Math 181 Lecture 14

Risk-Neutral Valuation

The most surprising feature of the Black-Scholes equation, or of the Black-
Scholes formulas, is that they do not involve the average rate of return pu.
No matter what value p takes, the value of the option is the same for given
values of ¢ and r. This has led to a method called “risk-neutral valuation”
for finding option prices. We explain this first in a descriptive way and then
in a mathematical way.

In the real world o > r if ¢ > 0; since investors are risk-averse, they
require a greater rate of return to assume the volatility . As discussed in
the binomial tree sections, this is the reason that the option price is not the
expected value

F(S,t) # e " TIE(f(ST, T)). (1)

We may imagine a world in which all investors are risk-neutral. That is,
in which g = r for any o. In the imaginary “risk-neutral world”, the option
price is the average, i.e.

f(S,t) = e " TDE(f(S7,T)) (2)

in which E is the average in the risk-neutral world. Moreover, Black-Scholes
showed that the option price is the same in the real world and in the risk-
neutral world. So (2) gives the correct price in the real world, using an average
in the risk-neutral world. This pricing method is referred to as “risk-neutral
valuation”.

In order to make the average in (2) explicit, we need a probabilistic rep-
resentation of S(t). The Gaussian random walk for S is

dSni1 = pSpdt + oSy dtvy 1.
Now consider log S,11 = Ynt+1 = Y (Sp+1) with

Y(S) = logs, Yo=57" Y,, =—-52

Now expand
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as in the Black-Scholes derivation. Therefore
dyni1 = pdt + oVdt vy
in which )
fo= p—= 27 g (3)
Add this up to get

Ynt1 = (Yng1 = Yn) + WUn — Y1) + -+ (¥1 — ¥0) + Yo
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in which w is an N(0,1) random variable. This used the additive property
of Gaussian random variables.
This says that

log S(tnt1) = log S(0) + filps1 + 0y /tps1w.
Apply exp to obtain
S(tpsr) = S(0)eftntrtovint @,

2



Replace t,,11 by t and ji by p — 0%/2
S(t) = S(0)el=o/Drovi e, (4)

This formula for S(t) gives a probabilistic representation, since w is an N(0, 1)
random variable. A slight extension is

S(T) = S(t)elr=o" /AT -+oVT—t w 5

for any T > t.

The formulas (4), (5) are for the real process, since they involve the
growth rate pu, including the risk premium. In the risk-neutral world, the
only difference is that p is replaced by r. This says that the risk neutral

representation for S(t) given S(t) is

S(T) = S(t)elr /AT —D+oVT—t v, (©)

In the risk neutral valuation formula (2), this risk-neutral stock price is used,
ie.
F(8,t) = e TV f]

in which

f=f(Sexp{(r —c?/2)(T —t) 4+ ovVT —t w}).



