Return probability and recurrence for the random walk
driven by two-dimensional Gaussian free field

Marek Biskup* Jian Ding' Subhajit Goswami'
UCLA University of Chicago University of Chicago

December 9, 2016

Abstract

Given any ¥ > 0 and for 1 = {n,},,> denoting a sample of the two-dimensional discrete
Gaussian free field on Z? pinned at the origin, we consider the random walk on Z> among
random conductances where the conductance of edge (u,v) is given by YY) We show
that, for almost every 1, this random walk is recurrent and that, with probability tending
to 1 as T — oo, the return probability at time 27 decays as 7-1+o()  In addition, we prove
a version of subdiffusive behavior by showing that the expected exit time from a ball of
radius N scales as N¥(V)+°(1) with y/(y) > 2 for all ¥ > 0. Our results rely on delicate control
of the effective resistance for this random network. In particular, we show that the effective
resistance between two vertices at Euclidean distance N behaves as N°(1).

1 Introduction

Let n = {n,},cz2 denote a sample of the discrete Gaussian free field (GFF) on Z? pinned to 0 at
the origin. Explicitly, {1, },cz> is a centered Gaussian process such that

Nno=0 and E(n.M)= Gz (oy(u,v) forallu,v € 72, (1.1)

where G2\ (o1 (u,v) is the Green function in 7*\ {0}; i.e., the expected number of visits to v
for the simple random walk on Z? started at u and killed upon reaching the origin. For y > 0
and conditional on the sample 1 of the GFF, let {X;};>0 be a discrete-time Markov chain with
transition probabilities given by

eY(nv_nu>

b (u7v> - ZW:‘W—Mh:] e¥(Mw—1) 1‘1)_”'1:1 ’ (1.2)

where | - |; denotes the £!-norm on Z?. We will write Py for the law of the above random walk
such that Py (Xo =x) =1 and use E3 to denote the corresponding expectation. We also write [P
for the law of the GFF and use E (as above) to denote the expectation with respect to IP.
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The transition kernel p;, depends only on the differences {1, —n,: x,y € 7*} whose law is, as
it turns out, invariant and ergodic with respect to the translates of Z?. The Markov chain {X;},>¢
is thus an example of a random walk in a stationary random environment. The main conclusion
we prove about this random walk is then:

Theorem 1.1. For each y > 0 and each & > 0,

lim P(e_(logT)'/MT_l < P)(Xor =0) < e“"gTW“ST—l) —1. (1.3)

T—o0
Furthermore, {X;}:> is recurrent for P-almost every 1.

The transition probabilities p; are such that the walk prefers to move along the edges where 1)
increases; the walk is thus driven towards larger values of the field. This has been predicted (e.g.,
in [15} [16]]) to result in a subdiffusive behavior. We prove a version of subdiffusivity for the
expected exit time from large balls:

Theorem 1.2. Let Tyy)e denote the first exit time of {X;: t > 0} from B(N) := [-N,N|* N Z*.
For each 6 > 0, we then have
. _ 1/2+5 12+
I\I/I_IEOP(NW(V)C (log)!/2+% E?,TB(N)C < NY(V)gllogh) /2 ) =1, (1.4)
where
Y) = 242(v/%)% ify<v%:=+n/2, (1.5)
' 47/ %, otherwise. '
+o(1)

1
The bounds on the expected hitting time indicate that |X7| should scale as 7 v for
large T. Although we expect this to be true, we have so far only been able to prove a correspond-
ing lower bound:

Theorem 1.3. For P-almost every  and each & > 0,

P (|XT| > ¢~ (0e)' 0 gy ) — 1 in probability, (1.6)

T—oo

where y(y) is as in (1.3).

We note that Theorems [1.2] and [I.3] are consistent with the predictions in [15| [16] for general
log-correlated fields. In particular, (I.6) confirms the prediction for the diffusive exponent of the
walk from [15,[16] as a lower bound. The reason why the bounds in (1.4) are not sufficient is that
we do not know whether 7p(y). scales with N proportionally to its expectation. A full proof of
subdiffusive behavior thus remains elusive.

The technical approach that makes our analysis possible stems from the following simple
rewrite of the transition kernel,

V(M)
Zw: [w—ul; e (M)

pn(u,v) - 1\v—u|1:1~ (1.7)
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This represents {X; };>0 as a random walk among random conductances, or a Random Conduc-
tance Model to which a large body of literature has been dedicated in recent years (see [7, 32] for
reviews). An immediate benefit of the rewrite is that the process is now reversible with respect to
the measure 7, on 72 defined by

Ta(u):= Y eVt (1.8)

vi lu—v|=1

A price to pay is that the conductance e”™+) of edge (u,v) now depends on 1 and not just its
gradients, and the law of the conductances is thus not translation invariant.

As it turns out, the change of the behavior of the expected exit time at the critical point }. (see
Theorem[I.2)) arises, in its entirety, from the asymptotic

g (B(N)) = NYWHe) - N oo, (1.9)

This is, roughly speaking, because point-to-point effective resistances in the associated random
conductance network Z% behave, for points at distance N, as N°(!) for every ¥ > 0. The precise
statement is the subject of:

Theorem 1.4. Let us regard B(N) := [~N,N]|>*NZ? as a conductance network where edge (u,v)
has conductance e"tm) et Rpw), (u,v) denote the effective resistance between u and v in
network B(N). For each y > 0 there are C,C’ € (0,00) such that

> CeCtVIgN) » ot o1 )
M;IelgE(N)]P’(RB(N)n(u,v) > CeVEN) < e logN (1.10)

holds for each N > 1 and each t > 0. Moreover, for the corresponding network Z% on all of 72,
there is a constant C > 0 such that

logRy (0,B(N)°)
limsup K

<C, P-as. 1.11
N (logN)!/2(loglogN)!/2 ~ - (1

and, for each y > 0 and each 6 > 0, also

logR,> (0,B(N)*¢
liminf 2 (0. BOV)")

>0, P-a.s. 1.12
W2 TlogN) 172/ (loglogN) 172 (112

The effective resistance and further background on the theory of resistor networks are dis-
cussed in detail in Section 2, We note that, in light of monotonicity of N — Ry» (0,B(N)°), the
bounds in Theorem [[.4]readily imply recurrence of the random walk as well.

1.1 Background and related work

Closely related to our problem is the recently-defined Liouville Brownian motion (LBM), which is
basically just a time change of the standard Brownian motion by an exponential of the continuum
Gaussian free field. The construction of the process was carried out in [28, 6], with the associated
heat kernel constructed in [29]. In [43], the spectral dimension (defined as 2 times the exponent
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Figure 1 — Runs of 100000 steps of the random walk with transition proba-
bilities (1.2) confined (through reflecting boundary conditions) to a box of side-
length 100. Labelled left to right, the plots correspond to ¥/, equal to 0.2, 0.6
and 1.2; time runs upward the vertical axis. Trapping effects are quite apparent.

for the return probability computed in almost sure sense with respect to the underlying random
environment) for LBM was computed, and in [39] some nontrivial bounds for off-diagonal LBM
heat kernel were established.

A random walk naturally associated with LBM is the continuous time simple symmetric
random walk with exponential holding time at x having parameter ef™ where, in our notation,
B :=2v. A more natural (albeit qualitatively similar, as far as long-time behavior is concerned)
modification is to use 7, (x) (see (I.8)) in instead of 2" we will refer to the associated process
as the Liouville Random Walk (LRW) below. Formally, this process is a continuous-time Markov
chain on Z? with generator

LV f(x) = Mj(x) Y Ol (1.13)
y: x—=yli=1
The nature of the transition rates of the LRW precludes formulation using conductances and, no
surprise, our analysis is thus quite different from those mentioned above. For instance, unlike for
the LRW, our random walk moves preferably towards neighbors with a higher potential, empha-
sizing the trapping effects of the random environment; see Fig. |1} The off-diagonal heat kernel
computation in [39] is also of a different flavor: Our control of the return probability relies cru-
cially on the electric-resistance metric while the off-diagonal LBM heat kernel is expected to be
related to the Liouville first passage (Liouville FPP) percolation metric (see [22} 21]).
Notwithstanding the above differences, both the LRW and our random walk share the follow-
ing fact: x — 7, (x) defined above is a stationary measure (conditional on 1) for both processes.
The same thus applies to any interpolation between the LRW and our random walk; namely, the
continuous-time Markov chain with generator

Lnof(x) =0V f)+(1-60) Y. py(xy)[fO)—f(x)] (1.14)

y: x—=yli=1



Figure 2 — Runs of the Liouville Random Walk (see (T.13))) for time 100000 in the
same environments, and for same values of ¥, as in Fig.[l| The difference between
these walks is quite obvious, particularly so for larger 7.

for any 6 € [0,1]. Assuming that the scaling limits of these random walks can eventually be ex-
tracted, one may thus obtain a one-parameter family of natural diffusions evolving on the back-
ground of a continuum Gaussian free field.

Another series of related works is on random walks on random planar maps. This is thanks to
the conjectural relation between LQG and random planar maps (note that part of the conjecture
has been established in [40, |41]]). Building on ideas from the theory of circle packings [3]], the
authors of [31]] proved that the uniform infinite planar triangulation and quadrangulation are both
almost surely recurrent. In [4], it was shown that the random walk on the uniform infinite planar
quadrangulation is sub-diffusive, where an upper bound of 1/3 on the exponent was given while
the conjectured exponent is 1/4.

As mentioned above, our work relies on estimates of effective resistances, which is a fun-
damental metric for a graph. Recently, some other metric properties of GFF have been studied,
including the pseudo-metric defined via the zero-set of the GFF on the metric graph [36]], the Li-
ouville FPP metric [21} 22]] (which is roughly the graph distance on the network Z% if we regard
edge conductances as passage times) and the chemical distance for the level-set percolation [23]].
These studies reveal different facets of the metric properties of the GFF. In particular, by [22] and
the present paper, we see that putting random weights/conductances as exponential of the GFF
substantially distorts the graph distance of Z> but has much less of an effect on the resistance
metric of Z2.

1.2 A word on proof strategy

In light of the connection between random walks and effective resistances (see, e.g., [[37/] for some
background), the principal step (and the bulk of the paper) is the proof of Theorem|[I.4] This the-
orem is proved by a novel combination of planar and electrostatic duality, Gaussian concentration
inequality and the Russo-Seymour-Welsh theory, as we outline below.



Duality considerations for planar electric networks are quire classical. They invariably boil
down to the simple fact that, in a planar network, every harmonic function comes hand-in-hand
with its harmonic conjugate. An example of a duality statement, and a source of inspiration for us,
is [37, Proposition 9.4], where it is shown that, for locally-finite planar networks with sufficient
connectivity, the wired effective resistance across an edge (with the edge removed) is equal to the
free effective conductance across the dual edge in the dual network (with the dual edge removed).
However, the need to deal with more complex geometric settings steered us to develop a version
of duality that is phrased in purely geometric terms. In particular, we use that, in planar networks
with a bounded degree, cutsets can naturally be associated with paths and vice versa.

The starting point of our proofs is thus a representation of the effective resistance, resp., con-
ductance as a variational minimum of the Dirichlet energy for families of paths, resp., cutsets.
Although these generalize well-known upper bounds on these quantities (e.g., the Nash-Williams
estimate), we prefer to think of them merely as extensions of the Parallel and Series Law. Indeed,
the variational characterizations are obtained by replacing individual edges by equivalent collec-
tions of new edges, connected either in series or parallel depending on the context, and noting that
the said upper bounds become sharp once we allow for optimization over all such replacements.
We refer to Propositions [2.T]and [2.3]in Section [2] for more details.

Another useful fact that we rely on heavily is the symmetry 7 faw —1 which implies that the
joint laws of the conductances are those of the resistances. Using this we can almost argue that
the law of the effective resistance between the left and right boundaries of a square centered at the
origin is the same as the law of the effective conductance between the top and bottom boundaries.
The rotation symmetry of 1 and the (electrostatic) duality between the effective conductance and
resistance would then imply that the law of the effective resistance through a square is the same
as that of its reciprocal value. Combined with a Gaussian concentration inequality (see [48, [12]]),
this would readily show that, for the square of side N, this effective resistance is typically N’ M,

However, some care is needed to make the “almost duality” argument work. In fact, we
do not expect an exact duality of the kind valid for critical bond percolation on Z? to hold in
our case. Indeed, such a duality might for instance entail that the law of the conductances on a
minimal cutset (separating, say, two points) in the primal network is the same as the law of the
resistances on the dual path “cutting through” this cutset. Although the GFFs on a graph and its
dual are quite closely related (see, e.g., [8]), we do not see how this property can possibly be
true. Notwithstanding, we are more than happy to work with just an approximate duality which,
as it turns out, requires only a uniform bound on the ratio of resistances of neighboring edges.
This ratio would be unmanageably too large if applied the duality argument to the network based
on the GFF itself. For this reason, we invoke a decomposition of GFF (see Lemma|3.13)) into a
sum of two independent fields, one of which has small variance and the other is a highly smooth
field. We then apply the approximate duality to the network derived from the smooth field, and
we argue that the influence from the other field is small since it has small variance.

We have so far explained only how to estimate the effective resistances between the bound-
aries of a square. However, in order to prove our theorems, we need to estimate effective resis-
tances between vertices, for which a crucial ingredient is an estimate of the effective resistances
between the two short boundaries of a rectangle. Questions of this type fall into the framework
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Figure 3 — The current flow realizing (through Thomson’s Principle) the effective
resistance between two points in the network associated with a sample of the GFF in
a square of side N := 100 and y = 0.4} (left) and y = ¥ (right). The source/sink of
the current lie on the diagonal of the square (see the dark spots in the left figure). The
intensity of the shade increases with the value of the current.

of the Russo-Seymour-Welsh (RSW) theory. This is an important technique in planar statistical
physics, initiated in [44), 46l 45]] with the aim to prove uniform positivity of the probability of a
crossing of a rectangle in critical Bernoulli percolation. Recently, the theory has been adapted
to include FK percolation, see e.g. [24} 3, 27], and, in [49], also Voronoi percolation. In fact,
the beautiful method in [49] is widely applicable to percolation problems satisfying the FKG in-
equality, mild symmetry assumptions, and weak correlation between well-separated regions. For
example, in [26], this method was used to give a simpler proof of the result of [3]], and in [25]], a
RSW theorem was proved for the crossing probability of level sets of the planar GFF.

Our RSW proof is hugely inspired by [49], with the novelty of incorporating the (resistance)
metric rather than merely considering connectivity. We remark that in a recent work [21]], a RSW
result was established for the Liouville FPP metric, again inspired by [49]]. It is fair to say that
the RSW result in the present paper is less complicated than that in [21]], for the reason that we
have the approximate duality in our context which was not available in [21]]. However, our RSW
proof has its own subtlety since, for instance, we need to consider crossings by whole collections
of paths simultaneously. The RSW proof is carried out in Section 4}

Once the effective resistances are under control, we move on to the proof of the results on
random walks. The upper bound on the return probability is proved in Section using the
methods drawn from [32]. The lower bound on the return probability is more subtle as it requires
showing that the effective resistivity from 0 to v in B(N) is bounded by the sum of the resistances
from O to dB(N) and from v to dB(N). This amounts to bounding a difference of effective
resistances, which is not immediate from the estimates obtained thus far.

We approach this by invoking a concentric decomposition of the GFF along a sequence of
annuli, which permits representing of the typical value of the resistance as an exponential of a



Figure 4 — Voltage profiles for the same geometric setting as in Fig. 1 but for two
different samples of GFF at y = 0.6, (left) and y = 7. (right). Notice that the profile
represents the probability that a random walk hits the highest point before hitting the
lowest point in this graph.

random walk. The Law of the Iterated Logarithm then shows that the natural fluctuations of
the effective resistance (which are of order eO(ViogN )) can be beaten in at least one of the annuli.
These key steps are the content of Proposition[5.8|and Lemmal[5.9] As an immediate consequence,

we then get recurrence and, in fact, also the bounds in Theorem

1.3 Discussions and future directions

We feel that our method of estimating effective resistances provides a novel framework which
may have applications in other planar random media. In fact, from our proofs we should be
able to see that our method can be adapted to some other log-correlated Gaussian fields such as
those considered in [38]. We refrain ourselves from doing so, for the reason that we do not yet
know how to characterize the class of log-correlated Gaussian fields with subpolynomial (i.e.,
N°(1)_like) growth of the effective resistances.

One important, and perhaps less conspicuous, ingredient of our proofs is the estimate of the
effective resistance by means of the Gaussian concentration inequality. When the underlying ran-
dom media is not a function of a Gaussian process, a derivation of such a concentration inequality
seems to be a challenge. A natural class of non-Gaussian models where one should try to prove
an analogue of Theorem I.4]is that of gradient fields with uniformly convex interactions. Indeed,
there the required concentration is implied by the Brascamp-Lieb inequality.

Concerning our future goals for the problem at hand, our first attempt will aim at the compu-
tation of the spectral dimension (which amounts to an almost sure version of (I.3))) and an upper
bound on the diffusive exponent matching the lower bound in Theorem [I.3] Our ultimate goal
is to prove existence of an appropriate scaling limit of the whole problem. This applies not only
to the walk itself, but also to the resistance metric as well as the associated current and voltage
configurations; see Fig. [3]and | for illustrations.
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2 Generalized parallel and series law for effective resistances

As noted above, our asymptotic statements on the random walk hinge on estimates of effective re-
sistance between various sets in Z2. These will in turn rely crucially on a certain duality between
the effective resistance and the effective conductance which will itself be based on the distribu-
tional equality of 1 with —1. The exposition of our proofs thus starts with general versions of
these duality statements. These can be viewed as refinements of [37, Proposition 9.4] and are
therefore of general interest as well.

2.1 Variational characterization of effective resistance

Let & be a finite, unoriented, connected graph where each edge e is equipped with a resistance
r. € R4, where R denotes the set of positive reals. We will use & to denote both the correspond-
ing network as well as the underlying graph. Let V(&) and E(®) respectively denote the set of
vertices and edges of &. We assume for simplicity that & has no self-loops although we allow
distinct vertices to be connected by multiple edges. For the purpose of counting we identify the
two orientations of each edge; E(®) thus includes both orientations as one edge.

Two edges e and ¢’ of & are said to be adjacent to each other, denoted as e ~ ¢/, if they share
at least one endpoint. Similarly a vertex v and an edge e are adjacent, denoted as v ~ e, if v is
an endpoint of the edge e. A path P is a sequence of vertices of & such that any two successive
vertices are adjacent. We also use P to denote the subgraph of & induced by the edge set of P.

For u,v € V(®), a flow 0 from u to v is an assignment of a number 0 (x,y) to each oriented
edge (x,y) such that 0(x,y) = —6(y,x) and ¥,.. ., 0(x,y) = O whenever x # u,v. The value of
the flow 0 is then the number Y. ., 6(«,y); a unit flow then has this value equal to one. With
these notions in place, the effective resistance Rg (u,v) between u and v is defined by

R =1 2 .
o(u,v) := inf Y r6;, (2.1)
e€E(®)

where the infimum (which is achieved because & is finite) is over all unit flows from u to v. Note
that we sum over each edge e € E(®) only once, taking advantage of the fact that 6, appears in a
square in this, and later expressions.

Recall that a multiset of elements of A is a set of pairs {(a,i): i =1,...,n,} for some n, €
{0,1,...} for each a € A. We have the following alternative characterization of Rg (1, v):

Proposition 2.1. Let B, , denote the set of all multisets of simple paths from u to v. Then

1 —1
Re(u,v) = inf inf ( 7) , 22
o) PEPuy {rep: e€E(®),PEPIERH \ gy Yecple,P @2



where R 5 is the set of all assignments {r.p:e € E(®),P € P} € Ri(e)xy such that

1 1
< —forallec E(Y). (2.3)
peplep Te

The infima in 2.2)) are (jointly) achieved.

Proof. Let R* denote the right hand side of (2.2). We will first prove Reg(u,v) < R*. Let thus
P € PByyand {r,p: e € E,P € P} € Ry subject to (2.3)) be given. We will view each edge e
in & as a parallel of a collection of edges {ep: P € &} where the resistance on ep is 7, p and,
if the inequality in (2.3) for edge e is strict, a dummy edge & with resistance r; such that 1/r; =
1/re —Y.pep 1/re p. In this new network, & can be identified with a collection of disjoint paths
where (by the series law) each path P € & has total resistance Y ,.pr. p. The parallel law now
guarantees X 1
< -

Re(u,v) < (P;) o r&P) 2.4)
which proves Rg (u,v) < R* as desired.

Next, we turn to proving that Rg (u,v) > R* and that the infima in are achieved. To this
end, let 6* be the flow that achieves the minimum in (2.1I). In light of the inequality Re (u,v) < R*
it suffices to construct a collection of paths &* € B3, , and an assignment of resistances {r} p :
e € PP € &7*} such that /

( ) ¥)_1§ IRACHE 2.5)

*
PP+ Yecr Tep eCE(®)

The argument proceeds by constructing inductively a sequence of flows 81) from u to v (whose
value decreases to zero) and a sequence of collections of paths &?; as follows. We initiate the
induction by setting

00 := 9* and 2 := 0 and employ the following iteration for j > 1:

o If Ge(j_l) =0 forall e € E(®), then set J := j— 1 and stop.

e Otherwise, there exists a path P; from u to v such that Ge(j -1 > 0 for all e € P;. Denote

) . j—-1
Qj := MiNeep, Ge( ).

o Set Z;:=F; U{P;}andletr,p, := Z—ire for all e € P;.

e Set 9§f> = Ge(j_l) — o for all e € Pj and Ge(j) = Ge(j_l) for all e ¢ P;, and repeat.

Since the set {e € E(®): Ge(j ) = 0} is strictly increasing (and our graph is finite), the proce-
dure will stop after a finite number of iterations; the quantity J then gives the number of iterations
used. Note that the same also shows that the paths P; are distinct.

We will now show the desired inequality with % := Z;and r, p := Te.P; for P = P;.
First, abbreviating [J]: ={1,...,J}, we have

Y o;=6; (2.6)
JEV]: ecP;
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for each e € E(&). Employing the definition of r, p, we get
Z Ocjzr&pj = Z a0 r.=r, (0r)? 2.7)
JEV]: ecP; JEWV]: ecP;

and so

Y Y arn= Y r(6) 2.8)

ecE(®) jelJ]: ecP; e€E(®)

Rearranging the sums yields

Y )Y oren=) %2( Y re,Pj), 2.9)

e€E(®) je[J]: ecP; JeW] ecP;

where }_jc(; @ = 1. Abbreviating R;j := Y.,cp, re,p;, the right hand side of the preceding equality

is minimized (subject to the stated constraint) at o; := 1/7&_, and therefore
7 Zje[l] l/R/
2 [
Yad(Yrn)=(X=) (2.10)
Jjel] ech; jev

This completes the desired inequality (2.5]) including the construction of a minimizer in (2.2).
O]

A slightly augmented version of the above proof in fact yields:

Proposition 2.2. Let %, ,, be the set of all multisets of edges of & that, if considered as a graph
on V(®), contains a path between u and v.
Then

1 —1
Re(u,v) = inf inf ( 7) : 2.11
®(M V) ﬂlen‘fw {rE,T:eGE(é?.,Teﬂ}Gmy Tezﬂ deT Ve ( )

where R 7 is the set of all assignments {r.7: e € E(&),T € T} € Ri(@xy such that

1 1
< —forallec E(9). (2.12)
reg el Te

The infima are jointly achieved for 7 being a subset of By ,.

Proof. Let R* denote the right-hand side of (2.I1). Obviously, B,, C T, so restricting the
first infimum to .7 € *B,,,, Proposition shows Rg (4,v) > R*. (This will also ultimately give
that the minimum is achieved over collections of paths.) To get Rg(u,v) < R*, let us consider
an assignment {r,7: e € E(®),T € 7} satisfying (2.12). For each T € .7, let Pr denote an
arbitrarily chosen simple path between u and v formed by edges in 7. Then, defining r, p, := 1.1
for each T € .7, we find that the assignment {r. p,: e € E(®),T € .7} satisfies (2.3). Now the

claim follows from the simple observation that } ,cp, re.pr < Yecp, Te,T- 0
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2.2  Variational characterization of effective conductance

An alternative way to approach an electric network is using conductances. We write ¢, := 1/r,
for the edge conductance on e, and define the effective conductance between u and v by

Co(uv):=inf Y ¢, [Fley)—F(e )]’ (2.13)
FocE(®)

where e are the two endpoints of the edge e (in some a priori orientation) and the infimum is
over all functions F: V — R satisfying F(«) = 1 and F(v) = 0. The infimum is again achieved
by the fact that & is finite. The fundamental electrostatic duality is then expressed as

1

Colu,v) = R (u,v)

(2.14)

and our aim is to capitalize on this relation further by exploiting the geometric duality between
paths and cutsets. Here we say that a set of edges 7 is a cutset between u and v (or that 7
separates u from v) if each path from u to v uses an edge in 7.

Proposition 2.3. Let I1,, denote the set of all finite collections of cutsets between u and v. Then

1 -1
Ce(u,v) = inf inf ( 7) , 2.15
o) nlélfu,v {cen: eeE(lg),neH}etn 7;1 YecnCen 219
where €y is the set of all assignments {c,z: e € E(®),wr €1} € Ri(ﬁ)xn such that
1 1
Z < —foralle € E(®). (2.16)

rell Cem Ce

The infima in (2.15) are (jointly) achieved.

Proof. The proof is structurally similar to that of Proposition Denote by C* the quantity on
the right hand side of (2.15). We will first prove Ceg(u,v) < C*. Pick IT € IT and {c.z: e €
E(®),m € I1} € ¢y subject to (2.16). Now view each edge e as a series of a collection of edges
{ex : e € m,m € IT} where the conductance on ey is ¢, r and, if the inequality in (2.16) is strict, a
dummy edge € with conductance c¢; such that 1 /c; = 1/c, — Y zerr 1 /e.z. In this new network, IT
can be identified with a collection of disjoint cutsets, where the cutset 7 € IT has total conductance
Y ccn Ce,n- The Nash-Williams Criterion then shows

Colur) < (X o) 2.17)
rell YecrCen
thus proving Cg (u,v) < C* as desired.
Next, we turn to proving Cg (u,v) > C* and that the infima in (2.15]) are attained. Let F* be a
function that achieves the infimum in (2.13). This function is discrete harmonic in the sense that
ZLF*(x) =0 for x # u,v, where

Lfx) =Y cuy [fO)—F@)]. (2.18)
y

T y~X
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In light of the inequality Cg(u,v) < C*, it suffices to construct a collection of cutsets IT* and
conductances {c} ,: e € m,7 € IT*} such that

1 -1 2
(L) < ¥ clFle)-Fie)) (2.19)
mell Yeen Ce ecE(®)
We will now define a sequence of functions F () satisfying
2FU)(x) =0, for x # u, v (2.20)

and a sequence of collections of cutsets I1; as follows. Initially, we set F ©) ;= F* and 1) := 0.
Abbreviating dF (e) := |F(e1) — F(e_)|, we employ the following iteration for j > I:

e If FU~1 is constant on V (&), then set J := j — 1 and stop.

e Otherwise, by ([2.20) (and positivity of all c,’s) we have FU~1(u) # FU~1(v) and hence
there exists a cutset 7; separating u from v such that |[dFU=1(e)| > 0 for all e € P;. We
take 7; to be the closest cutset to u — that is, one that is not separated from u by another
such cutset — and define o; := mingeg, dFU=D(e).

o SetIl;:=T1I; ;U{x;} and let c, z; := dFO:j(e)ce for all e € P;.

e Set FU)(ey) :=FU=V(e;) — @ for all e € j, where e denotes the endpoint of e with a
larger value of FU~1), For all other vertices x, set F) (x) := FU~1)(x), and repeat.

We see that the above procedure will stop after a finite number of iterations, since all the cutsets 7;
are different by our construction. The number J is then the total number of iterations used. The
validity of forall j=1,...,J follows directly from the construction.

In order to prove (2.19), we now proceed as follows. First, we have

Y, aj=dF*(e) (2.21)
JEW]: eem;
and so, by the definition of ¢},
Y dicer,= Y ojdF*(e)c.=(dF*(e))’c.. (2.22)
JEV]: ecm; JEWV]: ecP;

It follows that

Y Y den= Y cfFf(er)-Fre)]’. (2.23)

e€E(®) je[J]: ecnm; eCE(®)
Rearranging the sums yields
Y Y den=Y a}( Y ce,,rj), (2.24)
ecE(®) jelJ]: ecxm; JjeV] eET;

where ) je(; @ = 1. Abbreviating Cj :=} .z, Ce,z; the right hand side of the preceding equality

o . . 1
is minimized (subject to the stated constraint) at o; := Sonifc Therefore,
1y\—1
2
Yo Yew)=(X ) (2.25)
Jel] eEm; jel) ~7
which completes the proof of (2.19) including the existence of minimizers in (2.15]). O
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2.3 Restricted notion of effective resistance

Propositions [2.1] and [2.3] naturally lead to restricted notions of resistance and conductance ob-
tained by limiting the optimization to only subsets of paths and cutsets, respectively. For the
purpose of current paper we will only be concerned with effective resistance. To this end, for
each collection .7 of finite sets of elements from E (&), we define

1 -1
Ry () = inf e , 2.26
o () {r&A:eEE(;I)l,AEQf}EERd<A€M Yeca re’A> ( )

where E (/) := [Jyc .y A and where Ry is the set of all {r,4:e € E(&/), A€ &} € Riwvﬂ
such that

! < 1 foralle € E(7). (2.27)
Acw TeA Te
We refer to Rg (27 as the effective resistance restricted to </. By taking suitable r, p, the map
o/ — Rg (/) is shown to be non-decreasing with respect to the set inclusion. We will mostly
be interested in Ry (%7) when 7 is a set of simple paths from u to v. The following result is
analogous to metric property of effective resistance.

Lemma 2.4. Let &2\, %, -, P be collections of paths such that for any choice of P; from &?;
for each 1 <i <k, the graph union | J,<;<; P; contains a path between u and v. Then

k
Re(u,v) < _ZR@(%). (2.28)

Proof. Define the edge sets Ey, Ea, - -+, Ey recursively by setting E1 := Upc », E(P) and letting
Ej:=Uper, E(P)\Uic;Eifork > j> 1. Let{rep: e € E(&),P € &;} be a vector in Ri(e)x‘%
satisfying (2.27) for all i. For each i =1,...,k and each P € &, define p; p by

-1
(ZeEE(P) r e,P)
pipi= —. (2.29)
ZPE% (ZeEE(P) "e,P)
Also for e € E; and Py, P>, -+ , P, in &, P, -+, P respectively, define
1
Te:P Py P = Te,P, Hi : (2.30)
jFi FIp
Notice that for any e € E;,
1 1 1
- Z < —, (2.31)

P, FePi PP peep Te P Te
1<j<k

where the first equality follows from the fact that Y. pc 5, pj p = 1 for all j and the last inequality

is a consequence of (2.27).
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The above definitions also immediately give

Z re;P1,P2,~~7P/( S Z rep

e€Ui<i<k E(P)) 1<i<kecE(P, Hl#l Pj.p;
1 -1 (2.32)
(ZPG% m)

i<k [Li<j<kpjp;

1

IA

As (2.31) holds, Proposition[2.2) with T being the set of edges in P, ..., Py yields

-1
1
Rg(u,v) <
( ) (p GZ} Y Te:P Py, P )

1<]<k eeU]<t<kE(P )

-1
L (X 1 e 2.33)
= Y ot pir, 2.
<[1<i<k<Pe,% ZeEE(P)’eJ) ] PjEZ(@jylﬁjl_Iﬁk ij)

I<j<k

1 —1
(L somms)
157k NP, LecE(P) Tep

where we again used that } pc 5, pjp = 1 in the last step. Since (2.33)) holds for all choices of
{rep: e € E(&),Pc P} satlsfylng (2.27), the claim follows from (2.26). O

A similar upper bound holds also for the effective conductance.

Lemma 2.5. Let &,..., P € Py, be such that every path from u to v lies in \J,<;<; ;.
Then
Co(u,v) < Y Re(2)". (2.34)

1<i<k

Proof. This is a straightforward consequence of Proposition Indeed, write Rg(u,v)~! as

suprema of ¥ pe o (Lecp” e,-P)_l over & and r, p satisfying (2.3). Next bound the sum over P by
the sum over i = 1,...,k and the sum over P € & N &; and observe, since Y pc pnx, 1/7ep <
Ypew 1/rep < 1/r,, we have

k k
) <Y Rs(Z)". (2.35)

=1 peFrp LecPTeP — o

1

As this holds for all & and all admissible r, p, the claim follows from (2.14).
O

We note (and this will be useful later) that, in standard treatments of electrostatic theory on
graphs, the notions of effective resistance/conductance are naturally defined between subsets (as
opposed to just single vertices) of the underlying network. A simplest way to reduce this to our
earlier definitions is by “gluing” vertices in these sets together. Explicitly, given two non-empty
disjoint sets A, B C V(&) consider a network &’ where all edges in (A x A) U (B x B) have been
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removed and the vertices in A identified as one vertex (A) — with all edges in & with exactly
one endpoint in A now “pointing” to (A) in &’ — and the vertices in B similarly identified as one
vertex (B). Then we define

Rs(A,B) :=Re ((A),(B)) and Cg(A,B):=Cg ((A),(B)). (2.36)

Note that, for one-point sets, R ({1}, {v}) coincides with Rg (u,v), and similarly for the effective
conductance. The electrostatic duality also holds, Rg(A,B) = 1/Cg(A,B).

2.4  Self-duality

The similarity of the two formulas (2.2)) and (2.15)) naturally leads to the consideration of self-dual
situations — 1i.e., those in which the resistances r, can somehow be exchanged for the conduc-

tances c.. An example of this is the network Z% where the distributional identity n faw —1 makes
the associated resistances {r,: e € E(Z?)} equidistributed to the conductances {c,: e € E(Z?)}.
To formalize this situation, given a network & we define its reciprocal &* as the network with
the same underlying graph but with the resistances swapped for the conductances. An edge e in
network &* thus has resistance r; := 1/r,, where r, is the resistance of e in network &.

Lemma 2.6. Let © denote the maximum vertex degree in & and let pmax denote the maximum
ratio of the resistances of any pair of adjacent edges in &. Given two pairs (A,B) and (C,D)
of disjoint, nonempty subsets of V(®), suppose that every path between A and B shares a vertex
with every path between C and D. Then

1

Ry (A,B) > . 2.37
6( 7 )— 4©2pmaXRQ§*(C,D) ( )

Proof. The proof is based on the fact that every path P between C and D defines a cutset 7p
between A and B by taking mp to be the set of all edges adjacent to any edge in P, but not
including the edges in (A x A) U (B x B). By the electrostatic duality we just need to show

Cs(A,B) < 49*ppaxRe+ (A, B). (2.38)
To this end, given any & € Pc p let us pick positive numbers {r, p: e € E(Z),P € #} such that

Z ,L < 1 foralle € E(2). (2.39)
pez Tep Ce
For any edge e and any path P € &, let Np(e), N (e) and N(e) denote the sets of all edges
in E(P), E(2?) and E(®) that are adjacent to e, respectively. For any e € E(%?) and any P € &,
let 6, p:=c./ r; p and note that 6, p’s are positive numbers satisfying } pc 2 6. p < 1 for all e €
E(2). As a consequence, if we define

Ce

C, =
o Z 96/7P

€'€N i (e)

N ()| (2.40)
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then {c, z,: € € Upcp p, P € P} satisfies (2.16). Now fix a path P in &2 and compute, invoking
the definitions of ®, pmax and also Jensen’s inequality in the second step:

Ce
Y cem=), ﬁv\’ﬁ <29 ), v GIP‘NP( e)|

ecTmp ecTp ecTp
¢'ENp(e) ¢'eNp(e)

Ce
<29 29
e;?p(!NP( )\e/e%(e) 9/p) eeE(Zeepe /P (2.41)

o
ecN (e Ce
S 4®2pmax Z 9 ' p

- 4©2pmax Z I’;/7P .

e'eP

=29 )

dep UeP eep
Hence we get

ComaB < (¥ o

Pcp! Zeeﬂ:p Ce,mp

)71 S%Z”m“(%%,ze;r;f)l' (2.42)

As this holds for any choice of &7 and positive numbers {r, p : e € E(Z?),P € #} satistying

(2.39), we get (2.38) as desired.
O

A crucial fact underlying the proof of the previous lemma was that one could obtain a cut set
for & from a path P in & by taking union of all edges adjacent to vertices in P. In the same
setup, we get a corresponding result also for effective conductances. Indeed, we have:

Lemma 2.7. For the same setting and notation as in Lemma assume that for every cutset T
between C and D, the subgraph induced by the set of all edges that are adjacent to some edge
in T contains a path in *Ba . Then

1
Cs(A,B)Cs+(C,D . (2.43)
(A.B)Co-(C.D) > g7 —
Proof. For any cutset 7 between C and D, let T; denote the set of all edges that are adjacent to
some edge in 7. Thus 7 contains a path in *B4 p by the hypothesis of the lemma. Now given any

I1 € Ilc p, we pick positive numbers {c; ,: e € Ugen T, 7 € I1} such that

) ! < L (2.44)
nell CZJt Te

Following the exact same sequence of steps as in the proof of Lemma we now find {r.7,: e €
n, 7w € I} satisfying (2.12)) such that
1 ) ~1 ) 1 -1
<49%p ( 7) .
rell Yeer, TeT, e 7;'1 Yeen Cé,n
Proposition [2.2] then implies
1

Rs(AB)< (L ) <49 L )

rell ZeeTn Te, Ty rell Yeer Cemw
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As this holds for all choices of IT and {c} : e € 7,7 € 1} satisfying (2.44), we get the desired

inequality (2.43).
O

3 Preliminaries on Gaussian processes

Before we move on to the main line of the proof, we need to develop some preliminary control
on the underlying Gaussian fields. The goal of this section is to amass the relevant technical
claims concerning Gaussian processes and, in particular, the GFF. An impatient, or otherwise
uninterested, reader may consider only skimming through this section and returning to it when
the relevant claims are used in later proofs.

3.1 Some standard inequalities

We start by recalling, without proof, a few standard facts about general Gaussian processes:

Lemma 3.1 (Theorem 7.1 in [34]]). Given a finite set A, consider a centered Gaussian process
{X, : v € A}. Then, for x >0,

“

where 62 := max,ca E(X?2).

max X, — Emax X,
vEA vEA

> x> < e ¥ /207 (3.1)

Lemma 3.2 (Theorem 4.1 in [[1l]). Let (S,d) be a finite metric space with max, csd(s,t) = 1. Sup-
pose that there are 3,K; € (0,00) such that for every € € (0,1], the €-covering number N¢(S,d)
of (S,d) obeys N¢(S,d) < Kie=B. Then for any o, K, € (0,00) and any centered Gaussian pro-
cess {X; }ses satisfying

E(X; — Xy)? < Ky d(s,s')%, 5,8 €8, (3.2)
we have
E(max|X,|) <K and E(max|X,-X]|) <K, (3.3)
SEA S,tEA

where K := K (+/Blog2 + \/log(Ki + 1)Ky with Ko := ¥,5027"*Vn + L.

As a consequence of Lemma we get the following result which we will use in the next
subsection.

Lemma 3.3. Let B,Bs, ..., By be squares in 7> of side lengths by,b,,...,by respectively and
let B := UjcyBj. There exists an absolute constant C' > 0 such that, if {X,},ep is a centered
Gaussian process satisfying

u—vy
L (e
J J

E(X, —X,)? <

(Bj % Bj), (3.4)

N
=1

then

Emal;(Xv SC'\/logN<1+mal;u/EXv2) +C'. (3.5)
ve ve
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The following lemma, taken from [42], is the FKG inequality for Gaussian random variables.
We will refer to this as the FKG in the rest of the paper.

Lemma 3.4. Consider a Gaussian process X = {X, },ca on a finite set A, and suppose that
Cov(X,,X,) >0, u,v €A. (3.6)
Then
Cov(f(X),8(X)) >0 3.7)

holds for any bounded, Borel measurable functions f,g on R that are increasing separately in
each coordinate.

As a corollary to FKG, we get:

Corollary 3.5. Consider a Gaussian process X = {X, },eca on a finite set A such that holds.
If 81,62, , 6 € 6(X) are all increasing (or all decreasing), then

1/k
maxP(&)>1—(1-P & . (3.8)

This is known as the “square root trick” in percolation literature (see, e.g., [30]).

3.2 Smoothness of harmonic averages of the GFF

Moving to the specific example of the GFF we note that one of the most important properties that
makes the GFF amenable to analysis is its behavior under restrictions to a subdomain. This goes
by the name Gibbs-Markov, or domain-Markov, property. In order to give a precise statement
(which will happen in Lemma [3.6] below) we need some notations.

Given a set A C Z2, let JA denote the set of vertices in Z2 ~. A that have a neighbor in A.
Recall that a GFF in A C Z? with Dirichlet boundary condition is a centered Gaussian process

X4 = {Xa.v}vea such that
XA,/V =0 for v S ZZ A and E(XA.,MXA,V) = GA (u’v) for u,v c A’ (39)

where G4 (u,v) is the Green function in A; i.e. the expected number of visits to v for the simple
random walk on Z? started at u and killed upon entering Z? ~. A. We then have:

Lemma 3.6 (Gibbs-Markov property). Consider the GFF xa = { X vea on a set A C 7* with
Dirichlet boundary condition and let B C A be finite. Define the random fields y§ = { XX’V}VQB

and x| = {x}, }es by
Xy =E(Xaw | Xau: u€ANB) and xl,=xav— x5, (3.10)

Then )d: and x4 are independent with Xf( faw XB. Moreover, x5 equals X on A\ B and its sample
paths are discrete harmonic on B.
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Proof. This is verified directly by writing out the probability density of )4 or, alternatively, by
noting that the covariance of x4 is G4 — Gp, which is harmonic in both variables throughout B.
We leave further details to the reader. ]

By way of reference to the spatial scales that these fields will typically be defined over, we
refer to Xf{ as the fine field and 3 as the coarse field. However, this should not be confused
with the way their actual sample paths look like. Indeed, the samples of X/{ will typically be
quite rough (being those of a GFF), while the samples of x§ will be rather smooth (being discrete
harmonic on B). Our next goal is to develop a good control of the smoothness of yxj precisely. A
starting point is the following estimate:

Lemma 3.7. There is an absolute constant ¢ € (0,00) such that, given any 0 # BCBCA - 72
with B connected and denoting

N:=inf{M € N: B+ [-M,M]*NZ* C B}, (3.11)

the coarse field xj on B obeys

- ) )
M), wveB, (3.12)

Var (4, — X4y) < c( N

where distz(x,y) denotes the length of the shortest path in B connecting x to y.

Proof. Let u,v € B first be nearest neighbors and let M := |N/2]. Using (f,g) to denote the
canonical inner product in £2(Z?) with respect to the counting measure, the Gibbs-Markov prop-
erty gives

Var(%f(\:7u_x/§7v) - (6M—5Va(GA _GB)(6u_5v)> (313)

Since A — Gy is increasing (as an operator ¢>(Z?) — ¢*>(Z?)) with respect to the set inclusion,
the worst case that accommodates the current setting is when A is the complement of a single
point and B is the square u + B(M) = u+[—~M,M]* N Z>. Focusing on such A and B from now on
and shifting the domains suitably, we may assume A := Z> \. {0}. Then

Ga(x,y) =a(x) +a(y) —alx—y), (3.14)

where a(x) is the potential kernel defined, e.g., as the limit value of Gg(y)(0,0) — Gpy)(0,x)
as N — oo. The relevant fact for us is that a admits the asymptotic form

a(x) = gloglx|+co+0(]x| %),  |x] = e, (3.15)

where g := 2/ and ¢ is a (known) constant.

There is another representation of Var(x&u — %X,v) in terms of harmonic measures which
follows from the discrete harmonicity of the coarse field. Let H3(x,y), for x € B and y € 9B,
denote the harmonic measure; i.e., the probability that the simple random walk started from x
first enters Z> . B at y. Then

Var (x5, — %4.) = (f,Gaf) (3.16)
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where
) =Y [H(u,2) — H?(v,2)] &.(-). (3.17)
zE€0B
In order to make use of this expression, we will need are suitable estimates for the harmonic
measure: There are constants c¢y,cz € (0,e0) such that for all M > 1, any neighbor v of u and B :=
u+ B(M), from, e.g., [33, Proposition 8.1.4] , we have

Cl
HE < 0B 3.18
(u,2) < i z€JB, (3.18)

and c
‘HB(u,z)—HB(v,z)’ < M2HB(”’Z)’ z € JB. (3.19)

For our special choice of A, using (3.17) we now write

Var (ngu - XX,V)

= Z [HB(u,z) —HB(V7 z)] [HB(u,Z) —HB(V, Z)] (a(z) +a(Z)— a(z—Z)). (3.20)
2,Z€0B

Since z — H5(u,7) is a probability measure for each u, the contribution of the terms a(z) and a(3)
vanishes. For the same reason, we may replace a(z — Z) with a(z—Z) — glogM in (3.20). Now

we apply (3.19) with the result

2

M>2 Y. HP(u,2)H®(u,2)[a(z - 2) — glogM|. (3.21)

z,5€0B
Invoking and (3.18), the two sums are now readily bounded by a constant independent
of M. This gives for neighboring pairs of vertices. For the general case we just apply the
triangle inequality for the intrinsic (pseudo)metric u,v — [Var(x} , — xgqv)]l/ 2 along the shortest
path in B between u and v in the graph-theoretical metric. / O

Vaf(%ﬁ,u‘%ﬁ,v) < (

Using the above variance bound, we now get:

Corollary 3.8. For each set A C 72, let us write diamy(A) for the diameter A in the graph-
theoretical metric on A. For each & > 0 there are constants c,é € (0,) such that for all sets
0 # B C B C A C Z? with B connected and obeying

inf{M € N: B+ [-M,M>NZ* C B} > § diamy(B) (3.22)
and for x4 denoting the coarse field on B for the GFF x4 on A, we have

P( sup [, — 26| > c+r) <267 (3.23)

u,veB

foreacht > 0.
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Proof. The condition (3.22) ensures, via Lemma(3.7] that the variance of xj , — % , is bounded
by a constant times distg(u,v)/N with N as in (3.11). The assumption (3.22)) then ensures that

this is at most a 6-dependent constant. Writing this constant as 2/¢ and denoting

M* = sup |25, — 5| (3.24)
u,veB
Lemma [3.T] gives
=2
P(|M*—EM*| >1) <2e . (3.25)

It remains to show that EM* is bounded uniformly in A and B satisfying (3.22)). For this we note
that, again by Lemma an e-ball in the intrinsic metric p (u,v) := [Var(x} , — x4 ,)] /2 on B
contains an order-N¢ ball in the graph-theoretical metric on B which itself contains an order-
(N¢)? ball in the ¢'-metric on B. Lemmasthus applies with o := 1 and f :=2. O

3.3 A LIL for averages on concentric annuli

The proof of the RSW estimates will require controlling the expectation of the GFF on concentric
annuli, conditional on the values of the GFF on the boundaries thereof. We will conveniently rep-
resent the sequence of these expectations by a random walk. Annulus averages and the associated
random walk have been central to the study of the local properties of nearly-maximal values of
the GFF in [10]]. However, there the emphasis was on estimating the probability that the random
walk stays above a polylogarithmic curve for a majority of time, while here we are interested in
a different aspect; namely, the Law of Iterated Logarithm. The conclusions derived here will be
applied in the proof of Proposition 4.9

We begin with a quantitative version of the law of the iterated logarithm for a specific class
of Gaussian random walks.

Lemma 3.9. Ser ¢(x) := /2xloglogx for x > 3 and let Z,,Z,,--- ,Z, be independent random

. . 1
variables with Z; = (0, sz) for some G,-Z > 0. Let s,% = Yi<j<k GJ2 and suppose that there are

o > 0and d > 0 such that
c’k—d<s;<c’k+d, k>1. (3.26)

Then there are cg 4 > 0, C5 4 > 0 and Ng 4 > 0, depending only on d and o, such that for all
n = Ng 4, the random walk Sy := Y., < j<; Zj obeys

Ccnd

—_— (3.27)
loglogn

]P’(#{e‘/log" <k<n:S>¢(sD)/2) > cc,dloglogn) >1-

Proof. Since ¢ is regularly varying at infinity with exponent 1/2 and k — s,% is within distance d
of a linear function, one can find a > 1 and k; sufficiently large (and depending only on ¢ and d)
such that

O(s%),  k>ki, (3.28)

and
2 2.2
P(sp1) < §¢(Sak); k> ki, (3.29)



hold true. Now define a sequence of random variables as

T1:=8,—S1, Th:=82—Sa -« Tliog,n] = Sylogan] = Slioganj-1 - (3.30)

Then 71,72, -, T|1og, | are independent with Ty vy (0,s§k — Szm)- Then, for each k with
ki <k < |log,n], the inequality (3.28) and a straightforward Gaussian tail estimate show

c

P(Ti > 30(s%)) > P(T > 20 (s —s21)) > — 55—,
( k= 4¢(Sak)) = ( k Z S(P(sak Sak 1)) — log(sik _Sikfl)

(3.3D)
for some constant ¢ > 0 depending only on ¢ and d. Thus, whenever 7 is such that \/ |log, n| > k;
holds true, we have

) P(Ti > 3¢(s%)) > ¢'loglogn—c", (3.32)
[log,n|<k<llog,n]

for some ¢’,¢” > 0. By independence of 71,73, - - - , Ti1og,n|» the Chebyshev inequality gives

"logl ¢

P #{\/Lloganj <k < |log,n: T > gq)(szk)} > C 0808 5y € (3.33)
a 2 loglogn

for some constant ¢ € (0,0). A computation using a Gaussian tail estimate gives

P(Sy < —3¢(s2)) < (logs?)81/64 (3.34)
for all £ > 1. Therefore
IP’( {84 < —g¢(s§k)}> < & (logn)~17/128 (3.35)
[log, n|<k<|log,n|

for some constant & € (0,00). On {S1 > —30(s% )} N {Tx > 20 (s%)}, (B29) gives

Sae =Sp1 + T > =30 (s3%) + 20 (s%) > 30(s%) (3.36)
and so the bounds (3.33)) and (3.35) imply (3.27). ]

We will apply Lemma [3.9]to a special sequence of random variables which arise from aver-
aging the GFF along concentric squares. For integers N > 1,n > 1 and b > 2, denote N’ := b"N
and, for each k € {1,...,n}, define

M, :=E <XN'.,0

G(;(Nf’v:ve U aB(bf'N))>, (3.37)

n—k<j<n

Notice that we can also write M, = E(XN/,0|G(XN’7V: v € dB(b"*N ))) due to the Gibbs-
Markov property of the GFF. We then have:
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Lemma 3.10. For each integer b > 1 as above, there are constants o > 0 and d > 0 such that
for all N > 1 and all n > 1 the sequence {My x — M k—1}i=1,...n—1 (With My, o := 0) satisfies the
conditions of Lemma 3.9\ with these (0 ,d).

Proof. Since the M, — M, ;_1’s are differences of a Gaussian martingale sequence, they are
independent normals. So we only need to verify the constraints on the variances. Denoting
N" := b""N, the Gibbs-Markov property of the GFF implies

Va.r(M,/l’k) = GB(N’)(O’O) —GB(NI/)(0,0). (3.38)
Recalling our notation H?(x,y) for the harmonic measure, the representation
Gp(x,y) = —a(x=y)+ ) H'(x,2)a(y—2) (3.39)
z€0dB
gives
Var(My )= Y H*™(0.2)az)— Y, HEV)(0,2)a(2). (3.40)
z€IB(N') ZEIB(N")

Now substitute the asymptotic form (3.15]) and notice that the terms arising from c( exactly cancel,
while those from the error O(|x|~2) are uniformly bounded. Concerning the terms arising from
the term glog |x|, here we note that

HEM)(0,2)log |z| —logN| < oo, (3.41)

sup
N=21'7c0B(N)

which follows by using log|x+ r| —log|x| = O(|r|/|x|) to approximate the sum by an integral.
Hence we get

Gp(v)(0,0) — Gp(yr)(0,0) = glog(N') — glog(N") + O(1)

(3.42)
=glog(b)(n—k)+0(1)
with O(1) bounded uniformly inN > 1,n>landk=1,...,n—1.
O
Using the above setup, pick two (possibly real) numbers 1 < r| < ry < b and define
Ang = B([rb*N]) N B([rb*N])°. (3.43)

The point of working with the conditional expectations of yy evaluated at the origin is that these
expectations represent very well the typical value of the same conditional expectation anywhere
on A, r. Namely, we have:

Lemma 3.11. Denote

A, = max max
k=1,...,n—1 v€A,

Mn,k - ]E(XN/,V ‘ XN’,V ve UanankaB(ij)) ‘ (344)
For each b > 2 (and each ry,ry as above) there are C>0and No > 1 such that for all N > Ny
and alln > 1,

P(A, > Cy/logn) < 1/n. (3.45)
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Proof. Denote A, ; 1= B(b**'N) ~ B(b*N) and for v € A}, ; abbreviate

T =Bt | 2wt v € Uns jon 19B(B'N)). (3.46)

From the Gibbs-Markov property we also have

T =E(xvw | xvrw: v EALL), VEAL,. (3.47)

As soon as N is sufficiently large, the domains A := B(N'), B := A}, and B := A, obey con-
dition (3:22) with some § > 1 for all n > 1 and all k € {1,...,n—1}. Corollary [3.8] then gives

P max |7y | > e1) <267 (3.48)
) nk

for some constants c¢,¢ > 0 independent of N, n and k. This shows that the oscillation of }f; on A, x
has a uniform Gaussian tail, so in order to bound M,, x — Xk.v = Xx,0 — Xk,» uniformly for v € A, x,
it suffices to show that, for just one v € A, x, also ¥i., — X0 has such a tail. Since this random
variable is a centered Gaussian, it suffices to estimate its variance. Here (3.46) gives

Var (Fiy — Zk0) < Var(Fx—10 — Xx-1,0)- (3.49)

Corollary[3.8/can now be applied with A := B(N'), B:= B(b**'N) and B := B(|r,b*N |) to bound
the right-hand side by a constant uniformly in N, n and k = 1,...,n — 1. Combined with (3.48),
the union bound shows

JP’( max ’Zk,v —Mn7k‘ > (! +t> <2e7 " (3.50)

VEA, k

with ¢/,& € (0,0) independent of N, n and k. Another use of the union bound now yields (3.43),
thus proving the claim. O

3.4 Cardinality of the level sets

In this subsection, we estimate the cardinality of the sets of points where the GFF equals (roughly)
a prescribed multiple of its absolute maximum. Recall that from [14}[13]] we know that the family
of random variables

3
max xy,— 2,/glogN — —,/gloglogN (3.51)
vEB(N) 4

is tight as N — oo, The level sets we are interested in are of the form
A= {vEBN/2)): 2w, € (@iiy, ooy +1) (3.52)

where 7ty := 2,/glogN and o € (0, 1). Our conclusion about these is as follows:

Theorem 3.12. For any oy € (0,1) there are ¢ = c(ap) > 0 and k = k() > 0 such that for all
0<oy<ogandall 6> e~ 102N the bound

P(‘ﬂN’aN’ S 6E‘%N(XN’) S C6K (353)

holds for all N sufficiently large. The same statement holds also for the GFF on B(N) ~. {0}.
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The exponent linking the cardinality of the level set to the linear size of the underlying domain
has been computed in [19] building on [[11] where the leading-order growth-rate of the absolute
maximum was determined. While much progress on the maxima of the GFF has been made
recently, notably with the help of modified branching random walk (MBRW) introduced in [14],
the methods used in these studies do not seem to be of much use here. Indeed, in order to make
use of the modified branching random walk one needs to invoke a comparison between the GFF
and MBRW, which is conveniently available for the maximum (using Slepian’s lemma [47]), but
does not seem to extend to the cardinality of the level sets.

Another possible approach to consider is the intrinsic dimension of the level sets (see [18l]),
but this would not give a sharp estimate as we desire. Our approach to Theorem is much
simpler, being a combination of the second moment method (which directly applies to GFF) and
the “sprinkling method” which was employed in [20] in the context of the GFF. We remark that
the second moment method has recently been used to prove that a suitably-scaled size of the
whole level set admits a non-trivial distributional limit [9].

Proof of Theorem[3.12] The proof is actually quite easy when o < 1/ /2, but becomes more
complicated in the complementary regime of . This is due to well known failure of the second-
moment method in these problems and the need for a suitable truncation to make it work again.
The first half of the proof thus consists of the set-up, and control, of the truncation.

Pick N > 1 large and let n := max{k: 2 < N/8}. Forv € B(|N/2|), write B(v,L) :=v+B(L)
and, for k = 1,...,n, set, abusing of our earlier notation, A, x(v) := B(v,2*1) \ B(v,2*). Note
that A, x(v) C B(|3N/4]) forallk=1,...,n. Then for all x,y € A, +(v) and with g :=2/m,

E(xnvxnx) = g(log2)(n—k) +0(1) (3.54)

and
E(xnxxny) = g(log2)(n—k)+O(1) (3.55)

hold with O(1) uniformly bounded in N and x,y as above. Next denote

1
Y, awa- (3.56)

AN kv =
. |An,k(")| A, (v)

A straightforward calculation then shows that
Var(¥n kv) = g(log2)(n—k)+ O(1) (3.57)

and
E(ZN,k,v%N,v) :g(10g2)(l’l—k) +0(1)7 (358)

again, with O(1) uniform in N. It follows that there are numbers a, = ay ., With |a, — 1| =
O(1/(n—k)) and a Gaussian process Yy = Yy, Which is independent of ¥u, and obeys
Var(Y,) = g(log2)k + O(1) such that

XNx = axZN,k,v + Ym RS {V} UAn,k(V)' (359)
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Further, we have that
max E(Y,Y,) = O(1) (3.60)
x€AL (V)

again with O(1) uniform in N.
For e > 0,r > 0and 0 < oy < 0y, define the event

Ev,e,r,(xN = {XN,V S (aNﬁ’lNa oy + 1)}

- —k
N v S ™ iy +elkn(i-R] 47 @D
k=1

(1-ao)
10

P(Everay) > 3P (v € (owiity, oniity + 1)) . (3.62)

In order to prove (3.62), note that by (3.57)

We claim that for € := and r := r¢, sufficiently large, we have

_ N - n—k
E(%N,k,v | XNN S ((meN, oymy + 1)) = NTWLN + 0(1) (3.63)
and 4(n— )k
_ n—
Var (T | ) < = (3.64)
Abbreviating sy := oty "T_krhN + €[k A (n—k)]+ r, from these observations we have
n
Y P()_CN,k,v > Sk ‘ AN € (O, oy + 1))
k=1
< X": e—el(n—nk4r+0(1)/100 < /3 (3.65)
k=1
where the last inequality holds for all » > r(ag) where r(0g) € (0,c0). This yields (3.62).
Now we are ready to apply the second moment method. We will work with
Z= ), g, (3.66)
vEB(|N/2])
From (3.62)) and a calculation for the Gaussian distribution we get
E% > lEWN | > £ 401-a)n (3.67)
=9 ON | = \/;l .

for some constant ¢ > 0. Our next task is a derivation of a suitable upper bound on Var%'. From
(3.59) and (3.60) we get that, for any v € B(|N/2|) and with ¢, > 0 a constant depending on r
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but not on v or NN,

Z ]P)(EM,S,V,(XN mEV,EJ‘,(XN)
u€B(|N/2])

< Z ) IP’(XNL”%NV (o, oniiy + 1), X kv Sxk>
k=1xeA, k( ) (3 68)

X¢
P(YV AY, > oty — s)IP)(ZNyk_yv € ds)

1 1\2 2
< —ay(n—k) 4(1-203)k 28(XN[(n7k)/\k].
cr El (\[> 47N 4 NIE4

Here the last inequality follows from the fact that, once we write the integral using the explicit
form of the law of ¥n ., the integrand is maximized at s := s; and decays exponentially when s
is away from s;. Combined with (3.67)), the preceding inequality implies that

Var;@f

®27 <Lt

(\/];) 24,(17(x1%,)(nfk)42€aN[("*k)Ak] = 0(1) . (3.69)

This implies
P(Z>EZ)>c (3.70)

for some ¢ = ¢(0) > 0 sufficiently small uniformly in N > N; for some N large.

It remains to enhance the lower bound in to a number sufficiently close to one. To this
end, pick an integer M with Ny < M < e(°eN)™* let L := | N/(2M) | and consider a collection of
boxes Vi,..., V2 of the form V; := vy + B(M) contained in B(|N/2|). Foru €V, i=1,...,12,
define the coarse fields

Xli/,i,u = E(%N,u ‘ ANx:XE th) . 3.7
By Lemma [3.3]and [13| Lemma 3.10], we get that

Emax[xy,;, — Ayl < O(1). (3.72)
In addition, as is easy to check, Varyy ;, < 4logM. Introducing the event
&= { A, > —40logM: v €V, 1 <i<L*}, (3.73)

we obtain that
P(&Y=0M™"). (3.74)

Conditioning on & and on the values {n,: v € dV;,1 <i< L?}, the GFF in each square of V;
are independent of each other. Further, the Gaussian field on V; dominates the field obtained from
subtracting 40log M from the GFF on V; with Dirichlet boundary condition on dV;. Write

Ay ayi = {VEVi: Xny € (Onry, ayiity +1) }. (3.75)
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By a straightforward first moment computation, we see that

E|y,ay| < M*PE|Ay g+ 4010a ity i - (3.76)
Therefore, applying to V; we get that

P(|y,ay.il =M VK| o, | &) > c. (3.77)
By conditional independence, we then get that

P( max |y oyl > M|y o] | 6) > 1 (1—c)". (3.78)

1<i<L?
Combined with (3.74), it gives
P(|Hy.ay| > M CE | gy]) > 1—OM ") = (1—c)". (3.79)

Choosing M so large that § < M4 < 2§ (assuming that § is sufficiently small), this readily
gives the claim for the GFF on B(N) with Dirichlet boundary condition.

In the case that the GFF on B(N) ~\. {0}, the same calculation goes through by considering
instead the level set restricted to the square (|N/4],0)+ B(|N/2]) and replacing xx in
by 1. We leave further details to the reader. O

3.5 A non-Gibbsian decomposition of GFF on a square

As a final item of concern in this section we note that, apart from the Gibbs-Markov property,
our proofs will also make use of another decomposition of the GFF which is based on a suitable
decomposition of the Green function. This decomposition will be of crucial importance for the
development of the RSW theory in Section 4}

Lemma 3.13. Let {xn,}vep(v) be the GFF on B(N) with Dirichlet boundary condition. Then

there are two independent, centered Gaussian fields {Yn },cp(n) and {Zy }vep(vy such that the
following hold:

(a) Xy =Yn+2Zy a.s.
(b) Var(Yy,) = O(loglogN) uniformly for all v € B(N).
(c) Var(Zy, —Zy,) = O(1/1ogN) uniformly for all u,v € B([N/2]) such that u ~ v.
The distribution of {Z, y },cp(v) is invariant under reflections and rotations that preserve B(N).

Proof. Throughout the proof of the current lemma, we let {S, : # > 0} be the lazy discrete-time
simple symmetric random walk on Z? that, at each time, stays put at its current position with
probability 1/2, or transitions to a uniformly chosen neighbor with the complementary proba-
bility. We denote by P' the law of the walk with P"(Sy :=v) = | and write E" to denote the
expectation with respect to P’. Let T be the first hitting time to the boundary dB(N). It is
clear that

1 oo
E(xvaana) = 5 Y P'(S =uw=1). (3:80)
=0
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In addition, thanks to laziness of S, the matrix (P"(S; = u, T >t)), ,ep(v) is non-negative definite
for each ¢ > 0. Therefore, there are independent centered Gaussian fields {Yy,: v € B(N)} and
{Zy: v € B(N)} such that

1 |logN |2
E(Yn Yvu) = 3 t;) P'(S;=u,t>1) (3.81)
and
1 o0
E(ZnyZnu) =% Y, P(Si=urt>1). (3.82)

t=[logN |2+1

At this point, it is clear that we can couple the processes together so that Property (a) holds.
Property (b) holds by crude computation which shows

[logN | [logN]* 4
Var¥y, < Y P'(S;=v)<0(1) ) —— =0(loglogN). (3.83)
=0 = t+1

It remains to verify Property (c). For any u,v € B([N/2]) and u ~ v, we have that

|EZ3y ,—~EZy v Zn ul
:’ Y PS=ve>n- Y PV(S,:u,TZI)‘
r=[logN |2+1 r=|logN|2+1 (3.84)
Y PS =)= P S = )|+ LB PS(S =)~ PSS, =)
t=|logN |2+1 t=0

IN

Since
|P(S; =v) = P'(S, =u)| = 0(n/?), (3.85)

(see, e.g., [33 Exercise 2.2]), the first term on the right hand side is bounded by O(1/logN). The
second term is O(1/N) by [33] Theorem 4.4.6] and the fact that u € B([N/2]). This completes
the verification of Property (c). 0

4 A RSW result for effective resistances

Having dispensed with preliminary considerations, we now ready to develop a RSW theory for
effective resistances across rectangles. Throughout we write, for N.M > 1,

B(N.M) := ([-N,N] x [-M,M]) NZ* (4.1)

for the rectangle of (2N + 1) x (2M + 1) vertices centered at the origin. Recall that B(N,N) =
B(N). The principal outcome of this section are Corollary and Proposition In Corol-
lary 4.T§] these yield the proof of one half of Theorem [.4] The proof of the other half comes
only at the very end of the paper (in Section [5.4).
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4.1 Effective resistance across squares

In Bernoulli percolation, the RSW theory is a loose term for a collection of methods for extracting
uniform lower bounds on the probability that any rectangle of a given aspect ratio is crossed by
an occupied path along its longer dimension. The starting point is a duality-based lower bound on
the probability of a left-right crossing of a square. In the present context, the crossing probability
is replaced by resistance across a square and duality by consideration of a reciprocal network. An
additional complication is that our problem is intrinsically spatially-inhomogeneous. This means
that all symmetry arguments, such as rotations and reflections, require special attention to where
the underlying domain is located. In particular, it will be advantageous to work with the GFF on
finite squares instead of the pinned field in all of Z2.

If S is a rectangular domain in Z2, we will write S, ddownS, FrigheS and dypS to denote
the sets of vertices in S that have a neighbor in 7% ~. S to the left, down, right and up of them,
respectively. (Notice that, unlike dS, these “boundaries” are subsets of S.) Given any field y =
{X}ves recall that S » denotes the network on § associated with . We then abbreviate

Rir:s,y := Rs, (OtetS; OrigneS) 4.2)
and
Rup;s,y = RSX (8upSa adownS) . (4.3)

Our first estimate concerning these quantities is:

Proposition 4.1 (Duality lower bound). Let yys denote the GFF on B(M) with Dirichlet boundary
conditions. There is ¢ = é(y) € (0,00) and for each € > 0 there is Ny = No(€,7) such that for
all N > Ny and all M > 2N,

1

P(RLR;B(N),)(M S e@loglogM) Z 5 —g. (44)

The same result holds also for Ruyp.(wm),y,,» Which is equidistributed to Ry g.p(n) y,,-
The proof requires some elementary observations that will be useful later as well:

Lemma 4.2. Let A be a finite subset of Z* and y, = {X1}veas X2 = {x2.}vea be two random
fields on A. Then for any u,v € A we have,

Ra, ., (u,v) <Ra, (u,v) max e Twt2ey) (4.5)

u' Ve
u'~v

+x2

Furthermore,

B (Rayy (:9) [ 1) < Ray (1,9) max B(e 7022 ) (4.6)

and

E(CAx|+xz (u,v) |X1) < CA%1 (u,v) I,H?EXAE(CV(XLM/-&-M,V/)
u' v
u'~v

%) (4.7)
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Proof. Let 0 be a unit flow from u to v. Then (2.1) implies

Ray, oy, (uyv) < Z [Q(MW)}ze—y(xlﬁu/+x1,v/)e—7(x2,,,/+xz‘,‘,/) ' 4.8)

' VeEA U~V

Hereby follows by bounding the second exponential by its maximum over all pairs of near-
est neighbors in A and optimizing over 6. The estimate (4.6)) is obtained similarly; just take
the conditional expectation before optimizing over 6. The proof of exploits the similarity
between (2.1) and (2.13) and is thus completely analogous. O

Proof of Proposition Our aim is to use the fact that, in any Gaussian network, the resistances
are equidistributed to the conductances. We will apply this in conjunction with the estimate in
Lemma[2.7] Unfortunately, this estimate requires a hard bound on the maximal ratio of resistances
at neighboring edges. These ratios would be undesirably too large if we work with the GFF
network directly; instead we will invoke the decomposition of ), into the sum of Gaussian fields
Yar = {Yurw fvev) and Zyy = {Zwr v }vep(v) as stated in Lemma and apply Lemma [2.7|to the
network associated with Zy, only.

We begin by estimating the oscillation of Zy, across neighboring vertices. From property (c)
in the statement of Lemma [3.13| and a standard bound on the expected maximum of centered
Gaussians, we first get

sup E( max (Zy. —ZM_V)) < oo, 4.9)
N>1 u,veB(N) ' '
|u—v]1<2

Using this bound and property (c), Lemma|3.1|shows that for each € > 0 there is ¢; € R such that
forall N > 1,

IP( max (Zysu—Zuy) > c1> <e. (4.10)
u,ve€B(N) i

|u—v|1 §2
Now observe that the pairs (JiefB(N), drightB(N)) and (dupB(N), dgownB(N)) satisfy the condi-
tions of Lemma Using R, B(N).zy 1O denote the top-to-bottom resistance in the reciprocal

network, combining (2.43)) with the last display yields

P(RLR;B(N)ZMR{JD;B(N)»ZM = 64620”’) >1-e. (4.11)
A key point of the proof is that, since the law of Z, is symmetric with respect to rotations of B(M),
the fact that Zy, faw —Zy implies

1
Rip.5(V) 2 = RLR:B(N).Z- (4.12)

The union bound then shows

1—¢
]P)(RLR;B(N)ZM < 866”’) > 5 4.13)

Lemma.2]and the independence of Y); and Zy; now give

E (RLR;B(N),}(M ‘ ZM) < RLR;B(N),ZM n;gE(N) ]Ee*'}’(YM,u+YM,v) . (414)
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Lemma shows VarYy, , < ¢’loglogM for some constant ¢’ € (0,c0) and so the maximum on
the right of (4.14) is at most e2¢'7loglogh Taking ¢ > 2¢'y?, the desired bound (@.4)) now follows
(for N sufficiently large) from (4.13H4.14)) and Markov’s inequality. O

With only a minor amount of additional effort, we are able to conclude a uniform lower bound
for the resistance across rectangles.

Corollary 4.3. Let ¢ be as in Proposition For each € > 0 there is Ny = N|(, €) such that for
all N > Ny, all M > 16N and all translates S of B(4N,N) contained in B(M /2), we have

P(RLR;S,}(M 2 672éloglogM) Z _e. (4.15)

= Rl

The same applies to Rup.s.y,, for any translate S of B(N,4N) contained in B(M /2).

Proof. Replacing effective resistances by effective conductances in the proof of Proposition [4.1]
(and relying on Lemma[2.6instead of Lemma[2.7) yields

A 1
P(Rusp(n) gy = O8N ) > D g (4.16)
for all N > N,. Since
RLR:B(aN) 2 < RLR:BANN) i (4.17)

this bound extends to the rectangle B(4N,N). Now consider a translate S of this rectangle that is
contained in B(M/2). Taking M’ := 8N and let S be the translate of B(M’) that is centered at the
same point as S. Considering the Gibbs-Markov decomposition into a fine field )(g and a coarse
field X§ on S, we then get

P<RLR;S,xM > efye—aloglogM) > IP’(R

—EloglogM/) ( c ~
o 0 =€ —P{max|y: | < ¢
LR,S,xg ues | S,u|

(4.18)

Since S and § are centered at the same point, the first probability is at least % — & by our extension
of ([@.16) to rectangles. The second probability can be made arbitrarily small uniformly in N by
taking ¢ large. The claim follows. 0

Remark 4.4. Despite our convention that constants such as ¢, ¢, ¢/, etc may change meaning line to
line, the constant ¢ will denote the quantity from Proposition 4. 1| throughout the rest of this paper.
4.2 Restricted resistances across squares

As noted already in the introduction, our approach to the RSW theory is strongly inspired by [49]
which is itself based on inductively controlling the crossing probability (in Bernoulli percola-
tion) between di;B(N) and a portion of drignB(N). We will now setup the relevant objects and
notations and prove estimates that will later serve in an argument by contradiction.
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N | B(N)
|

Figure 5 — An illustration of the geometric setting underlying the definition of the
restricted effective resistance Ry (4, 5 in (4.20).

For the square B(N) and ¢, € [-N,N]NZ with o < B, consider the subset of JygnB(N)
defined by

ILIB(N) = ({N} x [ar, B]) N Z2 (4.19)

Let Py, (q,p) denote the set of paths in B(N) that use only the vertices in ((—N,N) x [-N,N]) N
7?* except for the initial vertex, which lies in dsB(N), and the terminal vertex, which lies
in ar[i‘;f B (N). With these notions in place, we now introduce the shorthand

Ry japlz = R, (Pwiap) = Roy, (DenBIN), 3L B(N)). (4.20)

Our first goal is to define a quantity oy which will mark, in rough terms, the point of transition
of & — Ry [0,q],y,y from large to small values.

We first need a couple of simple observations. Note that Py n U Py;_y, includes all
paths starting on di.B(N) and terminating on drignB(N). Lemmathen shows

1 1 1
+ 4.21)

RLR;B(N),sz ~ Ry [0,N],x2n RN»[_N7O]JCZN

while the symmetry of both the law of ),y and the square B(N) with respect to the reflection

law

through the x axis implies Ry o v] = Ry [-N,0],5oy- BY Proposition , there is Ny such that

XN
P(Ririp(v) o > €8 2Y) <2/3 (4.22)

as soon as N > Np. The square-root trick in Corollary [3.5|then shows
P (R o] oy > 2615 V) < \/2/3 < 0.82 (4.23)

as soon as N > Nj.
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Next we note that, by Lemma[3.7

sup max Var(Yan, — Xon.u) < . (4.24)
N>1VEB(3N/2)

u~y

Hence, there is C' € (0,00) such that y := x,y obeys

max P<maX{vae2 - Xerel ) Xererel + Xerz —Xv— varel } 2 C/> S 0.005 (4-25)
veB(N)

for all N > 1. Now set C; :=2(2e€? + 1), define ¢y : {0,...,N} — [0,1] by
On (@) :=P(Ry [ oy > (4 Cy) e“1o8102N)) (4.26)

and, noting that o — ¢y (o) is non-decreasing with ¢y (0) < 0.82 (cf (@.23)), let

_ {min{ae{O,...,LN/Zj}: on(a) >0.99} if gy (|N/2]) > 0.99, @27

[N/2], otherwise .
This definition implies the following inequalities:

Lemma 4.5. For C' as in @23), define Cy := 4(2¢€7 4+ 1)? and let ¢ Ny and C) be as above.
Then the following two properties hold for all N > Ny:

(P1) Forall @ € {0,...,ay},

P (Ry jq) g < SC2e°1081°62N)) > 0,005, (4.28)

(P2) If ay < |N/2|, then for all o € {oy,...,N},
P(R, o] gay = (44 C1)efEEN) > 0.99 (4.29)

and
P (R, 0.0 1 < 47815 N)) > 0.17. (4.30)

Proof. We begin with (P1). Since ¢y () <0.99 for ¢ € {0,..., oy — 1}, for all such a we have
P(Ry (N oy < (44 C1) 080Ny > 0,01 (4.31)

In order to deal with o = oy, we will will need:

Lemma 4.6. For x := Yoy and v being the point with coordinates (N — 1, ay ), we have

{RN faw My > CLRN oy —1.N] g |

(4.32)
- {max{){vfez — Xvters Xv—erter T Xv—es — Xv — Xvtey } > Cl}-

35



Deferring the proof of this lemma until after this proof, we now combine (.31) for o := oy — 1

with (@.25) to get
P (RN7[‘ZN7N]7XZN S (4 + Cl )Cl eéloglog(zN))

> P(RN,[szfl,N],sz < (44Cy)efloglog?N) RN Joy N on < CIRN,[aNfl,NO (4.33)
>0.01 —0.005 =0.005.

Since (4 + C)C; < 5C;, the bound ([#.28) holds for o := oy as well. Thanks to the upward
monotonicity of & — Ry (4 N] 4,y the inequality then extends to all & < oyy.
The first inequality in (P2) evidently holds by our choice of ogy. As for the second inequality,

Lemma[2.3] shows | | .
< + (4.34)
Ry ;[0.N], 22w Ry 10,0, 08 Ry [N, xan

and this then implies

{Ry 0]z < 285N Ry 14 ) oy > (44 C) 10208V}
g {RN7[O7a]~,ZZN S 4e€loglog(2N) } . (4-35)

Invoking (.23)) and the definition of ay, the probability of the event on the right is than at most
0.99-0.82 =0.17. O

‘We still owe to the reader:

Proof of Lemma[.6] Suppose y is such that the complementary event to that on the right of
(4.32)) occurs. We will show that then the complement of the event on the left occurs as well. For
this, let 6 be the optimal flow realizing the effective resistivity in (4.20)) and let 8 (x,y) denote its
value on edge (x,y). To reduce clutter of indices, write r(x,y) for the resistance of edge (x,y).
Abbreviate t :=v+ej, u:=v—epy and w:=u+e; = (N,oy — 1). Our aim is to reroute 6(v,7)
through u to w. Define a flow 0 by setting 8 (v,u) := 0 (v,u) + 0 (v,1), 0 (u,w) := 0 (u,w) + 6 (v,1)
and (v,¢) := 0 and letting , := 6, for all other edges e. The only edges where § might expend
more energy than 6 are the edges (v,u) and (u,w). To bound the change in energy, we note

r(v,u)é(v, u)2 < r(v,u) [G(V,M) + 0(v,t)]2

/ (4.36)
< 2r(v,u)0(v,u)? +2r(v,1) €€ 70 (v,1)?

with the second inequality due to the containment in the complement of the event on the right
of (4.32). Similarly we have

r(u,w)0 (1, w)? < 2r(u, w) 0 (u,w)? 4 2r(v,1) €S 70 (v,1)?. (4.37)

Hence we get Ry [oy—1.N], 7oy < (2+4eC/V)RN7[aN7N]7x2N = C1Ry [ay N) oy thus proving @.32). [
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4.3 From squares to rectangles

We now move to bounds on resistance across rectangular domains. As in Bernoulli percolation,
a fundamental tool in this endeavor is the FKG inequality which, in our case, will be used in the
following form:

Lemma 4.7. Consider a finite S C 72 and a Gaussian process {3, } e with Cov(Xu, xv) > 0 for
all u,v € S. Suppose that 2, %,,--- , P, are collections of paths in S that satisfy the conditions
of Lemma2.4|for a pair of disjoint subsets (A,B) of S. Then for any r > 0, we have

P(Rs,(A,B) <nr) > In—[IP’(RSX (2)<r). (4.38)
i=1

Proof. This is an immediate consequence of Lemma the monotonicity of R, (<) in indi-
vidual edge resistances, and the FKG inequality in Lemma|3.4 O

The principal outcome of this subsection is:

Proposition 4.8. There are c,C3 € (0,%) such that for all N > Ny for which oy < 204y/7|
holds, all M > 8N and any shift S of B(4N,N) satisfying S C B(M/2),

P(RLR;s, 1 < CseéloglogM) > . (4.39)
The same applies to Rup.s,y,, for any shift S of B(N,4N) that obeys S C B(M /2).

By Proposition [4.1] the bound holds for left-to-right resistance of centered squares. We will
employ a geometric argument combined with the FKG inequality to extend the bound from
squares to rectangular domains. The main technical tool is Lemma 2.4 which, in a sense, permits
us to bound resistance by path-connectivity considerations only. We will actually use a different
argument depending on whether ayy equals, or is less than [N /2].

Proof of Proposition case oy = |[N/2|. Here we will need the bound (#.28)), but for the un-
derlying domain not necessarily centered at the box which defines the underlying field. Thus,
for S a translate of the square B(N) such that S C B(M/2), let R |q g, denote the quantity
corresponding to Ry (q g) 4, for the square S and the underlying field given by x. In light of
(@.28), Corollary 3.8] and Lemma @4.7| show that, for some constant C; € (0, ) depending only
on C; and C,,

P(Rs jory N < Cie” 8121 > 0.001 (4.40)

holds for all N > Ny, all M > 8N and all squares S as above that are contained in B(M/2).
Thanks to invariance of the law of ), under rotations of B(M), the same bound holds also for the
“rotated” quantities; namely, those dealing with “up-down’ resistivities.

Now let S be a translate by x € Z? of the rectangle B(4N,N) such that S C B(M/2) and let us
regard S as the union of the squares

Si:=x+(i—5)Ne;+B(N), i=1,...,7. (4.41)
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Figure 6 — The setting of the proof of Proposition case oy = |[N/2|. The
collection of paths shown suffices to ensure a left-to right crossing through the four
shown translates of B(N). The key points to observe are that P; intersects both P/

and P/’ while P/" intersects P/, |, for each i.

For each i € {1,...,7}, consider the following collections of paths: First, let Z; be the set of all
paths in §; that cross S; left to right (with only the initial and terminal point visiting the left and
right boundaries of S;). Then (referring to parts of the boundary as if S; were the square B(N)),
let 2! be the collection of paths that connects the bottom of the square to the [—N, —ay| portion
of the top boundary, and let &2 be the path between the bottom of the square to the [y, N]
portion of the top boundary. The key point (implied by the fact that ay = |[N/2]) is now that, for
any choice of paths P, € &;, P/ € &/ and P’ € & and any i = 1,...,7, the graph union of the
triplet of paths (P, P/, P/") is connected and, for each i = 1,...,6, the graph union of (P, P/, P") is
connected to the graph union of (Py1, P/, |, P/, ); see Fig. @

It follows that the graph union of the seven triplets of paths contains a left-to-right crossing
of the rectangle S and, by Lemma[2.4] we thus get

7
RLR;SJCM < Z (RSi;XM(‘@i) +RS:’-,XM(‘@!'/) —"_RShXM(‘@i”)) . (4.42)
i=1

In light of the definition (4.20) (and, for simplicity of computation, restricting &; to paths that
terminate only at the top [0y, N| portion of the right boundary), (¢.40) and the FKG inequality
now give @.39) with C3 := 21C} and ¢ := 105, O

Proof of Proposition 4.8} case oy < |[N/2|. Here, in addition to (.29) which, as before, we bring
to the form @.40), we will also need (@.30) — this is why we need oy < [N/2| — which we
extend using Corollary [3.8]and Lemma4.7]to the form

P (Rs,j0,ay] 0 < C3¢°¥8M) > 0.01 (4.43)

for some CY € (0,e0), all N > Nj and all translates S of B(N) such that S C B(M/2). The same
bound holds also for all rotations and reflections of these quantities.
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Figure 7 — An illustration of the geometric setting underlying the key argument in
the proof of Proposition case ay < |[N/2]. Here K := [4N/7] and ay < 20k.
Examples of paths P, € &, Py € 3, Py € &4 and P; € &5 are shown in black.
Together with any choice of paths P, € &2, Ps € P and P; € &7 (shown in gray),
these enforce a left-to-right crossing of the rectangle.

Abbreviate K := |[4N /7] and note that K < N < 2K for N large enough. Let us first deal
with S being a translate of the rectangle ([—N,3N — 2K] x [—~N,N]) N Z? by some x € Z? subject
to the restriction S C B(4K). Consider the squares

Sp:=x+B(N), Sy:=x+2(N—K)e;+B(N) (4.44)

and
S3 ::x+(N—K)€1+OCK€2+[—KaK]20Z2 (4.45)

and note that §; US> = S and S3 C 1 N S»; see Fig. [6] Define the following collections of paths:
First, let Z2) be all paths in S; from the left side to the [0, ay] portion of the right side. Similarly,
let 27, be all paths in S, from the [0, | portion of the left side to the right side of S,. Next we
define the following collections of paths in S3:

(1) the set #7; of all paths from the top to the bottom sides of S3,

(2) the set # of all paths from the left side of S3 to the [ak, K] portion of the right side,

(3) the set s of all paths from the left side of S3 to the [—K, —ak]| portion of the right side,
(4) the set P of all paths from the [ak, K] portion of the left side of S to the right side, and

(5) the set &7 of all paths from the [—K, —ak]| portion of the left side of S5 to the right side.

39



The key point is that, thanks to the assumption ay < 20, for any choice of paths P, € &7;, the
graph union of these paths will contain a left-to-right path crossing S; see Fig.[f] By Lemma[2.4]

;
RiRr s < ZRSi,xM(e@ i), (4.46)

i=1
where S4 = - - - = §7 := S3. From here we get (4.39) for all 2(2N — K) x 2N rectangles S C B(M /2)

with C5 := 21 max{C},C}} and co := 101,
In order to prove the desired claim, consider a translate S of B(4N,N) by x € Z? entirely

contained in B(M/2) and note that, letting k := [;2% ], and we can cover S by the family of
rectangles S, ...,S; and S7,...,S] | defined as follows:
S :=x;+ ([0,22N—K)] x [-N,N])NZ?*, j=0,... .k, (4.47)

where xj :=x+2(N —K) je; forall j=0,...,k—1 and x; := x+ [8N — 2k(N — K)]e;, which
ensures that all S/ lie inside S (and thus inside B(M/2)), and

ST:=y;j+ ([-N,N]x [0,2@N-K)|)NZ*, j=1,....k—1, (4.48)

where y; — x; are such that all S lie in B(M/2) (this is possible because 2(2N — K) < 16N)
and such that S;. ﬂS;.’ C S}H for each j =1,...,k— 1. Assuming each S;. and S}’ contains a
path connecting the shorter sides of the rectangle, the graph union of these paths then contains a
left-to-right crossing of S. Lemma[2.4]then gives

k—1

k —
Rirszn < ) Rirsom + 2 RSy o (4.49)
EE

In light of our earlier proof of (4.39) for rectangles of dimensions 2N x 2(2N — K), we get (4.39)
for 2N x 8N rectangles as well with Cs := 21(2k + 1) max{C},C5} and ¢y = 107 14(2k+1), O
4.4 Bounding the growth of oy

It appears that Proposition[d4.8|could be more than sufficient for proving uniform upper bound on
resistance across rectangles, provided we can somehow guarantee that N — oy does not grow
faster than exponentially with N. This is the content of:

Proposition 4.9. For each co € (0,1) and each C3 € (0,00), there exists an integer Cs > 8 such
that if, for some N > 1,
P(Rirss ey < C3°1081081N)) > ¢, (4.50)

holds all translates or rotates S of B(4N,N) contained in B(8N), then we have oy > N for at
least one N' € {8N,...,CsN}.

The proof will be based on the following lemma:
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Figure 8 — The geometric setup for the proof of Lemma The graph union of
paths P, P>, P{, ..., P, contains a left-to-right crossing of the 4K x 2K-rectangle.

Lemma 4.10. Suppose that, for some cy,C3 € (0,0) and some N > 1, (@.50) holds for all trans-
lates and rotates of B(4N,N) contained in B(8N). There are ¢; and Ca, depending only on cy
and Cs, respectively, such that whenever K > 2N is such that axg < N and M > 16K,

P(Rir sy < Cae®2M) > ¢ (4.51)

holds for all translates and rotates of B(4K,K) contained in B(8K).

Proof. We will first prove this for rectangles S of the form B(2K, K). Consider the squares S; :=
—Key +[—K,K]?NZ?* and S, := Ke; + B(K) and let S/, .., S/, be the four maximal rectangles of
dimensions N x 4N, labeled counterclockwise starting from the one at the bottom, contained in
the annulus B(2N) \. B(N)°. Let P, be a path in S; connecting the left-hand side to the [0, ak]
portion of the right-hand side and, similarly, P, is the path in S, connecting the [0, ax]-portion
of the left-hand side to the right hand side. Let P[,...,P; be paths (in S/, ..., S}, respectively)
between the shorter sides of S/,...,S}, respectively. Then the assumption ax < N implies that
the graph union of P;, P, P{,..., P, contains a path in S connecting the left side to the right side;
see Fig.[§] Combining with (4.43)) (in which N is replaced by K), we get the claim for S
with Cy := 2C§ +4C; and ¢1 := 10~*(co)*.

To extend this to rectangles S of the form B(4K, K), we note that these can be covered by four
translates and two rotates of B(2K,K) such that the existence of a crossing between the shorter
sides in each of these rectangles forces a crossing of S. Thanks to Lemma.7] the desired bound
then holds for S as well; we just need to multiply the above C4 by 6 and raise the above c; to the
sixth power. O

We are now ready to give:
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Proof of Propositiond.9] The proof is by way of contradiction; indeed, we will prove that if
such N’ does not exist, then we will ultimately violate the first inequality in (P2) in Lemma
for a sufficiently large square. This will be done by showing that a path from the left side of
the square B(N') to the [0, o] part of the right side can be re-routed to instead terminate in
the [0y, N']-part of the right side. The re-routing will be achieved by showing existence of a path
winding around an annulus of inner “radius” at least o,y centered at the point Oy := (N',0).

We will focus on N’ of the form N’ := b"N, where b := 8 and n > 1. Fix such an n (and
thus N') and, fork = 1,...,n, let B, := Oy + B(b*N). Consider also the annulus Apg=O0pn+
B(4b*N) . B(2b*N)° and define the conditional field

G<X4eru:u6 U 8Bn7.,->>. (4.52)

n—k<j<n

XaN' ke -= Xan'y — B <X4N’7v

By the Gibbs-Markov property of the GFF, {Yan'x.v: v € A, x} has the law of the values on A, &
of the GFF in B(b*"'N) \ B(b*N)° with Dirichlet boundary condition. Let Ry, .y, ,  denote the
sum of the resistances between the shorter sides of the four maximal rectangles contained in A,, x,
in the field XAN k-
Assuming o <N, Lemma[d.10]in conjunction with Corollary [3.8]and Lemma.7|show that,
for some Cj € (0,0) and ¢, > 0:
P(Ra

it < CheclogloeNy > ¢y (4.53)

Let m be the smallest integer such that (1 —c2)™ <0.01, let Cy be as in the first inequality in (P2)
in Lemma4.5/and let C be the constant from Lemma Define

(fo,u:ue U aB,-,n)>. (4.54)

€A,
Y n—k< j<n

M & 1= min E<X4N/

Lemma (dealing with the LIL for the sequence M, ;) and Lemma (dealing with the
deviations A,,) tell us that there is a positive integer m’ > 100 satisfying

C,
IP’(#{kzl, ,m —1: }/Mkm/>0510gc +1og5+C}/\/logm}<m>

<0.01+0.01 = 0.02. (4.55)

Putting together (@.33)), @ i the choices of m and m’ along with Lemmas and 4.2 we get
for all N such that clog (1+ H logs <logs5,

P(3k e {1,....,m'}: R pep = Cret88Y) <0.024-0.01 = 0.03, (4.56)

where Cs := 8" 1,
We are now ready to derive the desired contradiction. Lemma [2.4] gives us that if oy < N for
all 8N < N’ < CsN, then

P (R, (Pxniay v)) < Row,, (Parioay)) +Cre 88N ) > 1-0.03=097. (4.57)
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Figure 9 — The geometric setting for a key argument in the proof of of Propo-
sition @} Once oy is less than the inner radius of the depicted annulus,
Ry, (Pn.[ay.v)) 1s bounded by Rp(y), (Pn;j0,ay]) Plus the sum of the resistances
between the shorter sides of the four maximal rectangles contained in the annulus.

From the second inequality in (P2) in Lemma .5 we have
P(Rpv), , (Pnrjo.ay)) < 4e5°808V) > 0.17. (4.58)

AN

The last two displays and the FKG imply
IP(RB(N,)ZN, (Prrfay ) < (4+C1) ef‘%"f’g”’) >0.17%0.97 > 0.16. (4.59)

in contradiction with the first inequality in (P2) in Lemma.5] The claim follows. O

4.5 Resistance across rectangles and annuli

As a consequence of the above arguments, we are now ready to state our first unrestricted general
upper bound on the effective resistance across rectangles:

Proposition 4.11. There are constants Cg,c3 € (0,00) and Ny > 1 such that for all N > Ny, all
M > 16N and for every translate S of B(4N,N) contained in B(M/2), we have

]P)(RLR;S,)(M S C66610g10g(M)) Z C3. (460)
The same applies to Rup.s.y,, for translates S of B(N,4N) with S C B(M/2).

We begin by showing that (4.50) holds (with the same constants) along an exponentially
growing sequence of N. This is where Proposition 4.8|and Proposition 4.9|come together.
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Lemma 4.12. Let ¢y and C3 be as in Proposition There is ¢ € (0,00) and an increasing
sequence {Ny: k > 1} of positive integers such that, for each k > 1, we have

14Nk —1 < Nk+1 < CNk (4.61)

and the bound

P(RLR:S proy, < Csefloelos16M)) > ¢ (4.62)
holds for all translates S of B(4Ny,Ny) contained in B(8Ny).

Proof. We will construct {N;: k > 1} by induction. Suppose that Nj,...,N; have already been
defined. Since holds for N, Proposition shows the existence of an L € [Ny, CsNy| with
oy > Ni. Define a sequence {L;: j >0} by Lo :=Land Ljy :=min{L € N: |[4L/7] =L;} and
note that L; < ¢(7/4)/L for some numerical constant ¢’ € (0,0). Now if a,,, > 20y, is true for
i=0,...,j—1, then

2N <20y <oy, <Ly < (7/4)/L < (7/4)/CsN. (4.63)

The fact that 7/4 < 2 implies that this must fail once j is sufficiently large; i.e., for some j €
{0,...,C5}, where Cg depends only on Cs. We thus let j > 1 be the smallest such that oz, <20y, |
and set Ny := Lj. Then (.61)) holds by the inequality on the right of (4.63) and the fact that
Ngt1 > Ly > (7/4)L—1 > 14Ny — 1. The bound (#.62) is implied by Proposition 4.8

To start the induction, we just take the above sequence {L;} with L := 1 and find the first
index j for which op; < 205Lj, .- Then we set Ny := L; and argue as above. L]

From here we now conclude:

Proof of Proposition Let {N,} be the sequence from Lemma Invoking Corollary
and Lemma[4.7] the bound shows that, for each M > 16Ny and any translate S of B(4Ny, Ni)
contained in B(M/2),

P (Rir:s gy < Ciet 28 M)) > ¢f (4.64)

holds with some constants C}, ¢, € (0,0) independent of k and M. By invariance of the law of x
with respect to rotations of B(M), the same holds for the resistance Ryp;s,,, for all rotations of
B(4Ny,Ny) contained in B(M/2).

Now pick N > N; and let k be such that Ny < N < Ny;1. For M > 16N > 16N, consider a
translate S of B(4N,N) contained in B(M/2). Let m := min{r € N: (3r+1)N > Nj41}; by
this m is bounded uniformly in k. We then find rectangles S;, i = 1,...,m that are translates of
B(4Ny, Ny) such that S;; = 3Ne; + S; for each i = 1,...,m — 1 and are centered along the same
horizontal line as S and positioned in such a way that they all lie inside B(M/2). Next we find
translates S7,...,S, | of B(Ni,4Ny) such that S; NS, which is a translate of B(N), is contained
in S foreach i =1,...,m — 1. We can again position these so that S} C B(M/2) for each i.

It is clear from the construction that if, for each i =1,...,m, we are given a path in S; and, for
eachi=1,...,m— 1, a path in §; and these paths connect the shorter sides of the rectangle they
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lie in, then the graph union of all these paths contains a path in S between the left side and right
side thereof. Lemma [2.4] then gives

m—1

m
Rirss g < Y Rir:s, o+ Y, Rupisi - (4.65)
i=1 i=1

All of the rectangles lie in B(M/2) and so (4.64)) applies to the resistivities on the right of (@.63).
Lemmathen readily gives (#.62)) with Cg := (2m — 1)C} and ¢3 := (cj)?" 1. O

In addition to resistance across rectangles, the proofs in Section [5| will also require an lower
bound for resistances across annuli. For N < M, let A(N,M) := B(M) ~. B(N)° and denote

O"A(N,M) :=9dB(N) and 0°A(N,M):=dB(M)° (4.66)
Note that d"A(N, M) C A(N,M) as well as d°“'A(N,M) C A(N,M). We have:
Lemma 4.13. There C7,c4 € (0,00) such that for all N sufficiently large and A :== A(N,2N),
P(Ra,,, (974,074 > Cre el ) > g (4.67)

Proof. Let S1,5,,53,54 denote the four maximal rectangles contained in A. We assume that the
rectangles are labeled clockwise starting from the one on the right. Now observe that every path
in A from 9™"A to 9°™A contains a path that is contained in, and connects the longer sides of, one
of the rectangles S1,5,,53,54. It follows that

Ra,,, (ainA, 0°"A) > RiRr,s, 1w + RUD.S zuv + RLR 85,700 + RUDS4 zan - (4.68)
The claim will follow from the FKG inequality if we can show that, for some p > 0 and C; > 0,
P(RLR s g > Che 08105V > (4.69)

holds for all translates S of ([0, N] x [0,4N]) NZ? contained in B(2N) and all N sufficiently large.
(Indeed, then ¢4 := p* and C; := 4C}.)

We will show this using the duality in Lemma [2.6] but for the we will first need to invoke the
decomposition x4y = Yan + Zsy from Lemma[3.13] First, for any r,A > 0,

P(RLRr.s v = 7) = P(Rir. 520y = 7/A) —P(RiRS. 200 < ARLRS,Z4y) (4.70)
Passing over to conductances, from Lemma 4.2 we then get, as before,
IP( Rirsy <A RLR,S,Z4N) < % eéloglog(4N)7 4.71)
while the duality in Lemma [2.6| gives, as in the proof of Proposition
IP’(RLR,S’ZAW Ripsz, > ¢ 20 /64) >1—¢. (4.72)
Finally, we use Lemma .2 one more time to get
P(Ripsz, <7) =P(Rupsyy < F/A) — %e@bgk’gﬂm. (4.73)

If we set 7/A := Coelloglog*N) | Proposition bounds the first probability below by c3. Now
take A := Ce3¢loglog4N) for C large and work your way back to get (5.77). O
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4.6 Gaussian concentration and upper bound on point-to-point resistances

In order to get the tail estimate on the effective resistance in Theorem [[.4] we need to invoke a
concentration-of-measure argument for the quantity at hand. Recall the notation R4, () for the
effective resistance in network A, restricted to the collection of paths in .

Proposition 4.14. Suppose y is a Gaussian field on B(N) with Var(),) < c;logN forallu € B(N)
and cy independent of N. Let Ay be a subnetwork of B(N), and let & be a finite collection of
paths within A between some given source and destination. There is a constant c; € (0,0) such
that forall N > 1, allt > 0 and all y > 0,

P(\logRAx (2)—ElogRa,(7)| > m/logzv> < 2e~cr (4.74)

For the proof, we will need:

Lemma 4.15. Let A be a subnetwork of B(N) and & be a finite collection of paths within A
between some given source and destination. Let g : R4 — R be defined by

1
.— max] ( ) : 475
§(x) := maxlog Pezy ST (4.75)
ecP '
where 2 is the set of all = (qe.P)ecE(a)pe 2 € RE(A)XW such that
<1 forallec E(A). (4.76)

pcp 9e.P

Then g is a Lipschitz function relative to the L. norm on RYA) with Lipschitz constant 2.

Proof. Define a new real-valued function, also denoted by g, on RV*) x Ri(A) “? Via
g(x.a):=1log( Y, : ) 77
Y pe ¥ e ety p ) '
ecP
Then for any q € 2 and x,y € RV®) it is clear that
l¢(x,q) —8(y,q)| < 27|[x —¥l|- (4.78)
Hence g(x) = maxqc 2 g(X,q) is 2y~ Lipschitz relative to the L., norm as well. O

Proof of Proposition This follows directly from the Gaussian concentration inequality (see
[48,[12]) and Lemma[d.15] O

We are now ready to give a version of the upper bound in Theorem albeit for a network
arising form a GFF on a finite subset of Z?:
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Lemma 4.16. There is ¢| € (0,) depending only on y and a constant ¢ € (0,0) such that
P(RB(N)XM(M,V) > cy(logM)€' logM) < 2¢(logM)e <" (4.79)

holds for all N > 1, all M > 32N and all t > 0.

Proof. Combining Proposition with Corollary for each € > 0 there is N = N{/(y,€)
such that if N > Nj, M > 32N and S is a translate of B(4N,N) contained in B(M/2), then we
have

]P(ylogRLR;S,m\ < 2¢loglog(2M) +10gC6> > e (4.80)

Decomposing Y2y on B(M) into a fine field x,{; and a coarse field xj,, the fact that

108 RLR:S 1| = 108 R s i | — Zyrileag(} x| (4.81)

along with )(AJ; faw Xm shows
P(\logRLR;&M < 2¢loglog(2M) +log Cs + 25y) >e— P(ma§<| x5 > 5) . (4.82)
uc

The last probability tends to zero as ¢ — oo uniformly in M > 1 and so, by choosing ¢ large, there
is a constant C; € (0,e0) such that, for all N > N[/,

}P’(|logRLR;S7%M} < 2¢loglog(2M) +1ogc7) >e/2 (4.83)

holds for all M > 32N and all translates of B(4N,N) contained anywhere in B(M).

Since (4.83) gives us an interval of width of order loglogM where ‘logRLR;57XM| keeps a
uniformly positive mass, the Gaussian concentration in Proposition 4.14| shows that, for some
constants ¢’,c” € (0,00),

E[logRLR:s | < ¢/ \/logM (4.84)
and also
/.2
P([logRigs 5| > 11/loght ) <2e™" (4.85)

hold for every ¢t > 0. The proof has so far assumed N > N//; to eliminate this assumption we note
that Var(),,) < ¢logM uniformly in v € B(M) and so the union bound gives

2

P (max o >t\/logM) < 2ISle=2 7 (4.86)
ve

Since |S| < (4N + 1)* while [logRir;s,,| is at most 2ymax,es|xu.v| times an Nf/-dependent
constant, by adjusting ¢”” we make (#.83)) hold for all N > 1. Due to rotation symmetry, the same
bound holds also for Rup.s,y,, and any translate S of B(N,4N) contained in B(M).

Now fix M > 32 and let u,v € B(M). Then one can find a collection of rectangles of the form
B(N,4N) or B(4N,N) with 32N < M that are contained in B(M) and satisfy:

(1) There are at most ¢; log M of such rectangles with ¢; € (0,e) independent of M.
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(2) If a path is chosen connecting the shorter sides in each of these rectangles, then the graph
union of these paths contains a path from u to v.

By Lemma , this construction dominates Rgny,, (u,v) by the sum of the resistances between
the shorter sides of these rectangles. The FKG inequality, (4.85)) and a union bound then imply

]P’(RB(N)ZM (u,v) > 1 (logM) e'VI0EM ) < 2¢i(logM)e =" (4.87)

This is the desired claim. O
In order to extend this to the network with the underlying field n, we first note:

Lemma 4.17. Let 1 denote the GFF on 7? pinned at the origin. There are Cy,c € (0,) and
Ny > 1 such that for all N > Ny, all M > 16N and for every translate S of B(4N,N) contained
in B(M/2), we have

P(Rir;s,y < Cre*0eloedny > ¢ (4.88)
The same applies to Rup.s.y,, for translates S of B(N,4N) with S C B(M/2).
Proof. We will assume that M is the minimal integer such that S C B(M/2). Note that this means
that M /N is bounded. We proceed in two steps, first reducing 7 to the GFF in A := B(M) . {0}
and then relating this field to xj,. Using the Gibbs-Markov property, the field 1) can be written
as YA + x°¢, where xa, the fine field, has the law of the GFF on A while the coarse field x¢ is n

conditional on its values outside of B(M). Now pick an x € B(M) ~. B(M/2)° such that x is at
least M /6 lattice steps from both B(M/2) and B(M)¢. For any r,A > 0 we then have

P(Ririsp <) = P(Rirssy <1, 1m°(x) > 0)

c . (4.89)
> P(Rirss,n, < r/A, 1§ > 0) —P(Riris.y > ARLR:s,n,> N5 > 0)

Noting that both events are increasing functions of 7, for the first probability on the right we get

1
P(Ririsay < r/A, M7 2 0) > SP(Ririsay < 1/A) (4.90)

using the FKG inequality. For the second probability we set

¢ Cov(ny,n5)

= ¢ € B(M)2), 491
k. i v ey u€BM/2) (4.91)
and note, since Cov(ns, n¢) > 0, we have

Rirssy < Rirsnare  on {ng>0}. (4.92)

But the above definition ensures that ¢ is independent of 1¢ and a calculation using the explicit
form of the law of n¢ gives that max,c Var(¢,) is bounded by a constant independent of M.
Markov’s inequality and (4.6) then bound the last probability in by ¢’/A for some con-
stant ¢’ € (0,00) independent of A or M.
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Next let gy : Z? — [0, 1] be discrete harmonic on A with g;(0) := 1 and gy(u) := 0 whenever
u & B(M). Let ¥ have the law of x3/(0)g(-) but assume that ¥ is independent of y,. The Gibbs-
Markov property shows

law

X+XN = Xm- (4.93)

A direct use of Lemmaf4.2]is hampered by the fact that Var(¥(0)) is of order log M. However, this
is not a problem when S is at least distance M from the origin because then gy (x) = O(1/logM).
Letting K := |N/3|, we now note that each translate S of B(4N,N) contains a translate S of
B(4N,K) which is at least distance N from the origin and is aligned with one of the longer side
of §. Lemma 4.2 then gives, for any b € R,

Rirsan+z = e_C//bRLR;S,xA > e “PRirsy,  on{Z(0) <blogN} (4.94)
for some ¢” > 0. Hence
P(Ririsy < r/A) 2 P(Rigs iz <€ T r/A) —P(%(0) > blogN). (4.95)

Now set r := Cje2loglog(M) - 4 .— efloglog(M) and pick any b > 0. Then the last probability in
both (4.89) and (@.95) tends to zero as N — oo, while, as soon as C; is large enough, the first
probability on the right of (4.93)) is uniformly positive by Proposition f.11] and a routine use of
the FKG inequality (to get us from rectangles of the form B(4N, K) to those with aspect ratio 4).
The claim follows. 0

Using exactly the same argument as in the proof of Lemma[4.16 we then get:

Corollary 4.18. Let 1 be the GFF in Z*> ~. {0}. There are C,C’ € (0,0) such that
P<RB(N)H (u,v) = Ce l°gN) <Ce ™ logN (4.96)

holds for all N > 1 and all t > 0.

This is one half of Theorem [[.4} the other half will be shown in Section [5.4]

5 Random walk computations

Here we use the techniques developed earlier in this paper to finally prove our main results. We
begin with some preparatory claims; the actual proofs start to appear in Section [5.2]
5.1 Points with moderate resistance to origin

Our proofs will require restricting to subsets of Z> of points with only a moderate value of the
effective resistance to the origin and/or the boundary of a box centered there in. Here we give the
needed bounds on cardinalities of such sets.
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Lemma 5.1. Denote A(N,2N) := B(2N) ~\ B(N)°. For any § > 0, we have

P Ty (v) 1 > NY) (IOgN)5> < o—(logN)? 51
<V€A(§V;2N) n (V) {RB(N)n (O’V)>e(10gN)1/2+5} € <€ ( )

as soon as N is sufficiently large.

Proof. Abbreviate, as in (3.15), g := 2/n. We will proceed by a straightforward first-moment
estimate, but first we have to localize the problem to a finite box. Write 1 = n/ 4+ n¢ where n/
is the fine field on the box B(4N). Since Var(nS) < Var(mn,), the variance of n¢ is bounded by
a constant times log N uniformly on B(N) and so, combining Corollary with a bound at one
vertex,

IP’( min e < —(1ogN)1/2+5/2> < e CllogN)® (5.2)

veA(N,2N)

On the event when ¢ > —(logN)'/?+9/2 we have

1/2+8/2

Ry, (0,v) < Ry (0,) ?102N) (5.3)
n

B(N)

and so comparing this with the restriction on the effective resistivity in we may as well
estimate the probability in for 1 replaced by Yan-.

Here we will still need to employ a truncation to keep the field x4y below its typical maximum
scale. The following crude estimate based on a union bound is sufficient,

IP’( max yay. > 2,/glogN + (1ogN)5) < ce~CllogN)® (5.4)
vEB(N) i

for some constants ¢,é € (0,e0). Writing Fy for the complementary event and inserting Fy in the
probability in (5.1) with 1 replaced by x4y, Markov’s inequality bounds the result by

_ 0gN)?
N V(7 llogh) Z E(”xm(")
vEA(N,2N))

FN) . (5.5)

1 1/2+8
{RB(N)JMN (O’v)>e(logN) /2+ }

Now 7 — 7y (v) is increasing while {Rp(y), (0,v) > ellogN )5} is a decreasing event. Since the
conditioning on Fy preserves the FKG inequality, the quantity in (5.3) is no larger than
1

N V(DellogN) E(7my,, (v); Fy)P(R 0,v) > ellogM)**? (5.6)
A A

Corollary |4.18/ bounds the last probability by e~¢(logV I
the expectations of 7y, (v)’s.

Pick a pair of nearest neighbors u and v, with v € A(N,2N), and let X := yan ., + Xan -
Disregarding the event Fy, a straightforward moment computation using Var(x4y ) < glogN +c¢
for v € A(N,2N) shows

so we just have to compute the sum of

E(eX) = 27V < NP8y e A(N,2N). (5.7)
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On the other hand, a change of measure argument gives

E(e"™;Fy) <e 27 VarlX )]P’<X < 4,/glogN +2(logN)° — yVar(X))
(5.8)
< cNZng}P(X <4(/z—78) 1ogN+3(1ogN)5)

ory> v = , the probability itself decays as N~ “\"~ e)” e . Invoking the definition
Fory> % :=1 he probability itself decays as N=2(1-7/%)e¢'10eM)® Tnyoking the defi
of y(y) in (1.3), the inequalities (5.7H5.8) thus give
E(Ty (v); Fy) < cNYO)2e008N)° 0y c A(N2N). (5.9)
Summing over v € A(N,2N), the claim follows. O
Consider now the set
Ey = {0V ULy € A(N,2N): Ryany. (0,v) < elosD'* L (5.10)
(4N)n

With the help of the above lemma we then show:

Lemma 5.2. For each & > 0, there is ¢ > 0 such that for all N sufficiently large,

— _ 5 c
p(nn (Zw) < NY(V)g—(logN) ) < (o) (5.11)
Proof. In light of Lemma/5.1] it suffices to show that
_ s c
[p>< Z 7[17(") < 3NV (1) g—(logN) > < (logN)Z (5.12)

veA(N,2N)

Thanks to the Gibbs-Markov property, it actually suffices to show this (with 0 replaced by 8/2)
for n replaced by yn and A(N,2N) replaced by a box B(N). (Indeed, we just need to take a
translate B of B(N) with B C A(N,2N) and then use the Gibbs-Markov property on a translate
of B(|3N/2]) centered at the same point as B. The contribution of the coarse field is estimated
using Corollary [3.8])

The argument for ( is different depending on the relation between 7y and .. For y > 7.
we use that the maximum of the GFF has doubly-exponential lower tails (see [20]). Invoking the
Gibbs-Markov property we then conclude that, with probability at least e~ (1°¢N)°_ for some ¢ > 0,
there is at least one point u where

ANu > 2,/glogN — ¢loglog N (5.13)

for some large enough C > 0. As Yy, — Xn,, for u and v neighbors, have bounded (in fact,
stationary) variances, a union bound shows that (5.13)) will hold also for the neighbors of u. On
this event, and denoting by v a neighbor of u,

Z an ) > ettt — N/EYe—loglogN (5.14)
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Since 4,/gY = 4(y/¥.) equals y(y) for y > ¥, we are done here.

Concerning ¥ < ¥, here will will apply T heoremfor o := ¥/7.. Recall the notation <y ¢
for the level set in (3.32). A straightforward computation using the explicit form of the Gaussian
probability density shows

P(x € o) > 2, (5.15)

_lg

and so E(|y «|) > cN¥("/logN. Theorem now guarantees that |y o| > OE(|%y o)
occurs with probability O(8¢). This statements permits even setting & := 1/(logN)¢, whereby
the claim readily follows. 0

We also record an upper estimate on the total volume of 7y:

Lemma 5.3. For any 6 > 0, we have

< Y (v) > NV <logN>5) < o (lozN)’ (5.16)
veB(N)

as soon as N is sufficiently large.

Proof. This follows directly from the Markov inequality and the calculations in (5.7H5.8). O

5.2 Upper bound on heat-kernel and exit time

The starting point of our proofs is an upper bound on the return probability for the random walk.
We remark that numerous methods exist in the literature to derive such bounds. Some of these are
based on geometric properties of the underlying Markov graph such as isoperimetry and volume
growth, others are based on resistance estimates. The most natural approach to use would be
that of [2] (see also [32]]); unfortunately, this does not seem possible due to our lack of required
uniform control of the resistance growth. Instead, we base our presentation on the general strategy
outlined in [35 Chapter 21.5]. We begin by restating, and proving, one half of Theorem[I.1}

Lemma 5.4. For each 6 > 0,

lim IP’( (Xor =0) < e<l°gT)”MT*1> =1. (5.17)
T —o0

Proof. Pick 8 > 0 and a large integer T, and recall the notation E7 for the set in (5.10). Con-
sider the random walk {X;: r > 0} on the network B(4T)y; this walk starts at 0 and moves
around B(4T) indefinitely using the transition probabilities that are modified on the bound-
ary of B(4T) so that jumps outside B(4T') are suppressed Let {Y;: r > 0} record the successive
visits of X to Er. Then Y is a Markov chain on E7 with stationary distribution

)

o (x
v(x) = ———. (5.18)
0= 22 s
Let 79 := 0, 71, T, etc be the times of the successive visits of Y to 0. Define
=inf{k>1: 5 > T and ¥, =0}. (5.19)
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Then we have
B T—1 T—1 61
TP Xy =0) <E( X liggy) SEC( X lmo)) E( X lpymoy)s (520
t=0 k=0 k=0

where the first inequality comes from the monotonicity of T + P° ()?T = 0) and the second in-
equality reflects the fact that 0 € E7. Since Y4 = 0, by, e.g., [35) Lemma 10.5] we have

6-1
EO( y 1{Yk:x}> — E°(8)v(x). (5.21)
k=0

(This is proved by noting that the object on the left is a stationary measure for the walk Y of total
mass E°(6).) By conditioning on Y7 we further estimate

E%(6) < T+maxE“(0y), (5.22)

uceEr

where oy :=inf{k > 0: ¥; = 0} and note that
E"(00) < 7y (E1) Rgary, (0,u) < my(E7) el e gy, (5.23)

by the commute-time identity of [17] (cf [37, Corollary 2.21]). Combining this with (5.20H5.21]))
and (5.18) we then get
= 1
PO(Xr = 0) < -y (0) 2", (5.24)
which proves (5.17) because, due to the jumps being only to nearest neighbors, the walk X coin-
cides with the walk X up to time at least 47'. O

This now permits to give:

Proof of Theorem|[[.3] A standard calculation based on reversibility and the Cauchy-Schwarz in-
equality yields

P(Xr=0)> Y P'(Xp=x)P"(Xr =0)
xeB (N)
0rv o 0 2 (5.25)
2 (0) P°(X7 = x) . nn(O)P (Xr € B(N))

xB(N) (x) Ty (B(N))

Invoking the upper bound on the heat-kernel and Lemma([5.3] we get that with probability tending
rapidly to one as N and T tend to infinity, we have

2
P°(X7 € B(N)) < [%a“"g”” e NV<Y>e<1°gN>5] . (5.26)

Setting 7 := N¥(V)ellogV I gives the desired claim. O

The same conclusion could in fact be inferred from the following claim which constitutes one
half of Theorem [[.2}
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Lemma 5.5. For each & > 0 and all N sufficiently large,
P(E(tpqy) > NYDelloh) 7)< =(oeh)’, (5.27)

Proof. By the hitting time identity (or, alternatively, the commute time identity)

E%(tp(vy) < Ry, (0,9B(N)) 7 (B(N)) (5.28)
The claim then follows from Corollary and Lemma O

5.3 Bounding the voltage from below

We now move to the proofs of the requisite lower bounds. Here the focus will be trained on the
expected exit time which we write using the hitting time identity as

EO(TB(N) ) RB(N—H 0 8B Z T[n (529)
veB(N)

where, using our convention that dB(N) is the external boundary of B(N),

P (v) :=P" (10 < Ton(v)) (5.30)

is the electrostatic potential, a.k.a. voltage, in B(N) with ¢(0) = 1 and ¢ vanishing on dB(N).
Estimating from below naturally requires finding a sufficiently good lower bound on ¢.
The idea is to recast the problem using a simple electric network and invoke suitable effective
resistance estimates. The following computation will be quite useful:

Lemma 5.6. Consider a resistor network with three nodes, {1,2,3}, and for each i, let c;;
denote the conductance of the edge (i, j). Let R;j denote the effective resistance between node i
and node j. Then,
ciz2_ Rizs+Ry3—Rp
cntenin 2R3 '

(5.31)

Proof. Let us represent the network by an equivalent network, now with nodes {0, 1,2,3} whose
only edges are from O to each of 1,2,3. Denoting the conductances of these edges by cy,c2,c3
respectively, the Y-A transform shows
cicj .
Cij = ———, 1<i<j<3. 5.32

Yt ta / ( )
Next let us introduce the associate resistances r; := 1/¢;. The Series Law then gives R; j=ritr;
forall 1 <i< j<3. A computation shows that, for all cyclic permutations (i, j, k) of (1,2,3),

1

Some algebra then shows that the ratio on the left of (5.31)
agree with the right-hand side. O
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Using this lemma we then get:

Corollary 5.7. For any v € B(N) ~ {0} and ¢ as above,

2Rp(n+1), (0,0B(N)) o (v)
= Rp(v+1), (0,0B(N)) + Rgy+1), (v, OB(N)) — Rpv+1), (0,). (5.34)

Proof. Asv ¢ {0} UdB(N), we may apply the network reduction principle to represent the prob-
lem on an effective network of three nodes, with node 1 labeling v, node 2 marking the origin
and node 3 standing for dB(N). Since ¢ is harmonic on B(N) . {0}, it is also harmonic on the
effective network. But there ¢ (v) is just the probability that the random walk at v jumps right
to O in the first step. Using conductances, this probability is exactly the expression on the left
of (5.31). Plugging in the effective resistances, the claim follows. O

A key point is to bound the expression involving effective resistances on the right of (5.34)
from below. This is the subject of:

Proposition 5.8. Let Dy ;,(v) denote the difference on the right of (5.34). For any 6 € (0,1), we
then have
lim P( min  Dyy(v) > logN) = 1. (5.35)
N=reo \ LeB(|Ne(lozN)? |)
For the proof we recall the annulus decomposition of the GFF from Section Letbh:=38
and for a given N > 1 and n € N, set N’ := b"N. Define the annuli

Ay =B IN) BTN, k=1,....n—1. (5.36)

and
Api = B(4b"*N)  B(2b"*N)°, k=1,....n—1. (5.37)

Note that A, x C A;yk. Write N = N°+ xan', Where N° is the coarse field on B(2N') and yp- is the
corresponding fine field. Denote

A = glgalilc/ Iny|- (5.38)
v

Define M, x as in (3.37) and for 1 </ <m <nlet

Apn = max  max
’ k={,...m—1 vEA,

Mo —E (s | v 2 v € Ups jon 19B(BN)) ( (5.39)

(Both objects are measurable with respect to 77.) Similarly to Lemma(3.11{ we get

- 1
P(Aun>CVm—1) < (5.40)
’ (m—1£)2
as soon as m — £ is sufficiently large.
Let x  denote the fine field on Al ko
ty =B (xovs | vt w € OAL), v E A, (5.41)
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(we think of x,‘{f as set to zero outside Ajﬁk) and x; := Yon — x,f be the corresponding coarse field.
The definitions ensure

max  max [n, — (X;{v +Mug)| < Mg+ A (5.42)
k={(,....m vEA, x ) ,

Note also that M,, ; and X;§ are independent as long as k > k'.

Next recall that R4 5, for A an annulus in 72, denotes the sum of the effective resistances
in network Ay between the shorter sides of the four maximal rectangles contained in A. Recall
also that Ry n(9™MA,9°"'A) denotes the effective resistance in Ay between the inner and outer
boundaries of annulus A. We define the events:

k1= Ry (070 0 0) > e 0 fag < —C* Vrloglog®) ) (549
and

A —kar!
Ef = {R oy S RN )} N { min 7, > —loglog(N’)}. (5.44)

VeAILk

Here ¢ is the constant Proposition [4.1/and C* is fixed via:

Lemma 5.9. For each 8 > 0 there are ny > 1, Ny > 1, ¢; € (0,0) such that one can choose
C* € (0,00) in the definitions of &7y and &% so that, for all N > No and all n > ny,

Cl
loglogn’

IP’(EIk*,k*: eVt < |* <k, < n, S NEZT, occurs) >1- (5.45)
Proof. Abbreviate by E[ the first event on the right of (5.43). This event is measurable with
respect to x,{ and so {Ey: k=1,...,n} are independent. By Lemma , P(E;) > p holds for
some p > 0 and all k£ as soon as N > Ny. We are first interested in a simultaneous occurrence

of Ef and {M,,; < —C*y/kloglog(k)}.

Recalling that k — M, ; is a random walk, define the stopping time

T, :=inf{k: eVI€" <k <n, M, < —2C*\/kloglog(k)}. (5.46)
Then, for C* sufficiently small, Lemma 3.9| shows
C1
P(T, 4) < 5.47
(Ta > n/4) < loglogn (547)

for some constant ¢ € (0,00). Since the increments of M, ; are independent centered Gaussians
with a uniform bound on their tail, for the event

G 1= { My j1 — Myicj < log(k): 0 < j < log(k)? | (5.48)

the fact that T, > eV 10g(") yields

2C1
loglogn

P({T,<n/4}N%.1,) =1 (5.49)
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as soon as n is larger than a positive constant. Under a similar restriction on n, we then also have

{T, <n/4} NGz, C N {M, < —C*\/kloglog(k) } (5.50)

T, <k<T,+(logT;)?

Therefore, on the event on the left, E; N {M, , < —C*+/kloglog(k)} will not occur for some k <
n/2 only if the sequence {1g¢: 1 <k < n} contains a run of 1’s of length at least log(r)*. This

has probability n(1 — p) [log(m)]* | As p >0, we get

P( U Ein{Mu<—C"Vkloglogk)}) > 1

1<k<n/2

26’1
loglogn

(5.51)

as soon as n is larger than some positive constant.
For event &7, the fact that the coarse field 1° on A, ; has uniformly bounded variances
implies, via Corollary[3.§]

IE”< U { min 1, > —loglog(N’)}> >1-— c’(logrl)ze_cﬁ(]ogk’glvl)2 (5.52)
0<k—nj2<(logn)? = <Ank

for some ¢’,¢” > 0. Proposition in turn shows that the first event on the right of (5.44)) has a
uniformly positive probability. The claim then follows as before. 0

Now we can complete:

Proof of Proposition[5.8} Fix N’ > 1 large and, given & € (0, 1), let n be the largest integer such
that N := b"N' > N'e—(0eN')° (We are assuming the setting of Lemma ) Abbreviate k,, :=
eV1°2” and suppose that the event

e NG N{A <loglog(N)} N () {Akx < CVk} (5.53)

k,<k<n

occurs for some k*, k, with k, < k* < k, <n. Then

R4 (ainAn?k*7 aoutAnyk*) > e*ZY(A/JrMn‘k*JFAk,,‘k*)R ; (ainAn’k*, aoutAn’k*)

ni< 5T AZ_k*JCk*

> eZ}/[C*\/k*loglogk*fax/ki*floglog(N’)} 673610g10g(N') (5.54)
> eE\/k*loglogk*

holds for some constant ¢ > 0, where we used that k* > k, implies v/k* > log log(N") as soon
as N’ is sufficiently large. Similarly, abbreviating m,, x := minyca,, Mi.,» We get

—2y(my, 1, —A') i 4yloglog(N') .éloglog(N')
RA"J{*’T' S ¢ ¢ RAnJ(* -,X;{* S ¢ © (5 55)
<R, (9™ Ay g, 0™ A g ) — log(N')

where we again used that v/&* > loglog(N').
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Now observe that if v € B(N), then the Nash-Williams estimate implies
Ryvyn (v 0B(N')) > Ry (v, 0™ Anger) + Ra, o (0™ A, 0" A i) (5.56)
while the Series Law gives
Rpvy.n (0,v) < Rpyny (0,0 A, ) + Rpvry n (v, 0°An,) + Ra, . (5.57)
Since k* < k, implies that A, ;- lies outside A, x,, we also have
Ry n (v, 0™ Ange) = Ry g (v, 0" Ang,) (5.58)

Combining (5.55H5.58)) we thus get that Dy, (v) > logN’ for all v € B(N) as soon as the event
in (5.33) occurs. The claim now follows (for N replaced by N') from (5.40) and Lemma 5.9}

5.4 Proofs of the main results

We will now move to prove the remaining part of our main results. Fix § € (0, o) small, abbrevi-
é .
ate N5 := Ne(l°¢V)” and consider the set

=%, = {0} UIB(N)
U{VGA(N572N5)3 Rpn41),(0,v) V Rpy1), (» IB(N)) < (logN)l/M}' (5.59)

We again claim:

Lemma 5.10. For each 6 > 0, there is ¢ > 0 such that for all N sufficiently large,

p(;-[n( £) < N¥0e (logN)‘s) <__°€

< loah 7 (5.60)

Proof. Using the same proof, Lemma.apphes also for resistivity Rg(y), (v,dB(N)). In light of

Rpn+1y, (v,0B(N)) < Ry, (v, u), u € dB(N), (5.61)
Corollary 4.18| applies to Rp(y 1), (v,dB(N)) just as well. Combining this with (5.12)), we now
proceed as in the proof of Lemma- 5.2]to get the result. O

We are now ready to give:

Proof of Theorem The upper bound has already been shown in Lemma/[5.3] so we just need
to derive the corresponding lower bound. For this we write (5.29)) as a bound and apply (5.34)
with Proposition [5.8]to get that, with probability tending to one as N — oo,

E%(tgnvye) = Rpv1), (0,0B(N)) Y, min(v)9(v) > 7y (E3) log(N) (5.62)
VEHN
The claim then follows from Lemma[5.10) O
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We then use the lower bound on the expected exit time to also get:

Proof of Theorem[I.1] The upper bound on the return probability has already been proved in
Lemma so we will focus on the lower bound and recurrence. Consider again the random
walk X on B(N + 1) and let Y be its trace on &Y. Let fypy) :=inf{k > 0: Y¥; € dB(N)}. Then

EO(%8B(N)) < TPO(%éB(N) <T) +PO(%3B(N) >T)(T + E,[“%’;(N)EV(%()B(N)))
v :'N\

=T+P () >T) max E'(pn)) 609
VEE}IB(N)
The hitting time estimate in conjunction with the definition of E} gives
E" (f250v)) < 70q (Ex) 2V ™y e 25 L IB(N) (5.64)
whereby we get
PO (295 > T) > 7q(2y) e 002N (B0 (2 50)) — T). (5.65)

Since applies also for the expectation of 2;p(yy, the choice N := T1/¥(7)gllogN)? implies
E°(%yp(v)) > 2T and thus, using (5.62) one more time,

P (fapn) > T) > e 12N, (5.66)
But Typv) < Topv) ;= inf{k > 0: X; € dB(N)} and so we get
PO (X7 € B(N)) > Pty > T) > e (e (5.67)

as well. Using this in (5.23), the desired lower bound then follows from, e.g., (5.12).

It remains to show recurrence. Here we note that and (5.56) along with Lemma
imply that Rg(y) (0, dB(N)) — oo in probability along a sufficiently rapidly growing determinis-
tic sequence of N’s. Since the sequence of resistances is increasing in N, the convergence holds
almost surely. By a well known criterion, this implies recurrence. O

It remains to give:

Proof of Theorem[1.4] Here the bound (I.10) has already been shown in Corollary SO we
just have to focus on (I.TTHI.12). We will use a decomposition of 1 from [10, Proposition 3.12].
Let b := 8 and consider the annuli A} := B(b**!) \ B(b*)° and Ay := B(4b*) . B(2bF) for all
k> 0. Then

=) [bk(v)Xk + Yiw + 17, } , (5.68)
k>0

where by : Z> — R is a function such that
be(v) = —1ifv ¢ B(B*) and |bx(v)| < b *ifve B(b') C B(bY), (5.69)

while {X;: k > 0} are random variables and {y;: k > 0} and { n,{ : k > 0} are random fields (all
measurable with respect to 1) that are independent of one another and distributed as centered
Gaussian with the specifics of the law determined as follows:

59



(1) limy_e Var(Xy) = glogb,

(2) writing yx; for the coarse field obtained as the conditional expectation of the GFF on B(b")
given its values on dB(b*~!), we have

1
Ve = 26— B2k o), (5.70)
(3) n/ is the fine field on A
For v, we in addition have the following variance estimate,
Var(y,) <cb'*,  veB(b') CBODY). (5.71)

See [10, Lemma 3.7] for (5.69) and [10, Lemma 3.8] for (5.71).
Clearly, only one of the fine fields )(,{ can contribute in (5.68) for each given v and Y, = 0
unless v € B(b*). Setting (with some abuse of our earlier notation),

Ap = max}ijXj—}—Zl//j,V (5.72)
veA !k =k
[10, Lemma 3.8] shows that, for some constants ¢, ¢’ € (0,00),
P(A > c+1) <e ™", 1>0. (5.73)
The first half of (5.69) then lets us write
k
et Y Xe—xl, <A, veEAL (5.74)

J=0

We now set Sy := Zl;:o X; and note that the Nash-Williams estimate and Lemmaimply

Ry, (0.0B(V)) > | max_ (e 2OSIR, (975,074, 0] (5.75)

where 7 := max{k > 0: b* <N}.

Our aim is to study the maximum in and show that it grows at least as exponential
of v/n/(logn)'*3. To this end, we define the sequence of record values of the sequence S, as
follows: Set 75 := 0 and for m > 1 let

Ty i=inf{k > Tp_1: Sk > Sz, , +1}. (5.76)
Then we have:

Lemma 5.11. {1, — 7,_1: m > 1} are independent with a uniform bound on their tail,

P(Tn—Tn—1 >1) < £

7

for some constant ¢ > 0. In particular, for each 8 > 0 there is ¢’ € (0,0) such that

1> 1, (5.77)

c'm

P(t, >1t) < , t>1. (5.78)

=

holds for all m > 1.



Postponing the proof temporarily, we note that shows

/
P(Tm > mz(logm)ma) < @gCW’ m>2. (5.79)

A Borel-Cantelli argument then gives

Tm
su

" e s 5.80
mﬁ m?(logm)2+28 as (5.80)

(This is first proved for m running along powers of 2 and then extended by monotonicity of
both numerator and denominator.) In particular, for n large enough, the sequence Sj,...,S, will
see at least \/n/(logn)'*9 record values as defined above. If it were not for the terms A; and
R ! (8inAn7k, d°"A,, k), this observation would bound the maximum in by what we want,
so we have to ensure that these terms do not spoil this.

Consider the events

Ei := {A <loglogk} (5.81)

and
Fpo= {R ot (97,074, ) > Ce3elozIoE(t) } (5.82)

By (5.73) and Markov’s inequality, there is an a.s. finite ng such that
n
1
Y I < Vs (5.83)
k=1

(Again, we prove this for n running along powers of 2 and then fill the gaps by monotonicity.)

This means that at least half of the record values by time n occur at indices where E occurs, i.e.,
1 Vn

1 > 5.84

Z ETmm{ngn} — 2 (logn)1+5 ( )

m>1

as soon as 7 is large enough. But the events Fy are independent of each other and of all of E;’s
and 7,,’s and, since Lemma tells us infy>; P(F;) > 0 for some C > 0, the longest run of 1’s
in the sequence {1 Fe T < n} has length at most ¢logn. It follows that, for n large, the event
Ex N F; occurs for some k of the form k = 1, for some m = m(n) > 1 subject to 7,, <nand 7,y > n
for m' := m — [clogn]. This shows m = n'/2+°(1) and so m > m’ /2 once n is large enough. From

we now conclude
T/ ’ \/ﬁ

>
(log T )70 = (logn)1 70

(5.85)

m/
S7771>m2726

for some constants ¢, ¢’ € (0,o0) as soon as n is large enough. Since also E; N F; occur for k := T,,,,

using this in (5.75) yields
10g Rp(n+1), (0,0B(N))

> 2y’

NG

(10gn)1+5

The bound (1.12) follows. O

—2yloglogn — 3¢loglog(b") +1logC. (5.86)
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Proof of Lemma We will follow the proof of [10, Lemma 4.16]. Since the sequence {S,: n>
1} has independent (centered) Gaussian increments, we can embed it into a path of standard
Brownian motion by putting S, = B;, where #, := Var(S,). By property (1) above, we have

t, —tn—1 — glogb as n — co. Consider the process W ®) which is zero outside the interval (77

and on this interval,

W(k)(s) — tk+1—SB S — Ik

— By, th <5 <tiq1. (5.87)

Tk Tk+1
g1 — et =t

The independence of increments of Brownian motion now gives

]P’(Btkﬂ —B, <2+log(1+s): s+ € [tk,t,,]>

n—1
2IP’<Btj—B,k§1:j:tk,...,tn)HIP’( max W(])(S)§1+log(1+tj—tk)). (5.88)

j=k SE[’]:’_/+1]

Since W) are Brownian bridges on intervals of bounded length, and maxima thereof thus have
a uniformly Gaussian tail, the product on the right-hand side is positive uniformly in n. It fol-
lows that, for ¢! being a uniform lower bound on the product,

P(Ty — Tmo1 >1) < cPO(By <2+1log(1+5): s < &) (5.89)

where ¢ := inf,>1(t, —t,—1). The probability on the right is at most ¢’ /+/7 by, e.g., [10, Proposi-
tion 4.9]. This proves (5.77). The bound now follows from standard estimates of sums of
independent heavy-tailed random variables. 0
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