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Exceptional points of discrete-time
random walks in planar domains
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Abstract

Given a sequence of lattice approximations Dy C Z? of a bounded continuum do-
main D C R? with the vertices outside Dy fused together into one boundary vertex o,
we consider discrete-time simple random walks on Dy U {o} run for a time propor-
tional to the expected cover time and describe the scaling limit of the exceptional level
sets of the thick, thin, light and avoided points. We show that these are distributed,
up a spatially-dependent log-normal factor, as the zero-average Liouville Quantum
Gravity measures in D. The limit law of the local time configuration at, and nearby,
the exceptional points is determined as well. The results extend earlier work by the
first two authors who analyzed the continuous-time problem in the parametrization by
the local time at p. A novel uniqueness result concerning divisible random measures
and, in particular, Gaussian Multiplicative Chaos, is derived as part of the proofs.
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1 Introduction

This note is a continuation of earlier work by the first two authors who in [1] studied
various exceptional level sets associated with the local time of random walks in lattice
versions Dy C Z? of bounded open domains D C R?, at times proportional to the cover
time of Dy. The walks in [1] move as the ordinary constant-speed continuous-time
simple symmetric random walk on Dy and, upon exit from Dy, reenter Dy through a
uniformly-chosen boundary edge. The re-entrance mechanism is conveniently realized
by addition to Dy of a boundary vertex ¢ with all the edges emanating out of Dy on Z?
now ending in p. See Fig. 1 for an example.

In [1], the local time was parametrized by the time spent at p. Through the use
of the Second Ray-Knight Theorem (Eisenbaum, Kaspi, Marcus, Rosen and Shi [17])
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Random walk local time

Figure 1: The graph (V U{o}, E) corresponding to Dy being the square of 6 x 6 vertices
and all edges emanating from Dy routed to the boundary vertex p. Note that the graph
(VU {0}, E) is planar whenever Z? \. Dy is connected.

this enabled a connection to the level sets of the Discrete Gaussian Free Field (DGFF)
studied earlier by the second author and O. Louidor [8]. The goal of the present paper is
to extend the results of [1] to the more natural setting of a discrete-time random walk
parametrized by its actual time. As we shall see, a close connection to the DGFF still
persists, albeit now to that conditioned on vanishing arithmetic mean over Dy. As no
version of the Second Ray-Knight Theorem seems available for this specific setting, we
have to proceed by suitable, and sometimes tedious, approximations. A key point is to
control the fluctuations of the total time of the random walk at a given occupation time
of the boundary vertex.

In order to give the precise setting of our problem, we first consider a general finite,
unoriented, connected graph G = (V U {p}, E), where ¢ is a distinguished vertex (not
belonging to V). Let X denote a sample path of the simple random walk on G; i.e., a
discrete-time Markov chain on V' U {¢} with the transition probabilities

L ife:= ek
P(u,v)::{deg(“’)’ ife:=(uv) € F, (1.1)

0, otherwise,
where deg(u) is the degree of u in G. As usual, we will write P* to denote the law of X

subject to the initial condition P*(X, = u) = 1.
Given a path X of the chain, the local time at v € V' U {p} at time n is then given by

EV

Z (Xp=v}, >0 (1.2)

deg ) &=

Our aim is to observe the Markov chain at times when most, or even all, of the vertices
have already been visited. This requires looking at the chain at times (at least) propor-
tional to the total degree deg(V) := 3", o {0} deg(v). To simplify our later notations, we
thus abbreviate, for any ¢ > 0,

LY (v) —zﬁdegw( v), veV. (1.3)

In this parametrization, a variance calculation shows that L} (v) = t + o(t) with high

probability as t — oo.
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Our derivations will make heavy use of the connection between the above Markov
chain and an instance of the Discrete Gaussian Free Field (DGFF). Denoting by

H,:=inf{n >0: X,, =v} (1.4)

the first hitting time of vertex v, this DGFF is the centered Gaussian process {hY : v € V}
with covariances given by

E(hy by ) = GY (u,0) := E* (3, (v)), (1.5)

where E is the expectation with respect to the law of 4" and GV is the Green function.
The field naturally extends to ¢ by hg =0.

We will apply the above to V ranging through a sequence of lattice approximations of
a well-behaved continuum domain. The following definitions are taken from [6]:

Definition 1.1. An admissible domain is a bounded open subset of R? that consists of
a finite number of connected components and whose boundary is composed of a finite
number of connected sets each of which has positive Euclidean diameter.

We will write © to denote the family of all admissible domains and let d(-,-) denote
the ¢>*-distance on R2. The lattice domains are then assumed to obey:

Definition 1.2. An admissible lattice approximation of D € D is a sequence {Dy } n>1
of non-empty subsets Dy C Z? such that the following holds: There is Ny € IN such that
for all N > Ny we have

Dy € {& € Z*: doo (*/n, B2\ D) >%} (1.6)

and, for any § > 0 there is also N1 € IN such that for all N > Ny,
Dy 2 {x € Z*: de(*/n,R* \ D) > 6}. (1.7)

As shown in [6, Appendix A], the conditions (1.6-1.7) ensure that the discrete har-
monic measure on Dy tends, under scaling of space by N, weakly to the harmonic
measure on D. This yields a precise asymptotic expansion of the associated Green
function; see [3, Chapter 1]. In particular, we have GPV (z,x) = glog N + O(1) for

1
= — 1.8
9= 5o (1.8)

whenever z is deep inside Dy. (This is by a factor 4 smaller than the corresponding
constant in [3, 6] due to a different normalization of the Green function.)

2 Main results

Let us move to our main results. We pick an admissible domain D € ® and a sequence
of admissible lattice approximation {Dy } y>1 and consider these fixed throughout the
rest of the derivations.

2.1 Setting the scales

We begin by setting the scales for the time that the random walk is observed for and
determining the range of values taken by the local time:

Theorem 2.1. Let {ty} n>1 be a positive sequence such that, for some 6 > 0,

. 25
1 ———— = 2g0. 2.1
NS5 (log N)? g (21
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Then the following limits hold in P?¢-probability:

1 D )
Tog)? e L (@) oo 20(VO+1) 2.2)
and .
] 2
Tog W7 i L (@) = 29[(VB-1)vO]” 2.3)

The conclusion (2.3) indicates (and our later results on avoided points prove) that
the choice 0 := 1 identifies the leading order of the cover time of Dy — defined as the
first time that every vertex of the graph has been visited. The cover time is random but
it is typically concentrated (more precisely, whenever the maximal hitting time is much
smaller than the expected cover time; see Aldous [2]). The scaling (2.1) thus corresponds
to the walk run for a #-multiple of the cover time.

As it turns out, under (2.1), the asymptotic [2g6+o(1)](log N)? marks the value of L;’"
at all but a vanishing fraction of the vertices in Dy. In light of (2.2-2.3), this suggests
that we call z € Dy a A-thick point if (for A € [0,1])

LP¥ () > 2g(V8 + \)*(log N)? (2.4)
and a A-thin point if (for A € [0, Vo))
LP¥ () < 29(V0 — \)*(log N)>. (2.5)

One of our goals is to describe the scaling limit of the sets of thick and thin points. This
is best done via the random measures of the form

1
D ._
N = G 2 SN @008y 0w (2.6)
€D N

where ay is a sequence with the asymptotic growth as the right-hand side of (2.4-2.5)
and Wy is a normalizing sequence. The specific choice of the normalization by \/2ax
reflects on the natural fluctuations of LQVN (z) (which turn out to be order log N even
between nearest neighbors) and captures best the connection to the corresponding
object for the DGFF to be discussed next. (The normalization could be avoided by
working with \/LSVN (z) — \/ay instead of (Lf]’VN () —an)/+/2an but this is less convenient
in computations when we relate the local time to discrete GFF.)

2.2 Level sets of zero-average DGFF

Recall that h”~ denotes a sample of the DGFF in Dy. As shown by Bolthausen, Deuschel
and Giacomin [11], the maximum of AP~ is asymptotic to 2,/glog N and so the A-thick
points are naturally defined as those where the field exceeds 2),/glog N. Allowing for
sub-leading corrections, these are best captured by the random measure

1
D ._ E
'rlN = Ki §$/N & 6h£N_aN> (27)

r€DN

where {ay} is a centering sequence with the asymptotic ay ~ 2A,/glog N and

N2 72(511\7)?\] 2.8)
= e Zglos N | .
Vlog N

In [8, Theorem 2.1] it was shown that for each ) € (0,1), there is a constant ¢(\) > 0
(independent of D or the approximating sequence {Dy } y>1) such that, relative to the
topology of vague convergence of measures on D x (RU {+o0}),

nR % e\ ZP(dz) @ e Mdh, (2.9)
N—oc0
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where

o= — (2.10)
N
and where ZP is a random a.s.-finite Borel measure in D called the Liouville Quantum
Gravity (LQG) at parameter A-times critical. The measure Z f) is normalized so that, for
each Borel set A C D,
EZP(A) :/rD(:c)de, (2.11)
A
where r? is an explicit bounded, continuous function supported on D that, for D simply
connected, coincides with the conformal radius; see [8, (2.10)].

As was shown in [1], the measures {ZP: X € (0,1)} are quite relevant for the excep-
tional level sets associated with the continuous-time random walk in the parametrization
by the local time spent in the “boundary vertex.” Somewhat different measures will
arise for the random walk parametrized by its actual time. Let IT”(x, -) be the harmonic
measure in D defined, e.g., as the exit distribution from D of a Brownian motion started
at . The continuum Green function in D with Dirichlet boundary condition is then given
by

GP(z,y) 1= ~glogle ~3] +g |
)
Writing Leb for the Lebesgue measure on R?, let 9: R? — R be defined by

[ dy GP(z,y)
fDdezdyGD(z7y)

As is readily checked, 0 is bounded and continuous, vanishes outside D and integrates
to Leb(D) over D. We also have 0 > 0 because GP > 0 and also that the Laplacian of 0 is
constant on D (see Fig. 2) but that is of no consequence in the sequel. We claim:

P (z,dz)log |y — z|. (2.12)
D

0(x) := Leb(D) (2.13)

Theorem 2.2. For each ) € (0,1) and each D € ®, there is a unique random measure
Zf’o on D such that, for any sequence {Dy } y>1 of admissible approximations of D and
any centering sequence {ay } n>1 satisfying an ~ 2)\,/glog N as N — oo,

(nN ‘ E h’m = 0) la_) C()\) Z)\ ’O(dx) X e Oé)\hdh, (214)
N—o0
r€EDN

where ¢()) is as in (2.9). Moreover; if Y is a normal random variable with mean zero and
variance

o3 = / dzdy G (z,y), (2.15)
DxD
then the measure from (2.9-2.11) obeys
Y I Z)\D,O = Z}\D(dx) la:W e)\ab(m)y Z)\D,O(dx) (216)

The law of Zf)’o is determined uniquely by (2.16).

The existence of a random measure Z/l\)’O satisfying (2.16) is part of the proof of
(2.14). The uniqueness of the decomposition (2.16) holds quite generally and constitutes
the main technical ingredient of the proof; see Theorem 3.1 which is of independent
interest. The known properties of Z /\D (see [8, Theorem 2.3]) imply that Z AD 0is a.s.-finite
and charges every non-empty open subset of D a.s.

The random variable Y in (2.16) represents the arithmetic mean of the values of
DGFF for the setting with zero boundary conditions on the left-hand side. The modulation
by 0(-) arises from the fact that changing the arithmetic mean affects the remaining
“modes” of the DGFF (with zero boundary condition) in a spatially non-uniform way. See
the proof of Theorem 2.2 for more details.
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Figure 2: A plot of function 0 on D := (0, 1) obtained by solving the differential equation
—AD = Leb(D) /0%, where A is the Laplacian, with Dirichlet boundary conditions on dD.

2.3 Exceptional local-time sets

We are now well equipped to state our results concerning the limits of the random
measures (2.6) for a given centering sequence {ay }y>1 growing as the right-hand sides
of (2.4-2.5) and the normalizing sequence given by

N2 fin—/Tan)?
ﬁe 2gTog N . (2.17)
0og

Wy =

For the thick points we then get:

Theorem 2.3 (Thick points). Suppose {ty}n>1 and {an}n>1 are positive sequences
such that, for some 6 > 0 and some A € (0,1), (2.1) and

. an _ 2
Jim_ Tiog N2 20(VO + N (2.18)

hold true. Then for X sampled from P?, the measures Cﬁ in (2.6) with Wy as in (2.17)
obey

D law Vo —a?)?/16 aX(d(z)-1)Y D,0 —a\h
— e c(N)e 7 dr)®e dh (2.19)

in the sense of vague convergence of measures on D x (RU {+oo}), where Y = N (0,0%)
and Zf’o are independent and c¢()\) is as in (2.9).

For the thin points, we similarly obtain:

Theorem 2.4 (Thin points). Suppose {ty}n>1 and {an}n>1 are positive sequences such
that, for some 6 > 0 and some X € (0, Vo A 1), (2.1) and

. an _ 2
Jim Tog N2 = 20(V0 — \) (2.20)

hold true. Then for X sampled from P?, the measures C}\? in (2.6) with Wy as in (2.17)
obey

w 0 _ _
gﬁ Nlaj> \/5\[ S e a?A?/16 ¢(\) e (d(x) 1)YZ/<D,0(dz) @ et gp (2.21)

in the sense of vague convergence of measures on D x (RU {—oco}), where Y = N (0,0%)
and Zf’o are independent and ¢()) is as in (2.9).
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The limiting spatial distribution of the A-thick and A-thin points (as well as the
distribution of the total number of these points) is governed by the measure

eoz)\(a(ac)—l)YZADﬂ(dx)_ (2.22)

In light of (2.16), this measure “sits between” the zero-average LQG Z/(D’O and the
“ordinary” LQG ZP, which appeared in the limit for the parametrization by the local time
at 0. The second component of the measure on the right of (2.19) and (2.21) is exactly
as that for the DGFF (2.9). This is due to the judicious scaling of the second component
of (P by v/2ax rather than just log N, as was done in [1].

As the proof shows, besides the aforementioned connection to the arithmetic mean of
the DGFF, the random variable Y on the right of (2.19) and (2.21) has an interpretation
in the context of the random walk as well. Indeed, it represents suitably normalized
fluctuations of the local time at o. This can be gleaned from Lemma 4.2 and the time
inversion arguments in Section 5; e.g., (5.22). We have no explanation (beyond the
arguments in the proof) as to why, in the above parametrization, the thick and thin points
appear to be related by a simple reflection of A.

Apart from the thick and thin points, [1] studied also the sets of points where the local
time is order unity, called the light points, and the points where the local time vanishes,
called the avoided points. (The term “late points” is used for these in the literature but
we do not find it sufficiently descriptive.) In both cases, the LQG measure that appears is
for parameter \ := /6 (and 6 € (0,1)). The control extends to the discrete-time problem
parametrized by the total time as well. We start with the light points:

Theorem 2.5 (Light points). Suppose {ty}n>1 is a positive sequence such that (2.1)
holds for some 6 € (0,1). For X sampled from P?, consider the measure

1
O == Y Gyn® 0,0 (4 (2.23)
N zeDy N
where .
Wy = N2e 71w, (2.24)

Then, in the sense of vague convergence of measures on D x [0, 00),

It « x)— s
IR 5 2mge(VE) e VPPWIY 200(da) © p(dh), (2.25)

where ¢(v/0) is as in (2.9), Y = N(0, 0%,) and Z\%O are independent and p := ano 4ndn /4

for a sequence {¢,: n > 0} of non-negative numbers determined uniquely by

29

Y an(l+s/4) " =e%, s>0. (2.26)
n>0
The fact that y is supported on $INo := {0, 1,3, 3,1, ...} arises from the normalization

in (1.2). From (2.25) we conclude that the number of the vertices of Dy visited exactly n
times during the first
[2g0 + o(1)](log N)? deg(D v) (2.27)

steps of the random walk is thus asymptotic to

n {\/27rgc(\/§) / eaV0@)-1Y z02(dx) Wy, (2.28)

D

jointly for all n > 0. Noting that qy = 1, straightforward limit considerations show:
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Theorem 2.6 (Avoided points). Suppose {tn} n>1 is a sequence such that (2.1) holds for
some 0 € (0,1). For X sampled from P? consider the measure

1

D

Ry ‘= = 1 Dy _ 61/]\77 (2.29)
Wx xGZDN {Liy (x)=0}

where Wy is as in (2.24). Then, in the sense of vague convergence of measures on D,

KR /g e(VB) e?YIOW DY 200 (dg), (2.30)
N —oc0 0

where Y = N(0,0%) and Z\%O are independent and ¢()) is as in (2.9).

Remark 2.7. The restriction to the walk started from p is done for convenience; indeed,
the above theorems hold verbatim for X sampled from P*» for any x5 € Dy. The initial
version of the paper was actually written at this level of generality (which in terms of
proofs amounts to estimating the influence of the part of the walk from z to the first
hit of p) but was reduced in the revised version to make the paper shorter.

The above theorems will be deduced from the corresponding statements for a conti-
nuous-time variant of X observed for a fixed time of order N?(log N)? (see Proposi-
tions 5.5, 5.9, 5.10 and 5.11). These statements are nearly identical to Theorems 2.3-2.6
above, respectively, except for the term e~®"**/16 in (2.19) and (2.21) that arises from
the fluctuations of the (continuous-time) local time at points where the discrete-time
local time is large, and the measure p in (2.25) which gets replaced (in Proposition 5.10)
by a continuous, and quite explicit, counterpart.

The fixed-time results for continuous-time random walk will be inferred from the
corresponding results in [1] for the parametrization by the local time at p. The main
difference is that the measure (2.22) gets replaced by the “pure” LQG Z /\D .

2.4 Local structure

Similarly as in [1], we are also able to control the local structure of the above exceptional
sets. For the thick and thin points, this is achieved by considering the measures on
D x R x R%” of the form

1
V= W ; 0a/N @ 0(10N () —an)/vaaw © OULEN (@)~ LEY (o+2))/vaaw s zez2y (23D
r€Dn
where the third coordinate captures the “shape” of the local-time configuration near
every exceptional point.

In the parametrization by the local time at the boundary vertex, the asymptotic “law”
of the third component in (2.31) turned out be that of the pinned DGFF (i.e., the DGFF
in Z? \ {0}) reduced by a multiple of the potential kernel a. Here we note that, in our
normalization, a is the unique non-negative function on Z? that is discrete harmonic
on Z2? . {0} and obeys a(0) = 0 and a(z) ~ glog|z| + O(1) as |x| — oo. The pinned
DGFF ¢ then has the covariance structure

Cov(¢s, ¢y) = a(z) + a(y) — a(z —y). (2.32)

As it turns out, a different (albeit closely related) Gaussian process arises for the discrete-
time walk parametrized by its total time:

Theorem 2.8 (Local structure of thick/thin points). For the setting and under the condi-
- 2
tions of Theorem 2.3, relative to the vague topology of D x (R U {+o00}) x R%",

D,loc law, D
) W QU 2.33
CN N C A ( )
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where (P is the measure on the right of (2.19) and v, is the law of$+ aia — %a)\l{o}c,
for 5 a centered Gaussian process on Z> with covariances given by

Cov(da, by) = a(z) + aly) — alz —y) — %[1 — 8.0 — 0y0 + 0y ). (2.34)

The same statement (relative to the vague topology on D x (RU{—o00}) x R%’) holds for
the setting of Theorem 2.4 except that v, is then the law of ¢ — ala + éa)\l{o}c.

To demonstrate that (Z is indeed closely related to the pinned DGFF ¢, we note that,
for {n.: z € Z?}11.d N(0, §) that are independent of ¢,

{¢.: 2 €2 'Y {$. +ng—n.: z € 7). (2.35)

We will verify this relation, along with the fact that (2.34) is positive semidefinite and
thus the covariance of a Gaussian process, in Lemma 7.4. The i.i.d. normals appear
during a conversion from the continuous-time walk to its discrete-time counterpart. They
represent the scaling limit of the fluctuations of the local time due to the random (i.i.d.
exponential) nature of the jump times.

We will also address the local time structure in the vicinity of the avoided points. This
is done by considering the measure on D x [0, 00)%" defined by

1
D,loc ,__
KN = == E 1{LtDNN (2)=0} 5:6/1\/ & 5{LtDNN (w42): 2€72}" (2.36)
N r€DN

For reasons explained earlier, the measure is concentrated on D x (i]NO)Zz.

Recall from [1, Theorem 2.8] that, for the continuous-time random walk parametrized
by the local time at the boundary vertex and observed at the time corresponding to 6-
multiple of the cover time, the limit distribution of the local configuration is described by
the law v of the occupation-time field of random-interlacements at level u := 76. This
measure was constructed by Rodriguez [25, Theorems 3.3 and 4.2] (see [1, Section 2.6]
for a summary of the construction). For the discrete-time random walk parametrized by
its total time we get a discrete-time counterpart of v}

Theorem 2.9 (Local structure of avoided points). For each u > 0, there is a unique Borel

measure VR3S on [0, 00)%" that is supported on (i]No)Z2 and obeys the following: For

(1) {¢(2): z € Z*} a sample from v’ 4, and

u

(2) {r.;: z € Z*, j > 1} independent i.i.d. Exponential(1),

we have
40(z

)
1
VR = law of {Z z:l Tyji 2 € ZQ}. (2.37)
=

For the setting and under the conditions of Theorem 2.6, for each 6 € (0,1) we then have

law i
Hg,loc K/D ® l/gl' dlS’ (2.38)
N—o00

where P is the measure on the right of (2.30).

Similarly as in [1], we will not attempt to make statements concerning the local
structure of the light points as that would require developing the corresponding extension
of the above occupation-time measure to the situation when the local time at the origin
does not vanish.
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2.5 Remarks

We proceed with a couple of remarks. First note that, along with (2.3) and the fact
that Z° éo is supported on all of D a.s., Theorem 2.6 implies that the cover time is indeed
marked by the choice 6 := 1. Second, note that an explicit formula for ¢,, can be extracted
from (2.26). This is achieved using the identity

z%)s _ /OO e (14s/4)t

e /s =1+ el I)(zVt)e™ dt, (2.39)
0o 2Vt

where I1(z) := ) +(2/2)?"*! is a modified Bessel function. Expanding e’ and

1

Vi

n>0 n'(n+1
I,(z+/t) into power series in ¢ and scaling ¢ by (1 + s/4) then readily shows

= 29/8 i+t
Int1 = 'Z TS IO (2.40)

for each n > 0. See also (4.40) for the corresponding formulas in continuous time.

Third, as we will see in the proofs, the random variable Y in the measure (2.22)
represents the limit of normalized fluctuations of the local time at the boundary vertex
for the first |ty deg(Dx)] steps of the random walk (see Lemma 4.2). A key point is that
this becomes statistically independent of the level-set statistics in the limit. Incidentally,
from (2.28) we get that the total mass of the measure (2.22) describes the limit law of a
normalized total number of uncovered vertices at the time proportional to A2-multiple of
the cover time.

Fourth, the reader may wonder why we had to include the degree of p into the
normalization of the local time (1.3) by deg(V). This is because, although deg(p) =
o(|Dn|) under (1.6-1.7) (see Lemma 5.8), once the ratio of deg(¢)/|Dy| is larger than
order 1/log N (which can occur under (1.6-1.7)) removing deg/;(\g) from the normalization
changes the scaling of the normalization constants Wy and Wy with N.

Fifth, as in [1], the above statements deliberately avoid various boundary values of
the parameters; i.e., A = 1 for the thick points, A = v/0 A 1 for the thin points and # = 1
for the light and avoided points. All of these are closely related to the statistics of nearly-
maximal DGFF values, which is different than the regime described in Theorem 2.2.
While the nearly-maximal DGFF values are now well understood thanks to the work
of the second author with O. Louidor [5-7] and with S. Gufler and O. Louidor [4], the
recent work of Cortines, Louidor and Saglietti [13] shows that the connection between
the avoided points at § = 1 (i.e., the time scale of the cover time) and the DGFF extrema
is considerably more subtle.

Sixth, a natural setting for the above problem is the random walk on a lattice torus
(Z/(NZ))? started from any given vertex o. Preliminary calculations show that the
problem is considerably more complicated. This arises from the fact that, for random
walks of time-length order N?(log NV)?, the local time at the starting point of the walk
exhibits fluctuations of order (log N)®/2 on the torus while these are only of order log N
at the boundary vertex in our planar domains. The latter fluctuations are too large to
make the arguments of the present paper work. We may in fact need an approach that
avoids passage through the problem with a fixed local time at the starting point.

Seventh, we note that exceptional sets of two-dimensional random walks have been
studied by physicists in 1990s; e.g., Brummelhuis and Hilhorst [9, 10], Freund and
Grassberger [18], Caser and Hilhorst [12], van Wijland, Caser and Hilhorst [29]. On
the mathematics side, Dembo, Peres, Rosen and Zeitouni [15, 16] and Okada [22-24]
analyzed the fractal nature and clustering of the sets of thick points and avoided points
in the setting of a random walk killed on exit from Dy (for the thick points) and on
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two-dimensional torus (for the avoided points). In particular, for 0 < g < 1, the growth
exponents have been obtained for

#{(xhxg) < DN X DNZ |x1 — .Z’2| S ]\f’@7 mln{ﬁgg(l’l),ggg(ajg)} Z S(lOgN)z} (2.41)
with s > 0 and
#{(:cl,xg) € Dy X Dy: |z — x5| < NP, max{LﬁVN(ajl),Lng (x2)} = 0}, (2.42)

as well as the sets where “min” and “max” are swapped — which amounts to changing
from the behavior near a typical point in the level set to a typical point in Dy. These
conclusions cannot be gleaned from our results because N~ !*# vanishes as N — oc.
Notwithstanding, the obtained exponents coincide with those for the DGFF thick points
computed by Daviaud [14] and thus affirm the universality of the DGFF.

Eighths, and finally, we note two interesting recent papers of Jego [19, 20], where
measures of the kind (2.6) associated with the thick points of planar Brownian motion
run until the first exit from a bounded domain are shown to admit a non-trivial scaling
limit that is identified with the limit of multiplicative chaos measures associated with
the root of the local time. In [20] the limit measure, called the Brownian multiplicative
chaos, is shown to obey a list of natural properties that characterize it uniquely.

2.6 Outline

The rest of this paper is organized as follows. In Section 3 we derive the scaling limit for
the level sets of zero-average DGFF. Section 4 extends the conclusions of [1] on the local
time parametrized by the local time at p to include information on fluctuations of the
total time of the walk. This naturally feeds into Section 5 where we establish the scaling
limit of exceptional points for the local time of the continuous-time random walk in the
parametrization of the total time. In Section 6 we then prove our main theorems above
concerning the discrete-time walk except for the proofs of the local behavior, which are
deferred to Section 7.

3 Zero average DGFF level sets

We are now ready to commence the proofs. As our first item of business, we will address
Theorem 2.2 on the level sets of the zero-average DGFF. Our strategy is to derive the
statement from the unconditional convergence (2.9). This leads to a convolution identity
whose resolution requires a uniqueness statement that pertains to the whole class of
Gaussian Multiplicative Chaos measures:

Theorem 3.1. Given a bounded open set D ¢ R, let MP and MP be two random
a.s.-finite Borel measures on D and let ¢ be a centered Gaussian field on D independent
of MP and MP such that, for some bounded measurable functions br: D — R,

(oo}
Cov(®(x), ®(y)) = Y _ bi(x)bi(y), locally uniformly in z,y € D. (3.1)
k=0
Then —
e?@ NP (dz) 'Y e®@ NP (dx) (3.2)

implies MP & NP,
We remark that for the present paper it would suffice to treat the case when the sum

in (3.1) consists of only one non-zero term. However, this still constitutes the bulk of the
proof and so we include the more general case as it is interesting in its own right. The
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result extends (with modifications) even to the case when ® is a generalized Gaussian
Field; i.e., one defined only by projections onto smooth functions. The statement thus
“reverse engineers” the base measure from the associated Gaussian Multiplicative Chaos.
Our setting goes even somewhat/@eyond that of, e.g., Shamov [28] as we make no
moment assumptions on MP” and MP.

The proof of Theorem 3.1 hinges on the following technical observation:

Lemma 3.2. Leth: D — R and f: D — [0,c) be bounded and measurable and let M
be a random a.s.-finite Borel measure on D. LetY = N(0,1) be independent of M.
Define ¢: R x [0, 00) — [0, 1] by

B\ 1) 1= Be= M7V TR0y (3.3)

Then ¢ is continuous on its domain and smooth on the interior thereof. Moreover, ¢
satisfies the heat equation,

09 _10%¢

ot 20)\%’
Proof. The continuity of ¢ on R x [0, 00) follows by the Bounded Convergence Theorem.
Using that A\ — v/tY = N(), t) and invoking Tonelli’s Theorem we get

(A1) € R x (0,00). (3.4)

e 2t
V27t

As y — ¢(y,0) is bounded, ¢ is continuously differentiable on R x (0, ¢). Since the density
of N (0,t) solves the heat equation (3.4), the Dominated Convergence Theorem ensures
that so does ¢. O

d (y-2?
b\ 1) = Yy ,

¢(y,0). (3.5)

We are now ready to give:

Proof of Theorem 3.1. Let us first assume that ® takes the form h(z)Y for some bounded
measurable h: D — R and Y = N/(0, 1) independent of M” and MP. Assume that

eh(z)YMD(dx) lg‘] eh(m)YMD(d.T) (3.6)

Given any bounded and measurable f: D — [0,00), let ¢(), 1), resp., #()\,t) denote the
functions in (3.3) with the random measure M, resp., MP. Since also 2 — e ") f(z)
is non-negative and measurable, from (3.6) we then have

d(A\1) =9\ 1), AeR. (3.7)

In light of Lemma 3.2, the difference ¢ — $ is a bounded solution to the heat equation in
R x (0, 00) with a continuous extension to R x [0, 00). A key point is that the heat equation
is known to exhibit backward uniqueness. More precisely, Seregin and Sverédk [27,
Theorem 4.1] showed that every bounded solution to (3.4) that Xanishes at a given
positive time vanishes everywhere. Since (3.7) implies that ¢ — ¢ vanishes at “time”
t =1, we have ¢ = 5 on R x [0,00). From the equality ¢(0,0) = 5(0, 0) we then infer

E(e_(MD,f)) :E(e—(ﬂD,f))_ (3.8)

Since f was arbitrary, the claim thus holds for any & of the form h(-)Y.
To address the general case, we proceed as in Kahane [21] (see [3, Section 5.2] for a
review). First note that by (3.1) we may write

O(x) = Dp(2)+ Y bel2)Vi, (3.9)
k=0
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where (Yp,...,Y,,) are i.i.d. standard normal and where ®,, is an independent centered
Gaussian field with covariance

Cov(®y(2), Bu(y)) = Y br(2)hr(y)- (3.10)

k=n+1

The argument for ® of the form h(-)Y then shows, inductively, that (3.2) implies
e @ P (dy) ' e®@N[P(dx), nelN. (3.11)

Letting f: D — [0,00) be measurable and supported in a compact set A C D, the
assumption of locally-uniform convergence in (3.1) implies that, given ¢ > 0 there is
n € IN such that Var(®, (x)) < e for all x € A. This also gives Cov(®,(z), ®,(y)) < € for
all z,y € A and so Kahane’s convexity inequality along with Jensen'’s inequality show, for
Y, = N(0,¢) independent of M and M?,

E(e_eY€<MD’f>) _ E(e—eﬁ/zeysie/2<MD,f>)

Kahane E(e_eeﬂ(MD7 e@n(-)*%Vﬂr(‘Pn(«))f>) (3.12)

— = Lvar . € T
(3.11) E(e_ee/2<MD7e<1>n<> 3V (<I>n<)>f>) Jefgen E(e_e /Z(MD7f>).

Taking € | 0 and noting that this implies Y, — 0 in probability then shows, with the help
of the Bounded Convergence Theorem,

E(ef(MD,ﬁ) > E(ef@\?D,f)). (3.13)

By symmetry, equality must hold for all f as above and so MP faw MD, as desired. O
Equipped with Theorem 3.1, we are ready to give:

Proof of Theorem 2.2. Abbreviate

1
Yy i= —— KD~ (3.14)
Dl 2

Then Yy is normal with mean zero and variance

1
Var(YN):m Z GP~ (z,y). (3.15)

z,y€DN

Moreover, denoting
DN yepy GPY (2N ] y)

Oy () : (3.16)

Zy,zEDN GDN (Z7 y)

a covariance calculation shows that Yy is independent of
RPN .= BPN N (2/N)Yy (3.17)

which, we note, has zero average over Dy . Hence, if we define the zero-average variant
of 13 by

1
D,0 ,_
U i) DI (3.18)
€D N
we have
D, D, -
my LYy and g =y} )y, (3.19)
EJP 0 (2023), paper 0. http://www.imstat.org/ejp/
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where 0,.): D x R — D x R is defined by 0,y(x, h) := (x,h + s(x)). The stated indepen-

dence also shows
(nR] D2 nov=0) = 20 (3.20)
r€DN

and so we may and will henceforth focus on the limit of 771]\3[’0.
Using the uniform bound GP¥ (x,y) < glog ﬁ + ¢ along with

GPN([eN |, [yN]) = GP(xy), xyeD. a#y, (3.21)

the Dominated Convergence shows that Var(Yy) converges to o% from (2.15). We thus
have Yy Wy N (0,0%). In particular, {Yy: N > 1} is tight and so from the tightness
of nﬁ, (3.19) and the uniform boundedness of 0 we get

{ny°: N > 1} is tight. (3.22)

Similarly we show that 0y — 0 uniformly on D. (This implies 0(xz) > 0). Writing the
equality in (3.19) via Laplace transforms against a test function f € C.(D x R) and
invoking (2.9), any subsequential limit -0 of {#x": N > 1} thus obeys

NP0y = c(\)ZP (dz) @ e~ Mdh, (3.23)

where Y = N(0,0%) is such that Y IL 7?° on the left-hand side.
Next we note that we may realize (3.23) as an a.s. equality. This is because (3.23)
implies, for any measurable A C D and B C R with Leb(A) > 0,

77D>0 o Gaf(_l)Y(A X B)

0P 06, (A [0,1])

:am—e—M)*/ e Mdh as. (3.24)
B

due to the fact that equality in law to a constant implies equality pointwise a.s. We
conclude that the measure

A ad[(A) (1 —e )]t P00 gl (A% [0,1]) (3.25)

is equidistributed to Z /{7 . Replacing 7 )1\7 by this measure then gives equality in (3.23)
pointwise a.s.

Once we have (3.23) as an a.s. equality, and Z /{3 thus as a measurable function of 77D 0
and Y, we apply a routine change of variables to get

7P 0 = c(\) e @Y 7D (dg) @ e~ Mdh. (3.26)

Setting
20 (dz) = e @Y 7D (dx) (3.27)

the independence of n”:* of Y shows Zf % 1| Y and thus proves existence of the
decomposition (2.16). Since the decomposition is unique by Theorem 3.1 and the fact
that 0 is bounded and continuous, the law of Z f ¥ does not depend on the subsequential
limit n?:°. It follows that all subsequential limits of {77]?,’0: N > 1} are equal in law and
so we get the convergence statement (2.14) as well. O

Our use of Theorem 2.2 will invariably come through:

Corollary 3.3. Under the conditions of Theorem 2.2, and for Yy as in (3.14),

nR & Sy, N‘aj%; ¢(A) e @)Y ZD0(qz) @ e *Mdh © by, (3.28)

where Y = N(0,0%), for 0%, as in (2.15), is such that Y 1L Zf’o.
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Proof. By (3.19) and the fact that Y,, — Y in law and 0 — 0 uniformly shows

D law D0 . p—1
My @0yy = (177 0b,0)y) @by, (3.29)
where 7”0 is as in (3.26) and obeys Y L 7%, Invoking (3.27), the claim follows by a

routine change of variables. O

4 Augmented boundary vertex measures

We will now move to the discussion of local time level sets. Our proofs build on the
conclusions derived in [1] for the local time parametrized by its value at the boundary
vertex o. In order to transfer these conclusions to the setting of a fixed total time, we
will need to control the fluctuations of the total local time at a fixed local time at o. Our
first step is thus to augment the results of [1] by information about these fluctuations.

We will again introduce the corresponding quantities on a general finite connected
graph with vertex set V U {p}. Consider a joint law of paths X of the discrete-time
random walk on V U{o} and an independent sample ¢ — N () of a rate-1 Poisson process.
The continuous-time walk is then defined as

X=Xz, t2>0. 4.1)

()

The local time naturally associated with X is given by

- 1 t
LY (u) = ——— 1,9 _ 4. 4.2
¢ (u) deg(u)/o dslig _, (4.2)

Denoting 7,(t) := inf{s > 0: LY (¢) > t}, the local time parametrized by its value at g is
defined as N
LY (v) := LY ) (v). (4.3)

Note that, in particular, we have EY (0) =t forall t > 0. The same is true about the
expected value at any vertex; i.e., E¢LY (v) =t forallv € V.

At a given t > 0, the total (continuous) local time of the walk is computed by adding
LY (v) over all v € V U {p}. The quantity

— 1 TV
T(t) := 7oV ;[Lt (v) — ] (4.4)
then denotes the normalized (empirical) fluctuation of the total local time. (Note that
v = p can be freely added to the sum as E}/(g) = t.) To explain the specific choice of
the normalization, we recall the following result from Eisenbaum, Kaspi, Marcus, Rosen
and Shi [17] with improvements by Zhai [30, Section 5.4] (see also the new approach by
Sabot and Tarres [26]):

Theorem 4.1 (Second Ray-Knight Theorem). For each t > 0 there exists a coupling of
LY (sampled under P?) and two copies of the DGFF h" and h" such that

hY and Ef are independent 4.5)
and L L
Ey(u)+§(h,‘j)2=§(ﬁx+\/%)2, wev. (4.6)

Using the stated coupling, we readily compute
>y (hy )% — (e )?

ueV

1 ~ 1
T(t) = — v 4.7
0= 2+ @
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Note that the first term is the average of the field nv.

In what follows, the role of V' will be taken by the sets Dy and p by the “boundary
vertex.” We let RN be the DGFF on Dy and, given a sequence {tn}n>1 and for the
continuous-time random walk started at o, let hP~ be the DGFF such that (4.5-4.6) with
t := ty holds. We then set

1 D
Ty i = ——— LN —t 4.8
N T o 2 L) ] o
r€DN
and denote )
YN = ilfN (49)
Dal 25,

We start by noting:

Lemma 4.2. For any {ty}n>1 With t;y — co we have

T — YN N—> 0, in probability. (4.10)
hde el
In particular;,
Tn 2% N(0,0%), (4.11)
N—o0

where c% is as in (2.15).

Proof. The Wick Pairing Theorem gives
var( 3 (hP¥)?) = 3 Cov((hP¥)2. (h)¥)?)

ze€DN z,ye€ED N , (412)
= Y 2[EMPYRIM =2 >0 GPV(z,y)%
z,yeDN z,y€EDN
The uniform bound GP~ (z,y) < glog # + ¢ shows that the double sum on the right

is of order |Dy|?. From ¢y — oo it follows that

1
_— RPN)2 —E[(hP¥)2]] — 0, in probability. (4.13)
ST o (62~ =
Using this along with E[(hD~)2] = E[(hP~)?] in (4.7), we get (4.10). For (4.11) we invoke
the argument after (3.21). O

We are now ready to state and prove convergence theorems for processes associated
with exceptional level sets of the boundary vertex local time EgVN augmented by informa-
tion about 7. Starting with the thick and thin points, given positive sequences {ty }n>1
and {an}n>1, define

-~ 1
D._ 1 Z R
N Wn ey Ou /N ®6(LfNN(z)faN)/\/m’ (4.14)
€z N

where Wy is as in (2.17). For the thick points of EENN, we then have:

Proposition 4.3 (Thick points). Suppose that {ty}n>1 and {an}n>1 are such (2.1) and
(2.18) hold for some 6 > 0 and X\ € (0,1). Then for X sampled from P?, relative to the
vague convergence of measures on D x (R U {+c0}) x R,

[ VO
N—o00 \/§+)\

where Y = N(0,0%), for 0%, as in (2.15), is such that Y 1L Zf’o.

(R ®6ry c(\) eN@Y 7D0(dz) @ e~ *Mdh @ by (dt), (4.15)

EJP 0 (2023), paper 0. http://www.imstat.org/ejp/
Page 16/45


https://doi.org/10.1214/23-EJP988
http://www.imstat.org/ejp/

Random walk local time

Proof. We will rely heavily on the proof of [1, Theorem 2.2] but, due to a different
normalization of the second coordinate in (4.14) and also the fact that the limit measure
is different than in [1], we need to recount the main steps of the proof. Throughout we
will assume (for each N > 1 and each ¢t := ty) a coupling of EQVN and an independent
DGFF hP~ to a DGFF hP~ satisfying (4.6).

First, by [1, Corollary 4.2] the measures {Zﬁ: N > 1} are tight and, by Lemma 4.2,
the same applies to the enhanced measures {{y: N > 1} where

Ev = (R ® 6, (4.16)

Moreover, [1, Lemma 5.3] shows that if {5, — ¢ in law along some increasing se-
quence {Nj},>1, then the extended measures

1
xt .
= i 2 Do/ B OEEN o)y vz © O © B2 jaryiin (417

r€DN

where we now normalize the second and fourth coordinates differently than in [1], obey

13 kh—f;o £®g (4.18)

. . . . 1
in which, using (2.18), g is the law of A/(0, m).

Let n}\), be the process (2.7) associated with the field hP~ and the scale function

Zl\N = \/2@]\[ —V 2tN (419)

that, by (2.1) and (2.18), scales as ay ~ 2,/gAlog N as N — oo. Let Yy be the average
of hP~ over Dy; cf (4.9). Given f € Co(D x R x R), in the assumed coupling of Lt[J)VN,
hP~ and hP~, the convergence in Lemma 4.2 tells us

R @ dyy, f) =o(1) + (MR @ o1y, f), (4.20)

where o(1) — 0 as N — oo in probability. The calculation in the proof of [1, Lemma 5.4]
(which is tantamount to applying the coupling of Eng , kP~ and hP~ while noting that the
field h”~ will be typical at most points contributing to ¢ ]’3 , as shown in [1, Lemma 5.2])
then gives

(N @ 0ry, f) = o(1) + (€], 1), (4.21)

where ,
oM@, 0t h) = f(z, 0+ 2. (4.22)

Using Corollary 3.3 on the left-hand side of (4.20), from (4.21) and (4.18) and, one more
time, [1, Lemma 5.2] we conclude that every subsequential limit £ of the measures in
(4.16) satisfies the convolution-type identity

(&£ ' () / e N@Y 789(dz) @ e~ *Mdl f(x,0,Y), (4.23)

where Y 1L Zf)’o and
FroGa ) = [ a@n)f (o, 0+ 5.0, @.24)

jointly for all f € Co(D x R x R). It remains to “solve” (4.23) for &.

First we note that the Monotone Convergence Theorem extends (4.23) to all f of the
form f(z,¢,t) := 1A(9c)f(€)1(b,oo)(t), where f € C.(R) and where A C D is non-empty and
open. Denoting {4 4(B) := (A x B x (b,0)), a calculation then shows

(&, 1% = (€ap, fxe) (4.25)
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where
B e’

e(z) = ; \/7_71(

The identity (4.23) also implies that (€45, 1[0,00) * ¢) < oo a.s. and gives

_w0)(2) for Bi=a(VO+ ). (4.26)

(Eap, fre) = (Eap L0y % €) /ou\ e M F(0)de, (4.27)

where the equality now holds pointwise a.s. because once (§4, 1[0,00) * ¢) > 0 (which is
necessary for the left-hand side to be non-zero), the ratio ({4, f e)/(€ap, 1j0,00) * €) iS
equal in law, and thus pointwise, to the integral on the right.

Denoting p(dh) := e~**:dh, a routine change of variables rewrites (4.27) as

(Eap, fre)=Clur f) (4.28)

where C' is a random constant that is finite thanks to 5 > aA. By [1, Lemma 5.5], there is
at most one Borel measure {4 ; on R satisfying (4.28) and, in fact, £4 ;(d¢) = C’AJ,e*O"\ZdZ
for some (random) constant C4 . It follows that

£(dxdrdt) = M(dzdt) @ e~ Mdl, (4.29)

where, by plugging this in (4.23),
-1
M(dzdt) & ( / g(dh)ea*%) c(N)e @Y Z2020(de) @ 5y (dt). (4.30)

The integral equals the root of (v/6 4+ \)/v/#. The claim follows. O

We proceed with the corresponding result for the thin points:

Proposition 4.4 (Thin points). Suppose that {tn}n>1 and {an}n>1 are such (2.1) and
(2.20) hold for some 6 > 0 and X € (0, Vo A 1). Then for X sampled from P?, relative to
the vague convergence of measures on D x (RU {—o0}) x R,

D law, \/é
CN X 5TN N? \/@ _ )\

where Y 1L Z/(D’O with Y = N(0,0%), for 0% as in (2.15).

c(\) e~ N@Y 7P00(qz) @ et Mdh @ dy (dt), (4.31)

Proof. The proof is very similar to that of Proposition 4.3 so we indicate only the needed
changes. We will again rely on the coupling of L”~ and two DGFFs h”~ and A”~ such
that (4.5-4.6) for ¢t := t hold. Let nﬁ to denote the process associated with hP~ and the
centering sequence —ay, where

aN =V QtN —V 2aN. (432)
Note that, under (2.1) and (2.20) we have ay ~ 2\/5)\ log N. Writing Yy for the average

la

of hP~ over Dy, Corollary 3.3 along with the symmetry h?¥ = —hP~ ensures

nk @ oy, Nl"‘—w> c(\) e AR@Y ZD0(qg) @ etMdh @ dy (dt), (4.33)
—00
where Y = N(0,0%) is independent of Zf)’o.

The argument now proceeds very much like for the thick points. We consider the
extended measures (4.17), which are tight by [1, Corollary 4.8] and show, with the help
of [1, Lemmas 6.1, 6.2] and (4.33), that every subsequential limit £ thereof obeys

(€ £ 2 () / 6N ZD0(q,) @ o toMAL f(a, 0, Y), (4.34)
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where f*8 is still defined via (4.24) but with

g :=law of N'(0, ~——5). (4.35)

The identity (4.34) readily extends to all f of the form f(z,4,t) := 14(2)f(£)1(—oop)(t),
where f € Cc(R) and where A C D is non-empty and open. A calculation then shows
(4.25) with ¢ now defined using 3 := a(vf — \). Proceeding via an analogue of (4.27)
(with 1jg ) replaced by 1(_ oj), using [1, Lemma 6.4] we then again show

£(dzdedt) = M(dadt) @ eToNdY, (4.36)
where, this time,
-1
M(dzdt) 2 ( / g(dh)e—fﬂ%) c(A)e™oNR@Y ZP0(dz) @ by (d). (4.37)
The integral equals the root of (v/6 — \)/V/#. O

Next we move to the discussion of the light and avoided points. Starting with the
light points, we define

~ 1
IR == > Gyn® 050N (4 (4.38)
N zeDy N
where WN is as in (2.24). We then get:

Proposition 4.5 (Light points). Suppose {tx}n>1 obeys (2.1) for some 6 € (0,1). Then,
for X sampled from P?, in the sense of vague convergence of measures on D x [0,00) x R,

IR @ o7, Nla—‘”> V2rge(v0) e VY Z2D0(da) @ fi(dh) @ oy (dt), (4.39)
—00
where Y = N(0,0%) is independent on\%O and
_ > 1 a2\t
fi(dh) == 6o(dh) + (nz_% e (7) h )1(0,00)(/1) dh. (4.40)

Proof. Assuming again the coupling from (4.5-4.6), we set
En =08 @ b7, (4.41)

The family {{y: N > 1} is tight by [1, Corollary 4.6] and so we may consider a subse-
quential limit £ thereof. By [1, Lemma 7.1], the extended measure

v1og N
= 2 3 G © O ) © 0y 00w, (4.42)
xE€D N

then converges to £ ® ﬁLeb along the same subsequence. We now pick a test function

f € Ce(D x [0,00) x R), denote
FEH @, 0, h) = f(z, 0+ 1) (4.43)

and observe that (4.6) implies

Z fext(w/N,Zg\/N (l‘),TN,th) — Z f(w/N; %(B:?N + \/E)Q,TN). (4.44)

zeD N z€DN
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Writing this in terms of the above measures, Lemma 4.2 gives

(R ) = 0o(1) + (ny ® by, (- 3] 2 ), (4.45)
where 7% is the DGFF process associated with the scale sequence ay := —/2fy. As

an ~ —2,/gV0log N, from (4.33) we get

(€, frleb) = c(\/é)/e—am(ﬂy Z00(dz) @ e*VIhdh f(x, 1h2Y), (4.46)
where
frieb (@, 0,t) \ﬁ/dhf 2, 0+ 1), (4.47)

By the Monotone Convergence Theorem, this extends to all f of the form
f(xa l, t) = lA('T)eisel[O,oo) (g)l[bpo) (t) (4.48)

for AC D open, b€ Rand s > 0. For £4,(B) := {(A X B x [b,00)), we then get

/0 Ean(@De—" "\ /2rgc(v/B) (/Ae_“‘/%(”’)YZ\%O(dx)) e T 1) (Y).  (4.49)

Since the Laplace transform of a measure, if exists, determines the measure uniquely,
this proves that ¢ takes the product form

&= Vamg (Vo) eI Z70(da) @ () @ oy (d) (4-50)

for some deterministic measure /i on [0, o0) with Laplace transform s +— e =", A calcula-
tion shows that the measure (4.40) has this property. O

A direct consequence of our control of the light points is:

Proposition 4.6 (Avoided points). Suppose {tn}n>1 is such that (2.1) holds for some
6 € (0,1) and let

~D
Ry = —— 1 LDN 0 595/1\/ (451)
T Wy chEDN (Lo (2)=0}

Then, for X sampled from P?, in the sense of vague convergence of measures on D x R,

#R ® o7, Nl’a—% V2rge(v0) e VY 250 (dr) @ oy (at), (4.52)
—00
where Y = N(0,0%) is independent on\%O.
Proof. The proof of [1, Theorem 2.5] carries over essentially verbatim. O

5 Fixed total time

Equipped with the enhanced limit results that include the limit value of normalized fluc-
tuations of the total local time, we now proceed to derive from these the corresponding
conclusions for a fixed total time.
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5.1 Time conversions

The transition from a fixed local time at p to a fixed total time is based on a simple
inversion formula. Recall that, in our context,

7o(t) :=inf{s > 0: LP~ (o) >t} (5.1)

and deg(Dy) := ZIEBNU{Q} deg(z). Given a sequence {ty }n>1 with ¢ty > 1, define

ty ==inf{t > 0: 7,(t) > deg(Dn)tn } (5.2)
This is an inverse of 7, evaluated at deg(Dy )ty and so we expect 7, (%) ~ deg(Dy)tn
and, by (4.3), we should therefore have Lifg@mm(-) R~ L%N(-).

Besides their approximate nature, any use of these identifications are complicated by
the appearance of the random time ¢, for which we have no better formula than (5.2).
We will thus base the time conversion on a slightly different (still random) quantity that
will turn out to be better adapted to our needs.

Recall the definition of Ty from (4.8). We note that this actually coincides with the
value of T (tn), where (in accord with (4.4)) we set

Un(t 1 ~
r€DN
Now let dex(0)
o ._ . _deglo
=ty (1 deg(DN)> V2N T (tn). (5.4)

We then have:

Proposition 5.1 (Time conversion). Fix any sequence {by} n>1 in (0,00) such that by —

oo and bN/t}\{4 — 0 as N — oo. Then there exists a constant ¢; > 0 such that

7o (t% — bty t) < deg(Dn)tn < 7o (t% + bty ") (5.5)

and thus, in particular,

/\DN . NDN . ADN .
Lt;’rbm}v/‘l( )< deg(ﬁN)tN( ) < Lt}’erbNt}v/“( ) (5.6)

hold true with P2-probability at least 1 — c1by'.

The proof will be split into several intermediate results, some of which will be useful
later as well. The first item to note is the “stability” (or slow variation) of the fluctuation
of the total local time:

Lemma 5.2. There exists a constant c, > 0 such that for all s,t > 0 and all » > 0,

PQ( sup |Un(s+u) —Un(s)] 27’) <. (5.7)
0<u<t T
Proof. Note that Uy is a compensated compound Poisson process. In view of stationarity,
it suffices to consider the case s = (0. Moreover, since Uy is a martingale, Doob’s maximal
inequality is applicable and hence

pe ( sup |Un(u)| > r) < 4Varpg—(2UN(t)).

0<u<t

(5.8)

/A
It suffices to show that Varp.(Uy(t)) is bounded by Ct for some C' > 0. To this end,

we note that ¢t — (Un(t) + t) is a compound Poisson process with rate deg(p) and jump
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size distributed as ) ., #(7)/
Hence we get

(+) is the local time for a single excursion.

(%ZDN e ) ] (5.9)

(Alternatively, use that LPV(:) ' S NM @) () where {£0)(-)};> are iid. copies of
the single excursion local time /(-) and N(¢) is an independent Poisson with parame-
ter ¢ deg(p). A computation gives Covpe (L™ (z), LP¥ (y)) = tdeg(0)E2(£(x)¢(y)).) The
expectation in (5.9) can be computed via the Kac moment formula with the result

tdeg
|Dy|

Varpe (Un(t)) = Varpe (Un(t) +t) =

Varpe (Uy (t)) |2 > GPV(a,y). (5.10)
N z,yeD N

The uniform bound G (z,y) < glog ﬁ + ¢ shows that the sum is at most a constant
2, uniformly in N > 1. O

The next lemma quantifies the difference between 7,(t%;) and deg(Dy )ty

Lemma 5.3. Let {by }n>1 be as in the statement of Proposition 5.1. Then there exists a
constant cs > 0 such that

To(th)
deg(Dy)

— tN‘ < by and |t7\f — tN‘ < byVin (5.11)

hold with P¢-probability at least 1 — c3by>.

Proof. Note that 7,(t) = >, cp (o} deg(z)LP™ (x). The proof is a straightforward appli-
cation of Chebyshev’s inequality together with some variance estimates. We begin by
noting that 7,(t4) —deg(Dy )t is the first time to hit o starting from the point X, deg(D )t
Writing H, for the first hitting time of p, the Markov property tells

B [(Gettio) - deg(i)tn)] = B2 [Besowns ()] < max 7] (512

As in the proof of the previous lemma, applying the Kac moment formula shows

E*[H}] =2 Z deg(y) deg(2)GP™ (z,y)GP™ (y, 2) < ca| Dy |? (5.13)
y,2€EDN

for some absolute constant ¢4 > 0. (This also conforms to the knowledge that the length
of a typical excursion on Dy is comparable to the volume of Dy.) Then by the Chebyshev

inequality,
7, (tn Dy|?
pQ<TQ(N)tN‘ZbN)§ ( ca| D| < _“ (5.14)

deg(Dy) deg(D)bn )2 1663,
where the last step follows from deg(Dy) = deg(o) + 4|Dx|. Also, by a computation
similar to the previous proof, we get

A 2
0 Te(t)_> D
y [(dEg(DN) ! ~ deg(Dy)? DN Y deg(w)deg(y)G™V(wy) Sest (5.15)

z,y€DN
for some constant c; > 0. So again, by Chebyshev’s inequality,

of Teltn — bnv/EN) B cs(tn —bnVin) _ 4cs
P( dez(Dx) Zmb“%@§<mwm> <5 610
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and likewise
T, (tN—‘rbN\/ ) ) 4C5(1erNt
pe( LN TONVIN) 4o 4 baVEN/2 N
(g™ <t + b R

Combining (5.14), (5.16), and (5.17) we find that there exists a constant c3 > 0, depend-
ing only on (tx)n>1 and {bx}n>1, such that all of

1/2)

(5.17)

f‘g(tN — bN\/E) < deg(EN)(tN — bN\/E/Q),
To(tn + bnVin) > deg(Dy) (tn + bnvVin/2), (5.18)

Fo(ty) — deg(Dn)tn| < deg(Dn )by /2

simultaneously hold with P¢-probability at least 1 — c;;bg,z. But if all of (5.18) hold, then
we get

%Q(tN—bN\/tN) <7A'Q(t}<v) <7A'g(tN+bN\/tN). (5.19)
By the monotonicity of 7,, these altogether imply (5.11) as required. O

Next we will quantify the difference between t}; and ¢$:

Lemma 5.4. Assume ty > 1 and let {bx }n>1 be as in the statement of Proposition 5.1.
Then there exists a constant cg > 0 such that

[ty — 5] < bty (5.20)
holds with P?-probability at least 1 — cgby'

Proof. We note that, by (4.3) and the fact that deg(z) =4 for x € Dy,

0
1 _ ds—t
U |DN| Z (deg / {Xo=a} ©F )

B (5.21)
1 1., 7o(t) — deg(Dn)t
=— (= — —|D E—
B (170~ dex(o)n) - Dol ) = 5%
Rearranging the identity in terms of ¢, we get
_ ) (1 - deg@) Un(t). (5.22)
deg(Dn) deg(Dn)

This will be used to prove the desired bound. Plugging ¢ := t};, we notice that the right-
hand side of (5.22) almost looks like the definition (5.4) of t3;, except that we need ¢y
in place of 7,(t%)/ deg(Dy) and Uy (ty) in place of Uy (t%). This amounts to estimating
their respective differences, and this is where the previous lemmas come handy.

First, we plug s := tx — by+/tny and t := 2by+/tn in (5.7) to get

pe ( sup  |Un(ty +u) — Un(tn)| > b t1/4> < Bebvvin _ Bes (5.23)

lul<by ViR (owty")? by
Combining this with Lemma 5.3, we can find ¢; > 0 such that both (5.11) and
Un(tn +u) — Un(tn)] < bytn*  forall |u] < byviy (5.24)

hold with P?¢-probability at least 1 — C7bX[1. Moreover, given (5.11) and (5.24), we also

get [Un(th) — Un(tn)] < bNt1/4 Putting this together, we get

* 7/\- t* *
th = 151 < | 220 — o+ U (ex) — U (o)
deg(Dy) (5.25)
<bn(1+ty") < 20ntN™
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Although this bound is slightly larger than that appearing in the statement, we can
repeat all the above argument with {b5/2}ny>1 in place of {by}n>1, then the desired
claim follows with cg = 2¢7. O

We are now ready to prove the main statement:

Proof of Proposition 5.1. Let {by} ~>1 be as in the statement. Then by the definition
of ¢y and Lemma 5.4,

deg(Dn)tn < 7o(th) < 7o(t% + buty ) (5.26)
holds with P¢-probability at least 1 — (’)(bj\,l). Next, regarding ¢ty — th and ty — t; as

functions of ¢y for each fixed N, Lemma 5.3 applied to (txy —bn/4)n>1 and (by/4)n>1
in place of (ty)n>1 and {by }n>1, respectively, show that both

deg(ﬁN)tN Z %g((t]v — bN/4)*) Z deg(b]v)(t]v — bN/Z) (527)

and
|(ty —bn/4)" —tn| < by vin/2 (5.28)
are satisfied with P?-probability at least 1 — O(b]_\,l). Then using (5.24) and repeating the
argument as in the previous proof, we can bound (¢y — by /4)* from below by ¢, — bNt%4
again with probability at least 1 — (’)(b;,l). O

5.2 Continuous-time exceptional level sets

We are now ready to adapt the convergence theorems for the exceptional level-set
measures for the boundary-vertex local times LP~ to those associated with the local
time LPV of the continuous-time walk X run for a fixed time of order N2(log N)2. We
begin by the thick points; the arguments will be readily adapted to the other families
of exceptional points as well. Given two positive sequences {ty}ny>1 and {ax}ny>1 as
before, define

~ 1

N = W D N ©0zon () —an)/ VIR’ (5.29)

€Dy deg(DnN)tN

where Wy is the same as in the case of (; R. Then

Proposition 5.5 (Continuous-time thick points). Under the setting and notation of Theo-
rem 2.3 and for X sampled from P?¢, we have

G L

o NI c(\) eC@=DT ZD0(qp) g e =M, (5.30)

where T and Z,"° are independent with T ~ N (0, 03%).

The key point is to carefully track the effects of the random time shift /2ty T in
the quantity ¢3, from (5.4). Let {by}n>1 be a sequence with by — oo and by /t/* — 0.
Consider the event

En = {%Q(t}’v — byt < deg(Dy)tn < 7,(t3 + bm}{‘*)}

n { max ‘UN(tN#*U)*UN(tN)‘ SbNt}\[/4}ﬂ{|TN| SbN} (5.31)
|u| <ONVEN

We then have:
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Lemma 5.6. There is a constant c; > 0 such that the following holds for all N > 1:
P2(En) > 1 — crby! (5.32)

and
max ‘TN(tN +u) — TN| < C7bN/t}V/4 on &y (5.33)
|ul<bn VIN
Proof. The bound (5.32) follows from Proposition 5.1, Lemma 5.2 and the fact that T
has asymptotically a Gaussian tail. To get (5.33), note that for |u| < by/tn,

T (ty +u) — Ty | < bty b [T | on & (5.34)

NN t+u)—TIN|< N .
\/Q(tN—bN\/tN) \/tN—bN\/tN

As |Ty| < by on &y and {bN/t}VM}NZl is bounded, this is at most order bN/t}VM. O

The argument to follow will be based on dividing the event £y depending on the
values of Ty. For this we fix an € > 0, and let {py }rcz be a family of continuous functions
such that

0<pr < Li(k—1)e, (k1) and Z pr = 1. (5.35)
keZ

We also define two auxilliary time sequences {tﬁk}Nzl and {ty ,}n>1 by
d 1/4
o =ty — (1= 2250 (e — 1)v/20w + bty

tye=tn — (1 - dj;g%@])v))e(k +1)V2ty — byt

(5.36)

We then have:

Lemma 5.7. For each M > 0 there is Ny € N such that for all N > Ny and all k € Z
with |k| < M, the following holds on Ex N {1 € supp(pr)}:

|TN(t%7k) — TN| S C7bN/t}\{4 (537)
and
D D D
Ltfvl,vk(') S Ly () = i 0 (5.38)

Proof. Fix M > 0. As by — oo and bNt;,l/4 — 0, we can choose Ny € N such that
e(M + 1)/2ty + bNt}\{4 < by+/tyn for all N > Ny. Then for all N > N,

ltye —tv| SbvvVin, —M <k <M. (5.39)

The bound (5.37) is then implied by (5.33).
For (5.38) we note that, on {Ty € supp(px)} we have (k — 1)e < Ty < (k + 1)e and
thus also
ta <t — bty <t + bty <t (5.40)
The bound (5.38) then follows from the inequalities in (5.31) and the monotonicity of
t— LP~ (). O

The inequalities (5.38) thus naturally make us consider the level-set measures Z}\?
along different choices of time sequences than the base sequence {¢ty}ny>1. We will
explicate the dependence on the time sequence by writing Z D () whenever it is along
{t'y} n>1 rather than {¢y}n>1, and likewise, we will write W (t};) for the normalizing
constants along the sequence {t/y }n>1. Next we note:
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Lemma 5.8. We have deg(p)/ deg(Dy) — 0 as N — oo. In particular, for each k € Z,
tNs ~ 290(log N)?, N — oo. (5.41)
Moreover,
Wi () = Wiy (ty) e~ o4, (5.42)
WN(t&,k) — WN(tN) e—aAe(k-i—l)—q—o(l), .

where o(1) — 0 uniformly in k € Z with |k| < M, for any M > 0.

Proof. We start by showing deg(p)/ deg(Dx) — 0. For this we note that deg(Dy) > 4|Dy]|
while, for any 6 > 0 and N sufficiently large, deg(p) < Y i={z €
Dn: doo(x, D) > 6N}. Setalso D° := {z € D: do(x,D°) > §}. Definition 1.2 then
ensures

. deg(o) _ |Dy ~ D% _ Leb(D ~ D)
lim sup ———— < limsup <
N—ooo deg(Dy) N o0 |Dy| Leb(D)

As D*’ 1+ D as § | 0, we have Leb(D ~ D*) — 0as 6 | 0.

With deg(o)/deg(Dy) — 0 settled, the asymptotic (5.41) is now checked readily from
the definition of tﬁ .- The bounds in (5.42) follow similarly from the explicit formula
for Wy and some routine estimates. O

(5.43)

We are now ready for:

Proof of Proposition 5.5. Let f: D x (RU {+oc}) — [0,00) be a bounded and continuous
function that is non-decreasing in the second coordinate and supported on D x [b, oo| for
some b € R. Then (5.42), (5.38) and (5.37) show

e~ 20Aeto(l)g=eATn (ty ) (FD (tnw) ) < (R )

20\ 1 ATn (¢4 ) /7D (5.44)
e2odetoe= AN N (R (L ), f)

IN

on EyN{Tn € supp(pr)}, where o(1) is a deterministic sequence tending to zero uniformly
in k € Z with |k| < M.
Define the maximal modulus of continuity of {py: |k| < M} by

. /
0SCare(r) 1= mhax tiuer)ﬂ | (t) = pr(t")]. (5.45)

[t—t"|<r

Relying first on the lower bound of (5.44), we now estimate
E@(e*@fv’,f)) _ pg(gc ) — PQ<|TN| > Me)

< Z E2(e” N py(Tw)1ey)

_e—2aAeto(l)g
< E EQ(e ©
k=M

(2M + 1)OSCM € (C7bN/t1/4)

M aXeto aAT N (ty &)
n Z EQ< —2aXeto(1) g TNy i (CN(tN &) f)p (TN(tKI,k))ISN>7

(5.46)

— ATy (ty

)
GG k(TN)18N>
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where in the last step we used (5.37). The key point is that, dropping the indicator of £y,
the k-th term in the sum is now a continuous function of the process (¥ (ty ) and the
time TN(t]_V’k). In light of (5.41), Proposition 4.3 gives

e (exp{ _e—20Aeto(1) g—adTn (ty ;) <ZJLV)(t]_V,k)7 f) }pk (TN(t;,’k)))

N E(eie—2akee—w)\T<ZD’f>pk (T)), (5.47)

N—o00

(P = /\/g;@,\ c(\) e@T ZD0(dz) @ e *Mdh (5.48)
+

with T = N(0,0%) independent of Zf) . Dropping the restriction to k| < M, the
N — oo limes superior of the sum on the extreme right of (5.46) is then at most
E(e=e "¢ ™™"(".1)). Since oscyy(r) — 0 as r | 0, taking N — oo followed by M — oo
and € | 0 shows

where

lim sup B¢ (e7<E£’f>) < E(e*ew”@D,f))

N —oc0

, (5.49)

where the two “error” terms on the left-hand side of (5.46) tend to zero in the stated
limits thanks to Lemma 5.6 and the Gaussian (asymptotic) tail of T .

The argument for a corresponding lower bound is very similar; we need to work
with t}; , instead of 5, , and use explicit estimates to get rid of the indicator 1¢, and the
restriction to the rangé of k in the sum. As a conclusion, we get

lim E2(e~C8-)) = e " (C".1) (5.50)
N—o00
for any function f as above. This is sufficient to give (2 1aW 6 —adT D 5g desired. O

For the thin points we now get:

Proposition 5.9 (Continous-time thin points). Under the setting and notation of Theo-
rem 2.4 and for X sampled from P¢, we have

¢D law Vo —aA(d(x)-1)T D,0 oAk
N ot gy (e Zy " (dx) @ eT 0 dh, (5.51)

where T and Z*° are independent with T' ~ N (0, 5%).

Proof. The argument is similar to that for the thick points: We need to work with
compactly-supported, continuous test functions f: D x (R U {—o00}) — [0, 00) that are
non-increasing in the second coordinate. The change in monotonicity effectively swaps
the inequalities in (5.44) and, due to a sign change in (5.42), also that in the exponent
of e_a’\TN(tik). We also need to rely on Proposition 4.4 instead of Proposition 4.3. We
leave further details to the reader. O

Moving to the light points, we define

~ 1
IR == Y Oun® 050y . (5.52)

— x
N zeDy deg(Dn)tn

and state:
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Proposition 5.10 (Continuous-time light points). Under the setting and assumptions of
Theorem 2.5 and for X sampled from P¢, we have

I 2 V2mge(Vh) eI 200 (da) @ (dh), (5.53)

where T = N(0,0%) is independent of Z\%O and [i is the measure in (4.40).

Proof. Relying on our convention concerning different time sequences, we start by
noting
WN(tE k) _ WN(tN) ea\/@f(k*l)+o(1)7

W W (5.54)
WN(t§7k) = WN(tN) ea\/@e(k-&-l)_:,_o(l)-

Given a compactly-supported, continuous function f: D x [0,00) — [0,c0) that is non-
increasing in the second coordinate, from (5.54), (5.38) and (5.37) we then have

e72a\/§6+0(1)ea\/§TN(tI]’k)<{9\£(t;’\}7k>7 f> S <7§Z7 f> (5 55)
< e2on/§e+o(1)eo“/gTN(t;]’k)<{9\Z(t]:fﬁk)7 D

The rest of the argument for the thick points (with Proposition 4.5 instead of Proposi-
tion 4.3) can now be applied to get

(0%, f) = etV @P ), (5.56)

where R
9P 1= \/2mg «(VO) e~V 2D9(dz) @ fu(dh), (5.57)
The claim now follows by a density argument. O

Finally, for the avoided points we set

1
=D ._ N
®R = T > Lzow (2103 Oo/N (5.58)

€D N deg(DN)tN

and state:

Proposition 5.11 (Continuous-time avoided points). Under the setting and assumptions
of Theorem 2.5 and for X sampled from P?, we have

~p law —aV(d(z)—1)T »D,0
RN o V2rge(Vo) e Z s (dz), (5.59)

where T = N (0, 0%,) is independent of ZDéO.

v

Proof. Given a continuous f: D — R, the identity (5.55) applies with 92, resp., 9%
replaced by E]’:\’,, resp., EJ’?,. The argument then proceeds as for Proposition 5.10. O

6 Discrete time conclusions

We will now move to the proof of our main results except those on the local structure
which are deferred to Section 7.

Considering, for a moment, a random walk on a general finite, connected graph on
V U {o}, recall that the discrete-time local time L) is parametrized by the total number
of steps in units of deg(V) = >, v {0y deg(u) while its continuous-time counterpart LY
is parametrized by the total time. Both of these are naturally realized on the same
probability space through the definition (4.1) of X via the discrete-time walk X and an
independent (rate-1) Poisson point process N (t). A key technical tool in what follows is:

EJP 0 (2023), paper O. http://www.imstat.org/ejp/
Page 28/45


https://doi.org/10.1214/23-EJP988
http://www.imstat.org/ejp/

Random walk local time

Lemma 6.1. There is a family of i.i.d. exponentials {7;(v): j > 1,v € V'} with parameter 1
independent of X (but not of N) such that

I -
Ly (v deg Zﬂ W gicdes)Ly,, @) U FE Kb (6.1)

holds P*-a.s. for each t > 0 and each x € V U {p}.

Proof. Let X be a sample path of the discrete-time random walk and N an independent
rate-1 Poisson process. Writing 7, 71, ... for the times between successive jumps of N,
for each v € V define {n;(v)};>1 by no(v) := —d, x, and, recursively, n;1(v) := inf{n >
n;j(v): X, = v}. Foreach j > 1 and v € V, set 7;(v) := TTILJ_(U). As X is assumed
irreducible, this constructs 7;(v) for all j > 1 and v € V a.s. Since 7, 7{,... are i.i.d.
exponentials with parameter 1 independent of X, so are {7;(v): j > 1,v € V}. The
equality in (6.1) is then readily checked except at v = )Z't where it fails because the walk
is “in-between” jumps there. O

Moving back to the random walk on Dy U {p}, this readily yields:
Lemma 6.2. For each x € Dy, abbreviate

__|sp 1 =D
I () = {L(tj\\]] 1) deg(D) (&) < 42 7j(2)1 {(ISALDN (@)} < Lint deg@m @) (- (62)

j>1
Then
Pe( 3 drer>2) — 0 6.3)
x€D N

Proof. The Central Limit Theorem ensures that (N (¢) — t)/v/f tends in law to a standard
normal as t — co. As ty = o(deg(Dy)), the inequalities

N((ty = 1) deg(Dw)) _, _ N({tn +1) dea(Dy))
deg(Dy) - deg(Dn)
are satisfied with probability tending to one as N — oo. Once (6.4) is in force, the

monotonicity of ¢ — L?N and (6.1) show that the event Fx(z) occurs at all + € Dy
except perhaps at the position of X at times (¢ 4 1) deg(Dy). O

(6.4)

With these observations in hand, we are now ready to finally present the proofs of
our main theorems. The easiest case is that of avoided points:

Proof of Theorem 2.6. Note that, whenever Fy(z) occurs, P~ (x) = 0 forces

- (tn+1) deg(Dn) o
L;Y(z) = 0 (a.s.), which in turn forces L(t’\’ )deg@m( xz) = 0. For any f € C.(D)
with f > 0, on the event )

veDy L1Fn(z)c < 2 we thus have

Wty +1) g 1), f)——2 ||f||oo_<'”v£’f>

Wit
(tn) ( | 6.5)
WN tny — 1 2
< —————(Fntn = 1), ) + =—lflloo-
W(tn) W
As {ty+1} ny>1 have the same leading-order asymptotic as {¢ny } n>1, the random variables
(&R (tny £1), f) have the same weak limit as (%, f). Since W — oo and also
Wity +£1
Wity £1) 1, (6.6)
Wa(ty) N—oo
the claim follows from Lemma 6.2 and Proposition 5.11. O
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Next we tackle the light points:

Proof of Theorem 2.5. Denote
—Dn 1
Ly, (v) = ; ZTj(m ALY @) (6.7)
Jj=1
and consider the auxiliary point measure
—D
Oy = Z S/n ® O PN (0 (6.8)

N €D N

Thanks to Lemma 6.2, on the event erDN lry@e < 2, the inequality (6.5) holds for
any non-negative f € C.(D x [0,00)) that is non-increasing in the second variable and
with 7%, resp., x2 replaced by 7%, resp., 5][\),. As, by Proposition 5.10, 9% tends in law to
the measure 97 on the right of (5.53), we have

Ons f) 2% (3P, f) (6.9)

N—o00

for any non-negative f € C¢(D x [0,00)).
Next we observe that, by that fact that for any € > 0 and any random variable Y
taking values in [0, €],

exp{—E(Y)} < E(e™Y) <exp{—e“E(Y)}, (6.10)

the fact that the random variables {7;(z): j > 1, € Dy} are independent and also
independent of the discrete-time random walk X implies, via [8, Lemma 3.12],

E@(e—E«@ﬁ,ma(X))) < Ea(e—@ﬁ,ﬁ) < Ea(e—e*”f”oc/WNE(@’i,mo(m)) (6.11)

where the conditional expectation is meaningful because (5% f) is a bounded random
variable. Defining f*¢: D x [0,00) — R by

£z, 0) ::E[f< igr)} (6.12)

where {7;: j > 1} are i.i.d. Exponential(1), we have

E2((y, f) | o(X)) = (08, 7). (6.13)
Hence we get (under P?9),
(0%, £7) =% 00, (6.14)

for any f € Cs(D x [0, 00)).
We now claim that {95 : N > 1} is tight under P?. For this we pick M € NN, denote
far(w, h) == 1j9,a7)(h) and observe that, for all n € Ny := {0,1,2,...}, we get

e /4) = ( ZTJ < M) (6.15)

Markov’s inequality then shows f;f,(z,n/4) > 111 as(n/4) and, therefore,

IR (D x [0, M]) < 2(9R, f351)- (6.16)
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The existence of the limit (6.14) then implies tightness of {¢% (D x [0, M]): N > 1} for
all M > 0, and thus tightness of {9%: N > 1} as well.

The tightness of {¢§: N > 1} permits us to extract a weak subsequential limit ¥
along a (strictly) increasing sequence {Ny: k > 1} of naturals. This entails the conver-

gence (9, , f) — 12 9D f) for every f € Co(D x [0,00)). We claim that we even have
(R, ™) 25 (07,17 (6.17)

for every f € C¢(D x [0,00)). (This is not automatic because f*¢ is not compactly
supported in general.) First we note that straightforward comparisons with the Lebesgue
measure show, for each M > 0,

. P(i E; 175 < M)
lim
e P4y <2M)

=1

=0. (6.18)

Writing ¢,, for the ratio of the two probabilities, for f supported in D x [0, M] we have
|/*¢] < || flloc f3f and so, by (6.15),

|f* (2, n/4)| < €nllfllo forr(z,n/4), n € Ny. (6.19)

It follows that the part of the integral (9%, f*¢) corresponding to the second coordinate
in excess of n is at most €, || f||o times (9%, f55,), which is tight by (6.14). We can thus
approximate f*¢ by a function supported in D x [0,n] and pass to the limit N — oo
followed by n — oo. This gives (6.17) as desired.

Combining (6.14) with (6.17) we arrive at the convolution identity

(@7, ) 2 WP p. (6.20)

We have proved this (including the absolute convergence of the integral on the left-hand
side) for f € Cc(D x [0,00)) but the Monotone Convergence Theorem along with the fact
that the second coordinate of ¥ has subexponentially growing density extends this to
all f € C(D x [0,00)) such that |f(x, h)| < ce~“" for some €, ¢ > 0. This permits us to
consider functions of the form g, (z, h) := f(z)e *" for s > 0 and f € C(D), for which

g (x,n/4) = f(z)(1 +5/4)7", n e No. (6.21)
Since 9P is supported on D x i]No, it makes sense to denote
9P (A) == 9P (A x {n/4}). (6.22)
The identity (6.20) then becomes

SR P+ s/4) 2 @ g,). (6.23)

n>0

Assuming f > 0, the explicit form of the right-hand side shows that (92, g,)/ (07, g,) is
well-defined and equal to a non-random quantity — namely, the ratio of two Laplace
transforms of fi. This turns (6.23) into the pointwise identity

~ ~ —sh ~
S s = LT (S e o) e
n>0 n>0

valid, a.s., for each s > 0 and (by elementary extensions) all f € C(D). Thanks to the
monotonicity of both sides in s and almost-sure continuity in f of both sides with respect
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to the supremum norm, the identity actually holds a.s. forall s > 0 and all f € C (D)
simultaneously.

With (6.24) in hand, we are more or less done. Indeed, as the left-hand side is a
generating function of the sequence {(9°", f~>}n20' which determines the sequence
uniquely, all (9P, f) must be the same deterministic multiple of the quantity in the
large parentheses on the right-hand side. This shows that ¥ must be as on the right-
hand side of (2.25) for some p of the form yu = ) - ¢n6,/4 Where {q,},>0 is uniquely
determined by .
> a1 +s/4)" = / f(dh)e™*" s> 0. (6.25)
n>0 0
The Laplace transform of j: was calculated in the proof of Proposition 4.5. All subsequen-
tial limits of {§: N > 1} are thus equal in law and so convergence holds. O

Moving to the thick points, we first need a substitute for (6.18):
Lemma 6.3. For {7;: j > 1} be ii.d. Exponential(1), all k € IN and all reals s > t > 0,

P(Shim-1=s) ' |

Proof. Since Z?Zl 7; has density ﬁxkfle*m, the change of variables y := = + ¢ gives

P(i(Tj -1)> S) = ﬁ sz+s dzzFle™

j=1
S
—et — dy(y —t)*te v (6.27)
(k - 1)! y>k+s+t )

k

>et<1_kJr‘;Jﬂf)kP<Z(Tj—1) > s+t).

Jj=1

Using that s > t, the prefactor can be written as the exponential of

t 1
t+k10g(1—7k+8+t> :t_kzﬁi(kqts—i—t)"

"=l (6.28)
. kt 1 kt? Z g—n '
- kt+s+t 2(k+s+1t)? = '
Noting that right-hand side is no less than —5—, we get the claim. O

ktstt’
The convolution identity that inevitably shows up in the proof in turn requires:

Lemma 6.4. Suppose v is a Borel measure on R such that, for some 3 € R and some
02> 0andall f € C,(R),

/u(dh)E[f(h +N(0,0°))] :/dh e’ f(h) (6.29)
R R
Then

v(dh) = e~ 2577 Hhhqp, (6.30)

Proof. Consider the measure v(dh) := e*5h+%52"2y(dh). Absorbing the exponential term
on the right of (6.29) into the test function, a calculation shows

/ P(dh) @ dz _ (@—h+B02)? @) / dh £(h) (6.31)
v e 202 x) = .

RxR V2mo? R
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for all f € C.(R). As C.(R) generates all Borel functions in R, we get

! /N(dh) SR L eR (6.32)
v e 20 =1, xz . .
V2mo? Jr
. ~ 1 _(h=Bo®)?
This means that v(dh) := vere v(dh) obeys
/ D(dh)e *h = e #Bo 0% /2 L R, (6.33)
R

The right-hand side is the Laplace transform of N (802, 02) and so, since the Laplace
transform of a measure, if exists, determines the measure uniquely, 7 is the law of
N(Ba?,0%). Hence v is the Lebesgue measure, thus proving the claim. O

Proof of Theorem 2.3. The proof starts by adapting the argument leading to (6.14).
Indeed, working again in the coupling of the random walk X and the i.i.d. exponentials
{rj(z): x € Dy, j > 1}, let

=D 1
N = Gy 2 8oy @O oy (6.34)

€D N

where ZZDNN (x) is the quantity from (6.7). Lemmas 6.1-6.2 along with Proposition 5.5
and (6.10) then show

B(Cns ) |0(X)) =5 (P f) (6.35)

for every f € Co(D x (R U {+0})), where ¢ is the measure on the right of (5.30).
Writing {7;: j > 1} for generic i.i.d. exponentials with parameter 1 and denoting, with
some abuse of earlier notation,

1
Nxe(r. B) .= B h E = D)1, 6.36
f (I7 ) f(xa + 4 ,72011\[ j>1(7'j ) {]§4a1\1+4h /QIIN}) 3 ( )

the fact that L?NN takes values in %]No then shows

B2y 1) | 0(X)) = (R, Y7 (6.37)
thus proving N
(GRS 25 (P ) (6.38)

for every f € C(D x (RU {+0c0})).
We will now use (6.38) to control the behavior of the measures {¢ ]L\? : N > 1}. First,
writing henceforth 1(,; ) for the function (z,h) = 1jas,)(h) we get

k

(laroe)) " () = P(Z(n —1)> (M- h)4\/2aw), (6.39)

Jj=1

where k := |4ay + 4hv/2ay . Assuming h > 2M with M > 0 large, Markov’s inequality
along with E((r; — 1)?) = 1 then gives

N,*e 4(1]\[ +4h\/2CLN 1 1
1—(11ar.00)) W< < = . 6.40
N T sy VL ER W v (6:40)
For M large, the right-hand side is at most 1/2 thus showing
N,*
Lpareo)(h) <2 aree)) (2, h). (6.41)
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From (6.38) and the fact that E D has an exponentially decaying density in the second
variable we then get, for each € > 0,

lim limsup P({CN, 1[ar,00)) > €) = 0. (6.42)

M—o0o N_oo

This implies tightness of {¢(£: N > 1} on D x (R U {+o0}) along with their asymptotic
concentration on D x R. In particular, we may extract a weak subsequential limit ¢”.

We would like to use the existence of weak subsequential limits to pass to the
limit N — oo inside the integral on the left-hand side of (6.38). For that we need to
deal with the fact that the support of fV*¢ extends to —oo in the second variable. Pick
any b > 0 and, for any h < —3b, invoke Lemma 6.3 with the choices s := 4y/2ayn(—2b — h),
t := 4/2anb and k as above to conclude that

32ayb(—2b—h)

(1[_byoo))N’*e(x,h) S e_m (1[_2[)’00))1\/',*2

(z,h), h < =30 (6.43)
The prefactor decays to zero as h — —oo uniformly in N > 1 and so, plugging this into

(6.38) and using that {(¢X, (1j_2p,00))"*): N > 1} is tight we get, for each bounded,
continuous f with supp(f) C D x [b,c] and each ¢ > 0,

lim lim sup PQ(‘ (R, PV 1o ,M]>‘ > e) —o. (6.44)
M—0o N_soo ’

Combining this with (6.42), we may truncate the second variable in the integral on the

left of (6.38) to lie in [—M, M] at the cost of errors that tend to zero in probability as

M — oo. The Central Limit Theorem shows

1 law
7§ = 1)1y, 2 N(0, 4 6.45
4/2an j>1(Tj ) lstan} N3 ( 8) ( )

and a simple estimate based, e.g., on Doob’s L2-martingale inequality to account for the
correction 4y/2axh in the number of terms in the sum then gives

lim sup  sup ‘fN’*e(x, h) — f*(x, h)| =0, (6.46)
N7 he[-M,M] 2D

where

£ h) = E[f(x,h + N0, g))] (6.47)

Taking M — oo after N — oo we then readily conclude that every subsequential weak
limit ¢P of {¢¥: N > 1} satisfies the distributional identity

P P (6.48)

for all f € Co(D x (R U {+00})). This includes the fact that the integral on the left-hand
side converges absolutely for all such f. B

We are now more or less done. Indeed, note that the explicit form of (” gives, for
f € C.(R) and A C D Borel with Leb(A) > 0,

~<5D,1A ® f)
(CP, 14 ® 110,00

> = a) / dhe M f(h), a.s. (6.49)
The right-hand side is non-random and so (6.48) becomes the pointwise equality

(CP,(1a@ ™) = (P, (14 ® 1jg00))™) a)\/dh e M f(h) (6.50)
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for all f € C¢(R). This shows that, for any B C R Borel,

¢P(Ax B) =aX(P,(14® 19,60))*") @ v(B), (6.51)
where v is a Borel measure on R that obeys (6.29) with 3 := —a) and o2 := 1/8.
—a?\?

Lemma 6.4 then gives v(dh) = e / 16‘0‘1”’ dh and, since the first measure on the right
of (6.51) has the law of the spatial part of CD, we get

¢ law —a?)?/16 ED. (6.52)

The claim follows. O
Finally, we deal with the changes that are required for the thin points:

Proof of Theorem 2.4. Following the proof of Theorem 2.3, the argument is exactly the
same up to (6.38), except that now f € C.(D x (R U {—oc})). For the tightness, we then
need to consider

k
(Lcoornr) " (2, h) = P(Z(Tj —1) < —(M + h)4\/2aN), (6.53)

where k := |day + 4hy/2an|. For h < —2M the same estimate as (6.40) then shows
L(—oo,—201)(h) < 2(1(—co,—ar))™**(, h) and so, for each € > 0, we get

lim limsup P?((CX, L(—oo,—n1]) > €) =0 (6.54)

M—oco N_soo

from (6.38). For the upper tail, we need a variation on Lemma 6.3:
Lemma 6.5. For {7;: j > 1} i.i.d. Exponential(1), all k € IN and all s,t > 0 with s+t < k,

P(Zle(ﬂ' —1)<—(s ”)) < -tz (6.55)
P(Sjalm - <—s) | |

To use this, let b > 0 and invoke the choices s := (h — 2b)4y/2ay, t := 4b\/2ax and k
as above while noting that, for N large and h > 2b, we have s + t < k, to get

4b\2an[(h — 2b)4v/2an — 1] }(1 )N’*e(x .
day + 4h/2ay — (h — 2b)4/Zay S\ (72 Jh).
(6.56)

The exponential prefactor tends to zero as h — oo uniformly in N sufficiently large and
so, for any bounded and continuous f with supp(f) C D x (—o0,b] and each ¢ > 0,

(1(_00717])1\71*3(1,7 h) < exp{f

lim limsup P"(‘ <C1€, fN’*el[M,oo)>’ > 6) =0. (6.57)

M—oco N_soo
This again permits us to truncate the tails and derive (6.48) for each f € C.(D x (R U

{—00})) and each weak subsequential limit (? of {¢(¥: N > 1}. The rest of the proof of
Theorem 2.3 can be followed literally leading to (6.52), as before. O

It remains to give:
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Proof of Lemma 6.5. The explicit form of the density along with the substitution ¢y := x+¢
again shows

P(zk:(Tj ~h=-let t)) - ﬁ /nggk—s—tdx o

j=1

1
<el 7/ dy (y —t)*le v (6.58
(k - 1)' t<y<k-—s ( ) )
k
¢ k—1
< et(1 . kis) P(Z(Tj -1 < —s).
Jj=1

Using the bound 1 — x < e ™7, the prefactor is at most e~ = . O

With the help of the above theorems, we can finally settle:

Proof of Theorem 2.1. For the local time ZgVN parametrized by the time at the boundary
vertex and the walk started at p, the statement appears as [1, Theorem 2.1]. The
bounds in Proposition 5.1 along with the tightness of {Ty: N > 1} then extend the

conclusion to E,QVN replaced by LP~ . The monotonicity of ¢ L? N combined with
ng(DN)tN

the inequalities (6.4) then extend the desired conclusion to the discrete-time object LQVN
as well. O

7 Local structure

The last item to be addressed are the proofs of Theorems 2.8 and 2.9 dealing with the
local structure of the local time field near thick/thin and avoided points, respectively. We
will start with the former setting, as it is technically most demanding.

7.1 Thick and thin points

We will again carry the argument primarily for the thick points and only comment on the
changes for the thin points. Assuming henceforth the setting and notation of Theorem 2.3,
we start by converting the continuous-time in the boundary-vertex parametrization to
that parametrized by the total time.

—D,1
Proposition 7.1. Let (' be given by the same formula as ¢N'°% in (2.31) except with

LtDNN (z) replaced by fﬁlN (z) from (6.7). Then, under P?,

Zﬁ,loc 11"3 ED®7/\>\, (7.1)
N—oco

where ZD is the measure on the right of (5.30) and v, is the law of ¢ + a\a, for ¢ the
pinned DGFF; i.e., a centered Gaussian process on Z> with covariances (2.32).

The proof will rely heavily on the arguments and notation from Sections 5-6. Through-
out, we fix a sequence {by } y>1 such that by — oo and bN/t}\,/4 — 0. First we condense
the ideas underlying Lemmas 5.6, 5.7 and 6.2 into:

Lemma 7.2. Given € > 0, let Ftvﬁyk be the quantity from (5.36) but with by replaced
by 3by. Abbreviate

Fn(z)=J ({(k —1)e<Tn < (k+ 1)6}

kez
~ 7D ~
I @I @< @}). 02
N,k N,k
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Then
P 1g e >2) =20 (7.3)

rz€DN

Proof. The tightness of T allows us to truncate the union in (7.2) to - M < k < M.
Recall the event Fy(x) from (6.2) and note that on the event

(Y treer <2} (7.4)

xE€D N

we have

7D —Dn ~D
L(tZJrl)deg(EN)(x) > Liy (@) 2 L(tj:: l)deg(DN)(x) (7.5)

at all but at most two z € Dy. Next set Ejt =En(tn +1) and 5 = En(tn — 1), where
En(tly) is the event Ey from (5.31) but for {¢y} replaced by {t)y}. Recall the notation
(ty)° for the quantity from (5.4). On £ NEy N {(k — 1)e < Tv < (k + 1)e} we then get
an analogue of (5.40) of the form

(tn +1)° +by(tny + D)V <EL (7.6)

(tv —1)° —bn(ty — DV > 1y, (7.7)

once N is sufficiently large (independent of k). Consequently, the inequalities

LY () > T (w) > LPY (a) (7.8)

UNk Nk

apply on the same event as well. Lemma 6.2 shows that (7.8) holds at all but two x € Dy
with P¢-probability tending to one as N — oo. This proves the claim. O

Next comes the main issue to be dealt with in the proof of Proposition 7.1: Since we
are after differences of the local time, we cannot rely on monotonicity as we did earlier;
instead we have to estimate the variation of ¢ — Ef) Y over time intervals of length of
order e+/2ty. This is the content of:

Lemma 7.3. Forall § > 0, allb € R and all {t/y}n>1 satisfying ty —tn = O(log N),

lim hmsup— Z PQ(LDN ) > an +blog N,

40 Nooo $€DN

LON(2) = DY | (e )>6\/2tN) —0. (7.9

!
ty—€

Proof. The proof is based on tail estimates for the local time which will depend, somewhat
sensitively, on a choice of a few parameters. Given § > 0let ¢y > 0 and jo € IN be such that

(VO +X2)? = (14€)0 > A2 (7.10)

and that, for all integers j > jo,
Vo — /e A
et PSS P
These choices can be made because (v + \)?> — 6 > \? and f 5 < 1. Assume € € (0, €]

and abbreviate t%; 1=ty — ¢/2tny and ay := ay + blog N. Set M = M(N) to the least
integer such that (M + 1)v/2ty > an — (1 + €)t.

]_ (7.11)
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Using the Markov property of ¢ — Z? N(x), the probability in (7.9) is bounded by
pe (LfD”N( ) > an — jov 2tN>P0 (E?fm(l‘) >0V 2tN)
+ Z Pe (LQN )>an — (G + 1)\/2tN>P9 (Ef\}\’ﬁ(w) > j\/2tN)

J=Jjo

+PQ(LffT( ) > (M + 1)\/2tN). (7.12)

We now use [1, Lemma 4.1] to bound the individual probabilities on the right-hand side
as follows. First, noting that by our choice of M,

\/z(a“N—(M+1)\/ﬂ)—./2t7V (7.13)

grows proportionally to log N as N — oo, [1, Lemma 4.1] may be used for the choices
a:=an — jov2ty, t :=t’; and b := 0. Noting that Wy defined using ay — jov/2tn and 5,
instead of a and ty is comparable with Wy, the uniform upper bound on G~ (z, ) then
bounds the very first probability in (7.12) by a quantity of order Wy /N2. The Markov
inequality shows

P2 (L0 (2) > 6v/2ax ) < 5\/‘/; (7.14)

and so the first term in (7.12) is order eWy /N 2 (with a constant that depends on Jo).
Next we move to the terms under the sum in (7.12). Here we use [1, Lemma 4.1] for
the choices a :=ay, t := t%; and b := —j/2ty to get, for all j = jo,..., M +1,

{ 2ty V2an — \/2t§(,}
]GDN(x,x) V2a N

for some constant ¢; € (0,00) independent of N >1, 7 =0,...,M + 1 and z € Dy. For
the second probability under the sum in (7.12), we apply [1, Lemma 4.1] with the choices

a:=0y2tn,t:=ey/2ty and b := (j — §)+/2ty to get

PQ(LtD,, (x) > an — jvV2tn ><01W—exp

N (7.15)

pe (L?\}VT( ) > Nﬂ) < e exp{—(j —9) Gﬂx) ﬁ\%ﬁ} (7.16)

for some constant ¢; € (0,00) independent of N > 1, j =0,...,M +1and = € Dy.
Putting (7.15) and (7.16) together and invoking (7.11) along with the uniform upper
bound on GP¥(x,z), the sum over j = jy,..., M in (7.12) may be performed with the
result of order e ~v%ioco WN/NQ, uniformly in x € Dy.

Finally, for the stand-alone probability in (7.12), one more use of [1, Lemma 4.1] with
the choices a := (M + 1)4/2ty, t := €y/2ty and b := 0 yields

(M+1),/2t N

Pg(LeD\}VT( ) > (M +1)v/2ty ) lcﬁze_(l_()(l)) G (7.17)

for a constant c¢3 € (0, 00) independent of, and o(1) — 0 uniformly in, N > 1 and = € Dy.
Using the definition of M, the right hand side of (7.17) is order N ~2[V0+3)?~(1+€0)d]+o(1)
which is o(Wx /N2) by Wy = N2(1=3)+e(1) and (7.10), uniformly in € Dy. The claim
follows by taking NV — oo, followed by € | 0 and jp — oo. O

We are ready to give:
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Proof of Proposition 7.1. Let f € Cy(D x R x ]RZz) be such that f(x,h,¢) depends
only on coordinates {¢.: z € A,.(0)} for some r > 0 and vanishes unless |h| < b and
max_.cy, (o) |¢z| < b, for some b > 0. Given € > 0, let k& € Z be such that [Ty — ke| < e.
Pick = € Dy and abbreviate

lx) —an (l(x) —l(z+2)
(2,0) = f(z/N, { : eA.o} . 7.18
a0 = £ (/3. 2 L (7.19
Introducing the oscillation of f by
oscy(d) :==sup sup sup ‘f(x,u, @) — f(x,v,(g) , (7.19)
zeD wu,veR, Cb.,qZG]RAT(O),
lu—v]<d max,ca,.(0) ¢z —b=|<28

the difference b R

I (L)) = [ (x L2~ ) (7.20)
N,k

is bounded in absolute value by the sum over z € A, (x) of two terms: First, 2| flloc1 7, .)c
and, second,

1]-:]\1(2) (OSCf(é) + ||f||ool{|ffDNN (Z)iftf)_N (Z)\>5\/m}>
N,k

X (7.21)

(l{itf’)’ ()>an—2bvZan} T 1{ff’NN (z)zaN—2b\/72aN})'

N,k

To simplify estimates, introduce the event

Hy(z) = {Z%Nk (z) > ay — 2b\/2aN} N {Z.%Nk () — L2 (2) > 5\/2aN}. (7.22)

N,k

Then (7.21) is bounded by
208¢1(0) Ly (7onony,) . ()zan—abvaan) T 20 loclan(o)- (7.23)
N,k

Summarizing these estimates, and writing Zﬁ’k’c(t’]\,) for the measure in (2.31) except

with LP~ replaced by LP~ and ty by t)y, we thus get that, on {|Ty — ke| < €},

_D,loc W (Fx 1) 2D 100~
(R 1) — S e . 1)
1
§4||f|\oo|Ar(0)\W7N > (17 oy + Latw (@)
x€D N

W (T3 1)

+2o0scy(8)|A(0)] W

<ZI€(€E,]@)7 1p ® 1[_2p,00)- (7.24)
Using Lemmas 7.2 and 7.3, the first term on the right tends to zero in P?¢-probability
as N — oo and ¢ | 0 for each § > 0. The tightness of E ]f,’ measures (under P?) along with
the uniform continuity of f ensure that the second term tends to zero in P¢-probability
as N - ooand ¢ | 0.

To finish the proof, note that by [1, Theorem 2.6] and the argument underlying
Proposition 4.3 we have, under P¢,

() @ory =% (P oD@ (7.25)

for any sequence {t\y}n>1 such that ¢y — tx = o(tn), where P is related to T as in
(5.48). Since WN(iv&k)/WN = e NN HOE) on {|Ty — ke| < €} N &y from (7.24) and
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the tightness of the random variables {Tn } n>1 We get, by taking N — oo followed by
€l 0,6 ] 0and m — oo, under P?,

Zﬁ,loc Nlajw) efa)\TZD ® l//\)\' (7.26)
oo
This is the desired claim. O

With Proposition 7.1 in hand, we are ready to tackle:

Proof of Theorem 2.8, thick points. First observe that the tightness of {¢¥: N > 1}
implies tightness of {¢ ]f,) o, N > 1} and so we may consider subsequential distributional
limits ¢P1°¢ of the latter. Using Proposition 7.1 in the argument from the proof of
Theorem 2.3 we conclude that every such subsequential weak limit obeys

(¢Ploe, pruy 2 (CD @ 7y, f) (7.27)

forall f € Co(D x R x R%"), where
(e, by @) = E[f(x,h+ no, {Ng — s + ds: 2 € ZZ‘})}, (7.28)

for {n.: z € Z?} i.i.d. N(0, §).
We now proceed similarly as in (6.48-6.51): Given any fe Ce(R x IE{ZQ) and any
Borel A C D with Leb(A) > 0, the explicit form of (P gives the pointwise equality

(¢Ploe (14 @ f)™)
= (¢ (14 ® L{g,00) ® Lgz2)™) @\ / dhe M & 0, (dg) f(h, ¢). (7.29)

Abbreviating 8 := —aJ, for each A as above, the measure (4 on R X RZ” defined by

CD,]OC(A % B)
b 7.30
CA( ) a)\<<'D’1OC,(1A®]—[O,oo) ®]‘]RZZ)*“> ( )

then “solves” for u from the convolution equation

[ @na) EL 10+ mos o .+ 62 € 7))

:/ dh e’ @ Dy(de) f(h,¢)  (7.31)
RxRZ?

for all f € Co(R x R%"). To solve this equation, we need:
Lemma 7.4. For each z,y € 72, let

-~ 1
Clx,y) :==a(x) +a(y) —alz —y) — 3 [1— 620 —6y0+ Oy (7.32)

Then C is  symmetric and positive semidefinite and so there exists a centered Gaussian
process {¢,: © € Z*} with covariance C. This process then satisfies (2.35).

Proof. Recall that (in our normalization) a solves the equation Aa = §p and so using
Fourier transform techniques we get

dk 1—e ik=
a = —_—, (7.33)
(‘T) /(71',71')2 (27T)2 D(k)
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where

D(k) := 4sin(ky/2)? + 4sin(ky/2)2. (7.34)
Let v € £*(Z?) and denote by (k) := >, 4. v(z)e'** the Fourier transform of v. A
calculation then shows

(v, Cv) = /(_W N (;752 <1A)2k) - ;) 16(0) — (k). (7.35)

Noting that ﬁ(k) < 8, we get that C is indeed positive semidefinite. We now readily

check that z,y — %[1 — 040 — 0y.0 + 0z, is the covariance of {ny — n,: z € Z?} for

{n.: z € Z?}iid. N(0, 3), and so (2.35) holds as well. O

The solution of (7.31) will require the following extension of Lemma 6.4:

Lemma 7.5. Let cgbe a centered Gaussian process on Z? such that, for some 3 € R and
some o2 > 0, the process {¢, +ng —n,: z € Z?} with {n: z € Z*} i.i.d. N'(0,0?%) has the
law of the pinned DGFF ¢. Denote

vag(A) = P<$+ Aaa + [302122\{0} € A>. (7.36)
Then (7.31) is solved uniquely by
(dhde) = e 2777 Al @ 1y 5(dg). (7.37)

Proof. Denote ji(dhd¢) := e2# 0" ~Fhy(dhd¢). Pick {t.: z € Z*} with finite support
and ty = 0 and, writing (-,-) for the inner product in ¢*(Z?), apply (7.31) to the test
function h, ¢ — e P" f(h) exp{(t, ¢)} with a non-negative f € C.(R). (This is permissible
in light of the Monotone Convergence Theorem.) Writing = for h + no then turns
(7.31) into

/ﬁ(dhd([)) ®dre®® L e~z @M (e (b)) gllr-h g3 0" Bhg—0r f(y)

2mo?

_ /m(d@ 2 dee f(z) (7.38)
where t := ), cz2 - By assumption we have

{¢.:2€ZY " (. +ng—n.: 2 € 72} (7.39)

and so, in light of {5 = 0,
[ @) = [ Plagetiere
= / P(d(Z)E(e<t’$+"°‘"+M“>) (7.40)
_ / vr5(d3) 69 B (e~ (tm)) p(eltno—p)y
where the expectation is over {n,: z € Z?}. Using this in (7.38) and cancelling E (e~ ™)

on both sides, the identity E(ef(r0=57")) = e3¥"0*~At* along with the fact that func-
tions f € C;(R) separate points yield

/ fi(dhdg) e — 21 I R L
To
= /uw(da) et®  (7.41)
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for all z € R. (Continuity is used to get from Lebesgue a.e. z € R to all z € R.) The five
exponentials on the left combine into

efﬁ(wfhffazf7B(w7h7t70'2)7%ﬂ20'2 _ efza%(wfhffa2+5o2)2. (7.42)

Shifting = by to? — 302 and scaling it by o? shows that ji(dhd¢) := \/Q;Tef%%hzﬁ(dhd@
obeys

/ fi(dhdg) et —h — / V5(dd) et ere’e” (7.43)

forall x € R and all {¢,: z € Z?} with finite support and ¢, = 0.

The restriction to ty = 0 is irrelevant in (7.43) since v, g is concentrated on {¢: ¢o =
0} and, by (7.31) so is i and thus also . The right-hand side of (7.43) is the Laplace
transform of the product of the law of N'(0,0?%) and v, 5. Hence

p(dhde) = dh @ vy g(de) (7.44)
and so the claim follows from the definition of . O

Returning to the main line of the proof of Theorem 2.8, it remains to observe that the
denominator in (7.30) has the law of

0
Vo c(\) erC@=DY 7.0 (ggy, (7.45)
VO + A
for Y = N(0,0%) independent of Zf’o. Lemma 7.5 with 8 := —a) and ¢? := é then
yields the claim. O

Moving to the thin points, here we go directly for:

Proof of Theorem 2.8, thin points. The proof is considerably simpler because, as a few
times earlier, certain key inequalities go in a more favorable direction. Following the
argument and the notation from the proof for the thick points, we derive an analogue of
(7.24) with the event H y(x) replaced by

Hy(z) = {E;ZN (z) < ay + 2b\/2aN} N {EQN () — L2 (2) > 6\/2aN} (7.46)
N,k N,k N,k

and 1_g ) replaced by 1(_ 2. Unlike Hy(z) which required a non-trivial decom-

position in the proof of Lemma 7.3, the two events constituting % ~(z) can be directly

separated using the Markov property of ¢ — LtD ~. The expected sum over 1ﬁN($) is

then shown to be order /Wy by (7.14) and the fact that EQ@’E,’ (t~& %)> L(—o0,26)) is bounded
in NV > 1. As a consequence, we get that, under P?,

Zﬁ,loc 11"3 ED®I7)\, (7.47)
N —oc0

where (P is the measure on the right of (2.21) without the term e —®"**/16 and 7y is the

law of ¢ — aAa. The rest of the argument for the thick points may be followed literally. O

7.2 Avoided points

The proof is a variation on the themes encountered in the proof of convergence of the
measure associated with the light and avoided points. In particular, since the local time
vanishes at the avoided points, we will be able to use monotonicity arguments. The
following observation will be useful:
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Lemma 7.6. Let . be a probability measure on INZ* with samples denoted by {7,: z €
7?}. Let {rj(x): j > 1,z € Z*} be ii.d. Exponential(1), independent of {f,: z € 7Z?*}.
Then for any t € (—1,00)%" with finite support,

E(exp{— Z t(z) ZTJ(Z)}) = E(exp{— Z t’(z)ﬁz}> , (7.48)
z€Z2 j=1 z€Z2

where t'(z) :=log(1 + t(z)).

Proof. This boils down to a calculation of the Laplace transform of Exponential(1). O

We are now ready to give:

Proof of Theorem 2.9. We will establish the existence and uniqueness of the law yRdis

as part of the proof of the convergence. Let f € C (D) be non-negative, pick ¢ € (0, oo)
with finite support and consider the test function

fi(z,¢) = f(z)e™19) (7.49)

where, abusing notation as before, (-,-) denotes the canonical inner product in ¢?(Z?).
The function z, h, ¢ — e "™ f;(x, ¢) is non-increasing in both h and the coordinates of ¢
and so, thanks to Lemma 7.2, (5.55) applies to f replaced by e~"" f, and 9% by

-D
Uy = Z dz/N ® Of DN( )®5{L N(z+z): 2€72}" (7.50)
N zeDy

Let X be the measure tracking the local behavior of ffNN (z + 2): 2 € Z? around every

point x where fﬁf’ (x) = 0 which, we note, is almost surely equivalent to ij)VN (x) =0.
Taking the limits N — oo and n — oo, from [1, Theorem 2.8] we then get, under P¢,

— law ~
(7R, o) Nio (FP @ v, f), (7.51)

where %? is the law on the right-hand side of (5.59).
Next we observe that, by Lemma 7.6 and the fact that 4L£L ~(zx) is a natural,

EQ(<Eﬁ,loc,ft> ’O’(X)) _< Dloc,ft/> (7.52)

where t/(z) := 4log(1 + t(z)/4). Proceeding as in (6.11) shows that that every subsequen-
tial weak limit x”+1°¢ of { Dloc. N > 1} obeys

(kP f) =GP @ v f) (7.53)

jointly for all ¢ € (0, oo)Z2 with finite support and all f € C (D). Since v} is non-random,
this is readily turned into the a.s. identity

/HDJOC(dxdw Floye 0 — ( / P(ar)f()) / dg)e 9. (7.50)

This along with the fact that

e~ (10 = E(exp{— Z t(z)i ‘

Tj(z)}> (7.55)
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for {7;(z): j > 1, z € Z*} independent i.i.d. Exponential(1) implies that

KP1e = 5P @ 9 (7.56)

RI.dis . . .
where v ‘4 js a measure as described in the statement.

This shows that a measure v24 exists with the stated properties for all u € (0, 1).
Since adding independent samples from this measure for parameters « € (0,1) and v €
(0,1) gives us a sample from the measure for parameter u + v, the existence extends
to all u > 0. The measure is unique by Lemma 7.6 and so is thus the distributional

limit xP-1°¢. This completes the proof. O
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