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Gaussian fields with isotropic increments

v

Gaussian random field: Xy = {Xy(u) : u € RV}.
Xn(u) centred Gaussian, u € RY.
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Isotropic increments:

E ({0 X)) =D = vIE) = Dullu—vIB), wve R,

v

NB!N > 1.
Any (admissible) D : R, — R;..
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Complete classification of the correlators
A.M. Yaglom (1957):

1. Isotropic field:

E [Xn (1) Xy (v)] = B <;]||u - v||§>  uveSy

oo
B(r) = c0+/ exp (—£2r) v(dr),
0
co € Ry, V € Mnire(R).
D(r) =2(B(0) — B(r))-
2. Non-isotropic field with isotropic increments:
—+oo
D(r):/ [l—exp(—tzr)]v(dt)+A~r, reRy,
0
A€ERy, Ve ((0;+))
o 2y (dt \
[ o 3
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A particle subjected to a rugged potential:

» Particle state space:
Sy:=S8", SCR, or Sy:={ucR':|ul, <LVN}, L>O0.

» Partition function:
Zx(B)i= [ mv(dwexp (BVNXy (). B eR..

» Log-partition function:

pu(B) = loaZu(B).

- Q:
lim p(B) = p(B) = 2

N—+oo j,
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Parisi-type functional
> Regularised derivative:

My JD'(r), re[l/M;+e),
D)= {M, re0;1/M).

> Parisi terminal value problem:

{3qf(y7q) +3D"M(2(r ( (0,4 yf(Y7CI))2) =0,
f,1)=h(y), q€ (O,r), yER.
> Spin glass order parameter:
x€Z (r):={x:[0,/] = [0,1] | cadlag t,x(0) =0,x(r) =1}.
» Boundary conditions (product state space)
hy(y) == log/,u(du)exp (Buy+7tu2) , YER, A€eR.
s

> Parisi-type functional:

P(B.r)l] = lim (mf 1, 00 -ar] - £ / 1x(q)def"“(q)) 5

M1+

0M(q) := —gD'"M(q) —D(q), q€Ry. EURANDOM



Variational formula

Effective size of the state space:

1
d:=sup | — sup ||ul3 ] .
u (NuesN” 13

Theorem

p(B):= sup inf Z2(B,r)[x], almostsurelyandinL'.
re[0:d] xeZ (r)

g;
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Heuristics: "localisation"

» Covariance structure:

1
E [Xn () Xn(v)] = 5 (Dn([ull2) +Dn(IVI3) = Dn(llu=vI[2),  uveRY.
» Overlap:
1 ¥ N
(u, vy := N;uiv,’, u,v e R".
» Fix r € [0;d]:

E [Xor ()X (1)] = D(r) — 3 D(r— 1)),
Jull3 = VB = .
» = Localisation.
&
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Particle in a rotationally invariant box

» Particle state space:
Sy :={u e RN : |ul, <LVN}.

» A priori measure: Uy € Minite(Sn) :

N () = ex if(u-) w= @)Y, eR", f:R-R
dAN . P = 1 9 1)i=1 ) . ’

f(u) = h1u—h2u2, heR, he |R+.
» Fyodorov, Sommers (2007):

dg
Jyx(s)ds
£ <D'<z<r— )+ [ DG q>>x<q>dq) ,

xe Z(r). 'g/'
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€7 (B,r)x ::% llog(r—qmax) +/quax +n3 /Orx(q)dq—hgr]



A test function

Yy O

0 gmin gmax u
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Short range: solution of the variational problem

Short range:

D(r):=B(0)—B(r)

3[D"(r))?/2 = D" (r)D" (r) =

S(r)>0, uelRy,

Derrida’s random energy model (REM) behaviour:

1

X X
1
pat
gmin=gmax i 0 gmin gqmax U
B € [0;B.) = RS optimiser B € (Bc;+e°] = 1-RSB optimiser

» 4
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Long range: solution of the variational problem

Long range: if D satisfies

‘S(r)<0, uel]h,‘

Full RSB:
X X
1 1
0 gmin=gmax U 0 gmin qmax U

B € [0; B.) = RS optimiser B € (Bc;+o] = FRSB optimiser
&
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Critical range: logarithmic correlations
Long range: D satisfies

\S(r) =0, ucRy,

» D(r) =log(c+r), c > 0= REM-behaviour (at the level of E)
> D(r) = X1t Kilog(ci+7) (co > ¢1 > ... > cypp1 and K; > 0) =
generalised REM-behaviour (n-RSB):

Tny1=1

Tn

Y

Y

- g/

0 % @ @ B G2 Gn-1 n a1 =1
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Sketch of proof

Compare with a class of hierarchically correlated fields.
» “Generalised random energy model”: r € [0;d]:

Cov [a(am),a(a(z))} = D20r—q(aV,a?))), ab a® e,

where

O=qo<q1<...<qn < quy1=r,

ultrametric overlap:

) 2.
g(aV, a?) = Tmax{ke[1n)ON:[aV)e=[a] }

» Comparison process:

N
Alu,a) = Zuiai(a), ueSy, oaeNlN.
i=1 g/'
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Multiplicative probability cascades

> Let {gi}fil be i.i.d. r.v. of Gumbel extremal-type (say, Gaussian)
2N
i; Oexplun (1)) 7 5 (), v € (051).

where uy(y) = ayy + by is the linear extreme value normalisation.
» Ruelle (1987):

é(x) = {ag(x)i}iew :=PPP(R; >¢ »—>xt_x_1), x€(0;1)

&
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Cascades

Ruelle’s probability cascades (RPC):

{é xl ip’ ( 2) é(i17i2)(x3)i3 "'é(il7i27.'.7in_l)(xn)1n ti= (ilv”'7

= RPC()C]./..., n),

where 0 < x; < ... < x, < 1, EG2ie) () iid. € (xz).

in) €N}

s‘?/'
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RPC construction (sketch)

T R R

Py " 3 %(*ﬂ; R
Ee R ? - Y ,ﬁ_r : J &
ed \,}m(\,‘)’h : ._.{_3_@(&)& x "‘"T_‘*"'
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Comparison
> Interpolation:
Hi(u, o) := ViX(u) + V1 —tA(u,«), t€[0;1], ucSy, ocN".

» Extended free energy functional:

Oy (X)[H] = ~F llog (/SN un(du) Y RPC(x)qexp (ﬁ\/NH,(u,a)>>]

N aEeN”

» Fundamental theorem of calculus:

Id
px(B) = @n(0)[Hi) = By(x)[Ho] + [ TONn(olHar

where
> nonlinear summand = ®y (x)[Ho].
> linear summand + (annoying) remainder = fol %CIDN()C) [H]. -
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