation (7.15) can be rewritten as

St Lo KSu =2 - (7.16)
Since K is compact, then after restricting to a subsequence

Kf,—g in Z*RY. .17
Since w,— 0,

X, Kf,—g in LARY). (7.18)
Also since v(w,)—0, then 4,—0, and

=0 in LR, (7.19)
So we can take the limit in (7.16) to get

jgg W& f,=—g in LHR3). (7.20)

Unfortunately division by v(é)~ (14 )7 is not a continuous operator in 2, but
by first restricting to a subsequence we can change (7.20) into convergence almost
everywhere. Then it is possible to divide by v

1
f—>— 59, ae (7.21)

By Proposition 7.2, the f,’s are uniformly bounded by the % function ¢(1 +|¢[) 2.
Since they converge pointwise, in fact they converge in %2, ie.

fi=f in ZHRY). (7.22)
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Take the limit again in (7.15) to find
Lf=0. (7.23)

But since || f,{|=1, f is not 0. This is the intended contradiction which concludes
the proof of the theorem.
As a result of Theorem 7.1, we find

Corollary 7.3.

He—txwL“ ée—tuv(w) . (7.24)

8. Choice of Constants

We are now ready to pick the coefficient A, cutoff speed w, the exponent f, and the
constant y. This will be done for an arbitrary time interval [T, T+ 1], and w will
depend on T, while 4, B, and u will be constant. Choose

2
e 8.1)
dg=(1—e)t P (%")ﬁ 8.2)
w:l/é(koTﬁnL%lOgT) , 8.3)
p=(1—¢%, (8.4)

in which ¢>0 is fixed but arbitrarily small. The necessary properties of the
parameters are listed in the next proposition.

Proposition 8.1. If ¢ is sufficiently small and T is sufficiently large,

exp{—u(t—o)(w)+ A (tf —cP)} <1, for T<oZt<T+1, (8.3)
exp{ow? — 2, TP} =T512, (8.6)
exp{—oaw?+ A (T+ 1)} <cT 512, 8.7

Proof. a) By a simple calculation

B__ B
sup == g1, (88)

T=o<t t—o

To show (8.5) it suffices to have pv(w)= 1,87~ 1. Now
v(w)Zco(l+w)™7
=colAo/a) 7P T2+ O(T777), (8.9)

so that we need only show that

A \¥2
Co (EQ> T2 O(T "2 2 4, TP 1. (8.10)
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Notice that yf/2=1- g, and thus (8.10) becomes

Jo\Tv2
Co (;‘3) +0(1)=2,8. (8.11)
Finally we can take i,=(1—¢)4,, in which
A \TV2
Co (?") =B (8.12)
ie.
Ay=at"Feo/BY . (8.13)

b) The equality (8.6) comes directly from the definition (8.4). The next
inequality (8.7) is proved by
exp{Lo(T+1)f —TF)
exp {aw? — A, T%}
<eT™312, 8.14)

exp{—ow? +A,(T+ 1)} =

since f<1 and

(T+1P - TP <c. (8.15)

9. The IHeration Equation

In the time interval T<t< T+ 1, we choose w according to (8.3) and denote y=1y,,,
7=7%,as in (4.8). Let

suppgoCA supphyCA4, O.1
suppg,CA supph, CA, 9.2)

as defined in (4.1). We solve the following inhomogeneous version of the iteration
Eqgs. (4.11) and (4.12):

g,+xLg=—xKh,, (9.3)
h,+vh=—7%K(g, +hy), (9.4)
for TSt T+1,

gt=T)=g,, hit=T)=h,. (9.5)

Suppose that T is large enough for Proposition 8.1 to be applicable and that the
inhomogeneities satisfy

l|go +holl Sbge™ ™", (9.6)
lholla=by.- 9.7
lg (&) +h, (D) Sbe™ 9.8)

N, =b,. (9.9)
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The main result of this section is

Propesition 9.1. Let g and h solve Egs. (9.3)9.5) for TSt < T+ 1, and suppose that
9gs o 91> By have the bounds given by (9.6)-(9.9). Then if T is sufficiently large,

lg(0)+ ()| Sbye™ ", (9.10)

1h®l, b, ©.11)
with

by=(1+cT~Y3)by+cT™13p,. (9.12)
We can take b,=b,, if

b, =(143¢T~3)b,. (9.13)

Proof. a) The Egs. (9.3) and (9.4) are decoupled. First estimate l|gl. Solve {(9.3) to
get

t
g)y=e € Trlg  fe~t=tlyKh (c)do. (9.14)
T
According to (7.24)
t
g e =D go |+ [em =y Kh,(a)||do . (9.15)
T

We estimate the two terms on the right separately, Using Proposition 6.1 and (9.2)
we can bound

[xKh (o) Scllhy ],
=c _“wzﬂh (),
Schie ™. (9.16)
Next use (8.5) and (8.7) from Proposition (8.1) to find that
e MMy Kh (0)| S cby exp { — u(t — o) v(w) — aw?}
< cb, exp{— it — a)v(w) + A,(tF — 67y}
-exp{ly0f —aw?} e P
<cb T~ 512¢~ o 9.17)

So the second term on the right side of (9.17) is estimated by
t t
(e #t=a|yKh |do < [ b,cT ™ 3/12g™ 40t
T T

<cb, T~ ¥3e™ %ot (9.18)
since t— T'< 1. The first term on the right of (9.15) is estimated in a similar way as
e THE T g | <byexp{ — put — TYv(w) — 2y T}
<bye o’ 9.19)
by Proposition 8.1. Therefore, after using (9.18) and (9.19} in (9.15),
lg(O)l S(bg+cb, T~ *13)e™ ", (9.20)
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b) Next we estimate |A(t)],. Solve (9.4) by

h(t)y=e ¢ TV, — i e "3 K(g, +h,){(o)ds. 9.21)
We just drop the ¢ terms in our estimate and end up with

A, = ol + iHZK(gl +hy) (o)l do. 9.22)

Look at the terms inside the integral. The first one is
17K g = 17Kxg, 1. S A +w) ™02 3Kxg Yoy 302

S(L4+w)~0*32ce™* g (6), by Proposition 6.2
écbl(l+W)‘(Y+3/2)erxwz*lal3’ by (98)

Scb (1L 4wy~ 0322 by Proposition 8.1
<ch, T~ 0+320/2+5012 using (8.3)
<cb, T3, 9.23)

. 2
since f= m< 1 and (y+3/2)p/2=1—p/4>3/4.
The second term in the integral in (9.22) is

17Khy (@), = (L +w) ™" DI 7KR (0)] 4 2
Sc(1+w)"¢*2|h,],, using Proposition 6.1.
Sch, T-92F2 - using (9.8) and (8.3)

=cb, T"13. 9.24)
Employing (9.23), (9.24), and (9.7) in (9.22), we find an inequality for s as
[R(D)|,<bo+ch, T™H3. (9.25)

Therefore (9.11) will be true for b, given by (9.12).
¢} We next calculate J|h(z)]] and | h{t) + (1)

IIZ<{hl; | e de

gcuhng;j‘z“wz
Zclby+cT™Y3p, 2 TH2T ™ 5/6g™ 20t (9.26)
using (9.25), the definition (8.4), and (8.7). Since <1, 5/6—f/2>1/3 and
|h|2Eclby+cT Pb) T3 9.27)

Combining this with (9.20), we find
lg+hlt>=lgl*+ |y
S(ho+cT 2 (14T~ 13)e™ 22,
lg+hl <by+cT™*P(by+b,) (9.28)
Therefore (9.10) will be true for b, as in (9.11).
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10. Convergence of the Iteration Scheme

R.E.Caflisch

At last we are ready to show the convergence of the iteration scheme in the time
interval [ 7, T+ 1]. We suppose that the Boltzmann equation has been solved up to

time T and that
No=max {e™| f(T)|, | %,/ (T}

is finite. Now start the iteration procedure by defining

fily=e*T "D f(T)

and define f,  ,, for n21, by {(4.11) and (4.12) with starting values

o (D =1(T).
Also define

ln+1 =fn+1 “fn

and
. AotB =
N,= max A{e"NhlL 1Tufullad
— Agth
Mn_ T§I}1§aTX+1 {e 0 ”ln”’ Hlen”a} .

First we find uniform bounds on N,. For N, we know that
N, =N,=Z(1+3cT"'*)N,.

Then we proceed by induction using Proposition 9.1, in which

9o= 1,/ (T),
ho=%,J(T),
91 = Ywtu>
h1=iwf,,,
9=2uwfu+1
k:%wfn-!»l
by=N,
b,=N,S(1+3cT '*)N,,
with the result that
N, S(L+cT Y3)Ny+cT 3N,
Z(1+3c¢T7 3N, .

This is true for all n.
Next we find bounds on M,. The first one is

M,<N,+N,SQ2+6cT 3)N,.

(10.1)

(10.2)

(10.3)

(10.4)

(10.5)

(10.6)

(10.7)

(10.8)

(10.9)

(10.10)
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The others are found by applying Proposition 9.1 to the equation for
lLei1=Vys 1 —f, which has

gdo=ho=0,

g1 = Ywhn>

h1 :Zwinb
9=Twlat1 (10.11)
h=%ls1

by=0,

b,=M

to find that
Mn+1 §CT_ 1/3]\{[:1
(T~ Y3y~ 1246¢T V3)N,. (10.12)

For T large enough, ¢T~*/3 <1, and then the series with term M, is summable, i.e.

1
Z M"_T—TTE(2+6CT-U3)NO, (1013}

for T large enough. It follows that Y (f,,,—f,) converges and therefore

1=t (10.14)

in the sense that

&4 ~,1-0

N (10.15)
HXW(f_fn)Haz‘)o
The limit f is a solution of the problem (1.10) and (1.11)
Define
N=, max (e f].1Z./1}- (10.16)
Because of (10.9),
NEZ(1+3cTY3)N,. (10.17)

This shows the decay of the solution in any time interval [ T, 7+ 1]. But we are not
finished yet, since we need to examine what changes in going from one interval to
the next. That is done in the next section.

11. Propagation of the Estimate

So far we have found that f is exponentially decaying in the time interval
[T, T+1], according to (10.17), since N is finite. But we picked up a factor
(143c¢T~13), and in order to see the global time decay we must consider its effect.
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Denote w(f) to be the continuously varying time-dependent cut-off velocity as
defined in (8.3) with ¢ instead of 7. Define

N(&)=max{e*” | fOll, | Z 1} - (11.1)
In the last two sections w was fixed at w=w(T). Statement (10.17) can be translated
as

max{e’” || fO, | Fwery SO SA 43T N(T), (11.2)
for T<t£ T+ 1. But since w is increasing

I Zwery SO Z ooy SOl 5 (11.3)
and

NOEA+3cT™P)N(T), (11.4)
for TSt T+1. It follows that, for T+ N—1Zt<T+N,

N
N s [] (+3dT+K)"Y3N(T)
K=1
<ce” N(T). (11.5)

Since f > 2/3 we obtain the global decay for || f(¢)] by just making the coefficient in
the exponential a little smaller, i.e. by changing from 2, to A.

Proposition 11.1. Fix T large anough, then

L@ Sce™ | (D, (11.6)
for t>1T,
Proof. According to (11.5)

| fB) S ce™™” N(T)

<ce™ ST ,- (11.7)
Since f>2% and 1< 4,,
If@I S ce™ | AD,- (11.8)

Finally we are ready to see the global decay of | f(¢)|]. In all the above theory
there has been the premise that T be large. But clearly the estimate in Proposition
11.1 is preserved by a shift in time. Define

fO=ft—T) for t>T. (11.9)

The argument of f is large enough to apply the results, and so

IF @Ol Sce™ ™| F(D,, (11.10)
from which it follows that
LA Sce™ | f0)],. (11.11)

This is the result (3.1).
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12. The Sup Norms

a) First we show the preservation of the a norm. Rewrite the Boltzmann equation
(1.10), (1.11) as

fOy=e""f,— je”(’“s)"Kf(s)ds. (12.1)
O
Since e V<1, we have
1SSl fol,+ g [e™ =9 Kf(s)],ds. (12.2)
Now

e RS, < supe 14572
§
sup (1+ &) 2 EIKf(E, 5] (123)
g

The first factor on the right is estimated according to the following lemma.
Lemma 12.1.
supe O 4 E TV K (1407 (12.4)
£

for t>0, y>0, y>0.
The second factor is recognized as | Kf(s)ll, , ./, By splitting up this norm
into two terms with & <&, and £>¢,, in which &, will be chosen later, we find
1K Sy s 172 SECUKS G0,y 172+ L+ E0) 2 IKS )2
<& f5)] +(L+E) T fO), (12.5)

according to Proposition 6.1. Combining this with Lemma 12.1 we change (12.3) to
le= = Kfs)l, Sl +1—5)7 1B fls)]| +(1+E) 2 fO} . (126)

Next we substitute this into (12.2). Use the facts that || f(s)l| =c| f,], and that

t
f(1+¢—s)" 1727 ds< ¢ independent of ¢, to find

IfOLZ 1 fol el foll,+ el +&5) 372 Sop 16 (12.7)

<85t
Choose &, large enough that (1 + &)™ *?< 3. Then

sup | ()] Zel ol (12.8)
which proves (3.3) in Theorem 3.1.

b) Next we show the decay of || f] . As before we first look at a fixed time
interval [T, T+ 1]. Define w as in (8.3) and denote

9=xwf h=¥.t (12.9)

Q) =e""|f(t)],,, with /llx’l“;i‘). (12.10)
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Use (3.3) in Theorem 3.1 and (8.7} in Proposition 8.1 to estimate

IO Sce™ 1 f@)],
<ce™™ | folla

<ce™ | folly- (12.11)

By rearranging the Boltzmann equation, we write

g(t)y=e"""9g(T)+ fe““"’”waf(a)da. (12.12)
T
Now
19D, SQTe™HT°. (12.13)

Since A, <1, the statement (3.1) of Theorem 3.1 is also true with 4, instead of 4.
Using that and Proposition 6.1, we find

. Kf (o)l Zcl £
<ce " foll,. (12.14)

Since v=v(w) for £ <w,
t
lg(t)] , Se ¢TI (T)p ¢ [0V~ kel dg| £ . (12.15)
T

It follows from (8.5) in Proposition 8.1 that

—(t—o)v(w)— A, 6?1, ¢, (12.16)
and

—(t—Tvwy—A, TP — 21, ¢, (12.17)
Therefore

lg@®)ll ., S e QT)+cl foll)- (12.18)
Combine this with (12.11) to find that

O=Q(T)+c| foll,» (12.19)

for TSt<T+1.
As before the statement (12.19) is true for large 7, but can be made into a
statement for all . By adding up the contributions in each time interval we get

oW =ct|foll,. (12.20)

As before the factor ¢ can be absorbed into the exponential e** in Q, by replacing

the coefficient A, by 4. This results in the desired inequality (3.2). Finally the proof
of Theorem 3.1 is finished.
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