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ABSTRACT. We study continuous-time (variable speed) random walks in random environments
onZ?,d > 2, where, at time 7, the walk at x jumps across edge (x,y) at time-dependent rate a; (x,y).
The rates, which we assume stationary and ergodic with respect to space-time shifts, are symmet-
ric and bounded but possibly degenerate in the sense that the total jump rate from a vertex may
vanish over finite intervals of time. We formulate conditions on the environment under which the
law of diffusively-scaled random-walk paths tends to Brownian motion for almost every sample
of the rates. The proofs invoke Moser iteration to prove sublinearity of the corrector in pointwise
sense; a key additional input is a conversion of certain weighted energy norms to ordinary ones.
Our conclusions apply to random walks on dynamical bond percolation and interacting particle
systems as well as to random walks arising from the Helffer-Sjostrand representation of gradient
models with certain non-strictly convex potentials.

1. INTRODUCTION

1.1 Model and assumptions.

The aim of this note is to study long-time behavior of random walks on Z4, d >2,in a class of
dynamical random environments given as a family of non-negative random variables

{a(e): e E(Z%),t e R}, (1.1)

where E(Z?) denotes the set of (unordered) nearest-neighbor edges of Z¢. For each sample of
these random variables, referred to as conductances, we consider the continuous time Markov
chain {X;: t > 0} on Z“ with the instantaneous generator L, acting on functions f: Z¢ — R as

Lf(x):= 3} aley)[f)-f)]. (1.2)
yily=r=1

The variable a,(e) = a,(x,y), i.e., the jump rate of the walk across edge e = (x,y) at time ¢, is
assumed to obey « (e) € [0,1] with a,(e) = 0 allowed for non-trivial finite intervals of time. Our
aim is to describe the long-time behavior of such random walks and, in particular, show that their

path distribution, scaled diffusively, tends to a non-degenerate Brownian motion.
A representative example of the above setting is the variable-speed random walk on dynamical
bond percolation on Z?. In this case a,(e) is, for each e € E(Z?), an independent copy of a sta-
tionary continuous-time process on {0, 1} with joint invariant distribution (product) Bernoulli(p)
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for some prescribed p € (0,1). We interpret a,(e) = 1 as the event that edge e is occupied at
time ¢ and a,(e) = 0 as the event that edge e is vacant. The random walk then jumps at rate 1
across edges incident with its current position that are occupied at that instant of time. When the
site where the walk is located has no incident occupied edges, the walk does not move.

It is clear that some mixing properties of the conductances (1.1) in both space and time are
required for the desired convergence to Brownian motion to be possible. We will work under the
following set of technical assumptions:

Assumption 1.1 The family {a,(e): e € E(Z),t € R} is realized as coordinate projections
on the product space Q) := [0,00)R*E 2%) endowed with the product Borel c-algebra % and the
probability distribution denoted by IP. In addition, we assume:
(1) t — a;(e) obeys
a;(e) € 10,1] (1.3)
foreach e € E(Z¢) and eacht € R,
(2) letting T5,: Q) — Q) denote the map

(Toxa)r(y,2) = ar5(y+x,2+x), (v,2) €E(Z9),1 €R, (1.4)

the law P is invariant and jointly ergodic under {7, : t € R, x € Z4},
(3) denoting, for each e € E(Z%),

T, ::inf{tzoz /Otdsas(e) > 1} (1.5)

we have T, < o, P-a.s.

We will write E to denote expectation with respect to IP.

We remark that joint ergodicity in (2) means that any measurable subset of () preserved by 7; . for
allt € R and x € Z? is a zero-one event under IP. The restriction to conductances bounded by 1
is only a matter of convenience; any uniform constant upper bound will suffice (and ensure that X
is non-explosive). Additional moment conditions on 7, will need to be assumed in the statement
of our main result. However, no assumptions will be made on the dynamics of the conductances
and/or the law of its time reversal (which is stationary but possibly unrelated to IP).

Besides dynamical percolation, the setting of Assumption 1.1 accommodates various other
examples of interest. For instance, one can consider the random walk on the symmetric exclusion
process {1,(x): x € Z%}, where n,(x) is the indicator that site x is occupied by a particle at
time 7 and the configuration ¢ — 7, evolves by swaps 1;(x) <> 1;() at endpoints x and y of edges
in E(Z%) whenever an independent exponential clock rings at that edge. We then set, e.g.,

as(e) :==cn(x)n:(y) whenever e= (x,y) (1.6)

for some ¢ > 0. The walk is thus active only at times when it resides on an occupied site and the
transitions are only between occupied vertices. Other particle systems such as the voter model or
the contact process can of course be considered as well.

Another interesting class of random walks arises in the context of Helffer-Sjostrand repre-
sentations of gradient models with convex, but not uniformly strictly convex, potentials V. The
representative examples covered by our theory include

V(n) := Blogcosh(n) (1.7
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with any 8 > 0, or even

P2 :
V(n):= {QW ’ iffnl <1, (1.8)

nl—1, else.

In this case the random environment is a family of diffusions {¢ (x): x € Z¢} evolving according
to the Langevin dynamics

do(x)= Y V(& (y)— ¢ (x))dt +V2dB(x), (1.9)
v ==l
where {B(x): x € Z%} is a family of independent standard Brownian motions. The random walk

jump rates are then given by

ar(e) :==V"(¢;(y) — ¢ (x)) whenever e= (x,y). (1.10)

In both (1.7) and (1.8), & (e) is non-negative and bounded yet not bounded away from zero.
1.2 Main result.

In order to give a statement of our main result, we need some additional notation. Let D([0,0))
denote the space of cadlag functions ®: [0,0) — R endowed (disregarding the standard notation
for the Skorokhod space) with the norm
0]l (o)) =Y, 27" sup |o(r)|A1. (1.11)
n>1 t€[0,n]
The space of continuous functions C([0,c0)), a set that supports the law of the Brownian mo-
tion, is naturally embedded in D([0,0)) and is, in fact, a closed (and thus measurable) subset

thereof in the topology induced by the above norm. Our main conclusion regarding the Markov
chain {X;: r > 0} defined via (1.2) is as follows:

Theorem 1.2 Let d > 2 and suppose that Assumption 1.1 holds and, in addition, the quantity in
(1.5) obeys
39 > 4d: E(T?) <o, ecE(Z%). (1.12)
Then, for IP-a.e. random environment, the law of t — nl/ 2Xm on D( [0,00)) tends, as n — oo, to
the law of Brownian motion {B;: t > 0} with
EB)=0 and E((v-B)?)=v-Zv, vERY, (1.13)
where £ = {¥; j}f =1 is a non-degenerate (deterministic) covariance matrix.
We note that this is a quenched statement (i.e., one for IP-a.e. environment). The corresponding

annealed (or averaged) statement follows from the fact that the limiting covariance . is non-
random. The covariance actually admits the usual representation

v-Zv:]E< ) ao(e)‘v-l//(o,e,-)f), vERY, (1.14)

e: le|=1

where y: R x Z¢ x () — R¢ is the harmonic coordinate constructed in Section 3. However,
unlike for the static situations, the harmonic coordinate is not obtained by minimizing Dirichlet
energy; instead one has to solve the heat equation (3.2) using a suitable limit procedure.
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1.3 Connections and main ideas.

Theorem 1.2 is an example of a quenched invariance principle which has been a topic of persis-
tent interest over the past few decades. In the realm of static environments, the studied examples
include uniformly elliptic random conductance models (Kipnis and Varadhan [25], Boivin [14],
Boivin and Depauw [15], Sidoravicius and Sznitman [36]), the random walk on the supercriti-
cal percolation cluster (De Masi, Ferrari, Goldstein and Wick [18, 19], Sidoravicius and Sznit-
man [36], Berger and Biskup [9], Mathieu and Piatnitski [31]), non-elliptic i.i.d. random conduc-
tance models (Mathieu [30], Biskup and Prescott [12], Barlow and Deuschel [8], Andres, Barlow,
Deuschel and Hambly [2]), balanced models (Lawler [29], Guo and Zeitouni [23], Berger and
Deuschel [10]), environments admitting finite cycle decompositions (Deuschel and Kosters [20]).
Recently, an elliptic regularity-based theory was developed that covers general random conduc-
tance models subject to moment conditions on the conductance tails at zero and infinity (Andres,
Slowik and Deuschel [4]).

Significant advances have occured also for random walks in dynamical random environments.
Here a line of attack focused on Markovian environments under various mixing conditions (Boldri-
ghini, Minlos and Pellegrinotti [16], Bandyopadhyay and Zeitouni [6], Dolgopyat, Keller and
Liverani [22], Redig and Véllering [35]) while other approaches worked under other structural
assumptions on the environment such as independence and directionality (Rassoul-Agha and
Seppilainen [34]) or ergodicity and uniform ellipticity (Andres [1]). Random walks on dynamical
percolation have been studied by Peres, Stauffer and Steif [33] but the objective there were mix-
ing properties rather than the scaling limit. An annealed invariance principle for random walks
on the symmetric exclusion has been proved by Avena [5].

The sharpest conclusions concerning scaling to Brownian motion for dynamical environments
of the kind (1.1) appear at present in the work of Andres, Chiarini, Deuschel and Slowik [3].
Indeed, a quenched invariance principle has been shown there to hold whenever

E(a;(e)?) <o and E(a/(e) ) <eoo (1.15)
are true for some p,q > 1 with

1 n 1 1 < 2

p=1 (p—l)g q d
(Somewhat weaker, albeit harder-to-state, conditions actually suffice.) Although our rates are
bounded (i.e., we can set p := oo above), the principal novelty of our work is that we allow
a;(e) = 0 with positive probability (which rules out existence of any g as above). This is quite
important in applications; e.g., we can reach previously unattainable examples such as the random
walk on dynamical percolation or the Helffer-Sjostrand walks for potentials (2.15), and even
(2.14) for any B > 0 (note that (1.15-1.16) apply only for f3 sufficiently large).

Our approach is technically based on combining an enhanced version of the methods of the
aforementioned article [3] with an observation from Proposition 4.6 in Mourrat and Otto [32].
The latter work proves a heat-kernel estimate (a.k.a. return probability) for random walks covered
by our Assumption 1.1. The former in turn addresses random walks among random conductances
satisfying (1.15-1.16) with the aim of proving that these scale to Brownian motion. The strategy
there is fairly standard: prove that the key object of stochastic homogenization, the corrector,
scales sublinearly in space and sub-diffusively in time.

(1.16)
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The technical approach of [3] (drawing on its precursor [4] for static environments) is to control
the corrector in supremum norm by way of Moser iteration starting only from a priori estimates
in L'-norm. A key point is that the condition on the negative moment of a,(e) from (1.15) is
used only in a handful of places, and that typically for a conversion of a bound on a weighted L>-
norm to a bound on an L'-norm, but these seem absolutely irreplaceable in the whole argument.
This is where the said observation from [32] enters for us as this work shows that, under suitable
averaging over time, one can control the heat kernel using energy norms where the “naked” a, (e)
is substituted by the weights

we(e) := /toods ks—rag(e) (1.17)

for some positive, polynomially decaying function ¢ — k;. The crucial input from [32, Proposi-
tion 4.6] is that these weighted energy norms can, for solutions of relevant Poisson equations, be
again bounded by the ordinary energy norms (i.e., those where g, (e) replaces wy(e)).

Under the condition 7, < oo a.s. we have w;(e) > 0 a.s. and since we will even require finiteness
of some moments of 7,, we can count on having suitable moments of w;(e)~!. The basic strategy
of our proofs is thus to demonstrate that one can substitute a;(e¢) ' by w;(e)~! in those few
places in the argument of [3] where finiteness and moments of these quantities are crucially
required. However, this would in itself be an understatement of our contribution. Indeed, we have
to carefully adapt the Moser iteration from [3] which is based on conversion (via an inequality
from Kruzkov and Kolodii [27]) of certain space-time norms of the corrector into an L™-norm
in time. This in turn requires generalizing [32, Proposition 4.6] to include arbitrary moments of
the solutions. In addition, we also need to devise an alternative construction, and prove the a
priori L'-estimate, of the corrector. Unlike for [3], these will again hinge on the aforementioned
conversion of the energy norms.

1.4 Remarks and open questions.

We proceed with a couple of remarks and open questions. First off, our aim here has been to find
a way to prove convergence to Brownian motion under some reasonable (moment) conditions on
the environment and so we have not tried to tune these conditions to get optimal control. It is thus
of interest to solve:

Problem 1.3 Find out whether sharp moment conditions on T, exist for an invariance principle
to hold for all environments satisfying Assumption 1.1.

We note that this includes both quenched and annealed statements. To see that we should hope to
get better than (1.12), we note:

Lemma 1.4 Suppose Assumption 1.1 holds and, in addition, assume that IP is separately ergodic
with respect to time shifts {1,0: t € R} alone. Then for each g > 0,

g+l
E(T4) < [E(ao(e)*q)}q" . (1.18)
We relegate the (easy) proof to the Appendix.

Remark 1.5 Under the conditions (1.15-1.16) with p := oo, which requires g > d /2, we thus get
finiteness of moments of 7, of order larger than % ~+ 1. We note that this is less than 4d in all d > 2
so our condition (1.12) is generally quite a bit stronger than (1.15-1.16).
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As we will see in Lemma 2.10, our conditions on 7, imply conditions on the negative moments
of wo(e) which then serve as technical input for the rest of the proofs. Noting that integrability
of t — k; and Jensen’s inequality imply

IE(wo(e)~7) < cE(ao(e)?) (1.19)

for some ¢ = c(k) € (0,0), these moment conditions on w(e)~! are directly implied by the
corresponding moment conditions on ag(e)~'. The bounds (1.18-1.19) indicate that the setting
of [3] is naturally included in ours, except that (as was just noted in Remark 1.5) our conditions
are more stringent than those in [3]. We take this as a suggestion for potential improvements of
our techniques.

Another aspect left out in our study are environments where a;(e) is unbounded from above.
These include some very interesting cases; in fact, our initial motivation was to understand a
specific model where 7 — a,(e) is zero except for some random times when it has a Dirac-delta
singularity. Our proofs require boundedness of a; in a number of places and we do not know how
to overcome these restrictions.

Yet another aspect where our study falls short is our choice of time-parametrization of the walk.
Indeed, our choice of the generator (1.2) corresponds to the so-called variable-speed random
walk but other parametrizations, e.g., the constant-speed random walk, are of interest as well. In
particular, we would like to solve:

Problem 1.6 Extend our conclusions to discrete-time random walks among (discrete) time de-
pendent random conductances subject to (analogues of) Assumption 1.1.

A somewhat unexpected feature of time-dependent random environments is that different time-
parametrizations are not directly related and so our proofs do not shed any light on those either.
We consider this to be one of the most challenging open problems of this subject area.

As an attentive reader has surely noticed, our results are stated under the restriction to spatial
dimensions d > 2. This is dictated by the fact that the parameters space-time Sobolev inequalities
behave differently in d = 1 than in d > 2. Although we think that these differences can be
overcome, we have decided to skip the d = 1 case in order to avoid having to deal with annoying
provisos and keep the paper to a manageable length. Under the moment conditions (1.15-1.16),
the one-dimensional case has been addressed in [21].

Finally, although we work with elliptic regularity techniques, we have not touched the subject
of heat-kernel estimates; i.e., Gaussian-type upper/lower bounds on the probability p’*(x,y) that
the walk conditional on being at x at time ¢ is at y at a later time s. Unlike for the static envi-
ronments, such bounds are much less regular and various pathologies may arise (cf Huang and
Kumagai [24]). As already mentioned, for our class of environments upper bounds on the diag-
onal term p"*(x,x) have been derived in Mourrat and Otto [32]. In analogy with the static case,
we expect that our proof of the invariance principle with non-degenerate diffusion matrix should
imply an on-diagonal lower bound. However, we have not been able to conclude this rigorously.

1.5 Outline.

The remainder of the paper is organized as follows. In Section 2 we develop the functional-
theoretical tools underpinning the proofs in later sections. This, in particular, includes the in-
troduction of Sobolev inequalities and conversion of the Dirichlet energies mentioned above. In
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Section 3, we then construct the harmonic coordinate, which one can think of as an embedding
of Z“ on which the random walk is a martingale. The change in the embedding is expressed by
the said corrector, which is a fundamental quantity in all standard treatments of random conduc-
tance models (see, e.g, recent reviews by Biskup [11] and Kumagai [28]). The above mentioned a
priori L'-estimates on the corrector are also derived here using methods of independent interest.
In Section 4 we give a proof of the main result subject to a pointwise sublinearity estimate on
the corrector. This estimate is then substantiated in Sections 5—6 by combining the a priori L'-
bounds with Moser iteration. The Appendix collects some estimates that would be a distraction
in the main line of a proof.

Let us make the following convention about the use of constants. We denote by c,c’, ... positive
and finite constants which can change from place to place. Numbered constants cy, ¢, ... become
fixed whenever they first appear. Their dependence on all parameters will always be explicit.

2. SOBOLEV INEQUALITIES AND WEIGHTED ENERGIES

Here we introduce the necessary functional-theoretical tools for our later proofs. A reader pre-
ferring to avoid technicalities until they are actually used may consider skipping this section and
returning to it only while reading the rest of the paper.

2.1 The ¢'-Sobolev inequality.

The control of the corrector in stochastic homogenization seems to always require a kind of
coercive-type estimate for its Dirichlet energy in terms of a suitable norm. Historically this was
done (e.g., in Sidoravicius and Sznitman [36], drawing on Delmotte [17] and Barlow [7]) via
the Poincaré inequality. This is easy and elegant in uniformly elliptic cases but becomes less so
when one deals with non-elliptic environments and, particularly, wishes to work under moment
assumptions on the conductances only. In this line of thought, Andres, Deuschel and Slowik [4]
devised a powerful approach based on Sobolev inequalities which we will follow here as well.
The starting point of this approach is:

Lemma 2.1 (¢!-Sobolev inequality) For each d > 2 there is ¢ = c¢(d) € (0,o0) such that any
f: Z4 — R with finite support,
d—1

(Z‘f ‘”) <cd) Y |f@-ro)| @.1)

xezZ4 (xy)eE(Z1)

Proof. This is very standard, but we give a proof as it is short and instructive and, also, as we will
reuse the argument in the next lemma. First off we use Jensen’s inequality to get

Y= [Tas T[0T g

xeZ4 xeZ4

(2.2)

d—1

< (X lreol™) " [ aslire 2 171> )

xezZ4

By the isoperimetric inequality in Z, for any finite A C Z¢, we have |A| T < c(d)|dA|, where
d A is the set of edges with exactly one endpoint in A. Using this for A := {x € Z¢: |f(x)| > s}
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in (2.2), shows

d—

T
(X lrel) / ds Y, Ll (23)
xcZ4 xyeZ4
he—yl=1
Performing the integral and using that Ha\ —|b|| < |a— b| now yields (2.1). O

We note (as our proof above attests) that the ¢!-Sobolev inequality is equivalent to the isoperi-
metric inequality. The restriction to f with finite support is sometimes inconvenient and one
might wish to work instead in a finite box. The following lemma addressing this setting will be
quite useful. No surprise, it is still based on isoperimetry but this time in a finite box:

Lemma 2.2 Ford > 2 thereis ¢’ = c'(d) € (0,) such that for any f: Z¢ — R, anyn > 1 and
any translate B of [0,n]¢ N Z4,

Y =Fs| < @BV} (0 =fO)], 24)
xeB (xy)eE(Z)
x,yeB
where f := |B| "' Locp f (x).
Proof. Replacing f by — f if needed, we may assume without loss of generality that
[{x€B: f(x) > fs}| < [{x€B: f(x) < f}|. (2.5)
Let A denote the set on the left-hand side. Since ¥ ,c5(f(x) — fz) = 0, we have
Y1) —fsl =2} (F(x) = fa)- (2.6)
XEB xeA
Jensen’s inequality along with the argument in (2.2) then show
~ & _ d—1
Y (fx)—fs) < yAyl/d/O ds|{{xe A: f(x)—fz>s}H © . (2.7)

xXEA

Since |A| < 3|B|, the isoperimetric inequality in B yields AT < é(d)|dBA| forany A’ C A,
where 0B A’ is the set of edges in d A’ that have both endpoints in B. Using this as in (2.3) and
plugging the result into (2.6) yields the claim with ¢’ (d) := 2!=1/4&(d). O

2.2 Sobolev inequalities with weighted energies.

Our next goal will be a conversion of the £!-Sobolev inequality into a more useful form. Given
any Lebesgue measurable {: R — [0,o0), for any measurable f: R x Z¢ — IR, with the value at
(t,x) denoted by f;(x), any B C Z“ and any p,q € (0,), define the norms

1/q
/
1F lpgp.g = (/dtC Z}ff )] >q p) . (2.8)

xEB

Recalling our notation E (Z?) for the set of unordered edges (with each edge included only once)
in Z4 and writing E (B) for the set of edges in E(Z¢) with at least one endpoint in B, we will use
the notation ||f{[,, 4.£(s),¢ to denote the corresponding object for functions f: R x E (Z%) - R,
just replace sum over x € B by sum over e € E(B).
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Forany BC Z%, anyt € R, any f: R x Z¢ — R and any collection of non-negative weights
{w;(e): e € Z4} we define

o (f) = )z( )wt(x,y)[fz(y) — £ 2.9)

The notation &% (f;) will be reserved for the specific situation when the weights are given by the
conductances a,(e). Assuming in addition that z — w; (e) is Borel measurable for each e, we then
define the integrated forms of these via

()= [, 2.10)

reserving &y € (f) again for the case when the weights are given by the conductances. If B = Z¢,
we denote the above energies simply by &"(f;) and &*¢(f). We now claim the validity of the
following family of inequalities:

Lemma 2.3 (Sobolev inequalities) For eachd > 2, each o € (1,29=}) and each B € (0,2) there
is co = co(d, o, B) € (0,00) such that for r,s defined by

oa—1d—-1 1 1 1 1 1
- 4= 2.11
o 4 Tro2 STy @10
the inequality
1Fllg pse < colw™ s &5 (52 (2.12)

holds for any finite B C Z% and any measurable f: R x Z¢ — R.
The quantity 2% should henceforth be interpreted as infinity when d = 2. We remark that
Andres, Chiarini, Deuschel and Slowik [3] derive (2.12) for the particular case when {(7) :=

T~ 7)(t) and w; (e) replaced by a;(e). However, their parametrization is different from ours.

Remark 2.4 The norm (2.8) is asymmetric in the sense that it puts integration with respect to the
spatial variables before that with respect to time and so the reader may wonder whether setting
the norms up the opposite way may give us any advantage. To address this issue, define

1/q
Hf”;,q;g,g = (Z(/dt{(t)}ﬁ(x)‘py/p) _ (2.13)

XEB
Then a similar calculation to the one in the proof of Lemma 2.3 below shows that, for each
o € (1,24=}) and each B € (1,2),

1705 ot e < el 2wy & (1) (2.14)

holds for any finite B C Z¢ and any measurable f: R x Z¢ — RR. In particular, both ways to
define space-time norms seem more or less equally powerful.

Proof of Lemma 2.3. Let E(B) denote the set of ordered edges with at least one endpoint in B.
Pick a and 8 from the allowed ranges. The ¢!-Sobolev inequality along with the fact that

]xa—ya\Sa(xafl—kya*l)\x—y\, x,y>0,a>0, (2.15)
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and simple symmetrization show

(Tl ) ™ <o T W hw-s0)"" e

xeB (x.y)€E(B)

Let p be defined by

d
o—1)=a——- 2.17
pla—1)=0a-— (2.17)
and notice that then % + % + % = 1 by the first equality in (2.11). Holder’s inequality with indices

(p,2,r) then bounds the right-hand side of (2.16) by

<Z\ft !a‘”>ﬁ( )y wz(x,y)!ﬁ(x)—ﬁ(y)\z)ﬁ( Y w,(x,y)—r/z)f’, (2.18)

xeB (x,y)EE(B) (x.y)€E(B)

where the constant ¢ arises from rewriting the first sum from that over edges to that over sites
and where the sums are now over unordered edges again. Now multiply the resulting inequality
by {(t) and integrate over ¢. Since the second equality in (2.11) ensures that (p*,2at/ B,sa./ )
are Holder conjugate indices, another use of Holder’s inequality yields

/dtC Z‘ft ‘adl)adﬁ

xXEB

d— %di} » [3/0!
<c</dtc Y A0 \*) ) [53’C(f)”Zuw”/zlrr,sm),g . (219

x€B
This now readily implies (2.12). U

Our later applications make it convenient to introduce normalized versions of the above norms.
Assuming { to be integrable and denoting by ||{||;: its L!'-norm is with respect to Lebesgue
measure, we thus set

_ -1/
11 p.g:5.c == 1B 2NN N pget - (2.20)
For the case g := « we get

Y |fi(x ]) > 2.21)

xeB

mm@ﬂ:wmwQH(
P ¢ \B]

where the essential supremum is with respect to the Lebesgue measure on supp §. We will write
£ 1l p.q:£(8).c @nd | £l .q:£(5).¢ to denote the corresponding norms for functions indexed by edges

of Z4. For later reference, we note that, by Jensen’s inequality,
Il£1l .q:,¢ is increasing in p and g for all p,q > 0. (2.22)

The norms || £, 4.5,¢ Will be used heavily in Sections 5-6. The following form of (2.12) is tailored
to the purposes of that section.

Corollary 2.5 For each d > 2, each o € (1,2%=}) and each B € (0,2) and for r,s and co as in
Lemma 2.3, defining

) (2.23)
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the bound

éa"vc f -
120 < A181F o I (2.24)

holds for all finite B C Z¢ and all measurable f: R x Z¢ — R.

Proof. An application of (2.12) yields

2 _ 2/B p-24 2
a B

U2 Ne o a5 = IEIPIBIE TSI o

—2/B pl—29=1 LHw, _
<GSl P1BIE T &) w21 i (225)

_lda 11 é"w’g(f) _

= g |B|P-w T oty B‘B| lw 1\\\57%;,5(3),5.

Now (2.11) implies 5 +1 =1- &1l =114 Td=l and g0

ld—1 1 1 d—1 1
—t -t -=1-— == 2.26
o d +2 d d (2:26)
Using this in (2.25), the claim follows. 0

Our application of the above norm in Moser iteration requires a comparison between various
instances of the norm (2.8). This is the content of the following lemma.

Lemma 2.6 (Interpolation) Suppose p,q, p1,p2,q1,q2 € (0,00) and 6 € (0,1) are such that

1 7] 1-6 1 6 1-6
—=—+ and - =—+ . 2.27)
p P b2 q 41 q2
Then, for all measurable f: [0,%) x Z? — R and all finite B C Z°,
s < IS0 1710 2.28)

In particular, for all q,q; € (0,) with g1 < q and all p, py, p2 € (0,00) satisfying the first condi-
tion of (2.27) with 0 := %‘, we have

1-4a
W lpane <UALE o AL 2, (229)

Proof. Writing |f;(x)|? = ]ft( )197) £, (x) |07 in (2.8) and invoking Holder’s inequality with
conjugate exponents ( g}‘), = ) ) yields

HprqBC < (/dtC

Holder’s inequality with conjugate exponents (- 8> (1— 9) ) then readily gives (2.28). The inequal-
ity (2.29) follows from (2.20) and (2.28) by noting that || £l ,, 4,8, — Ilfll ,,c:5.¢ a8 g2 — o0, O

1/
Y A" . "X law }“) " 9Wm> N (2.30)

XEB XEB

2.3 Edge weights and their growth.

Throughout the rest of this paper, the edge weights w;(e) we will work with always take the
form (1.17). The choice of the function k: [0,0) — (0,00) underlying (1.17) is tied to the choice
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of the function {: R — (0,e) governing the above norms by certain conditions we will now
spell out. Other than having to obey the restricted set of constraints listed in (2.31-2.33), the
functions k and § can be chosen arbitrarily for the purposes we have in mind.

We assume that the function §: R — [0,0) is supported in [0,e0) and is bounded, non-
increasing, continuously differentiable with both # — §(¢) and 7 — ¢{(7) Lebesgue integrable.
We also assume that ||{]|;1 > 0 and

inf {(1)>0 and [/l < oo (2.31)
1€[0,2]

The function k: [0,00) — (0,0) is Borel measurable with both 7 — k, and ¢ — tk, Lebesgue
integrable on [0,). Moreover, setting

KI = kt +/ dS (s - t)ks, t 2 0, (232)
t
there exists a constant ¢; € (0,e0) such that for each s > 0,

/0 A (K < erC(s). (2.33)

Remark 2.7 The condition (2.33) is needed for the conversions of Dirichlet forms mentioned in
the Introduction, see in particular Lemmas 2.11 and 6.1 below.

That a pair of functions {,k satisfying the above requirements exists is ensured by:
Lemma2.8 Letu>4andv € (2,u—2). Thenk,:= (1+1)"H and {(t) :=2"(1+1) V1)) (1)
obey the above conditions and, in particular, (2.31-2.33). In fact, for all r > 1, we have

/Sdtg(t/r)Ks,, <ci18(s/r), fors>D0. (2.34)
0

Proof. The integrability conditions are immediate from the fact that g > 2 and v > 2; (2.31) is
checked directly. For (2.34) we note that K; < c(1+¢)~# where fi := u — 2 and then observe

/Osdt(l -I—(s—t))_ﬂ(l +t/r)""

s/2
csiﬂ/o dt(l—i—t/r)fv%—c(s/r)*"/

0
1
r

s/2 5
dr(1+1)F (235

IN

<é—sPye(s/r).

Since i > v and v > 1 (and r > 1), both terms on the right are now less than a constant
times (s/r)~". This proves (2.34) for s > r; in the complementary range of s values the claim is
checked directly. O

Unless specified otherwise, we will henceforth always tacitly assume that { and k are a pair of
functions satisfying (2.31-2.33). Some (but not all) calculations will require adapting our setting
to diffusive scaling of space and time, i.e., choosing || f|, ;.5 ¢ in (2.8) with B replaced by

B,:=[-rrnZzZ¢  forr>1 (2.36)
and { replaced by
1
(1) := =Lt/ r), for r > 1, (2.37)

r



RANDOM WALKS IN DEGENERATE ENVIRONMENTS 13

with § as above. It is then natural to require (2.34), instead of just (2.33), to hold. (Note that
(2.34) is tantamount to saying that (2.33) holds for all pairs ({,,k), r > 1.) When needed, the
condition (2.34) will always be mentioned explicitly.

The diffusive scaling of time naturally underlies the following property that will be repeatedly
used in the sequel:

Lemma 2.9 Foreach p > p > 1thereis c = c(p,p,§) € (0,00) such that for all f € LP(P),

<<l fller ey (2.38)

sup A dr (1) fotp

n>1

‘Lﬁ(JP)
In particular, the integrals converge absolutely for all n > 1.

Proof. Dominating f by |f|, we may assume without loss of generality that f > 0. The assumed
properties of § ensure that §,(r) = —n% Jimds{'(s). Using that —¢’ is greater or equal to zero
and Tonelli’s Theorem yields

. o . 1 fnis
/Odtc,,(z)fof,,oz/o ds (=¢ (s))?/o difot. (2.39)

Denoting & := sup,,; % Jo dt f o 70, straightforward monotonicity considerations show that the
supremum over n of the quantity on the right is at most

h[/olds(—cl(s))+2/1wds(—§’(s))s}. (2.40)

The boundedness and integrability of { imply that both integrals are finite. Jensen’s inequality and
the Maximal Ergodic Theorem in turn ensure ||| 5p) < || f||.»(p) for some ¢ = c(p, p) € (0,0)
independent of f. The claim follows. 0

In order to use the Sobolev inequalities (2.24), we will need a uniform bound on the norms of
the weights w appearing on the right-hand side. This is the content of:

Lemma 2.10 Under Assumption 1.1 and the moment bound (1.12) with some ¥ > 0, and for
k,§ satisfying (2.34) in addition to (2.31-2.33) the following holds: For each e € E(Zd), the
family {w;(e): t € R} defined in (1.17) is stationary with respect to time-shifts. Moreover, if
ke > 1Vt is true for all t > 0 and some [ > 0, then

E(wo(e) ®/H) <o (2.41)

and, in addition,

—1
sup max |[[w™ |- s. <o P-a.s. 242
nzrl)me[nln] I |||2’2’E(Bm)an ( )

is satisfied for all 1 <r <s <29%/U.

Proof. The stationarity of 7 — w; (e) is clear from (1.17) and the assumed stationarity of r — a, (e).
The definition (1.5) and monotonicity of  — k; ensure that, for any e € E(Z%),

wo(e) > kr, (2.43)
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and so (2.41) directly follows from (1.12) and the assumed bound on k;. For (2.42), we first note
that, if r <'s, then (2.22) implies

2

b2 e < 2, < IS0 (g B o mors 244)

xeB

where

By = / dt &, (1) t((o,z))’”z. (2.45)

& |z| 1
Under s < 28/, (2.41) implies that wy(e) /2 € LP(IP) for some p > 1. Lemma 2.9 and sta-
tionarity of 7 — w; then show sup,~; |h,| € L' (IP). Bounding &, in (2.44) by the supremum, the
claim follows from the Spatial Ergodic Theorem. U

2.4 Conversion of Dirichlet energies.

The usual way a regularity argument starts with the use of Sobolev inequality to bound the desired
norm of a function by its Dirichlet energy. For a solution to Poisson or heat equation, the Dirichlet
energy is in turn bounded by a lower-order norm, thus gaining regularity. Unfortunately, our
Sobolev inequality outputs a weighted Dirichlet energy and so we need an additional step in
which we bound this Dirichlet energy by the ordinary one to which the rest of the argument can
be applied.

Recall the definition of the (finite volume) Dirichlet energy in (2.9). The bound that achieves
the stated goal is then as follows:

Lemma 2.11 Suppose t — a,(e) are measurable and take values in [0,1]. Let B C Z be finite
and set B:= BUB. If u: R x Z¢ — R solves (weakly) the heat equation

aatu(t,x) = Lou(t,x) + f(t,x), teR,x€B, (2.46)

for some bounded measurable f: R x Z¢ — R, then for eacht € R,

tfg(u,)§48d2/ ds Ky 6% +24d/ dsK, ;Y| £i(x)
t

xeB

, (2.47)

where K; is as in (2.32).

Proof. We follow the calculation in the proof of Proposition 4.6 in Mourrat and Otto [32]. The
definition of the weights w;(e) in (1.17) gives

&' (ur) / dsker Y ) ag(xy)[u(t.x) —u(t,y)]z. (2.48)

XEB yezd
(xy)eE(2)

Writing u(t,x) = u(s,x) + [u(t,x) — u(s,x)] and using that (a + b + ¢)? < 3a* + 3b* + 3¢* and
that a,(x,y) < 1 then shows

& () / dsk,_ t(scsm( +124 Y [u(t,x) — u(s, x)]2>. (2.49)

xEB
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Concerning the second term in the parentheses, here (2.46) and (a + b)? < 2a® + 2b? yield

) ~(5.9)* = [ [ ar 109+ L)

Il/stdr<fr(X)+ Y ar(x,y)[u(r,y)—u(r,X)]>r

o (2.50)
(xy)eE(Z4)
§2(s—t)/[ dr(‘fr(x)‘z—i—Zd Z ar(x,y) [u(r,y)—u(r,x)]2> ,
ezd
() B (2)

where the last inequality follows by Cauchy-Schwarz and the bound a,(x,y) < 1. Plugging this
in (2.49) and invoking the definition of K;, we get (2.47). O

Remark 2.12 The argument (2.50) uses crucially that the lattice gradient is a bounded operator.
This is what makes the above proof fail in the continuum setting.

Recall the definitions of B, and {, from (2.36) and (2.37). Then we have:

Corollary 2.13 For a, and u as in Lemma 2.11, if (2.34) holds (in addition to (2.31)-(2.33)),
then for eachn > 1,
Eptr () < 48dPey &35 () +24de | 13 5.5, - (2.51)

n

Moreover, under Assumption 1.1, if u and f are such that u(t,x,-) = u(0,0,-) o7,y and f(t,x,-) =
f (0,0, ) o Ty x foreach x € 74 eacht € R, and (2.46) holds, then

lE( e:e;.’edw()(e) |u(0,e,-) —u(0,0, .)|2>

(2.52)
§48d2c11E( Y ao(e)\u(o,e,.)u(o,o,-)]2>+24dc11E(|f(o,o,-)|2).

Proof. In light of (2.47), the first conclusion follows directly from (2.33). For (2.52) take expec-
tation of (2.51) (this eliminates the integrals over time), divide by |B,| and take n — oo. Il

We remark that, in the derivations underlying the Moser iteration, we will need to rederive
variants of these estimates for powers of the solutions multiplied by suitable mollifiers. Besides
illustrating the main ideas of our proofs, the above simpler versions will be used to define, and
derive a priori L'-estimates, of the corrector in the next section.

3. CONSTRUCTION OF THE CORRECTOR

The next task is the construction and derivation of the needed properties of the harmonic coordi-
nate and the associated corrector. The natural setting for our proof is to require a certain moment
condition for the weights w; defined in (1.17), see (3.1) below. We will verify immediately that
this condition is met under the assumptions of Theorem 1.2.
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Note that, whenever Assumption 1.1 holds, the family {w;(e): t € R} is stationary with respect
to time-shifts for each e € E(Z?), as can be seen from (1.17) and the assumed stationarity of
t — a;(e). This will be used frequently below. Recall also that the functions k, { are assumed
to satisfy (2.31-2.33); k enters through the definition of the weights w and, although { does not
appear explicitly in the following theorem, it will be used in its proof. Let LP!°(IR) denote
the space of measurable f: IR — IR whose p-th power is locally integrable with respect to the
Lebesgue measure and IP. The main conclusion of this section is now as follows:

Theorem 3.1 Suppose the law of the conductances P obeys Assumptions 1.1, (2.34) holds and,
with w; as defined in (1.17), there exists g > 1 such that

E(wo(e) 9) <oo, forallec E(Z). (3.1)

Then there exists a measurable function W: R x Z4 x Q — RY such that the following holds:
(1) y is a weak solution to the family of the ODEs
d
EW(f’X,')ﬂLLzW(t,X,') =0, teR, xeZ¢, (3.2)
where L, is the generator defined in (1.2), and L,y (t,x,a) := (L y(t,-,a))(x),
(2) v satisfies the cocycle conditions in space-time: for each t,s € R and each x,y € Z¢,
W(t’xf)ors,y: W(t+s9x+y")_W(ssys') (33)

with y(0,0,-) =0,
(3) v is of finite specific energy in the sense that

IE< ) ao((),x)‘q/(O,x,a)|2><00, (3.4)

x: x|=1
(4) defining the corrector by x(t,x,-) := y(t,x,-) —x and letting p:=2/(1+1/q) > 1,
K(tx) €L0(P), 2(n) € LP(R)OII(P) and Ex(n)=0  (5)
holds for each x € Z¢ and eacht € R.

Remark 3.2 Theorem 3.1 fits the setting of Theorem 1.2 for the choice k, := (1 +1¢)"* with any
U € (4,0/2) because (2.41) implies (3.1) with g := ¥/ > 1. Such a choice of u can be made
since 2 >4 when © > 4d (and d > 2).

From Theorem 3.1 and Lemma 2.8 we thus immediately obtain:

Corollary 3.3 Under the assumptions of Theorem 1.2, there exists a measurable function y: IR x
Z x O — R satisfying (1-4) in Theorem 3.1 above.

The strategy of our proof of Theorem 3.1 is as follows: similarly to all existing constructions
of the harmonic coordinate, we will solve a suitably perturbed version of (3.2) and then control
removal of the perturbation. As usual, the latter step will be done using functional analytic
methods. In [3], which is closest to our setting, even the former step was based on functional
analytic tools (namely, the Lax-Milgram lemma) but here we will proceed by more probabilistic
arguments.
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Let p™* (x,y), fort <sandx,y € Z¢4, denote the transition probability of the random walk X
between times ¢ and s; i.e.,
P (xy) == P(X, = y|X; = x). (3.6)
We begin by noting the following fact about uniformly elliptic situations:

Lemma 3.4 Let € € (0,1) and suppose, for the moment, that the conductances t — a,(e) are
Lebesgue measurable and taking values in [€,1/€]. Let g: R x Z¢ — R be bounded and mea-
surable. Then

h(t,x) = — / dse *070 N p(xy)g(s.y) (3.7)
t yGZ‘i
is well defined with t — h(t,x) continuously differentiable for each x € Z1. Moreover, h obeys
0
Eh(l,x) —(e—=L)h(t,x) = g(t,x) (3.8)

at eacht € R and x € Z°.

Proof. Since g is bounded, the sum in (3.7) converges absolutely and is bounded uniformly
in s, hence the integral over s converges absolutely as well and % is well-defined. The transition
probability admits the representation

1,5 _ — [} dum,(x) /s — [ drm(x) au(x,z) u,s
P (xy) = 8(x.y)e + | dumi(x)e Z;x ) 7@, (3.9)

where 8 (x,y) = 1 if x = y and vanishes otherwise, z ~ x means that (x,z) € E(Z¢) and &, (x) :=
Y .oox u(x,2). Thus, the function #,x — p"*(x,y) obeys the differential equation

o
Ep” (x,y) +Lp"(-,y)(x) = 0. (3.10)

Since the conductances are nearest-neighbor and uniformly bounded, the sum of the derivatives
(with respect to ¢) of the terms in (3.7), as well as the resulting integral, converge absolutely.
Standard criteria permit us to exchange the time derivative with the integral over s and the sum
over y. The result then boils down to a simple calculation which we leave to the reader. 0

Given a sample of the conductances {a;(e): e € E(Z“),t € R} satisfying Assumption 1.1, we
will apply Lemma 3.4 to the function g given by (¢,x) — —V (z,x,-) where
V(txa):= Y a(xx+2)z (3.11)
z: |z]=1
However, in order to have the required ellipticity, the random walk will be driven by the collection
of perturbed conductances {af(e): t € R, e € E(Z4)}, where
at(e):=e+ae), ecE(Z?). (3.12)

Writing p&’(x,y,a) for the transition probability of the random walk among conductances af (e),
Lemma 3.4 then ensures that

©e(1,x,) ::/t ds e €0—) Y Py )V (sy.) (3.13)

yeZ4
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obeys
a d
E(Pe(t’x")+(8_3A_Lt)¢s(f,3€,‘) = —V(tx-), teRxeZ (3.14)

Here A is the discrete Laplacian on Z¢ acting as Af(x) := Y., .[f(y) — f(x)] and L, is the
generator derived from the “bare” conductances a;(e) as in (1.2). The effect of the term €A is to
make the generator uniformly elliptic; the term € (times identity) then represents killing of the
walk at uniform rate €.

Our aim is to show that @ (t,x,-) — @:(0,0,-) converges, as € | 0, to the desired correc-
tor x(¢,x,-) in a suitable sense. This will be done via a sequence of lemmas. First we note
that ¢ satisfies the cocycle conditions in space-time:

Lemma 3.5 Foreach e >0, eacht € R and each x € Z4,
P (t.%,7) = @ (0,0,) 0 Tx. (3.15)
In particular, for each t,s € R and each x,y € 74,
Ge(t+5,x+,) = @e(s,7,) = @e(t,x,-) 0 Ty — 9(0,0,-) 0 Ty . (3.16)
and so t,x — @g(t,x,-) — @g(0,0,-) satisfies (3.3) for every € > 0.

Proof. (3.15) follows from (3.13) and the identities V (z,x,-) = V(0,0,-) o 7., and p"*(x,y,")

O

po"”_’(O,y —X,-) o T;x. The second line follows from (3.15) and Trpsoty = T,y © T
Next we observe the validity of some a priori estimates:
Lemma 3.6 Under Assumption 1.1, for each € > 0,
eE|:(0,0,-) < d (3.17)
and
Y E(ao(er)|ge(0.er) — 9e(0,0,)[*) <d. (3.18)

i=1,...d

Proof. Recall that ¢, is bounded; by (3.14) and the definition of V the same applies to its time
derivative as well. This justifies exchanges of limits and expectations in

]E<(P€<O’O") : ;%(0’09‘)) = ltif(l)l %IE (q)‘g(0,0,') : ((P£<t’0”) - %(O’O")))
= 11%1 %IE ((pe(0,0,-) (@e(—1,0,-) — (p8(0,0,~))) (3.19)

_ fIE((pg(0,0,-) : gt%(O,O,-)) :

where the middle equality follows from (3.15) and invariance of I’ under 7; . We thus have

0
lE(qog(O,O,-)-E(pg(O,O,-)) —o. (3.20)
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Taking the inner product of (3.14) at x = 0 and # = 0 with ¢, (0,0, ) and then taking expectation
yields, on account of (3.20),

€Elge(0.0.)P + ¥ dIE<aS(ei)\(ps(0,ei,-) ~9:(0,0,)[)

= —E(v(0,0,-) - 9¢(0,0,-))
= ]E(Clo(é’i) e;- ((Ps(O,ei,.) — (pg((),(),.))) (3.21)
' d

i=1,..., ”
<ld ¥ B(aelo.)-000F)]

where we used (3.15) and simple symmetrization for the second term on the left hand side and
also to obtain the middle equality, and then invoked the Cauchy-Schwarz inequality along with
ao(e) < 1 to get the last inequality. Since af(e) > ag(e), foregoing the term €E|@¢(0,0,-)[> >0
yields (3.18) and, by plugging that in on the right-hand side of (3.21), also (3.17). (|

These bounds have the following consequences:

Lemma 3.7 Under the assumptions of Theorem 3.1, for p :==2/(1+1/q) with q as in (3.1),
the following holds uniformly on compact sets of (t,x) € R x 7z -

Qe (t,x,") ? 0 inLP(IP) (3.22)
€
and
sup B|@e (1, x,-) — 9(0,0,-)[" < oo. (3.23)
0<e<l]

Proof. As p € (1,2), the first part of the claim follows immediately from (3.17), Holder’s in-
equality and (3.15). For the second part we first use (3.16) and (3.14) with the result

L/p 1/p
1/
+ (x]1 +2d(1+€)r) iirllaxd<IE|(ps(O,e,-,.) — 0:(0,0,") y’) T Y

The first term on the right is bounded thanks to (3.17). For the expectations in the second term,
we invoke the weights wy(e) from (1.17) and Cauchy-Schwarz to get

E|e(0,e:,-) = 9e(0,0,)|”

< <1E(wo(e,-)‘2”p)>22]7 <]E'Z wo(e,-)\%(o,ei,-)—<p8(0,0,.)\2)p/2. (3.25)

Since ﬁ = g, the first term on the right-hand side is bounded thanks to (3.1). Using (2.52),
(3.14), (3.15) and the identity (a+ b+ c)? < 3a®> + 3b* + 3¢, the second expectation on the right
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is no larger than

48’ Y E(aoler)|ge(0.ei) — e(0,0,)[7)
i=1,...d

+72dey [sZE(\%(o,o,-)F) +€2E (|09 (0,0,) ) +1E(\v(o,o,-)\2)] (3.26)
By (3.17-3.18), (3.15) and the fact that |V| < 2d, this is bounded uniformly in € € (0,1). g

We now set
Xg(t,x,') = q)e(t,xa‘)_q)e((),o") (327)
and note:

Proposition 3.8 Under the assumptions of Theorem 3.1, and with p:=2/(1+1/q) > 1 for q
as in (3.1), there is a sequence €, | 0 and a measurable function y: R x Z¢ x QO — R? such that
for each x € 74,
Xe, (-%,) — x(x,-)  weakly in LP'°°(R) @ L” (IP) (3.28)
n—soo
and, for eacht € R,
Xe, (8,x,) — x(t,x,-) weakly in LP(IP). (3.29)
n—eo

Moreover, on a set of full P-measure, X is normalized so that %(0,0,-) = 0, obeys the cocycle
conditions

x(t+s,x+y,-)—x(t,x,-) = x(s,y,-) 0T, t,seR,x,yecZ, (3.30)
and t — X (t,x,-) is continuous and weakly differentiable with
)
Ex(t,xp)—l—th(t,x,-) =-V(t,x,-) (3.31)

forallx € Z¢ and all t € R.

The bounds of Lemma 3.7 will readily allow us to take weak limits as € | 0. A slightly subtle
point, see Lemma 3.9 below, is to choose a version of the resulting limiting process which has
continuous trajectories. Once this is achieved, the proof of Proposition 3.8 will quickly follow.

We start with a few observations. We are henceforth tacitly working under the assump-
tions of Proposition 3.8. Let r be the Holder conjugate of p; the fact that p > 1 (and the fact
that Q) is a standard Borel space, hence separable) ensures that the dual space L"(R) ® L"(IP)
is separable. In light of the uniform bound (3.23), Cantor’s diagonal argument ensures the exis-
tence of a sequence &, | 0 and functions ¢: R x Q) — R¢ and p: Z¢ x Q) — R? such that for
any & € L'(R) @ L"(IP) with compact support in the first coordinate,

JUEE@) 26, (1.0.)) — [aEEE)-0(.) (3.32)
and, for any £ € L(IP) and any x € RY,
E(§- %5, (0.x.7)) — E(§-p(x.)). (3.33)

Standard arguments give

¢ € LP°(R)®LP(PP) and p(x,-) € LP(P) (3.34)
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for every x € Z¢. A key point in what follows is:

Lemma 3.9 The process {¢(t,-): t € R} admits a version {¢(t,): t € R} which has P-a.s.
continuous sample paths. Moreover, on a set of full P-measure, this version obeys

¢(¢,-):_/Otds(v(s,o,-)+(Lop)(o,-)orsﬁ Y a(096(s)0m:). (339
z:|z]=1

forallt € R.

Proof. Consider the auxiliary process Z¢ (7, -) defined as

[1]

t
e(t,) i= xg(z,o,-)—/o ds (Lyze) (5,0,-). (3.36)
First note that, since X, (0,0,-) vanishes, (3.14) and (3.15) yield that
Eel —|—/ ds[(e —eA)@e](s,0,- / dsV(s,0,- (3.37)

Hence

E| &

(t,-) +/0tdsV(s,O,~)’ < (2+4d)t|eE|@:(0,0,-)], (3.38)

for all ¢. On account of (3.22) and with g, as defined above (3.32), we thus get, for any bounded
interval I C R and with A; denoting the Lebesgue measure on /,

— 0. (3.39)

n—yoo

Hg(,~)+/0‘dsV(s,0,-)

LY (4 ®P)

In particular, — [;dsV (s,0,-) is a weak limit in L”(4; ® IP) of the sequence Eg, (-, -).
Now pick any & € L"(IR) ® L"(IP) with compact support in the first variable. We then claim
the validity of

lim [ drB(E(1,-)- B, (1,))

= /dtIE (g (1) {qb(r,-) +/0tds((Lop)(0,-) 0 Ty0 +Z:;1as(0,z)¢(s,-) orO,Z)D. (3.40)
Indeed, we first note the rewrite
(Lsxe)(s,0,-) = (Loxe)(0,0,-) 0 Ty0 + '|leas(0,z) (xe(s.0,-) 0 70). (3.41)
Abbreviating |
/ dr / ds Y ap(0.2)[E(t,) 0 Tss—E(1.) 0 T_s). (3.42)

zlz\l
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the convergence statement (3.33) along with Fubini and the invariance of IP under space-time
shifts show

/dt]E< / ds((Loxe,) (0,0, ) o rs,o)D =E[E() %6,(0,0,")]

2 EIE0)p(0.0.)] = [arE( &0 [ [ astop)0:)o50)] ).

where to get the second line we also noted that 5 € L1(Ar ® IP), by invariance of IP under time-
shifts, Jensen’s inequality, boundedness of a(e) and the fact that & has compact support in the -
variable. A similar computation applies to the term involving X (s,0,-) on the right of (3.41).
Indeed, setting

(3.43)

Ji= [ar(Lpg(5) -1 0() ¥ a0[Er)enE0] (44

2 =1
we get
/dtIE( / ds< .Zlas(O,Z)(Xs(S,O;)OTO,Z))})
—/ds]E ) e, (5.0.9)] — /ds]E )-¢(s,-)} (3.45)
_/dt]E< /ds( :ZZIas(O,z)(‘P(s,O,.)ofo,z))D,

using (3.32) instead. In light of (3.36) and (3.41), (3.43-3.45) yield (3.40).

The weak limit in (3.40) being unique (as implied by the Hahn-Banach theorem), (3.39) im-
plies that, on a set of full AR ® IP-measure, — fg dsV (s, 0, ) agrees with the term in square brackets
on the right-hand side of (3.40). It follows that ¢ defined as

3(1.") ::—/Otds(V(s,O,-)—k(Lop oot ¥ a(0.90(s)on:).  (46)

zt)z|=1

equals ¢ on a set of full Ax ® IP-measure. But this also implies that we can substitute ¢ for ¢ in
(3.45) which shows that q5 obeys (3.35) AR ® IP-almost everywhere. As d; has IP-a.s. continuous
sample paths, a routine use of Fubini’s Theorem shows that (3.35) extends to all # € IR on a set of
full IP-measure. g

We are now ready to complete:

Proof of Proposition 3.8. Letting p be as defined in (3.33) and writing ¢ for the continuous
version of ¢ as constructed in the proof of Lemma 3.9, we set

2(t6,%,2) = p(x,-) + ¢(t,") o Tox (3.47)

and proceed to check the desired properties. The convergence statements (3.28-3.29) follow
directly from (3.32-3.33) while (3.30) is a consequence of (3.16). With the help of an analogue
of (3.40) (formulated for ¢) and (3.30), the equality (3.35) translates into

2(6x) = p(x) — /Otds(V(s,O,~) (L) (5.1.0)). (3.48)
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Hereby (3.31) readily follows (with the derivative even in Lebesgue sense). Il

Proof of Theorem 3.1. Let ) be as constructed in Proposition 3.8 and set

y(t,x,-) :=x+x(t,x,-). (3.49)

Then (3.2) follows from (3.33) while (3.3) from (3.32). The identity (3.4) is a consequence of
(3.18) and the fact that weak convergence in L” contracts L” -norms. The integrability conditions
in (3.5) follow readily from (3.28-3.29). Since Ey¢(t,x,-) = 0 for each € > 0, this implies also
the last condition in (3.5). U

We finish by a lemma that will be useful in some definitions below:

Lemma 3.10 For each x € Z¢, there is a random variable C(x,-) > 0 with P(C(x,-) < o) = 1
such that

lx(t,x,)| <C(x,-) (1+t

), teR (3.50)

Proof. Pick r € (0, (2d)~!). Using fact that a,(e) < 1 in Lemma 3.9 then shows, for eacht € R,

1E< sup y¢3(z+s,.)_¢;(t,.)\> < (3.51)

0<s<r 1-—2dr

where ¢ € (0,00) is a constant related to the L'-norm of p(x,-) for |x| = 1. Since the increments
of t — @ (¢,-) are also stationary due to (3.30), the ergodic theorem implies

19(1.-)]
Ci(-):=su < oo, P-as. 3.52
R ST o

As x(t,x,") = p(x,-) + ¢(t,-) 0 Tox, cf. (3.47), the claim follows with the choice C(x,-) :
o (x,)[+Ci () © To.x.

O

4. PROOF OF INVARIANCE PRINCIPLE

The goal of this section is to give a proof of the main result, which involves showing that the
corrector constructed in Section 3 is sublinear in a strong (L) sense. We proceed by first showing
a corresponding statement on average (i.e., in L'-sense, with respect to the norms introduced in
Section 2), see Proposition 4.1 below. This result is then boosted to a sublinearity result in
L>”-sense in Theorem 4.6, which is proved by obtaining a maximal inequality using a Moser
iteration approach, see Proposition 4.7, whose proof is deferred to Section 5. Conditionally on
Proposition 4.7, the proof of Theorem 1.2 is completed at the end of the present section.

We will occasionally invoke the Maximal Ergodic Theorem for commuting measure preserving
transformations throughout the section. We refer to Krengel [26, Section 6.2] for further details.

4.1 Sublinearity on average.

We begin with an a priori estimate on the L'-norm of the corrector which constitutes a version
of “sublinearity on average.” This will serve as a starting point for the Moser iteration developed
in the next section. Recall the definitions of B, and {, from (2.36), (2.37), with { satisfying
(2.31-2.33), and the norms || - ||, 5.5 ¢ from (2.8). The desired statement is as follows:
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Proposition 4.1 Let ) be the corrector constructed in Theorem 3.1. Then

lim
n—oo pd+1

Ix1,1:8,.¢, = 0, P-a.s. 4.1)

Although we could in principle follow the proof of Proposition 3.3 in [3], we found a different
argument. We begin with two lemmas, both of which are formulated for rectangles of the form

R, = ([ain,bin) x -+ X [agn,bgn)) NZ2, (4.2)

where ay,...,a4,b1,...,bg € R are numbers that obey a; < b;, i = 1,...,d. Without further men-
tion, we assume in the remainder of Section 4.1 that ¥ is the object constructed in Theorem 3.1,
and we implicitly work under the assumptions of that theorem.

The starting point of the proof is the following observation:

Lemma 4.2 For any sequence {R,} as above,

1= 1
W/o dt;/o ds&(1) ¥ |x(6x) = x(t+557)| — 0, P-as. 4.3)

XER, n—ree

Proof. The cocycle property gives

n n—1 1
[ aslzten ) 255 < X ( [ aslx6.0.]) 0 e ”
0 k=0 70
and, introducing
1 n—1 1
fi=sup W};)x;;(/o dS\x(S,Ow)D 0 Ty, 4.5)

the quantity in (4.3) is thus bounded by

1 00
| arswres. (4.6)

In light of Lemma 2.9, it suffices to show that f € L?(IP) for some p > 1. This follows from
the Maximal Ergodic Theorem for space-time shifts and [, ds|x(s,0,-)| € L?(IP), as implied by
Jensen’s inequality and the middle condition in (3.5). O

For the rest of the proof, we will work with the quantity

Taltx) = [ au (i) @.7)

where the integral converges absolutely thanks to Lemma 3.10 and our assumption of integrability
of t — (1+¢]){(¢). We then have:

Lemma 4.3 For any {R,} as above,

1
sl D

XER,

/ ds¥n(s,x,-) — 0, TP-as. (4.8)
0

n—seo

For the proof we will need the following fact:
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Lemma 4.4 Suppose p > 1 is such that (3.5) holds. For each € > 0 there is a measurable
he: Q — R? with he € LP(IP) such that for all x € Z4,

— 0. (4.9)

‘P
el0

1
IE‘/O dt (he —hgo Ty — x(t,x,"))

We note that in earlier constructions of the corrector (including the one in [3]) the property
in Lemma 4.4 follows more or less directly. Although we also obtain y(¢,x,-) as a limit of the
quantities ¢ (0,0,-) o7, » — (0,0, -), this limit is only in the weak sense and we do not presently
see a way to boost it to a strong convergence as required above.

An alternative approach would be to regard x +— x(0,x,-) as an element of the L?-space of
cocycle vector fields with inner product (u,v) :=EY.,. =1 ao(e)u(e,) - v(e,-) and show that it
can be approximated by a potential field; i.e., one of the form A — i o 7; .. Even if the existence of
these approximations could be checked, we would still not know how to proceed as we no longer
have a direct way to convert weighted L?>-norms into L'-norms. (Indeed, the energy conversion
applies only to solutions of the inhomogenous heat equation.) Our proof of Lemma 4.4, which we
defer to the Appendix, proceeds by a direct argument inspired (with some necessary corrections)
by derivations in Biskup and Spohn [13].

Proof of Lemma 4.3. Fix p > 1 as appearing above (3.5). The conclusion of Lemma 4.4 holds
and, given € > 0, let h¢ be as in (4.9). Define

Tne (.3, /duCn / [(t—i—s—l—ux) (hgormﬂ,x—hg)] (4.10)

where the integrals again converge absolutely by Lemma 3.10 and the assumed integrability con-
ditions on {. Abbreviating also

o 1
Mg = /0 du Cn(u)/o ds he © Ty 40, 4.11)

which converges absolutely by the last clause of Lemma 2.9, it is now easy to check

D M) S ACSETD 1) 3f SR

XER, XER, t=

MZZhneom Rl (). @12

XER, t=

Since he € LP(IP) for p > 1, the same holds true for fol ds he 0 T; 9, and Lemma 2.9 gives us that
sup,~1 |ine| € L' (IP). The Spatial Ergodic Theorem then shows that the second term on the right
tends to zero as n — oo. The same also applies trivially to the last term, and so we just need to
control the first term on the right.

Let & := o (a(e): t €R, e € E(Z?)) be the c-algebra generated by the conductances and
enlarge the probability space to include independent random variables 7', X, ..., Xy, independent
of ., with T uniform on [0, 1) and X; uniform on [a;,b;) for each i = 1,...,d. Writing |Xn| to
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abbreviate the vector (| X;n],...,|X,n|) and denoting |R| := [T, (bi — a;), we get

nd+2 Y Z e (1., |R‘ (Xne(L JLX”J)‘f)‘

XER, t=

n—1
< L X aeltn) — el )| < /cn( Vot  (413)
=0

where

0 Typrr. (4.14)

1 n—1 1

fr=sup —— Y Z/ ds‘x(O,y—x,-)+(hg—h£oro,y,x)
n2l 0 () €E(R,) 1=0

and where the last step follows by invoking the definition of }, ¢ along with the cocycle property.

The Maximal Ergodic Theorem for space-time shifts gives f € L?(IP) for some 5 € (1,p) and

Lemma 2.9 then ensures that (4.13) converges, as n — oo, to zero IP-a.s. Thus, if we can show

lim ~ ]E(xng(Tn Xn], )‘3?) —0, P-as. 4.15)

the claim will follow.
The advantage of working in this “continuum” representation is that it makes telescoping ar-
guments more manageable. Indeed, by the cocycle property we can write

Zne ([ Tn]. [Xn). ane( (k1)) = [Tk [X (k+1)] = [XKJ,- ) 0T i g (416)

Now note that [T (k+1)| — |Tk] € {0,1} while |X(k+ 1)| — | Xk| has £~-norm bounded by
some r € IN independent of n. Introducing

gei=sup Y Y |Hue(tz), (4.17)

n>11=0,1z: |zl0<r
and denoting Ay := {0,...,k} X Ry, we thus have
|

1‘113(7(,,,8(Tn, anJ,.)’y)’ <-Y = Y gon. (4.18)
n nE0K (e

Lemma 2.9 and (3.5) ensure that g € L?(IP) for p € (1,p). By the Spatial Ergodic Theorem,
the normalized second sum on the right converges to [Eg, and so does the Cezaro average over
k=0,...,n—1. But (2.38), Jensen’s inequality along with the cocycle property and the triangle
inequality for the L”-norm show

1/p
p
Ege < llgellurm) <c {JE\ [ as(te oot x(5.x.)] } (4.19)

zZ: ‘z‘ <r

for some ¢ € (0,o0) depending only on p, p, d and {. Lemma 4.4 then gives Eg. — 0 as € | 0
thus proving (4.15) as desired. O

As an immediate consequence we get:



RANDOM WALKS IN DEGENERATE ENVIRONMENTS 27

Corollary 4.5 For any {R,} as above,

nd+1/ dr £, (1) x;xtx —>0 P-a.s. (4.20)
Proof. This follows by combining (4.3) with (4.8). Il

We are now ready to give:

Proof of Proposition 4.1. We adapt part of the argument from page 227 in Sidoravicius and
Sznitman [36]. (The argument cannot be used directly as it relies on square integrability of the
corrector as well as separate ergodicity.) Denote ¥z(t,-) := |B| ™' Yyep X (2,x,-) and, given L > 1,
let {R,;: i=1,...,m(n)} be the enumeration of sets of the form (|n(z/L+1[0,1/L)%)|NZ¢ with
z € Z¢ that have a non-empty intersection with B,,. Denote B, := U;n:(?) Ry ;. Then Lemma 2.2
and a routine (by now) use of Cauchy-Schwarz inequality show

1/2
121111k S AR 1R, 0, 07 <||W 1 LERL).L, @@W (X)) . (4.21)
Now sum this over i = 1,...,m(n) and apply Cauchy-Schwarz inequality one more time to get
) T —11/2 w.g, 1/2
H%HI,I;BH,(_}L < Zl Han,iHI,l;Rm,Cn +CZ ||W Hl LE(B,).¢, B;n’ n(%) . (4.22)
=
Corollary 4.5 and the fact that m(n) is at most order L¢ ensures
1 m(n
s Zl 1Rl 1Resg, 2 0 Pras. (4.23)
1=
Lemma 2.10 in turn gives
sup - Hw s E(B).G < P-as. (4.24)

n>

Since ) solves (3.31) with V bounded, (2.51) and (3.4) also show

sup — éaw G (x) <o, IP-as. (4.25)
n>1 N
The claim now follows from (4.22) by taking n — oo followed by L — oo. 0

4.2 Sublinearity everywhere and proof of main result.

Recall the definition of the corrector from the previous section. Our next goal is to boost the
L!-sublinearity to an L”-version. Define the diffusive space-time cylinder

O(n):={(x,t): x€B,,0<t <n*}. (4.26)
We now claim that the corrector is sublinear on diffusive scale of space and time:

Theorem 4.6 Suppose Assumption 1.1 holds and assume, in addition, (1.12). Then

lim  max % (t,x,-)]
noe (1x)eQ(n) N

=0, P-as. (4.27)
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Recalling the notation || - ||, ;.5 ¢ for the normalized norms from (2.20), the key point of the
proof of this claim is the following proposition valid for general solutions to the heat equation.
We state it in a form which will be sufficient to deduce Theorem 1.2. A more general version of
the following result can be found in Corollary 5.9.

Proposition 4.7 (L' to L= bootstrap) Suppose Assumption 1.1 as well as the moment bound
(1.12) hold. Assume also that (2.31) are valid. There exist functions k, satisfying (2.31)-(2.34)
and constants Y € (0,00) and ¢,c’ € (1,00) (all depending on d and the choice of k, ) such that,
ifu: RxZ¢%xQ — R4 is a (measurable) weak solution to

iu(r,x,-) + Lu(t,x,-) = L, f, (4.28)

for some bounded f: R x Z¢ x Q) — R satisfying |f(y) — f(x)| < L for all (x,y) € E(B,) and
alln> 1, then for all r € (2d,2),

max |u(t,x)| <cW(r)" 12 (n.u) 429
(t,x)eQ(n)’ (.x0)] < cW(r) ull ) g, o (4.29)

where 1 < v (n,u) < ¢ and &, is defined in (2.37) and

W(r):= ! 4.30
(r) Slirl)mg%s);n] H’W MrrE an) & ( )

satisfies
W(r) <eo, forallre (2d,0/2). (4.31)

Deferring the proof of Proposition 4.7 to Section 5, let us show how it implies our main result.
We begin with:

Proof of Theorem 4.6. Since the corrector obeys the equation (3.31), this is immediate from
Lemma 2.10, Proposition 4.1, Proposition 4.7 and the boundedness of V. O

Next we note the standard fact:

Lemma 4.8 Suppose Assumption 1.1 and, given a sample of a = {a;(e): e € Z(Z%),t € R},
let {X,;: t > 0} be a sample of the random walk. The process t — T, x,a on Q) is then Markov

with a unique stationary measure P. Moreover, the process is ergodic in the sense that, for any
function f € L'(IP), we have

1 1
f/ dr f(t,x,a) — Ef (4.32)
t.Jo t—roo

for P-a.e. a € Q) and P°-a.e. sample of {X;: t > 0}.

Proof. The stationarity and reversibility of IP is verified easily by a standard generator calculation
and the limit in (4.32) exists by the Ergodic Theorem. The only item where caution is needed is
ergodicity which ensures that the limit value in (4.32) is constant IP-a.s., and thus equal to [Ef.
This boils down to showing that any event A C () which is invariant under the Markov shift
t — T;x,a is a zero-one event.
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We build on an argument in Andres [1, Proposition 2.1]. Let A be as above. For each t > 0, we
then have 14 = ¥ .7 p*'(0,x)14 0 7, IP-a.s. and so

0=14la= Y Lyep®(0.x)1a0T. (4.33)

xeZ4

Taking expectation and dropping all but one term from the sum yields
E(1sep™ (0,x)1a0Tx) =0, x€Z%t>0. (4.34)

Since a,(e) < 1 implies p*(0,0) > e~24, choosing x = 0 gives IE(14¢14 07, 9) = 0 for all # > 0.
Applying 7_; o under expectation and swapping the roles of A and A® then shows 14079 = 14
P-as. foreachr € IR, i.e., A is time-shift invariant IP-a.s.

Next pick a neighbor e of the origin and apply (4.34) to x := e. Injecting the restriction 7, < ¢
into the expectation, we thus get

E (1¢7,<114:p* (0,€)14 0 %) = 0. (4.35)

But time-shift invariance of A shows 1407, , = 14 0 7y, P-a.s. and, on {7, < ¢}, we have
t
p%(0,e) > e_z‘i’/ dsag(e) >e 2. (4.36)
0

It follows that IE(l{Teq} l4c1p 0 7p,) = 0. Taking t — oo and using that 7, < o P-a.s. (by As-
sumption 1.1(3)) we now again get 14 o 7o, = 14 IP-a.s. Hence A is invariant with respect to all
space-time shifts a.s.; ergodicity of IP then implies that IP(A) € {0, 1} as desired. 0

We are now ready to give the:

Proof of Theorem 1.2. Let y be the harmonic coordinate constructed in Theorem 3.1 and let {X; : ¢ >
0} be a sample of the random walk. Let .%; := o(X;: 0 <s <1r). The equation (3.2) then im-
plies that {w/(z,X;,-),.% };>0 is a martingale. Letting v € RY, the quadratic variation process
of t —v-y(z,X,,-) is given by

(v vl ), = [ dsforna). @37)
0
where

f(a) ::EO< ) ao(O,z)[v-W(O,z,.)]2>. (4.38)

z: |z]=1

In light of (3.4) and Lemma 4.8, the conditions of the Lindeberg-Feller Martingale Functional
Central Limit Theorem are satisfied. Hence ¢ — n~'y/(tn?,X,,2,-) scales as n — oo to a Brownian
motion with variance as in (1.14).

In order to complete the proof of convergence of ¢ —+ n~'X, » to Brownian motion, it suffices
to show that, for IP-a.e. realization of the environment,

sup

1
\—/E‘l[/(s, X5.:) = X;| —> 0. in P’-probability . (4.39)
0<s<t *°
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This is shown by noting that, for any M > 1 and any € > 0,

PO( sup (s, X, ) — X,| > sﬁ)

0<s<t

0
< PO sup [Wls.X0)| > MVE) T e (4.40)

0<s<t

For any fixed M > 1 and € > 0, Proposition 4.7 ensures that the indicator is zero for ¢ sufficiently
large IP-a.s. On the other hand, in the limit as  — oo followed by M — o, the probability on
the right tends to zero by the above convergence of ¢ — n~!'y(X,,2) to Brownian motion. This
implies (4.39).

In order to show that the limiting covariance X is non-degenerate suppose that v- v = 0 for
some v € R?. Then (1.14) and the cocycle conditions imply L, (v- w)(t,x,-) = 0 for all  and x and
thus by the differential equation, see (3.2), the function ¢ — v - y(z,x,-) = 0 is constant for each
x € Z¢. However, Assumption 1.1(3) ensures that t +— a,(e) is positive eventually and so this
means that vy (O,x, ) = 0 IP-a.s. If v # 0, this violates the sublinearity of ) from Theorem 4.6
and so we must have v = 0 after all. 0

5. MAXIMAL INEQUALITY VIA MOSER ITERATION

The aim of this section is give a proof of the maximal inequality for the corrector stated in Propo-
sition 4.7. The proof is based on Moser-iteration technique whose main input is the “one-step
estimate” stated in Proposition 5.2 below. In this section we provide the proof of Proposition 4.7
conditional on the one-step estimate; this estimate is then proved in Section 6.

5.1 Cut-offs and the one-step estimate.

Let us start with the statement of the one-step estimate. This will require working under spa-
tial and temporal mollifiers (or smooth cut-offs), denoted by 1 and & respectively, that will be
assumed to obey the following conditions:

Definition 5.1 Given finite sets B C B, C Z4, and parameters § € (0,1), p > 1 and M > 1, we
say that the (cut-off) functions k1, K, : [0,00) x Z% — [0, 1] are (By,B,)-adapted with parameters
(8,p,M) if, fori = 1,2, these functions take the form

K(t,x) = E(Omi(x), >0, xeZ9, (5.1)
with &: [0,00) — [0,1] and n;: Z¢ — [0, 1] satisfying
supp(n;) C B; fori=1,2 and my(x) =1 forx € By, (5.2)

and
EeC' fori=1,2 and & (1) <ME(t)P, |E(1)]| < SME(1)P, 1> 0. (5.3)

The spatial mollifier 1); should be thought of as a “smooth” version of the indicator of 1p,.
Note that the conditions in (5.2) imply 1; < 1,. An explicit construction of functions 1; and &; is
provided below in Lemma 5.5.

In order to state the one-step estimate, we need some more notation. Given e € E(Z¢) (and
recalling that edges are unoriented), specify one of its endpoints as its initial vertex x, and the
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other as y, (the choice will not matter in the sequel). Then abbreviate

Vf(e) = f(ye) = f(xe). (54)
In what follows, we will write || - [|»(x) to denote the £7-norm with respect to the counting mea-

sure, for any K C Z¢ (or, if functions on edges are considered, K C E(Z%)) and any p > 0. We
denote by L* (IR ) the set of Lebesgue-a.e. bounded functions supported in [0,0). Recall also

the notation p(a) := ¢-4; and §(B) := g for the “Sobolev exponents” from (2.23), and the
normalized norms || - ||, .5 ¢ from (2.20). We assume throughout that ¢ satisfies (2.31-2.33) and

we are interested in weak solutions to the inhomogenous equation
d
Eu(r,x) + Lu(t,x) = L f(t,x), t>0,xe€Z. (5.5)

We are only interested in the specific case f(¢,x) = x, see (3.31) and (3.11), for which a (weak)
solution to (5.5) has been constructed in Proposition 3.8, but the following results only require
that ||V || = () be finite. The “one-step estimate” is now the content of:

Proposition 5.2 (One-step Moser iteration) Let d > 2 and suppose Assumption 1.1 holds. For
all o € (2,2%), all B € (0,2) and all ¢ > 1 and p defined by

1 6 ]
— = +1-0, where8:= a(B) €(0,1), (5.6)

A

p  pla) q

there is ¢; = c2(d, o, B,q) € (0,00) such that the following holds for any weak solution u of
inhomogenous heat equation (5.5): For all finite By C B, C Z¢, all § > 0, all p € [1,pAgq), all
M > 1, all Ay > 2 and all (B, B;)-adapted functions Ky, K, with parameters (8,p,M) we have

2/ 2 A 2/
e el 2, g 31 < (A1) PG 20y 25 (5.7)
where Ay := A1/ p,
. 2
yi= =2 i & 1 s <1, 59
1 otherwise ’

(in particular, y € [0, 1]) and the prefactor A, takes the explicit form

1 2
r+o < +|B d) 5.9
T+ g 1A ] 5
with r,s related to &, as in (2.11), £y := supp(&;) and
L= VAR ) + 1OV M) oy + IV ) +1E/ Elim ) - (5.10)

Here f: Z¢ — R is the function on the right of (5.5).

- B,
Arg = ca(AAM)? [[E]lp (TV lw™! |||5,§;B.,§)w

The proof also exhibits the following estimate, which we record for later purposes:

Corollary 5.3 For the setting, notations and under the conditions of Proposition 5.2,

1/A A
Il Il s, o < Ar2) 2 G 2ull e (5.11)
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Remark 5.4 The allowed range of o implies that p(a) € (%,ﬁ) and, in particular, that
p(er) > 1. It follows that p defined in (5.6) satisfies p > 1. As a consequence, p € (1,pAq)
can always be found so that A, < A; (as will be desired).

The prefactor A1, collects all dependencies on the cut-off functions as well as the norm
lw! llz.s: 8¢, which we will control via Lemma 2.10. Our choices of parameters will even-
tually ensure that the term in square brackets on the right-hand side of (5.9) is of order unity, and
so A, is basically order—(lle )2. Both A; and M will change through iterations, but in such a
way that the overall product of prefactors of the type (A1 ,)! /%1 arising from subsequent iterations
remains bounded.

Proposition 5.2 is where the principal novel ingredients of the present work enter the proof of
Moser iteration; the rest is more or less just an adaptation of the arguments in [3]. Deferring the
proof of Proposition 5.2 to Section 6, we now proceed to discuss these adaptations and give the
proof of Proposition 4.7.

5.2 Iteration.

The fact that A, in Proposition 5.2 can be rather arbitrary, and p can be set to a quantity in excess
of one (see Remark 5.4), offers the possibility to apply the inequality in (5.7) iteratively to bound
high-(p,q)-norms of the solution to the Poisson equation by low-(p,q)-norms thereof. As we
also need to keep the quantity in (5.10) bounded, this means that the underlying domains, and
thus also the mollifiers, will have to vary throughout the iteration. The discrete nature of the
underlying lattice (and the need to keep the gradients of 7 bounded) only allows us to run the
iteration a limited number of times, albeit increasing with the size of the initial domain. Another
iterative argument will thus have to be invoked afterwards to convert the high-(p,q)-norm to the
maximum over the space-time box Q(n). This will then readily yield Proposition 4.7.

Let us begin by introducing the needed notation. We will consider underlying domains that
depend on two adjustable real-valued parameters ¢ and ¢’ which satisfy

1<o'<o<2. (5.12)

These parameters are introduced only for the sake of the second iteration and they will remain
unchanged throughout the first iteration. Given n > 1, consider a decreasing sequence of boxes
(Buk)k>0 such that

B, :=B(0,00n), where oy:=0 +27%(c—0). (5.13)
We then have
B, :=B(0.n) € Boin € Byt S Bux—1 S Bon CBop,  k>0. (5.14)
Next we introduce the cut-off functions (depending implicitly on the choice of ¢ and ¢")
Konde (£,%) := G (1) M (%) (5.15)

as follows: For all k > 0, the function 1,4 : Z4¢ — [0, 1] satisfies

supp(Muk) C Buks Muik =1onByii1 and ||Vl < ( (5.16)

O — Ors1)n
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(This can be achieved by interpolating linearly between B, x+1 and B, ;.) Denoting

1, ifr <0
b(r) := { exp (1—17%), ifr e (0,1) (5.17)
0, ifr > 1,
the function &, ;: [0,00) — [0, 1] is defined as
(t/nz)fk> < t — mn? )
akl(t) =06 ———— | =0 , 5.18
g ’k( ) ( AG’G/ (Tk—i-AG,O-/)nZ— ’L’kn2 ( )
where
._6_/ R Oo5 ; 5._672
Ao i= T and T :=0 + A5 Z y  with Oy := ?5 . (5.19)

l=k+1

As seen from the rewrite in (5.18), &, equals 1 on [0, 7n?] and then drops smoothly to O over the
interval [tn?, (T4 + Ag o' )n*]. Observe in addition that & € [0,1) are such that ¥~ & = 1 and

that k — 7 is decreasing with 79 = %"/ and lim;_... T, = o’. For later purposes we also record
that for all n,k > 0,
Eui(t) =1, fort<o'n’ (5.20)
Eui(t) =0, fort > on’. (5.21)

Note that 1,4, &k, T all depend implicitly on the choice of 6’ and o satisfying (5.12).

To see that the above choices are reasonable, we note:

Lemma 5.5 For all 6,0 satisfying (5.12), all n,k > 1 and all p > 1, the functions Kndo Knk—1
defined by (5.15), (5.16) and (5.18) are (B, x, By x—1)-adapted with parameters (nl—z,p,Mk), where

M, = (1\/A71

0,0’

[SEZRS (5.22)

Proof. The conditions (5.2) hold on account of (5.16) (in particular, note that 1, ;1 = 1 on By, ).
As for (5.3), first note that &, ; € C*. It thus remains to show that

Eni(t) < MEgo1 ()P and |€,,(1)] < %Mkén,k—l(t)p, t>0. (5.23)

For t > (T 4+ Ag.or)n* we have &, (1) = &, ,(t) = 0 and so these bounds hold trivially. In the
range t < T,_n’, we have irﬁ () = 1 and so the first bound is immediate, while the second
follows from

|E,i(1)] < AgLn2 6]l (5.24)

It remains to deal with the case 55 € (41, % + Ag o). For - in this interval, we observe

2 —-p
1 (5;8) < (f/”l ) — Tk—1 ) < sup [b(S)_p] _ e‘*(lp%%)zip < ep/ék7 (525)

én,kfl (t)p Aso B s€(0,1—-6)
and so Mi&,x—1(t) > 1V A;’IG, |6]|-. The first bound in (5.23) then follows immediately since

&qx < 1 while the second is obtained by invoking (5.24) one more time. O
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Lastly, we recall the definition (2.37) of {,, n > 1, obtained from {, cf. (2.31-2.33), by a
(diffusive) rescaling. Let

. ~1
c3 =e3(8) = 1VI[Ellp VIIE/Ellmmey v (té[%fz} ) (5.26)
A recursive application of Proposition 5.2 then yields:

Proposition 5.6 (Moser iteration) Suppose Assumption 1.1 and (2.34) hold. For all d > 2, all
oc (2,2%), all B € (0,2), all ¢ > 1 and p as defined in (5.6), there is c4 = c4(t,B,q,d) €
[1,00) such that, for all p € [1,p Aq), all integers n > 1, k > N, where

N:=N(p) =inf{k > 1;pF>2} —1, (5.27)
and all weak solutions u of (5.5) with f on the right-hand side satisfying ||V f|| () < % we have

7(nk)
wll B o (528)

2/pk CSW ):][{':1137 3p2k Ezpié )
(! ”mpkp,pkq;smk,g,,— (c—o)* e e I <0

where p' = p'(p) = pVp, ¢ = pq, cs := c4(c3)*ca, with c3 given by (5.26) and c; as in Propo-
sition 5.2,

W:=1Vsup sup [w! Is.s:8,.c. (5.29)
n>1me(n,2n]
and where ¥(n,k) € (0,1] is defined as
; k , 1=2p7 if €2 JulP 11,0, < 1.
k)= 1 toe with e = { P H il o (5.30)
(=N 1, else.

Proof. Letn > 1,k > N be integers. In view of (2.34), , satisfies conditions (2.31-2.33), hence
we may apply Proposition 5.2 for the choices § := §,, B := By, B2 := Bx—1, so that By C
B; by (5.13), the mollifiers kj := K,x and K := K, x_1, which are (B, B x—1)-adapted with
parameters (n%,p,Mk) by Lemma 5.5, and A; := p*, which satisfies A; > 2 by (5.27) and since
k > N. Noting that 7, as defined in (5.30) corresponds precisely to ¥ in (5.8), the one-step
estimate (5.7) reads

e Tk (5.31)

1 k 2/ k—1
< (A",k> /e H} Kn,klil u P p, ok 1q; Byy—1,Gn

P*p.p*q; Bl —

where

An = M| Gull LV W g 5:8,0,)
Tl | 2) (e 1)
x o Tt — | [ ————+|Buil? ) |, (5.32)
‘Bn’k‘ nk I’lz lnftezmk Cn (t) ‘ " k|

Tk := IV A=y + 1OV (V) =) + 1Y Mkl ) + 160/ Gall ) (5.33)

and X, 4 := supp(&,x ). As we will now demonstrate, A, is bounded uniformly in n by a quantity
whose growth in k can be controlled.

Clearly, ||l = €]l < c3, while 1V [[w™ | 5.5, <W onaccount of (5.29) and (5.14).
Similarly, |B,x—1|/|Bni| < |Ban|/|Bn| is bounded uniformly in n and k. Regarding the term in

with
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the large brackets in (5.32), by the assumption on Vf and (5.16), and since ||§, /&, [~(R,) =
| é/CHL"'(]RJr) /n?, we obtain, recalling also (5.13) and (5.26),

1 . 4 5 42201
Lok < ﬁ(l + HC/CHLDO(]R” +(0k —0ky1)” +(0k — Oky1) ) < m- (5.34)

Finally, (5.12) and (5.21) show X,,x C [0,2r?] and so

-1 -1
inf z) <n2< inf z) < ey, 5.35
(o o) <e( inf ¢0) ses (5.35)
whilst |B,x|7 < |Ban|é < cn?. Recalling that My < ¢(o — ') 1eP¥, cf. Lemma 5.5 and (5.19),
and noting that there is a numerical constant ¢ such that Q2 p‘”‘ < ceP* holds for all p > 1landall
k > 0, we thus obtain
W e3pk2’

(c—0')*
where ¢4 = c4(a, 8,q,d) > 1 collects the various numerical prefactors in the above estimates.

Substituting (5.36) into (5.31) and using that A, > 1 while 7%, < 1, the claim (5.28) read-
ily follows by induction over k (starting at k = N + 1), noting also for the very last step that
Bon/Bun < ¢(d), which can be absorbed by adapting the constant c4, and extending the arising
sums over £ to start at 1 (rather than N + 1; the term in square brackets on the right-hand side of
(5.28) is greater or equal to 1). O

Ak < ea(e3)%eq (5.36)

Following up on Corollary 5.3, one also has the following bound:

Corollary 5.7 Under the setting and assumptions of Proposition 5.6, for alln > 1, k > N, all
p € [1,p Aq) and all weak solutions u of (5.5), with f on the right satisfying ||V f|| () < L

>

Yok
pkilpvpkilq;Brkal’gn' (537)

2 l/pk
) ky1/pk W e3Pk 2/pk!
T HAE T Py’
Proof. We use the same setting as in the proof of Proposition 5.6 but invoke (5.11) instead of (5.7),
and then apply (5.36). O

5.3 Proof of maximal inequality.

Our next task is to “upgrade” the bound (5.28) to an estimate on the maximum of the solution u
over the space-time cylinder Q(n). First we state (in Lemma 5.8) a rather immediate consequence
of Proposition 5.6 which bounds the maximum of u in the space-time cylinder By, x [0, 06"n?]
in terms of the (p’,¢’)-norm (for p’,q’ as above) of u cut off outside of a slightly larger cylinder
with spatial base Bg,. Keeping all dependencies on ¢,0’ explicit is crucial as these will be
subsequently varied to replace the (p’,¢’)-norm by the (1, 1)-norm.

Lemma 5.8 Suppose Assumption 1.1 and (2.34) hold. For all d > 2 there is ¢ = co(d,p) €
(0,00) such that for all a € (2,2%), all B € (0,2), all ¢ > 1 and p as defined in (5.6), and for
all integers n > 1, all p € (1,p A\ q) and all weak solutions u of (5.5) with f on the right-hand



36 BISKUP AND RODRIGUEZ

side satisfying |V f| =) < Lwe have

Vi) (5.38)

2
K
’ p,5q/;Bo'ns§n

1
CsW p-T
tx)| <eg | —20
e, 11D | S €0 [(6—6’)4] ”‘
where p' = pNp, ¢ = pNq, Kuo is defined in (5.15), W is as in (5.29), cs is the constant from
Proposition 5.6 and 7' (p,n) := 7 (n, ([loglogn/logp1)V (N+1)) for 7(-,-) as defined in (5.30)
and with N = N(p) given by (5.27).

Proof. Let k > N +2, with N = N(p) given by (5.27). For any k, the function K%p ' is equal to
1 on B, i+1 % [0,7kn?] D Bgry X [0,6'n%], cf. (5.16) and (5.20). Using that supp(&,) D [0,0'n?]
by (5.12) and (2.31), and applying Corollary 5.7 and Proposition 5.6 (the latter for index k — 1 (>
N)), we thus get

2/p*
ma t, < ma K t,
(t,x)e[O,o"ri(z]XBgln‘u( X) —(t,x)e[O,c’tfz]ng/n‘( mk u)( X)‘
2 ~pk e
< K iP ) (1,
< oy 5 ]
(2.21) _ 1/
R R e 539
1/
(537)| kfl/p CSWe3Pk m 2/pA1 Tk
n (chl)é" nk—1 pkilpvpkilq;Bn,k—hCn
k-0
(5.28) I esW ]EAP -
1/ 5 3pyiole (n
Do ] e

Choosing k := [loglogn/logp|V (N(p) +2) ensures that |Bo| 1P < ¢é(p) uniformly in n. The
claim follows upon defining c¢6(p) = ¢(p) exp(3p( “(p+ BE )) by noting that Y7, 2p'~* = p?(p +
D(p—1)3and Yy, pf=(p—1)""forallp > 1. O

The replacement of the (p,q)-norm by the (1,1)-norm is the subject of the following lemma,
which is more or less drawn from [3]. The proof of Proposition 4.7 will then quickly follow,
using also Lemma 2.10 to bound W.

Lemma5.9 Forthe setting of Lemma 5.8, there are c; = c7(o, B, p, p,q,d,c3(8)), cs = cs(p, p.q),
and cg = 09(06,[3’13,[?,6],61,03(;))

max |u(t,x)| < ;W || Ljo, 2 U H (5.40)

(£.x)€[0,n2] x By, L1 BZn &

where 1(),,2) abbreviates the indicator of t € [0,2n%], and 7y, (u) satisfies 1 < ¥,(u) < co (and
Yo (1) also implicitly depends on the same set of parameters as co).

Proof. Define 6; :=2 — 2~ for i > 0, which is increasing in i with 6y = 1 and lim; . 6; = 2.
Abbreviate
£ loosi == max | f(z,x)]. (5.41)

(1.x)€[0,6in%] xBg;n
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Our goal is to estimate [|u||«o by the right-hand side of (5.40). We will apply (5.38) repeat-

edly with 0’ := 6,1 and 0 := ;. We will write K'( g for the mollifier with these choices of o’
and o, and let 7/ := 7/(p,n) denote the quantity deﬁned below (5.38) for this pair, recalling
the dependence of this quantity on ¢ and ¢’ via the cut-off function & appearing in (5.30).
(Since n will remain fixed, we will suppress it whenever possible.) Using (2.22) and (2.29)

with 8 := 0(p,q,p) =1 — qu (€ (0,1)), where p’ = pVp and ¢ = p"q, we then have for
eachi >0,
m (K( ) 2” [J’,q’;B(yl-mgn < m YEI()) p \/ql P'Vq’;Bﬁin,Cn
' 0
< Il ully o | (i) ull, (5:42)
< CH} 1[0 2n2)U H‘] 1; Bap, an |||

for some ¢ = ¢(p,q,d) € [1,00), where the second line follows from supp(K,Ef())) C [0,6;n%] x
Bs.n C [0,2n%] x By, and the fact that |By,|/|Bs.n| < |Bau|/|B,| is bounded uniformly in 7 and i.
Inserting (5.42) into (5.38) while noting that &; — 6;_; = 2~ yields, forall i > 1,
Ulfoojm1 = max u(t,x
oo = o max - Jute)
(5.43)

< c2*W)P gy 2]

for some ¢ € [1,o0) depending on the parameters p, ¢, and p but not on n or i. Iterating (5.43),
we obtain, for all m > 2 and some constant ¢ € [1,00) depending on the full set of parameters

a,ﬁ’p,paq,d,CE(C)’

max
(t,x)€[0,n%] x By,

u(t.x) [ = [[ufleeo

< [ewr T ‘]HZA ([T )6 [27-T 1]1+Zk A= ket (5.44)

x| gy EE T B0y 00

Now, since 7/ < 1 forall i > 1, see (5.30) and below (5.38), and || u ||, is bounded uniformly in m
(e.g., by the maximum of u over [0,2n%] x B5,,, which is finite by our assumptions on ) the last
term on the right of (5.44) tends to 1 as m — 0. The claim (5.40) follows from (5. 44) by letting
m — oo (the sums in the exponents all converge) and letting ¥, (1) = 1 + X r, ([T-=] v/ )k6*. O

We are now ready to prove the desired maximal inequality:

Proof of Proposition 4.7. The claim will follow by applying Lemma 5.9 for suitable choice of the
parameters. Fix d > 2 and ¥ > 4d as appearing in (1.12) and any r € (2d,3). Let s := r and let
o and f3 be defined by (2.11) in terms of  and 5. Note in particular that 8 € (0,2) and o < 23 %,
as follows plainly from (2.11). Moreover, since r > 2d,

1(211)<1+1 1) d <1<1 1> d 1
a \2 r d/d-1 "2\ d/d-1 2
as required by Lemmas 5.8-5.9. Having selected o and f3, the parameters p and g are defined by

(5.6) (and are both larger than 1, as noted in Remark 5.4), and we choose p = %(1 +(pAq)).
The claim (4.29) is then an immediate consequence of (5.40). The (crucial!) fact that W (r) < oo
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can be arranged, cf. (4.31), follows from Lemma 2.10 by choosing k, := 2#(1 +¢)* with
any L € (4,209 /r) (note that 29 /r > 4 by our choice of r) and {(7) as in Lemma 2.8, with
vi=u/2. O

6. PROOF OF ONE-STEP ESTIMATE

Ouf final task is the proof of the one-step estimate in Proposition 5.2. The proof hinges on
three ingredients. The first one is the weighted Sobolev inequality proved in Lemma 2.3 which
bounds a suitable norm of f by the weighted Dirichlet form &"(f). The second ingredient is
a comparison of the weighted Dirichlet form with its “bare” counterpart &°(f). Lemma 2.11
provides such comparison when the argument is u,, the solution to the Poisson equation (2.46),
inside a box; unfortunately, since we need to consider powers of the solution and invoke different
(smoother) spatial and temporal truncations, we will have to prove the needed bound again. This
is the content of (rather long) Lemma 6.1. The final ingredient is a bound on the resulting “bare”
Dirichlet energy in terms of a suitable norm of the solution. This is done in the second subsection;
the proof of Proposition 4.7 is presented right afterwards.

6.1 Dirichlet energy comparison.

We begin by a comparison of the Dirichlet energies for powers of the solution of the inhomoge-
neous Poisson equation (2.46) mollified by spatial and temporal cut-off functions. While neces-
sarily more involved, the mechanism behind the proofs is similar to that of Lemma 2.11.

Let us introduce some more Dirichlet forms which will recurrently show up in what fol-
lows. Recall &"(-) and &"¢(-) from (2.9) and (2.10), with weights w as defined in (1.17).
For f: E(Z?) — R and recalling our notation x, and y, for (arbitrarily ordered) endpoints of
edge e, define

w(1)(e) 1= 5 (F(x) + F0)), e € E(ZY), 6.1

Using our earlier notation V£ (e) := f(v.) — f(x.) for the gradient of f, for all g,h: Z¢ — R, the
discrete product rule reads

V(gh) = av(g)Vh+av(h)Vg. (6.2)
Given n: Z% — [0, 1] with finite support and any g: Z¢ — R, let
a 2
Eae(8) =Y av(n®)(e)ai(e)|Vg(e)| (6.3)
ecE(Z7)

and, similarly to (2.10), for any f: [0,00) x Z¢ — IR with compact (space-time) support, define

S ()= | drg(0EL (). (6:4)
n 0 M
Recall the definition of the norms || ||, .5 ¢ in (2.8). We then have:

Lemma 6.1 (Conversion of Dirichlet forms) Suppose Assumption 1.1 and (2.33) hold and let c|
be the constant from (2.33). There is cio = c10(d) € (0,00) such that the following holds: Let u
be a (weak) solution the equation (5.5) with V f bounded uniformly on E := E(Z¢). Fix B C Z*¢
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finite and suppose 1: Z¢ — [0,1] obeys suppn C B. Let &: [0,00) — [0,1], with the value at t
denoted by &, be a C'-function with compact support. Then for all A > 1,

£ (Eni) < crc10A? |55 ET) + VAR o) | €210y

IV i) €21 g+ NE P |- (65)

A

where i := sign(u)|u|* and where & denotes the derivative of £.

Remark 6.2 The precise form of (6.5) is tailored to our future purposes, in the sense that the
Dirichlet form &% ( éﬂ’l) naturally comes out of a later energy estimate, see Lemma 6.4 below.
It is important that these two quantities be matched.

In the proof we will need:
Lemma 6.3 Foralla,b € Randall A > 1, with @ := sign(a) A we have

(la* 72+ b[**72) (b —a)? < 8(B* —a*)*. (6.6)

Proof. Suppose first that @ and b have the same sign. In this case, (b —a)? = (|b| —|a|)? as well
as (b* —a*)? = (|b|* —|a*)? and so (6.6) can be recast as

(lal*=2 + [6*~2) (|| —lal)* < 8(|6]* —lal*)?. (6.7)

This is proved by setting x := |a|/|b| (assuming |a| < |b|) and noting that 1 —x* > 1 —x for
x€[0,1] and A > 1 (in fact the inequality even holds with 2 instead of 8 on the right-hand side).
Suppose now that a and b have opposite signs. By symmetry, it is enough to consider the case

a >0, b <0, in which, using that (a+ |b|)? < 24 +2|b|?,

(‘a|2l—2 + |b’21—2) (b*a)z — (a21—2 + |b‘2).—2) (a+ |b‘)2 < 8(61\/ ’b|)2),

. (6.8)
< 8(a®* + |p|?*) < 8(a* +[b*)* = 8(a* —B)”.
The claim follows. O

Proof of Lemma 6.1. We build on the argument from the proof of Lemma 2.11 which we hereby
invite the reader to inspect first. To start, using the discrete product rule (6.2), the definition of
the weights w in (1.17) along with the inequality (a + b)? < 2a* + 2b* and the bound av(n)? <
av(n?), and minding that & is a function of ¢ alone, we obtain for all ¢ > 0 that

gni) =& [ asky Las(e) (Vi) (€))’
<2/ ds k,_ ,[Zas étav )Vut Zas aV ”z Vn) (e) (6.9)

<280 (&t ) + 24| [ V0 |2€7 Hrufr“Hw (®)

where é%z() is the quantity from (6.3) with w; in place of a, and where || - ||;1 abbreviates the
L'-norm on [0,0). Note that (2.33) implies ||k||.1 < c;. In view of (2.10) and (6.4), multiplying
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by {(¢) on both sides of (6.9) and integrating over 7, it thus suffices to show a bound of the form
(6.5) for éa:z’é (Ei*) in place of & (Enit*).
Using that av(n?) < 2av(n)?, we write, for all > 0,

o (Gi) / ds ky_ lZ asav(n?))(e) (& Vil (e))”
<2/ ds ks X (asav(1)) (¢ ) (EVit(e))? (6.10)
+4/ ds ks tst ( av(n Vﬁ?—&sav(n)Vﬁ?)(e)z.
Multiplying the first integral on the right by { () and integrating over 7, we get
[ arc@ ([ ask s Elaavn) e &V @))
_/ ds &7, (&t /dtC ke , 6.11)
which in light of the definition of K; in (2.32) and (2.33) is at most clf;z’g(éﬂ’l). Hence, this

term contributes directly to the first term on the right-hand side of (6.5). Concerning the second
integral on the right of (6.10), the discrete product rule (6.2) implies

Eav(n) Vi — Eav(n) Vi

N

9 n A i (6.12)
= —Gav(@ )V + Gav(as)Vn + (& V(i) — &V (nis)).
In conjunction with the inequality (a+ b+ ¢)? < 3a* + 3b* + 3¢?, this yields
/ ds ky_ ,Zas (g,av Wik — gsav(n)w&) ()2 <3[1M +1% +11], 6.13)

where

- wdsks_zZas(e)éf(aV(ﬁf)Vn)(6)2,
/ dsks-o Las(e) B2 (@ V) o) (6.14)
Vim [Caske Lade) (&V(nﬁ?)—év(nﬁf))(e)z-

We will now show separately that, upon multiplication with {(7) and integration over 7, each of
the three terms 1", 1?, 1®) in (6.13) is bounded by the right-hand side of (6.5).

Using that a; < 1, we immediately get I,(l) <2d||k|| 1 IV 112 E2 e P2 || o () forallz > 0. Since
lk]| 1 < c1, this shows

/Odtg() < 2det[|VN |7 || M”HHBC (6.15)
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(2)

Some more care is needed to bound [;”dt {(¢)1;
(2.33) along with as(e) < 1 again, we obtain

/Omdzg(z)zt@):/ as /dtC ks Za #)vn)2(e)

< 2dc ||V |2 ]| €2 |ul?||

. Exchanging the order of integration and using

(6.16)
1,I,B,g®

(3)

It remains to derive a suitable bound on 7,7/ which is considerably more involved. First, the
assumption as(e) < 1 and elementary symmetrization arguments yield

<4d/ ds ky_ zZ (& (x) — &t (x)) 0 (x)? (6.17)

with the summation effectively only over a finite set since 1 has finite support. We now use that u
solves (5.5) along with the fact that d,ii;" = A|u, |’1_1 oy to get

) - &t () = [ ar 3 (&)
— /tsdrg',af (x)+ /[Sdr EA|ur(x) 7Y (Lof) (x) (6.18)
- [ &P (L) ).

Substituting (6.18) into (6.17), using the Cauchy-Schwarz inequality and the standard inequality
(a+b+c)* <3a®+3b* +3c?, we thus get

1 < 12d[A,+ B +¢], (6.19)

where

A= [Caske (=0 X ([ arn @€l (0P,

B, = / ds ks (s—t ; /dr?t2 § |uy (x )|M*2(L,f)(x)2> (6.20)
¢ = / dsk, ((s—1) Y /drlz V&2 () P2 (L) ().

The following consequence of our basic assumptions on § and k will be useful for bounding all
three quantities in (6.20): For any measurable g: R — [0,c0), the definition of K, in (2.32) and
condition (2.33) imply

/dtC (/ dskyts—t /drg >
—/ drg(r </ dr §(¢ (/ du kyu ) (6.21)
/ drg(r /dti: VK~ <cl/ drg(r
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Indeed, applying this with g(r) := (&,)|u,(x)|** (which is indeed non-negative) yields

/0 §(1)Andr < 1| (B PP (6.22)

which in light of A > 1 is bounded by a corresponding term on the right-hand side of (6.5). For
the term B, we use a,(e) < 1 to bound (L,f)* < 4d2||Vf||§m(E). Then (6.21) shows

/0 dr £(t) B; <4d’ciA*||VF|12 ngyu|M—QHM;B£. (6.23)

In order to bound C;, we first use the Cauchy-Schwarz inequality, a; < 1, n(x)*> < av(n?)(e) and
Lemma 6.3 to get

Eon (0% (P2 ) ()
= ¥l 2( <y>—ur(x>})2

<2dZ!ur (x) A2 Z )(e) [ur(y) — ur(x)]? (6.24)
<2 ¥ (o R

<16d Y (av(n*)a,) (e)(Vit})(e)* = 16d&7% , (it}).

Plugging this in (6.20) and invoking (6.21) then yields

/dtC C,<16d12/ dr §(1) </ dsksts—t /dr n2 (&) ))

(6.25)
< 16dci 22 /O dr &4 (E7)E(r) = 16dei 22655 ().

It follows from (6.19), (6.22), (6.23) and (6.25) that [ (t)l,(S)dt admits the desired bound. The
proof of (6.5) is complete. O

6.2 Energy estimate.

Our next step is the so-called energy estimate which bounds the Dirichlet energy of powers of
solution to the inhomogeneous Poisson equation (under truncation with respect to space and time)
by a suitable norm thereof. The same calculation also produces a pointwise estimate (in time) of
the ¢'-norm of the (power of) solution weighted by {. The precise statement is as follows:
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Lemma 6.4 (Energy estimate) Suppose Assumption 1.1 and (2.33) hold. There is a numerical
constant cyy € (0,00) such that for all A > 1 and for any solution u of (5.5), we have

max { sup ()]} (&maf )] 6555 (6}

<cpA?

HVfH%m(E) H§2|”|M_2H1,1;B,C + H(Vf)(vn)HEw(E) ngMM_] H1,1;B,§ (6.26)

(VAN 18/l )PP+ [0 P J.

Proof. Repeating the argument leading to (5.18) of [3] and using that a; < 1 yields an absolute
constant ¢ € (0,00) such that the bound

AN g+ e )
<cA’ [”VT,H%"“(E)H‘”t’MH({‘(B) + ”VfH?w(E)H‘“t‘m_zuéu(m
+ H(Vf)(vn)Hé”(E)H’ut’yLingl(B)} (6.27)

holds for all # > 0 and all A > 1. Next we observe that, for all s > 0,
| a0 (=al )
= C(S)é-zH(nﬁ?)zHNB)Jr/s dr || ()| ) 9 (E(EF) (6.28)

. d 2
> LM gy~ 18/ i |E2 i~ | o

LIBL

Multiplying both sides of (6.27) by {(¢)&?, integrating over ¢ from O to infinity, invoking (6.28)
with s = 0 and foregoing the term {(0)&Z||(nil)?| (B)> We find that é"nagc( ii*) is bounded by
the right-hand side of (6.26). Repeating the argument, but this time neglecting the term é‘;%z (ﬁ?)

in (6.27), and integrating from s to infinity, we infer that ¢ (s)||(&mnil)?|| ¢1(p) admits the same
bound, for all s > 0. Hereby (6.26) follows. O

6.3 Proof of one-step estimate.

The proof of Proposition 5.2, which we are about to give, combines the Sobolev inequality of
Corollary 2.5 with Lemmas 6.1 and 6.4. The conversion lemma (Lemma 6.1) will play a pivotal
role in recovering the Dirichlet form that the energy estimate gives us information about; namely,
the one naturally associated to the Poisson equation (5.5), cf. Remark 6.2(1).

Proof of Proposition 5.2. Abbreviate A := A; /2 and note that A > 1, as will be desired for appli-
cations of the previous two lemmas. In view of (5.6) and the interpolation inequality (2.29), we
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have

2/ M 1/A

5 %

unmp g sg = | @) |7

|2 p,20g: 810 = 155 (6.29)

S [N N (LD reae

We will now estimate each of the arising norms 1nd1v1dua11y.
We begin with the second norm on the right of (6.29) as its control is easier. The energy
estimate (6.26) from Lemma 6.4 along with supp(&) C [0,0) readily yield

IOl v, g = splB G OME
-1
<[t o] Bl s {0 0ma

tesupp (&)
(6.30)

—1
<cpA?| inf B!
send?[_if ] i

er 222 221 22 H H déf 21” ’
(el e w4 ]

where T is as defined in (5.10). Since the weights ki, k» were assumed to be (Bj,B;)-adapted
with parameters (8, p,M), (5.3) shows that, for all > 0,

d
‘ &l ’_251 0)|E(1)] < 26M2E,(1). 6.31)
With the help of Jensen’s 1nequa11ty we in turn get that, for k =0, 1,2,

B E A, = NG I méﬂu\%"ml 18,.¢
<18l &7 |”°HHI; e o A

where in the last step we used that élzm <& < M2§22p thanks to & € [0,1] and (5.3). Substi-
tuting (6.31) and (6.32) into (6.30), we find

(6.32)

F+5

Il ()2 <3en (M1l e g 187 e 639

H} l,°°;B|,§

where we also invoked the definition of y from (5.8).

We now turn to the first norm in the second line of (6.29). Using the Sobolev inequality from
Corollary 2.5, whose conditions are met for the allowed range of @ and f3, cf. above (5.6), and
subsequently applying the energy-conversion Lemma 6.1 yields

2,0 S (Emit)
215 13 lo—1
m Kl“ } ).4(B): B1.C < ¢pl|Bild|lw ”’g,%,BI,CT
©5) T éi;llég(élﬁl)
< cpercioA” Byl ||w |||§,%,BI,C T (6.34)

80 (T &7+ 2]+ (02 IHM;BI,g)] -
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The “bare” Dirichlet energy on the right is now bounded using Lemma 6.4 exactly as above with
the result

i (Giit)

|B1|
The remaining terms are estimated directly with the help of (6.32) and the bounds on the mollifiers
in (5.3). This yields

<3er (AM)2(T+8) 1|1 || &2 |u || (6.35)

LIBLE

Il (i)

a),4(B); B1.§
sm( MU g g2 1l | B0+ 8)] [ &P ]y (636)

In order to covert the last norm to the desired form, we observe that, since 17, = 1 on B; by
assumption, cf. (5.2), and minding that p/p > 1 and ¢/p > 1, we have

|B1] ¢!
|Bl| Wézzp‘ ** H‘11Blg = H} K2P|”|2/l H|1132§

(2

‘21 H‘ _ m 2/12

H! K57 u 2y = w32 pnc (6.37)

where we also recalled that A, := A;/p = 24 /p. Substituting this into (6.33) and (6.36), and
then these back into (6.29), the claim follows by noting that y < 1. Il

We also need to finish:

Proof of Corollary 5.3. This is due to (6.33) (recalling that 24 = A;) and (6.37). O

APPENDIX
This short section collects various calculations that were relegated here from the main text of the
paper. Specifically, we give proofs of Lemma 1.4 and Lemma 4.4.

A.1 Moment comparisons.

We begin by a comparison of the ranges of parameters for negative moments of ag(e) with the
positive moments of 7:

Proof of Lemma 1.4. Let g > 0 be such that E(ag(e) ™) < oo. (Otherwise there is nothing to
prove.) The assumption of separate ergodicity and the Pointwise Ergodic Theorem then imply

/dsas ~4 — E(ao(e) ). (A1)

t—ro0

Next fix M > 0 large. Renewal considerations show

1 T.A\M _q
/ ds as e IEW]E(/O dtat(e) > (A2)

E ( / M a,(e)q> — B(T, A\M)E (ao(e) ). (A3)

It follows that
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Next we note that Holer’s inequality shows, for any r > 1,

T.AM T,A\M 1/r T.A\M N
TeAM:/ dr1< (/ dta,(e)dt) (/ dta,(e)*ﬁ) (A4)
0 0 Jo
The definition of T, ensures that the first term on the right is at most 1. Raising both sides of
the resulting bound to power -5 and setting r := 1+ 1/¢, which is equivalent to ﬁ =gq and
L =g+ 1, then gives
T.AM
E((T, AM)**!) <E </ dtat(e)_q>. (A.5)
0
Plugging in (A.3) and bounding E(7, A M) by the _+-power of E((Z, AM)?T1) shows
g+l

E((T, A\M)**!) < [E(ao(e)’q)} .. (A6)
Taking M — o and invoking the Monotone Convergence Theorem, the claim follows. O

A.2 Approximating corrector by gradients.

Our next task is to complete the proof of Lemma 4.4 showing that the corrector lies in the closed
subspace generated by gradients of LP-functions. In order to avoid dealing with complicated
summation formulas, we will cast the proof in functional-analytic notation and language.

Fix p > 1 such that the integrability conditions in (3.5) apply. For each k = 1,...,d, consider
the linear operator T; : L (IP) — L”(IP) defined by

Tief == foTos (A7)
with &, the k-th unit vector in Z¢. We also set
1
funif = [ diforo (AS)
for the corresponding time-shift. The operators 71,. .., T;, | commute and they are all contractions

(by Assumption 1.1). For any € > 0 and k = 1,...,d + 1, the operator (1 +& —T;)~" is well
defined and can be expressed as ¥,>o(1+€) "~ T/". Let A: L (IP) — L”(IP) be defined by the
LP-limit

. 1l
Bf:=1lim-Y T/f (A.9)
n—oo N /=0
which exists by the Pointwise Ergodic Theorem, see [26, p.9, Thm. 2.3]; the fact that the conver-

gence is in L? follows in standard fashion by uniform integrability. Rewriting Tk” = AZ“ — A}
with A} f := ZZ’;(I) Tlf f, simple resummation shows

2
1
e(l+e-T)'f=Y ————-Alf. (A.10)
ng'l 1+£ ntlp
From (A.9) and },,>, 1+£)2,1+1 1, we thus have
e(1+e—Tk)*1fL—fo>13kf, feLr(P). (A.11)
€

foreachk=1,...,d+ 1.
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Next, consider the (vector) valued functions u,...,u 1 defined by

we:=x(0,6r,7),  k=1,....d, (A.12)

and |
Ugi1 ::/ dr x(1,0,-). (A.13)

The cocycle condition then reads "
(1-T )uk—(l—Tk)uj, Jk=1,...,d+1, (A.14)

By the cocycle property and (A.9) we also have
f’kuk:l}i_rgxm’zék’.), k=1,....d+1. (A.15)

The cocycle property then also gives, for each j # k and each ¢ € IR,
X(O,nék, ) o Tt,ej - X(O,nék, ) +x(t,€j, ) o TO,nék - x(t9eja ) (A16)

Upon division by 7, the last two terms on the right tend to zero in L” (IP) and so P is invariant
under space-time shifts. A completely analogous argument applies to u#,441; in light of the joint
ergodicity of IP with respect to the space-time shifts we thus get

Py =0, k=1,....d+1. (A.17)
We are now ready to give:

Proof of Lemma 4.4. Define h; by
d+1

he := Z et ln “luy. (A.18)

Pick / =1,...,d + 1 and use (A.14) along with the fact that Ti,..., Td+1 commute, minding also
the rewrite 1 —T; = (1 +&—T}) — €, to get
d+1

(1—T))he = Zekl (1+e-T)"

:»

—_

J

(1 —|—8—Tj)71ug

=

d+1 )
=Y '1-1)
=

= (A.19)
d+1 k—1 k
=Y | JO+e-T) " = [[1+e-T) | w
k=1 j=1 j=1
d—+1
=u— e T(1+e—T) " u,
=1

where the last line follows by noting that the expression on the line before is a telescopic sum.
Since ||e(1+€&—1})||r—1» < 1foreach j=1,...,d + 1, the norm of second term on the last line
is at most that of €(1+ & —T;) ~'u,. But this term converges to Pju; by (A.11) which vanishes
thanks to (A.17). This implies that, forall / = 1,...,d + 1,

(1—1;)he e in L?(P), (A.20)
€
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which is now easily checked to give the desired claim. U

Remark A.1 Under the assumption of separate ergodicity — i.e., triviality of I’ on events A such
that, for at least one k = 1,...,d + 1, we have T;14 = 14 — we have Py, = 0 for all k,/ =
1,...,d + 1. Tt then suffices to take & := (1 + & — T} )uy; cf Biskup and Spohn [13]. However,
unlike erroneously concluded in [13], this does not suffice for IP that are only jointly ergodic
where one has to use (A.18) instead.
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