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Abstract. We consider the discrete Gaussian Free Field (DGFF) in scaled-up (square-lattice) versions of suitably
regular continuum domains D C C and describe the scaling limit, including local structure, of the level sets at
heights growing as a A-multiple of the height of the absolute maximum, for any A € (0,1). We prove that, in the
scaling limit, the scaled spatial position of a typical point x sampled from this level set is distributed according to a
Liouville Quantum Gravity (LQG) measure in D at parameter equal A-times its critical value, the field value at x
has an exponential intensity measure and the configuration near x reduced by the value at x has the law of a pinned
DGFF reduced by a suitable multiple of the potential kernel. In particular, the law of the total size of the level set,
properly-normalized, converges to that of the total mass of the LQG measure. This sharpens considerably an earlier
conclusion by Daviaud [17].
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1. Introduction

It has long been recognized that the two-dimensional continuum Gaussian Free Field (CGFF) offers a
variety of constructions of random fractals with an underlying conformally-invariant structure. This has
been used fruitfully in the work of Schramm and Sheffield [30] on the convergence to SLE, of the level
lines at specific heights of order unity and the ensuing coupling of the whole field to the Conformal Loop
Ensemble by Sheffield and Werner [32,33]. Other examples include the study of the Gaussian Multiplicative
Chaos associated with the CGFF, known widely as the Liouville Quantum Gravity measure. This goes back,
in greater generality, to the works of Kahane [21] (see Subsection 2.3 below) and is also a part of the recent
research programs of Miller and Sheffield on its connection to the Brownian Map [27,28] and on imaginary
geometry [23-26].

A parallel, and largely independent, line of recent research has focused on various quantitative aspects of
the extremal values associated with the discrete Gaussian Free Field (DGFF). This is a Gaussian process
{hs: x € Z?} marked by a proper (typically finite) subset V of the square lattice (other infinite graphs can
be considered as well) with the law determined by

E(h;) =0 and E(h,h,)=G"(x,y), (1.1)

where GV denotes the Green function of the simple symmetric random walk in V' killed upon exit from V.
(In particular, h vanishes outside of V' almost surely.) Here an early paper of Bolthausen, Deuschel and
1
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g

Fic 1. Plots of the level sets (1.3) for a sample of the DGFF on a square domain with N := 500 and A taking
values (as labeled left to right) 0.1, 0.3 and 0.5, respectively. The clustering (and fractal) nature of these sets is
quite apparent.

Giacomin [12] showed that the maximum of the DGFF in square boxes Vi := (0, N)? N Z? grows as

max hy ~ 2,/g log N, N — oo, (1.2)
z€VN
where “~” designates that the ratio of the two quantities tends to one in the stated limit and g := 2/7

is a constant such that the Green function obeys G'V(z,2) = glog N + O(1) as N — oo for = “deep”
inside V. Daviaud [17] subsequently finessed the approach of [12] to capture some geometric aspects of the
intermediate level sets

{x € Vn: hy > 2\/§)\logN} for A€ (0,1). (1.3)

Specifically, he showed that this set contains N2A-X)+o(1) points, where o(1) — 0 in probability as N — oo,
and thus demonstrated a fractal nature of this set. A continuum version of Daviaud’s result dealing with
thick points of the CGFF has subsequently been proved by Hu, Peres and Miller [20]. As explained in
Chatterjee, Dembo and Ding [16], the structure of the exponent is quite universal. Multifractal aspects of
more general chaos measures have been studied extensively in the past (see, e.g., the review by Barral and
Mandelbrot [4]).

The objective of the present paper is to show that the intermediate level set (1.3) admits a non-trivial
scaling limit which can be quite explicitly characterized. A number of issues need to be addressed when
setting the problem up mathematically. The first one is a proper formulation of the limit. Indeed, after
scaling the space by N, the set (1.3) is increasingly dense everywhere in the unit square [0, 1]? and so taking
its limit directly (e.g., in the topology of Hausdorff convergence) does not seem useful. We resolve this by
encoding the level set into the point measure

Z (SI/N@(S}%_QN, (1.4)

z€VN

where ay is a scale sequence such that, in light of (1.2),

an
— 2 1.
logN N—oo VoA (1.5)

for some A € (0,1). The next issue is unbounded mass, and that even under integration against compactly-
supported continuous functions. We resolve this by showing that (1.4) can be normalized by a deterministic
quantity so that a non-degenerate distributional limit becomes possible. Another issue is dependence on the
underlying domain; we resolve this by working in a class of lattice approximations Dy of a “nice” continuum
set D C C. This will be useful technically and will permit discussion of behavior under conformal maps.
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Intermediate level sets of 2D DGFF 3
2. Main results

Throughout the rest of the paper we will write h" (z) to denote the DGFF in V evaluated at z. The
presentation of our results opens up with the existence of the scaling limit.

2.1. Ezistence of scaling limit

We start by fixing the class of admissible domains. Let © be the class of all bounded open sets D C C
with a finite number of connected components and with boundary 0D that has only a finite number of
connected components with each having a positive (Euclidean) diameter. Given D € ©, we will restrict to
sequences {Dy} of lattice domains such that

Dy C{z € Z*: d(2/N,D) > V/n} (2.1)
and, for each 6 > 0 and all N sufficiently large, also
Dy 2 {z € Z*: d(2/N, D) > 6}, (2.2)

where d, denotes the £*°-distance on Z2. Note that = € Dy implies /N € D.

Next let us consider the DGFF ¢ on Z? pinned to zero at the origin or, equivalently, the DGFF on Z2?~.{0}.
This is a Gaussian process {¢,: x € Z?} with law to be denoted by v* which is of mean zero and covariance
given by

Eo(¢z0y) = a(z) + a(y) — a(z — y), (2.3)

where a: Z? — [0,00) is the potential kernel, i.e., the unique function that obeys a(0) = 0, is discrete
harmonic on Z? \ {0} and has the asymptotic form a(z) = glog|z| + O(1) as |z| — oo, with |z| denoting
the Euclidean norm of x. Our main result is then:

Theorem 2.1 For each A € (0,1) and each D € D, there is a random Borel measure ZY on D with

E[ZP(D)] € (0,00) such that the following holds for each sequence an satisfying (1.5) and each sequence Dy
of scaled-up versions of D obeying (2.1-2.2): Set

N? 5
= ¢ TeT (2.4)
Vlog

and, for each sample hPN of the DGFF in Dy, define the point measure

KN =

1
NN = KiN Z 651’/N ® 6hDN (z)—an & 6{}LDN (z)—hPN (z+2): z€7Z2}* (25)
z€DN

Then, relative to the topology of vague convergence of measures on D x R x RZQ,

n2 Nla—“% ZP(dz) ® e Mdh @ vy(de), (2.6)

— 00

where o := 2//g and vy is the probability measure on RZ* defined by

y,\(-)::yo(q§+j§)\ae-), (2.7)

with v° and a as specified above.

As it turns out, the convergence in (2.6) actually holds in (a somewhat larger) space of Radon measures
on D x (RU {+o0}) x RZ. As an immediate consequence we thus get:
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Corollary 2.2 Let D € ®. For any Dy related to D as in (2.1-2.2), any sequence ay such that (1.5) holds
with some X € (0,1), and Ky as in (2.4),

1 aw — Y
K—N#{m € Dy: BV (z) > an} Nﬁc (a\) "' ZP(D) (2.8)

where o := 2/,/g. Moreover, the random variables on the left are uniformly integrable and the convergence
thus holds also under expectation.

As is readily checked, (1.5) yields Ky = N2(0-2)+0(1) a5 N — oo. Since ZP(D) € (0,00) a.s. (see
Theorem 2.3(7)), (2.8) determines the asymptotic size of the level set (1.3). This strengthens considerably the
aforementioned conclusion of Daviaud [17]. The asymptotic positivity of the size of the level set normalized
by its expectation appears already in the recent work by the first author, Ding and Goswami [8].

2.2. Properties of Zx-measures

In order to make our description of the limit law in (2.6) complete, we have to characterize the law of the
random measure Z f) . For this, we will first note a number of properties of these measures that will in fact
be proved jointly with the above convergence theorem.

We first need some additional notations. For each D € ® and each x € D, let II”(z,-) denote the
harmonic measure on 9D relative to z. As is well known (see, e.g., [10, Lemma 2.3]), if D C D are two
admissible domains, then

CPP(z,y) :=g/

P (z,dz) log |y — 2| — g/~ Hf)(x7dz) log |y — z| (2.9)
oD

oD

defines a symmetric, positive semi-definite function CPD. D x D — R which is smooth in both variables.
We may thus define {®P-P(z): z € D} to be a Gaussian field with mean zero and covariance CP-7; this
field has smooth sample paths a.s. For A > 0, we define ¥2: D — [0, 00) by

PP (x) = exp{ 2)\2/

P (2,dz) log |z — z|} (2.10)
oD

For D simply connected, 2 () is the 2A2-th power of the conformal radius of D from x. Setting PP (x) =0
for € 0D, the resulting function is continuous on D. Writing Leb(A) to denote the Lebesgue measure of
a (measurable) set A C R?, we then have:

Theorem 2.3 Let A € (0,1) and recall that o := 2/\/g. Then the family of (laws of) random measures
{ZP: D € D} obeys the following properties:

(1) For each D € D, the measure ZL is supported on D; i.e., ZP(R* <\ D) =0 a.s.
(2) If AC D € D is measurable with Leb(A) = 0, then ZP(A) =0 a.s.
(8) There is ¢ = ¢(A\) € (0,00) such that for each D € ® and each measurable A C D,

EZP(A) :c/ YL (z)d. (2.11)
A
(4) If D,D € ® obey DN D =0, then
ZP9P(dx) 'Y ZP(da) + 22 (dw), (2.12)

with the measures ZP and Z)\5 on the right regarded as independent.
(5) (Gibbs-Markov) If D, D € © obey D C D and Leb(D ~\. D) =0, then

ZP(dz) 2 0re” @) ZD (g, (2.13)
where {‘I’D’B(x): x € D} is independent of Z)’? with the law as above.
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(6) The law of ZP is translation invariant; Z3P (a + dz) faw ZP(dx) for each a € R2.
7) For each A C D non-empty and open, ZP(A) > 0 a.s.
A

The properties (1-6), for a given ¢ > 0 in (2.11), determine the laws of {ZP: D € D} uniquely.

Obviously, (2) follows from (3) although we prefer to state these separately. The constant ¢ in (2.11) can
be computed explicitly; just compare (2.8) with (3.6). Perhaps the most important property of all is (5).
Here we note that the measure on the right of (2.12) is well defined due to the fact that ZP (D ~\ D) =0
a.s. thanks to property (1), and this carries no loss on the left-hand side because also ZP (D \ IND) =0 a.s.
thanks to property (2). We will refer to property (5) — sometimes also in conjunction with (4) — as the
Gibbs-Markov property. This is because properties (4-5) arise directly from the Gibbs-Markov decomposition
of the DGFF; see (A.6).

By property (6), the law of ZL transforms canonically under the spatial shifts. The behavior of ZP under
scaling of D is more subtle as it is intimately tied to the existence of the limit (2.6) and its independence
of the sequence of discrete domains Dy and of how the centering sequence apy achieves the overall asymp-
totic (1.5). Once a suitable scaling relation is established, the Gibbs-Markov property and (3) yield also
rotation invariance and, in fact, lead to:

Theorem 2.4 Let A € (0,1). Under any conformal bijection f: D — f(D) between the admissible domains
D, f(D) € ®, the laws of the above measures transform as

law 2
7] o f(dz) = | (@) 2D (da). (2.14)
2.3. Connection to Liouville Quantum Gravity

Although the above properties already determine the law of {ZP: D € ©} uniquely, we are able to make
even a more explicit connection with the so called Liouville Quantum Gravity measures. These are natural
examples of Gaussian Multiplicative Chaos considered already by Kahane [21] who was in turn inspired
by earlier work of Mandelbrot and others (see, e.g., Barral and Mandelbrot [4] for a review). They owe
their name to a recent work of Duplantier and Sheffield [19] who proved that these measures obey the KPZ
relation for scaling exponents. (As mentioned to us by a referee, these measures are only “baby” versions
of actual Liouville Quantum Gravity. Notwithstanding, the name seems to have stuck in the probability
community.) We refer to Rhodes and Vargas [29] or Berestycki [6] for recent reviews of this subject area.

We start again with some definitions. Let H}(D) denote the closure of the set of smooth, functions
with compact support in D with respect to the norm induced by the Dirichlet inner product {f,¢)v :=
1 Jp Vf(x) - Vg(z)da. Given a sequence {X,,: n > 1} of i.i.d. standard normal random variables and an
orthonormal basis {f,,: n > 1} in H}(D), define

on(r) =D Xpfulw). (2.15)
k=1

For each S5 € [0,00), define the random measure

82

pPP (da) i= 1p(x)elor @)= 7 Blen@?] 4, (2.16)

As goes back to Kahane [21] there exists a random, a.s. finite (albeit possibly trivial) Borel measure p22:?
— called the Gaussian multiplicative chaos associated with the continuum Gaussian Free Field — which is
concentrated on D and such that, for each measurable set A,

pPPA) — uP(A) as. (2.17)

n—oo

It is also known (cf a remark after Rhodes and Vargas [29, Theorem 5.5]) that for each 8 € (0, 8.), where (in
our normalization) . := a = 2/,/g, we have u22#(D) > 0 a.s. Moreover, as was shown in [29, Theorem 5.5],
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Fi1Gc 2. A sample of the LQG measure wf) (x),uoDo’ﬁ (dz) for D a unit square and parameters 8 = Ao and A = 0.3.
The high points indicate places of high local intensity.

the law of the limit measure does not depend on the choice of the above orthonormal basis. (In fact, thanks
to Shamov [31, Corollary 5], the law of u2:# is determined solely by its expectation and the way the measure

transforms under the Cameron-Martin shifts of the underlying CGFF.) With this stated, we now claim:

Theorem 2.5 Let A € (0,1), a := 2/,/g and consider the family of measures {ZL: D € D} as above.
Then, for ¢ € (0,00) as in (2.11) and for each D € D,

7P (dz) = P (2) B (dw), (2.18)

where wf is as in (2.10). In particular, Zf has the law of the Liouville Quantum Gravity measure in D
corresponding to (subcritical) parameter 3 := Aav.

2.4. Remarks and open problems
We proceed by a series of remarks and questions left to be studied.

(1) General Gaussian processes: We believe that the form of the limit measure in (2.6) is actually quite
universal. For instance, for i.i.d. Gaussians indexed by the vertices in Dy (see Fig. 3) with variance glog N
with same Ky we get the same limit statement with Z f’ replaced by (a multiple of) the Lebesgue measure
on D and v, by the point mass concentrated on ¢ defined by ¢ := 0 and ¢, := —oo for z # 0. That ZP is
itself random in the case of the DGFF is a reflection of long-range correlations.

(2) Simultaneous limit for all A: Our proofs are technically based on the computation of the first two moments
of the measure n¥ integrated against compactly-supported, continuous functions. (This is literally true when
A < 1/v/2 with a truncation needed for complementary \.) One could use similar techniques to study the
level sets for several values of A simultaneously but the number of required moments seems to increase with
the number of the levels to be controlled. In particular, we presently do not see a way to solve:

Problem 2.6 Find a way to extract a joint distributional limit of the level sets (1.3), or their associated
point measures (2.5), simultaneously for all A € (0,1).

Our belief that a joint limit should exist is supported by the fact that (2.15-2.17), and a suitable continuity
argument, define the LQG measure for all § € (0,8.) at the same time. This is because the LQG measure
is a measurable function of the underlying CGFF.
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Fi1Gc 3. Left: A sample of the measure in (1.4) on a square of side-length N := 300 with A := 0.2. Right: A
corresponding sample for i.i.d. normals with mean zero and variance glog N. Only the points with positive vertical
coordinate are depicted.

(3) Connection to Liouville Quantum Gravity : A referee of of the first submission of this paper wondered
why it does not seem possible to derive the existence of the limit of discrete LQG measures

1 DN
i > e b (2.19)
r€DN

for a suitable sequence K, from Theorem 2.1, and vice versa. We note that this is in spite of the fact
that this measure is, for 8 = A\, supported near the level set hPv > 2,/g Alog N. A formal reason is that
the growth of h + e matches the decay of the measure on the right of (2.6) and so the limit cannot be
applied to the test function f(z,h, ) := e®". A deeper (albeit related) reason is that the measure (2.19) is
actually not supported on the level set where hP~ ~ 2,/g Alog N but over a range of values within distance
order /log N from 2,/g Alog N, and so K’ needs to be taken larger by factor v/log N than Ky in (2.4).

(4) Relation to extremal process: Our point process-based approach is strongly motivated by recent advances
in the understanding of the extremal values of the DGFF; i.e., roughly speaking, the set (1.3) with A := 1.
Here, first, building on the work of Bolthausen, Deuschel and Zeitouni [13] and Bramson and Zeitouni [15],
Bramson, Ding and Zeitouni [14] showed that for

3
mpy = 2,/g log N — i\/ﬁ log log N, (2.20)

the centered maximum, max,ev, hy, — my, converges to a non-degenerate distributional limit as N — oo.
Then, in [9-11], the present authors described the limit of the full extremal process for the DGFF expressed
in terms of the “structured” point process,

77]%77. = Z ]-{hw:maxze,\r(m) hz}(S(E/N by 6hm—m1\7 Y 5{hw7hm+z: z€Z%}> (221)
€D N

where A, (z) := {z € Z%: |z — 2| < r} and the indicator thus effectively restricts the sum to the points
where the field has an r-local maximum. The main result of [9-11] is that, for any ry with 7y — oo and
N/rn — oo, relative to the topology of vague convergence,

L. Nla—“% PPP(ZP(dz) ® e *"dh @ v1(dg)), (2.22)

— 00

imsart-aihp ver. 2014/10/16 file: GFF-intermediate-final-AIHP.tex date: October 2, 2018



8 Marek Biskup and Oren Louidor

where PPP stands for Poisson point process, Z¥ is a random a.s.-finite Borel measure on D, and v is
a (deterministic) probability measure on [0,00)%"; ¢f (2.27). In a recent update of [10], the ZP measure
was identified with a version of the critical Liouville Quantum Gravity constructed in Duplantier, Rhodes,
Sheffield and Vargas [18].

As part of the proof in [10] it was shown that
law
2/ o f(da) = | @) 2P (dx). (2.23)

This corresponds, at least formally, to A 1 1 limit of (2.14). The X | 0 limit reduces Z¥ to (a multiple of)
the Lebesgue measure on D.

(5) Conformal invariance and uniqueness of LQG measure: The previous remark brings us to the formulation
of the conformal transformation rule in Theorem 2.4. In Duplantier and Sheffield [19, Proposition 1.2}, a
version of this rule is stated for the LQG measure in the following form: Supposing that the CGFF h” in a
domain D transforms under a conformal map f: D — f(D) (in our parametrization) as follows

aw 2 2

pI (D) 12 D ey <B + a—f) log |f'] . (2.24)
which, we note, requires working with CGFF of non-zero mean and/or Cameron-Martin shifts, the LQG
measure in D for parameter 8 transforms into the corresponding LQG measure in f(D). Leaving aside the
somewhat peculiar fact that the transformation (2.24) is tied to 5 and changes the mean of the field, the
statement harbors a technical caveat: The measure must be realized as a unique function of the CGFF or,
at least, one that is independent of the approximation scheme used to define it. This is in fact a subtle
issue that has been fully settled only quite recently (cf the aforementioned references to [29, Theorem 5.5]
or [31, Corollary 5]).

Our approach to Theorem 2.4 has the advantage that it works solely with the family of random measures
{ZP: D € D} and, in particular, avoids dealing with the uniqueness of LQG and/or its dependence on the
underlying CGFF. In fact, Theorem 2.4 could concisely be stated as:

Theorem 2.7 Every family of measures {ZP: D € D} satisfying properties (1-6) in Theorem 2.3 obeys
also (2.14), for each conformal bijection f: D — f(D) with D, f(D) € D.

Our proof of the transformation rule (2.14) reduces, after some minor amount of preparation, to the same
argument as the proof of (2.23) in Theorem 7.2 in [10]. The only time when we need to invoke uniqueness
of the LQG measure is, quite naturally, when we identify ZP with the (unique) LQG measure in the proof
of Theorem 2.5.

(6) Fluctuations around random limit: Our next remark concerns going beyond the limit statement (2.6).
The point is that the limit measure, albeit random, captures only the leading-order growth of the level set.
We thus pose:

Problem 2.8 Characterize the limit law of the (suitably scaled) fluctuations in the limit (2.6).

To make the formulation easier, one may choose to work in the setting when all the DGFFs are defined on
the same probability space as the limit LQG measure. Perhaps the easiest underlying graph for this is the
triangular lattice.

(7) Crossover to critical regime: Of quite some interest is how the behavior for A < 1 blends with that at
A = 1. Our proofs only apply for ay such that ay/log N is, in the limit, strictly less than 2,/g. This is for
a good reason: When ay/log N — 2,/g, the growth rate of the requisite normalizing sequence should be
slower than (2.4). This stems from a subtle entropic-repulsion effect that lies at the heart of the paper [11]
and can be seen by noting that plugging ay := my for my as in (2.20) results in Ky ~ log N (and not
in Ky of order unity!). We thus pose:
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Problem 2.9 Suppose that an/log N — 2,/g yet my —an — 0o. Prove that, for a suitably re-defined Ky,
we still have (2.5) with ZP replaced by the critical LQG measure ZP from (2.22).

An affirmative resolution of this problem may in fact require that my —an tends to infinity at some minimal
rate. A reasonable guess is that my — ax of order /log N should already be enough. This scale appears
naturally as it marks the level where the discrete approximation to the critical LQG measure is typically
supported. We refer to the last chapter of the recent review (Biskup [7]) for more discussion and specific
conjectures.

We note that, as suggested by a referee, if a solution to Problem 2.6 includes a statement of continuity
in Aas A T 1, we could perhaps solve Problem 2.9 by taking a suitable limit. For the family of LQG measures,
continuity as the critical value is approached from below has been shown quite recently (Aru, Powell and
Sepiilveda [3]). For the Branching Random Walk this has been proved by Madaule [22].

(8) Beyond two-dimensional DGFF': A natural question is of course whether the above results are in any sense
universal for other models that are, at least at large spatial scales, well captured by CGFF. These include
general logarithmically-correlated Gaussian fields, gradient models and local time of a two-dimensional
simple random walk. Some progress on these has already been made (e.g., Belius and Wu [5], Abe [1]).

2.5. Proof strategy

The overall strategy of our proofs is rather simple. Through moment calculations for the size of the level
set, we establish tightness and asymptotic non-triviality of the measures {#nX: N > 1} relative to the vague
topology. This permits extraction of subsequential weak limits. We then proceed to derive various relations
that such limits have to satisfy which ultimately characterize them uniquely. This proves existence of the
limit as well as its desired properties.

The specific “characterization” steps are as follows. First we focus only on the measures (2.5) restricted
to the first two coordinates. One more (subtle) second moment calculation shows that every subsequential
limit n” of such two-coordinate measures admits the decomposition

nP(dzdh) = ZP(dz) @ e~ dh, 2.25
A

with Z /{3 a non-degenerate, a.s. finite measure whose law possibly depends on the subsequence, the sequence
of approximation domains Dy as well as the way ax approaches the limit (1.5).

Next we demonstrate that the measures Z/{:) , with D restricted to a suitable countable collection of
domains (this is the best one can hope to have when extracting limits by subsequences), obey properties
(1-7) in Theorem 2.3. Property (5) is then particularly important, as it yields a representation of ZP, for D
a dyadic square, in terms of a multiplicative chaos measure. From here we get uniqueness of the law of Z f\)
on dyadic squares; one more use of property (5) then extends this to all D € ©. The existence of the
limit of #%, and its independence of the approximation domains Dy or the specific way ay achieves the
limit ax/log N — 2,/g A, follow. This pretty much completes the proof of Theorems 2.1, 2.3 and Theorem 2.5
for the two-coordinate measures.

The sheer existence of the limit (and translation invariance of the DGFF) now implies the transformation
rule for shifts and scaling of the underlying domain:

Z3tP(a + rdx) 242N ZP(dx), ac€R? r>0. (2.26)

The representation using multiplicative chaos adds rotation invariance to this as well. One more use of
property (5) for a decomposition of a given D using a myriad of tiny dyadic squares then permits us to
apply these symmetries “infinitesimally” thus proving, with the help of conformal invariance of the “binding”
fields ®P-P_ Theorem 2.4.

As a final step, we extend control to the full three-coordinate process (2.5). This boils down to yet another
moment calculation, which yields factorization of the limit into the product measure on the right of (2.6). It
is easy to see why the limit law of hP¥ () — hP~ (z+) should be described by (2.7): Conditioning on hP~ (z)
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to be roughly 2,/g Alog N changes the mean of the field at y by, roughly, %)\u(y — x) while the variance

tends to that of the DGFF on Z2\ {0}. We note that a similar reasoning applies also to the extremal process
limit (2.22) except there the “cluster law” 14 requires an extra conditioning (to ensure a local maximum
at ) and taking a limit,

vi(-) = lim 2 oz 2l T gl < g
() = lim, (¢+\/§ae \¢<>+ﬁa<>zo.| <r). (2.27)

This limit is singular, which is a source of much headache in the proofs of [11].

Remark 2.10 The above strateqy — extract a subsequential limit and then prove its uniqueness — also
lies at the core of our earlier work [9-11] on the extrema of the DGFF. However, the two approaches are
technically quite different, both in the proof of the factorization (which, in [9-11], relies on a connection with
particle systems) and in the proof of uniqueness (which, for the extremal values, relies on the existence of
the limit of the centered absolute maximum,).

Since we are dealing with scaling limits of the DGFF, it is no surprise that we will need to invoke bounds
on, as well as limits of, the Green function in various lattice domains of interest. The limit statements in
particular require weak convergence of the harmonic measure on %8DN to that on dD. This is where the
containment D € © and relations (2.1-2.2) are required. To make referencing easier, we collect the needed
statements in the Appendix.

3. Proofs in the second moment regime

We are now ready to commence the exposition of our proofs. As noted above, the starting point are calcu-
lations of the first two moments of the size of the level set. These are straightforward for A € (0,1/1/2) but
harder in the complementary regime of A, where additional (albeit standard) truncations are required to
keep the second moment comparable to the square of the first. For ease of exposition as well as pedagogical
appeal, we will first deal with the former regime leaving the latter to a subsequent section.

Throughout this section, we thus assume that ay is a sequence such that (1.5) holds for some A €
(0,1/4/2). We suppose that, for each D € ®, a sequence {Dy} of approximating lattice domains is given
satisfying (2.1-2.2). Unless stated otherwise, all estimates will depend on the choice of D and the sequences
any and Dy.

3.1. Level-set size moments

For each b € R, define
TN (b) :={z € Dy: hP¥(2) > ay +b}. (3.1)

We begin by a bound on the overall size of I'§ (b):

Lemma 3.1 For each D € © and each § € (0,1) there is ¢ = ¢(6,D) € (0,00) such that for allb € R
with |b] < log N, all sequences ay satisfying 6log N < ay < 6~ /glog N, all sequences {Dn} satisfying
(2.1-2.2), all A C Dy and all N > 1, we have

|A| __ax
E]Fﬁ(b)ﬂA\chNﬁe gl N’ (3.2)

Proof. The claim will follow by summing over x € Dy once we prove that, for some constant ¢ depending
only on ¢ and the diameter of D, we have

a2

__°9N  _ _AN
e 2glog N e glong (33)

1
P(hP~ () > ) <
( (x)_aN—l—)_cW
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Intermediate level sets of 2D DGFF 11

uniformly in 2 € Dy and in b € [—log N, log N]. To this end we first invoke the Gibbs-Markov property of the

DGFF (cf (A.6)) to note that, if U C V are finite lattice domains, then by writing hY () la RY (2)+¢"Y (z)
and requiring "V (z) > 0,

P(hY(z) > a) < 2P(hv(x) >a). (3.4)

By enlarging Dy to, say, a square domain D ~ of comparable diameter, we may thus assume that all x € Dy
lie deep inside Dy. The variance of h”~ (z) is then within a constant of glog N uniformly in z € Dy and
so we get, for some ¢ > 0 independent of N, and all N larger than some constant (which suffices for the full
claim),

(an+s)2

TasleeNTeds. (3.5)

= 1 1 &
P(hP~(z) > an +b) < / e
( (v) 2 an +b) < V2m/glogN —c J,

Bounding (ax+s)? > a3,+2axs, we can bound the exponent from below by the quantity a%;/(2glog N)2+
(an/glog N)s — ¢, where ¢’ depends only on ¢ and the assumed upper bound on ap. The integral over s is
then performed with the result as stated.

With the overall scale under control, we can now calculate the leading-order asymptotic of the above
expectation for nice-enough sets A.

Lemma 3.2 There is a constant cg € R such that for each b € R and each open set A C D,

e2co)\2/g
El{z € TR(b): 2/N € A}| = 7e—a*b[[4¢f(x)dx +o()] K. (3.6)

A8
where o(1) — 0 as N — oo uniformly on compact sets of b.

Proof (sketch). Thanks to the uniform control from Lemma 3.1, we may assume that the closure of A lies
in D. We will need the asymptotic

GP¥ (|aN], [&N]) = glogN—l—g/ 1P (2, d2) log | — 2| + o + o(1) | (3.7)
oD

with ¢y the constant from the asymptotic of the potential kernel in (A.2) and o(1) — 0 as N — oo uniformly
on compact sets in D, and thus in € A. (This is where the conditions on Dy are relevant, see (A.4-A.5)
or Biskup [7, Theorem 1.17].) Now we repeat the calculation from the proof of Lemma 3.1 while keeping
careful track of all non-vanishing terms. The boundedness and continuity of wf? finally permit us to replace
a Riemann sum by the integral in (3.6).

Our next lemma concerns the second moment estimate for the size of I'{(b). It is here where we need to
limit the range of possible A:

Lemma 3.3 Suppose 0 < A\ < 1/v/2. For each by € R and each D € D there is ¢; = c1(\, by, D) € (0,00)
such that for each b € [—bg, bg] and each N > 1,

B(TRO)P) < ik (3.8)

Moreover, there is an absolute constant cy € (0,00) such that for all D € D,

1 diam D]\
limsup —5 E(|T2(0)[?) < 02/ ([lam]> dady (3.9)
N—oco KN DxD |x_y|

where diam D is the diameter of D in the Fuclidean norm.
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12 Marek Biskup and Oren Louidor

Proof of (3.8). Thinking, without much loss of generality, of b as absorbed into ay, we can assume b := 0
in the following. Writing

E(LR0)) = Y P(R"Y(2) > an, PV (y) > ay). (3.10)
z,y€EDN

we will need a good estimate on the probability on the right-hand side. First we again take Dy to be a
neighborhood of Dy of diameter twice the diameter of Dy and note that, by the argument leading to (3.4)
and the FKG inequality for ¢"*Y (implied by Cov(¢"V"Y(z), 0"V (y)) > 0)

P(hP¥ () > an, hP¥(y) > an) < 4AP(hP¥(2) > an, hP¥(y) > an). (3.11)
Next we invoke the Gibbs-Markov decomposition (see (A.6))
hPN (y) = ga(y)h (@) + ROV (y), (3.12)

where hﬁN( ) and RO~} on the right-hand side are independent with hDn~{a} having the law of the
DGFF in Dy {z} and where g, is a function that is harmonic in Dy ~ {z}, vanishing outside Dy and
normalized such that g, (z) = 1. Using this decomposition, the above probability is recast as

P(hP¥(2) > an, hP¥ (y) > ay)

_ / PR (y) > an (1 - a(y)) — 58:() ) P(HP¥ (@) —an € ds).  (313)
0
We will pick 6 > 0 and bound the right-hand side by P(hf)N > an) when |z —y| < §v/Kn so let us suppose

that |z — y| > dv/Kn from now on.
Observe that since z,y lie “deep” inside Dy and |z — y| > 0V Ky = Nl_’\2+0(1)7 we have

GPx(a,y) _ log g +e

GEN(I :C) - IOgN—C < 1_(1_)\2)+0(1):/\2+0(1), (314)

9z (y) =

where o(1) — 0 uniformly in 2,y € Dy. Assuming s € [0, ay], from A < 1/4/2 we then have

N(1—82(y)) — $82(y) > ean (3.15)

for some € > 0 as soon as N is large enough, uniformly in x,y € Dpy. The argument in Lemma 3.1 in
conjunction with g,(y) € [0, 1] and the asymptotic (1.5) then show

P(RPY () 2 an(1 - 2(1)) — 50.(»))

c _lan (=02 (1)) =50 ()] K a3 an
< \/7 e 2TG<y,y) - < CNijz egz (v) Jlog N 1ogN+7g(y’y)gx(y)s 7 (316)
— Vlog N -

where we wrote G(y, y) for GO~ {z} (y,y) to reduce clutter of indices and then used that |G(y,y)—glog N| <
¢ uniformly in y € Dy. The explicit form of the law of hPN with respect to the Lebesgue measure readily
shows

~ K a
P(hDN (z) —an € ds) < CVZ e TEm *ds. (3.17)

Since G(z,7)/G(y,y) = 1+ o(1) and g, (y) < A% + o(1) < 1, the integral in (3.13) over s € [0,ay] yields a
harmless multiplicative factor. Also, the middle inequality in (3.14) implies

N 4X%+o(1)
) (3.18)

0.2
egz(y)ﬁ < C(
|z —yl
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Intermediate level sets of 2D DGFF 13

with o(1) — 0 uniformly in z,y € Dy with |z — y| > §/Kn. From (3.11) we thus get
2
5 Kayv2/ N\
P(hP~(z) = an, hP¥(y) > an) < AP(hPY(z) > 2an) —|—c(ﬁ) <|x_y> (3.19)

uniformly in z,y € Dy with|z —y| > 6/ K.
In order to finish the proof, we now write

E(TROP) < > P(h"¥(@) > ax)

z,y€EDN

—y|<6VE
emISOVEN (3.20)
+ Z P(hP~(z) > an, P~ (y) > an).
z,yeDnN
lz—y|>6vVKnN

Summing over y and invoking Lemma 3.1 bounds the first term by a factor of order (6 K n)?. The contribution
of the first term on the right of (3.19) to the second sum is bounded via Lemma 3.1 as well:

2

- a 2 a? 2
P(hPY (z) > 2ay) < rcgNe‘Qw% = c(%) e 7 /log N < cé(%) : (3.21)

Plugging in also the second term on the right of (3.19), we thus get

Ko 2 N 422 +0(1)
D 2\ « 2 LN
E(ITR(0)) < 8cd(Kn)? + c( ~ ) x ;) <|x - y|> . (3.22)

|x—y\>5\/KN

The standard domination by integrals bounds the sum by ¢(N?)? fDxD |z — y\_4)‘2+°(1)dmdy regardless of 9,
with the integral convergent since A < 1/ V2 implies 4\? < 2. Hence, also the second term on the right is of
order (K )2, thus proving (3.8).

Proof of (3.9). For the limit statement (3.9), we will have to reveal the D-dependence of certain constants
in the above derivation. The bound (3.22) — and the fact that the sum therein is dominated by pairs of
vertices in distances of order N from each other — shows that we need to consider only pairs z,y € Dy
with |z —y| > eN as the contribution of the complementary pairs is negligible in the limit N — oo and € | 0.
We only need to refine the bounds (3.17) and (3.18). Concerning (3.17), the asymptotic (3.7) along with the

fact that diam(Dy) < 2diam(Dy) gives
GDw (z,z) < glog N + glog(2diam D) + ¢y + o(1) (3.23)

and so, in light of ay = O(log N), the constant c in (3.17) is bounded by a numerical constant (which comes
from bounding such constants in the probability density of hP~ (z)) times

a? . 2
eg(logNNi)Q log(diam D)+o(1) _ (dlam D)4)\ +o(1) (324)

with 0o(1) — 0 as N — oo. Concerning (3.18), the asymptotic of the Green function (A.5) at points of
distance order N in turns gives

1 —
9. (y) < g N [f log |xNy\ + log(2diam D) + 0(1)] (3.25)
which then implies
W2 . 422 40(1)
o8 ) iy < C<N diam D ) , (3.26)
[z =y

Using (3.24) and (3.26) in the derivation of (3.19) and taking N — oo followed by € | 0, we then readily get
(3.9) as well.
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14 Marek Biskup and Oren Louidor
3.2. Subsequential limits and factorization

We will now start deriving consequences of the above lemmas for the random measures ¥ from (2.5). Since
our strategy is to first deal only with events/functions that are trivial in the third “coordinate,” we will
temporarily abuse notation and set

1
D ._ E
’I']N = K7N 6I/N ® 6hDN(I)—aN (327)
€D N

instead of the full definition in (2.5). As a direct consequence of the above lemmas and the fact that
D x (RU{o0}) is a separable metric space, we then get:

Corollary 3.4 Suppose A € (0,1/v/2). Then {nk: N > 1} is tight with respect to the vague topology on the

space of Radon measures on D x (RU{oo}). Moreover, every subsequential weak limit n° of these measures
satisfies, for each b € R,

P(nD (D x [b,00)) < oo) =1 (3.28)
and, for each non-empty open A C D and each b € R,
P(n” (A x b,)) > 0) > 0. (3.29)

Furthermore, we have nP(A x R) = 0 a.s. for each measurable A with Leb(A) = 0 and, in particular,
nP (0D x R) =0 a.s..

Proof. The first part of the statement requires showing that, for any continuous compactly-supported function
f: Dx(RU{oo}) — R, the family of random variables {(n%, f): N > 1} is tight. For this it suffices to show
that the family {nX (D x [b,00)): N > 1} is tight for each b € R. This is a consequence of Lemma 3.1 and
the fact that nX (D x [b, 00)) = [TR(b)|.

Let now n” be a subsequential weak limit of the measures {n%: N > 1}. Fatou’s lemma, a straightforward
approximation argument and Lemma 3.1 then show En®? (D x [b,o0)) < oo for each b € R. Lemma 3.1 also
gives nP (AxR) = 0 a.s. whenever Leb(A) = 0. It remains to show that n” is non-trivial in the sense stated in
(3.29). Let A C D be non-empty and open and pick b € R. Denote Xy := 7% (A4 x [b,00)). Lemma 3.3 shows
that supy~; F(X%) < oo and so the family {Xy: N > 1} is uniformly integrable. Since infy>1 F(Xn) > 0
by Lemma 3.2 and the fact that 1/)/1\3 > 0, any distributional limit of X has positive expectation as well.

Given a function f: D x (RU {oo}) — R and b € R, define
fo(z,h) := f(z,h+ b)e” 0. (3.30)

A key step is now the proof of:

Proposition 3.5 Suppose A € (0, 1/v/2). Any subsequential limit n® of {nk: N > 1} obeys the following:
For each b € R and each f: D x (RU {oo}) = R of the form f(x,h) = 1a(x)1jg o) (h) with A C D open,

n” fo) =", f) €R (3.31)

holds with probability one.
The proof of this proposition relies on a calculation that is formalized as:

Lemma 3.6 For any A € (0,1/v/2), any open AC D, any b€ R, and Ay := {x € Z*: x/N € A},

lim iE“Fﬁ(omANy —eakb\rﬁ(b)mAN” —0. (3.32)
Ky

N—00
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Intermediate level sets of 2D DGFF 15

Proof. Since any open set A C D can be written as the union of an increasing sequence of open sets whose
closure lies inside D, in light of Lemma 3.1 we can assume that A has positive Euclidean distance to D°.
Then, using Cauchy-Schwarz, we may as well show

lim o B ((IF%(O) NAx| =[x (b) N ANI)z) =0. (3.33)
KN

N—oc0

Invoking (3.10), the calculation in the proof of Lemma 3.3 shows that the second moment of [T'K(b)| is
dominated by the sum of pairs xz,y € Dy that are within distance of order N. It thus suffices to prove that,
for any € > 0,

max | P(hP¥(2) > an, PV (y) > an)
T, YyEAN

lz—y|>eN _ eaAbP(hDN(x) > an +b7 hDN (y) > aN)

3.34
_ eaAbP(hDN(.r) 2 an, hDN(y) 2 an + b) ( )

2a\b DN DN _ ﬁ
+e**P(hPN(z) > an +b, WV (y) > any +b) | =0 i

as N — oco. For this we need to compute a sharp leading order asymptotic of the probability P(hP~ () >
an + by, hP¥ (y) > an + by) for the four possible choices by, by € {0,b}.

We will invoke the decomposition (3.12) and the representation (3.13). Writing again G (y,y) for GPN =} (y 4),
for any s € [0,an + b1] we then get

PP y) > an(1 - ga(y)) — 582(y) + b2)
o+ 0(1) o ["'N(l_gm(zy)g;‘;%m(y)+b2]2 B c+ 0(1) o [a,N(l—g;é?(/;)y—)sgm(y)]z e—oc)\bz (3 35)
= (7 4 (1) (WP y) > an(1 - ga(y)) — 58:(9) )

where ¢ > 0 is a numerical constant and where we used that g, (y) = O(1/log N) when |z —y| > eN and then
applied the asymptotic of ay and GP~¥>{#}(y,4) = glog N + O(1) enabled by the fact that now y is “deep”
inside Dy ~ {z} as implied by the assumptions on A and z,y. In addition, writing G(z, ) for GP~ (z,x),
we also get

1) _laytbits?
P(hDN () —an — b1 € ds) = CJ{O(N)Q‘ pleleR) ds
0og

1) _lan+s)?
e~ Ah %e 6o ds = (e 4 o(1)) P (RPN (z) —an € ds). (3.36)

where ¢ is again a positive constant and o(1) — 0 as N — oo uniformly in s € [0, ay]. Putting (3.35-3.36)
together and integrating over s € [0, an]| we get

P(hDN(x) >an + by, WP (y) > an + bz)
= (e7oAbrtb2) o(1))P(hPN(z) > an, hP¥ (y) > an), (3.37)

where we used that, by the FKG inequality and Lemma 3.2,
P(hP~(z) > 2an) = o(1)P (PN (z) > an, hPV (y) > an) (3.38)

with o(1) — 0 as N — oo uniformly in z,y € Ay with |z —y| > eN. Plugging (3.37) into (3.34), the desired
claim follows.
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16 Marek Biskup and Oren Louidor

We are now ready to give:
Proof of Proposition 8.5. Let f(x,h) := 14(x)1jg,)(h) with A C D closed. Lemma 3.6 can be rephrased as

Taking the distributional limit (choosing further subsequence if necessary) of (n¥, f — f;) then shows, by
Fatou’s lemma, (n”, f — f,) = 0 a.s. which is the desired claim. (The finiteness follows from the tightness
proved in Lemma 3.1.)

The identity (3.31) now readily yields the desired factorization property:

Lemma 3.7 (Factorization) Suppose n® is a Borel measure on D x R with n” (8D x R) = 0 a.s. such
that (3.31) holds for each function f: D x R — R of the form f(x,h) := 1a(x)1[p,cc)(h) with A C D open
and each b € R. Then, with probability one, n® takes the form

7P (dzdh) = ZP(dz) @ e =M dh (3.40)
for some finite random Borel measure ZP on D.

Proof. For A C D Borel, define ZP(A) := aAnP” (A x [0,00)). This is automatically a finite Borel measure
on D. The condition (3.31) now shows that, almost surely if A is open then

NP (A x [boo)) =e (P, f) Z e NnP,f)

3.41
= (aN)"leT @ zD(A) = /A , )Z?(dx)e’mhdh. (3:41)
X [b,00

The (implicit) null event in this statement may depend on A and b but we can choose a common null event
for all sets in the class {A x [b,00): A C D open dyadic square, b € Q} as it is countable. The equality of the
measures (3.40) on D then follows from the fact that this class is a m-system (in the sense of Dynkin) which
generates the product Borel o-algebra on D x R. As n” (0D x R) = ZP(0D) = 0, the equality in (3.40)
extends to all of D.

3.8. Uniqueness of subsequential limit

At this point we have shown that, assuming A € (0,1/4/2), every subsequential limit 7 of the measures
{nk: N > 1}, with % as in (3.27), factors into the form (3.40). The goal of this subsection is to show that
the measure Z /1\3, and thus also the subsequential limit n”, is in fact unique. This will in particular show
that n&) converges in distribution to the same limit, regardless of the approximating sequence Dy or the
way an achieves the asymptotic (1.5).

As our first lemma we will check that Z )\D obeys the properties listed in Theorem 2.3. However, these
require extracting subsequential limits for multiple domains at the same time. Cantor’s diagonal argument
makes this possible provided we restrict ourselves to a countable class ®g of domains in . We will assume
that ®g contains all open squares of the form

(k27" (k4 1)27") x (27", (¢ +1)27"), kAl nelZ, (3.42)

and all finite unions thereof. For each domain D € D, we then fix a sequence { Dy} of lattice approximations
satisfying (2.1-2.2). All (simultaneous) subsequential limits will naturally pertain to the specific choice of Dg
as well as the lattice approximations {Dy}.

Proposition 3.8 Assume A € (0,1/v/2) and let {n”: D € Do} be subsequential limits (along the same
subsequence) of {771[\’[: N > 1} for D € Dg. For each D € Dy, let ZAD be the measure associated with n”
as in (3.40). Then {ZP: D € Dy} obeys properties (1-7) in Theorem 2.3, with all domains restricted to be
contained in ®g or translates thereof.
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Intermediate level sets of 2D DGFF 17

Proof of properties (1-6). Properties (1,2) are direct consequences of Lemma 3.1. Property (3) holds for all
open A C D thanks to Lemma 3.2; the equality for general measurable A C D is then obtained by realizing

that (2. 11) represents equality of two Borel measures. Property (4) is a consequence of the representation

DUD

of nJYP as the sum of independent copies of ¥ and n& — which itself follows by representing h” NUDN aq

the sum of independent fields AP~ and KD~ . The translation invariance in property (6) is immediate.
Concerning property (5), let D, D € ©, with D C D and Leb(D ~. D) = 0. The Gibbs-Markov decompo-
sition of the DGFF (see (A.6)) then yields

RPN 1Y pDn y ,DN.Dy (3.43)
This means that if f: D x R — R is continuous with compact support in l~), then

R ) R £, (3.44)

where
Folw, ) = f (2, h+ PV PN (&N ) (3.45)

with @DN’EN independent of 7]]1:7, on the right-hand side of (3.44). As shown in [11, Lemma B.14], for

each N > 1 and each ¢ > 0, there is a coupling of @DNVEN ([-NV]) with DD guch that the supremum of the
difference on D? tends to zero in probability; see (A.8). Thanks to continuity and restriction on the support
of f, we thus have

(R fo) "= (R, fa) +0(1) (3.46)

where o(1) — 0 in probability (as N — oo) and where
oz, ) == f(z,h+ PP (1)) (3.47)

with 2D independent of 77N on the right-hand side of (3.46). Since z — oD D( ) is continuous on D a.s.,
for any simultaneous subsequential limits n” of {nL: N > 1} and n? of {771\/ N > 1}, we thus obtain

P, ) 2 0P, fa), (3.48)

where &2 (implicitly contained in fg) is independent of 775 on the right-hand side. But the representation
(3.40) now permits us to write

P fa) = [ ZRa)em N (o h+ PP ()

® i (3.49)

_ / 2D (dx)e= =" P @ an f(a,h).
DxR

As this holds for any continuous f: D x R — R with support in l~), and since both Z)\5 and Zf assign zero
mass to D \ D due to the fact that Leb(D ~\ D) = 0, property (5) follows.

For property (7), and also later use, we will need:
Lemma 3.9 For each A € (0,1/+/2) there is c € (0,00) such that for any open square S C C

2

E[Z3(S)%] < c[EZ(S)]". (3.50)
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18 Marek Biskup and Oren Louidor

Proof. Suppose S is a translation (and rotation) of (0,7)%. Then (3.9) in Lemma 3.3 along with Fatou’s
lemma, the inequality 4\2 < 2 and a scaling argument show that E[Z5(5)2] < er*t**" for some constant ¢
independent of r. On the other hand, Lemma 3.2 along with uniform integrability of normalized level-set
sizes and the fact that 1P (rz) = r2)‘2¢/\D(m) show E[Z7(S)] > &r2t22 for some absolute & > 0. The claim
follows.

Proof of property (7). It suffices to prove this for all squares of the form (3.42) as each open set contains at
least one such square. (Note that D contains all these squares.) For n € Z, let p,, = P(Zf” > 0) where
(appealing to translation invariance), S,, := (0,27")2. The second moment estimate in conjunction with (the
second moment estimate in) Lemma 3.9 show that p := inf,cz p, > 0. Decomposing S,, into 4™ translates
Sntm,1s- -+ Sntm,am of the square Sy, the Gibbs-Markov property yields

4m -
Z5s) Y [z e e, (351)
=1

n4m,i

where gn,m = U?:l Shtm,i- Then Zf" (Sn) = 0 forces Zf"*m’i(Sn_s_m,i) =0foralli=1,...,4™. Since the

latter measures are independent of one another as well as of the field ®#»m  we have
1—p,<(1 _pn+m)4m <(1 _p)4m' (3.52)

Taking m — oo we get p,, = 1 for each n € Z and so property (6) follows.

Using the same notation as in the previous proof, in order to prove uniqueness, we will first characterize
Z/\S"' as the limit of the measures

o )
YSn(dz) = ¢y AT I @yt ()19 (@) da, (3.53)

i=1
where c is the constant from (2.11). Indeed, we have:

Lemma 3.10 For each A > 0, there exists an a.s. finite random measure YSn (possibly degenerate to zero),
such that for each bounded, measurable f: D — R,

Yo ) — (Y2 ). as (3.54)

m—o0

Proof. Thanks to the structure of the covariances (2.9), we can write PSnsSnm (z) as the sum of independent
fields

@S (1) = 37 @S5 (), (3.55)
j=1

where gn,O := S,. In light of the fact that

4m -
DU @)y, () = U3 (@), 2 € S (3:56)
j=1

and that, for any DcC D,
Eet PP (z) _ (3a?22CP P (z) _ w zeD (3.57)

UR (@)

a straightforward calculation shows that {(Y,5» f): m > 1} is a martingale with respect to the filtration

Fop 1= J(q)gn,j—lagw (x):x eSS, j=1,... ,m) where S = ﬂ gn"rnn (3.58)
m>1
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(Note that, as Leb(S, \ S},) = 0, restricting the measures to S), carries no loss.) Since for f > 0 the
martingale is non-negative, the Martingale Convergence Theorem shows that

L(f) = lim (Y, f) (3.59)

exists almost surely for each bounded measurable f (we treat the positive and the negative parts of f
separately). The null event in this statement may depend on f.

In order to show that the limit is an integral of f with respect to a random measure, we follow a standard
argument from multiplicative chaos theory: Fix a countable dense subset A C C(D). Fatou’s lemma yields

EIL(f)| < ¢ / F@ [P @)dr, [ e D), (3.60)

n

and so by the Markov inequality, on an event of full probability, the linear functional f +— L(f) is well-
defined for all f € A simultaneously and bounded on A by a multiple of the supremum norm. It follows
that f +— L(f) extends uniquely to an almost-everywhere defined continuous linear functional f +— L(f)
on C(D) such that L(f) = L(f) holds almost surely for each f € C(D). (The null event may still depend
on f.) The Riesz Representation Theorem then readily gives existence of a Borel measure Y.2» on D such
that L(f) = (Y2, f) holds almost surely for each f € C(D). The measure is finite a.s. (albeit possibly
trivially zero) thanks to (3.60).

The desired uniqueness of the law of Z¥ will now follow from:

Proposition 3.11 Suppose A € (0,1/v/2). Then for each n € 7Z,
73 (dz) "2 v (da). (3.61)

For the proof of this proposition, let f: S, — [0,00) be a bounded, measurable function. Our aim is to
prove that

Ee—(Z3"f) — pe—(YZ™.1) (3.62)
We will do this by separately proving > and <.
Proof of > in (3.62). Thanks to the Gibbs-Markov property, we may represent Z:\g"' as

4™ _
Z9(da) = Y eI T @1g ()23 (dw), (3.63)
=1

where Zf"*m“i, i=1,...,4™, are independent of one another as well as of $Sn:Snm on the right-hand side.
In light of (2.11) we have

E(<Z}\9"’, f> ‘J((I)Sn,gy,L,r,”)) _ <Y7§n’ > (3.64)
Jensen’s inequality then shows
Eef<Zf"af> Z E67<Y7§n7f> — Eef<Yoin’f>, (365)
m—00

where the limit uses Lemma 3.10 and the Bounded Convergence Theorem.

For the opposite bound, we will need the following “reverse Jensen” inequality:

Lemma 3.12 If X;,..., X,, are non-negative independent random variables, then for each € > 0,
E(exp{—ZXiD < exp{—e_GZE(XZ-; X; < e)}. (3.66)
i=1 =1
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Pr00f~Thanks to independence, it suffices to prove this for n = 1. This is done by bounding E(e~*) <
E(e=X), where X := X1ix<ey, writing

- 1 Te—sX
flogE(e’X):/O ds Ebiif)) (3.67)

and invoking the bounds E()N(e_S)z) > e “E(X) and E(e‘sg) <1.

We will also need to invoke an additional truncation: For § € (0,1/2), let S? be the translate of (§27%, (1—
§)27F) centered at the same point as Si. Analogously, let S° be the corresponding truncation of Sy ym ;.

- n+m,i
Then set Sim = Ule So, . and let

+m,e

fmo(a) = 1gs (2)f(2). (3.68)

Thanks to f > 0 we have (Y5, fs) < (Y,2n f) < (Y50 fos) + | £V, (Sn N §fl’m) where here and
henceforth || f|| denotes the supremum norm of f. Markov’s inequality and the definition of Y, then show
P(Y,5"(Sy ~ gfl’m) > €) < e 'Leb(S, - §;§’m) < ce 1§ with ¢ independent of m. In conjunction with
Lemma 3.10, it follows that

lim lim sup P(\<Y,;‘jn, Fms) — (Y3 )| > e) —0. (3.69)

10 m—oo
This will permit us to work with f,, s instead of f. Next we will need:

Lemma 3.13 Suppose A € (0,1/v/2). Given § € (0,1/2), for each i =1,...,4™ abbreviate

X, = /S AT () Fms () Z3m ™ (da). (3.70)

n4m,i

Then for each € > 0,

4m
Y E(Xi; Xi>e) — 0. (3.71)
i=1

Proof. Abbreviate L := 2™ throughout this proof. Since E(X;; X; > ¢€) < %E(Xf), we can bound the sum
in (3.71) by

L? L?
1 Z 2 Z 1+, m 7>8n,m ; i
1 E(Xf) < M E ea)\[q)s Sn,m (z)4-@5n-5n, (y)]Zf1L+7yL,7,(dx)an+7n,L(dy)' (3.72)
€ — € — S9 %S¢ .
=1 =1 n4+m,i n4m,i
Since Zf"*m'i, i=1,...,4™, are independent of the field, we will now take conditional expectation given

these measures and invoking that

EeaA[QSn,Sn,m (w)+¢,57z=sn,,m, (1/)} e%a2>\2var(q>snasn,m ($)+¢)Snysn,m (’g))

3.73
< Ce%az)\24glog(L) _ CL8)\2 ( )

for some constant c that arises from the uniform bound Var(@s"“g"v’" (x)) < ¢ + glog(2™) valid with the
same constant ¢’ for all z € sz,m‘ The right-hand side of (3.72) is thus at most

L2
f 2 2 Sntm,i
c—” EH L3 ZE(ZA T (Spmi)?). (3.74)
=1
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Under the condition A € (0,1/v/2), Lemma 3.9 implies

Sn m,i Sn m,i 2

B2y (Snima)®) < e [E(Z0 (Spm.i)] (3.75)
and an elementary scaling argument applied to (2.11) shows

B(Z37 (Spimyi)) < L™ H, (3.76)
where ¢ depends on n, which is fixed throughout the proof. These observations yield

L2

DOB(Xi: Xi > €) < | fIP LN = 2 g L0, (3.77)

€ €
i=1

As L = 2™, this tends to zero as m — oo for all A < (0,1/+/2) as claimed.

Proof of < in (3.62). Consider the o-algebra F := 0(®Sn’§"~m (x):z € gnm) and note that, for X; as in

(3.70), we have (Y5, fm ) = Zle E(X;|F). Fix € > 0. The “reverse Jensen” inequality (3.66) for the
conditional expectation given F then yields

4’77L
Be 70 < pom 7 dma) < E<p{ [V s = X B(XiL x5 1) }) (3.75)

i=1
From (3.69) we know that (Y,5", fm.s) — (Y2», f) in probability as m — oo followed by § | 0, while
Lemma 3.13 shows
gm
> E(Xilix,>¢|F) — 0, in probability. (3.79)
m— o0
i=1

Since the square bracket on the right-hand side of (3.78) is non-negative, taking m — oo and § | 0 with the
help of the Bounded Convergence Theorem yields

Eo(Z3".0) < Fe—¢ “(YZm.f). (3.80)
From here < in (3.62) follows by taking € | 0.
Proof of Proposition 3.11. Since the Laplace transform determines the law for non-negative random variables,

(3.62) implies (Zf", ) 2w (Y3 f) for each bounded, measurable f. This is what is represented by (3.61).

We are now ready to summarize our conclusions in:

Theorem 3.14 For each A € (0,1/v/2) and each D € D there is a random Borel measure ZP on D such
that the following holds for each ayn satisfying (1.5) and each sequence {Dy} of lattice domains satisfying
(2.1-2.2): The family of measures {nk: N > 1} from (3.27) obeys

nR 2% ZD(dz) @ e~ Mdh. (3.81)
N—o00

The measures {ZP: D € D} obey conditions (1-7) from Theorem 2.3 and these identify their laws uniquely.

In particular, on dyadic squares we have Zf" (dx) lax YSn (dw).

Proof. That subsequential limits of 7% take the form on the right of (3.81) has been shown in Lemma 3.7 and
that the resulting Z f’ measures obey properties (1-7) from Theorem 2.3 is the content of Proposition 3.8.
Thanks to the representation in Proposition 3.11, the law of Z/(D is determined for D being any dyadic
square. In order to prove the theorem, it thus suffices to show that the law of Z>\D is similarly determined
forall D € ©.
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Let D € ®. Since we may assume that D belongs to the distinguished set ®g of domains, the properties
(1-7) from Theorem 2.3 apply to D as well. Thus, in particular, ZP(D \. D) — 0 for any sequence of
measurable sets D™ such that D™ 1 D. Thanks to property (1) in Theorem 2.3, the same holds even if we
take D™ to be the union of all open dyadic squares S, ;, i =1,...,m(n) of side length 27" whose closure is
contained in D. However, in light of properties (4-5) in Theorem 2.3, in this case we may write

m(n)
1pn (2) 2P (da) 2 e®”7 (@) 37 ySui(da), (3.82)
i=1
where {Yi"”": i =1,...,m(n)} are independent of ®”P" and of one another and are equidistributed,

modulo a shift, to Y2». The law of ZP is thus determined solely by those of {Y2": n > 1} and the Gaussian
fields {®"P": n > 1}. We conclude that limit (3.81) exists for all D € D and is the same regardless of the
approximating sequence of lattice domains Dy and/or the way ay approaches the limit (1.5).

4. Beyond untruncated second moments

Our next goal is to eliminate the restriction to A < 1/ v/2 assumed throughout the proofs in the previous
section. There were three specific steps where this restriction was crucially used: the non-triviality of the
subsequential limits of {n¥: N > 1}, the factorization property in Lemma 3.6 and the estimate (3.77) of
expectations of integrals against Z)-measures in Lemma 3.13 based on Lemma 3.9. This is because all three
rely on the second moment estimate on the size of the level-set in Lemma 3.3 which fails when A > 1/ V2.
(Lemmas 3.1 and 3.2 hold for all A € (0,1).)

It turns out, and this is no surprise in this subject area, that the lack of the second moment is remedied
by introducing a suitable truncation. This will help us fix the above three second-moment calculations while
preserving the overall strategy of the proof.

4.1. Truncated measures

Let us start with a truncated version of the measures in (3.27). Pick a sequence of domains {Dy} ap-
proximating, via (2.1-2.2), a given continuum domain D € ©. Recall our earlier notation A, (z) := {z €
Z2: |z — x| <r} and, for each N > 1 and each x € Dy, let

n(z) :=max{n > 0: Agn+1(z) C Dy}. (4.1)

Observe that logN — ¢ < n(z) < logN + ¢ for all z € Dy such that dist(z, DS;) > €N, with the first
constant depending (for large N) only on the choice of € > 0 and the second only on D. Define now the
sequence of domains

) for k=0,
AF(z) = Ag(z) fork=1,...,n(z) -1, (4.2)
Dy for k = n(x).
In accord with (A.6), for V C U let us write ¢V for the conditional field E(hY|o(hY (2): z € U N\ V)). We

now set
Sk(z) = @DN’Ak(x) (x), k=0,...,n(zx). (4.3)

Observe that, by definition, Sp(z) = hP¥ (x) while Sp(a)(r) = 0.
Next, for a given sequence ay such that (1.5) holds for some A € (0,1) and M > 0, define the truncation
event

n(z)
Tn(x) = ﬂ {)Sk(x) - aNn(;:zz;k < M(n(z) — k)3/4} (4.4)

k=kn
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where
1 1 )
ky = [g log(KN)J = ;[ =) + o(1)] log(N) (4.5)

and the intersection is regarded as empty when ky > n(z). Consider the point measure

N 1
77]87”[ = KiN Z ]‘TN.M(LE) 69:/N ® 0N (x)—an o

€D N

Obviously, (ﬁﬁ’M, f) < (R, f) for any measurable f > 0. We will now re-run the arguments from the

previous section replacing the key second-moment lemmas by their suitable truncated versions. These are
the content of Lemmas 4.1-4.3 below which will be proved in the next subsection.

Our starting point is that the difference between the measures ﬁﬁ’M and 7% disappears when the trun-
cation is removed by taking M — oo. For this we introduce the truncated level set

fﬁ’M(b) = {x € Dy: hP%(x) > ay + b, Ty () occurs} . (4.7)

Then we have:

Lemma 4.1 For each A € (0,1) and each by > 0 there are constants ¢,¢ € (0,00) such that for all D € D,
all b € [—bg,bp), all M > 1 and all N sufficiently large,

E|TR(6) ~TR™M(b)] < ce=M" (diam D)***} K y. (4.8)
Using this lemma we immediately get that for any continuous, compactly-supported function f: D xR — R,

. . ~D,M
dim limsup B|GRY, ) — 1R, )] =0, (4.9)
—00 N—oo
Since Lemma 3.1 and the aforementioned domination of ﬁﬁ’M by n& show that the family of measures

{ﬁﬁ’M: N > 1} is tight in the topology of vague convergence, we can extract a subsequential weak limit
nPM and study its properties.

The next point to address is non-triviality of the limit. Here we need an analogue of Lemma 3.3, now
without restrictions on A. For b,b’ € R with b < ¥, abbreviate

oM (b,') := TRM(b) ~ TRM (1) . (4.10)
Then we have:

Lemma 4.2 Let A € (0,1). For alle > 0, all M > 0 and all b,b' € R with b < V', there is c = ¢(M, b,V ,¢) €
(1,00) such that for all D € © and all N large enough,

E(ITY™ (b,') N Dy [?) < e(diam D)*+* K. (4.11)

The second moment calculation spelled out in the proof of Corollary 3.4 together with Lemma 4.1 then show
that every subsequential weak limit 77°™ of measures {TA]]E\),’M: N > 1} has positive total mass with positive
probability, provided M is chosen large enough. In light of the domination of ﬁﬁ’M by nﬁ, the same applies
to any subsequential limit of the measures {nX: N > 1}.

The next, and technically hardest, point to be addressed is factorization. This is the subject of the
following lemma which effectively replaces Lemma 3.6:

Lemma 4.3 Let A € (0,1). Using the notation Ay = {x € Z*: /N € A}, for each open A C D and
each b € R, we have

1 - ~
lim K—E‘ ITDM(0) N Ay | — e [TRM (5) 0 AN” —0. (4.12)
N

N—oc0

imsart-aihp ver. 2014/10/16 file: GFF-intermediate-final-AIHP.tex date: October 2, 2018



24 Marek Biskup and Oren Louidor

Lastly, we will need one more lemma dealing with the maximum of the field ®°»S»m  where S, is a
dyadic square of side-length 27" and S, », is the disjoint union of 4™ dyadic squares of side-length 9~ (ntm)
that just barely fit into S,,. Recall that SfL _m is the union of “shrunk” dyadic squares Sflym centered at the
same points as Sy, respectively. See the paragraph before (3.69).

Lemma 4.4 For each 0 > 0 there is a constant ¢ = ¢(d) such that

P( sup <I>S"’§"’m(x)>2\/§log(2m)+c log(2m)> — 0. (4.13)

~ m—oo
z€S)

Deferring (as mentioned above) the proofs of Lemmas 4.1-4.3 to the next subsection and that of Lemma 4.4
to the Appendix, we now use them to prove:

Theorem 4.5 The statement of Theorem 3.14 applies to all A € (0,1).

Proof. Consider a countable family ©( of domains in ® which include all dyadic squares and all finite unions
thereof. A diagonal argument permits us to to extract a subsequence along which ﬁjl\),’M tends in law to a
limit M for every D € ®¢ and every integer M > 1. Applying monotonicity in M, we can then define
7P = limp 0o NPM. By (4.9), nP is the limit of % along the chosen subsequence. Lemma 4.3 implies
that n” obeys (3.31) for every f of the stated form. By Lemma 3.7 we then have

D(dzdh) = ZP(dz) @ e **'dh, D € Dy, (4.14)

for some a.s.-finite random Borel measure Z )1\7 which has positive mass with positive probability. By the
same reasoning as in the proof of Proposition 3.8, the measures {ZL: D € Dy} obey properties (1-7) in
Theorem 2.3. In particular, Z)J\D charges every non-empty open set a.s.

In order to determine the law of Z)J\D uniquely, and thus prove the existence of the limit (3.81), we claim
that, on the dyadic square S,,, we have the representation

73 (dz) ' VS (dz), (4.15)

where Y2 is the measure constructed in Lemma 3.10. As the Gibbs-Markov property for ZP was already
proved as part of the properties of Theorem 2.3 above, the starting equation (3.63) is valid and the argument
thereafter applies. We just need to replace Lemma 3.13 with a suitable analogue that does not rely on the
existence of the second moment of Z:\g" (Sn)-

The idea is to reintroduce the truncation while sticking with the N — oo limit measures. Indeed, using
the above subsequential limit point 77 of {AD M. N> 1}, we define

ZPM(A) = aAGPM (A % [0,00)) (4.16)

for each Borel measurable A. These measures are not expected to obey most of the properties in Theorem 2.3.
Notwithstanding, we have

Z)M(A) < Z2(A) and  Z0M(A) 1t ZP(A) as M — co. (4.17)

We will refer to 2 DM a5 a “truncated measure” although this not very accurate.

Remark 4.6 Note that Lemma 4.3 gives us a factorization property (4.14) for 2™ as well; just replace
Z/{j by ZD . One might thus be tempted to think that n°M also satzsﬁes the Gibbs-Markov property.

However, this is_false because the addition of the “binding field” DD changes the truncatzon events on
the subdomain D. In any case, if the properties (1-7) of Theorem 2.3 were true for Z M , our argument
from the previous section would represent this measure using a derivative martingale and later, by the LQG
measure. This would lead to a contradiction because the LQG measure is known to lack the second moment
for all X € [1/v/2,1) yet (by Fatou) Zf’M is square integrable for all X € (0,1).
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Moving back to the proof of Theorem 4.5, we now define a measure Z;%“M by (3.63) with the Zf"“"’i on
the right-hand side now replaced by their truncated analogues,

4m _
Z9 M (ar) = Y e

i=1

() 23 M (da). (4.18)

n4m,i

For each bounded, measurable f: D + [0,00) and each § > 0 we then have

E(e—<Zf"7f>) < E(e—@f"’MW) < E(e—@f"“,fm‘w), (4.19)
where we f, s is as defined in (3.68). Let PSnSn.m be independent of the truncated measures {Z\f"er”"M D=
1,...,4™}, which are themselves regarded as independent, and set

X; = / oA @) ¢ (@) 2y oM (d), (4.20)

Sntm,i

Noting that (Z/\S"’M, fm.s) = Z?:l )N(i, we then get for each € > 0,

am
E(e_<Zf"”M,f’”'5>) < E(exp{_e—e Z E(Xll{)ffbge} (I)Sn,sn,m) }) (421)
i=1
from the “reverse Jensen” inequality in Lemma 3.12.

To replace Lemma 3.13, we claim that, for each ¢ > 0,

4qm

D E(Xilig,.y|@%% ™) — 0 in probability. (4.22)
=1

m—r oo

For this abbreviate L := 2™ and let A,, ,,, denote the event in (4.13). Restricting to the complement of A,, ,,,,

we first bound )N(il{)?ix} < e 1X2 and then bound the field ®5»5»m in one of the terms using the bound

M

on the maximum. In light of the independence of PSnSnm and Zf"*’"’i’ we can then take expectation over

the remaining occurrence of PSn:Snm and apply the uniform bound V:’;ur(iismg"vm (2)) < ¢+ glog(L) with
the result

~ ~ 1 . ~
B(La; , B(Xil g 005 5)) < <B(Ly;  B(XP[05S0r))

2 _
< Il e2a)\\/§log(L)+C(5)\/log(L)E<’Z\fn+m,z‘»M(Sé+ ,)/ eamsm«mu@fwm,i,M(dz))
— € n+m,t 5

n-tm,i

2 ~
< CHJLH e2o¢)\\/§log(L)+c(6)w/log(L)e§a2)\2glog(L)E(waL+m,q:,JV[(Sz+m7i)2). (423)

n—+m,is

Here we will finally benefit from using the truncated measures 25 M. Indeed, Lemma 4.2, monotonicity
and Lemma 3.2 together with the scaling of the integral in (3.6) ensure that, for some ¢, ¢’ € (0, 00) depending
on M, n and § but not on m or 7,

E (Z)\STL+77L,7:7M(S(§

n

+m,i)2) < e[B(ZY ™ (Spam))]” < L72@FD (4.24)

where the last inequality follows from (3.76). Since 2a\,/g = 4\ while %oﬁ/\zg = 2)\?, the right-hand side
of (4.23) decays as L=2-20=%% For any ¢ > 0 we thus get

4m /"
> g C _ 22 ¢ oF
P<§ E(Xil g, q |05 5mm) > g) < P(Apm) + <t 21-2)"ge(9)VIog L (4.25)
i=1
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for some ¢’ independent of m. Hereby (4.22) follows from (4.13).
Using (4.22) in (4.21) then gives

limsupE(e_<Zf"'M,fm,5)) S limSupE(e_eieE(<2XSn,Mmev‘qu)S”ygnﬂn)) (426)

m—o0 m—o0

Our next task is to prove
E((Z5", fmo) | @5%50m) = B((ZZ3M, fyn g) | @550m) — 0 (4.27)

in probability in the limit as m — oo followed by M — oo. Since the difference of expectations is non-
negative, it thus suffices to show convergence to 0 in the mean.

As Var(@sn’gnvm (z)) < glog(2™) + ¢ uniformly on SJ ,,, we have
E(Lhs. of (4.27)) < c(2™)2X 4™ £ [E(Zf“*”‘(5n+m)) - E(ff“*"“M(Sner))] (4.28)
Lemma 4.1 now implies
B(Z5 ™ (Sim)) — B(Z5 M (Sppm) < comPM? ()220 (4.29)

This bounds the expectation of (4.27) by ce=eM’ || f]| which tends to zero as M — cc.
Combining (4.19) with (4.26-4.27), using (3.64), Lemma 3.10 and the limits € | 0 and § | 0 (with (3.69))
thus show

E(e™ (D) < Be="D), (4.30)

Jointly with (3.65), we then get (4.15). The same argument as in the proof of Theorem 3.14 now gives
uniqueness of the law of Z for all D € D.

4.2. Truncated moment calculations

We now move to the technical statements (Lemmas 4.1-4.3) in the proof of Theorem 4.5 whose proof was de-
ferred from the previous subsection to here. For small enough € > 0, we write Dy, := {x € Dy: dist(z, D%/) >
eN'}. We start by some observations concerning the law of the random variables Sy defined in (4.3).

Lemma 4.7 Recall that g := 2/mw. For each ¢ > 0 and each r > 0, there is ¢ = c(e,r) € (0,00) such that for
all D € © with diam D <7 and all N large enough, we have:

(1) For allz € Dy and all ky <k <m < n(z),
Var(Si(z) — Sp(x)) = (m — k)g + o(1) (4.31)

where o(1) — 0 when N — oo uniformly in k and x € DS,.
(2) For all x € Dy and all k with ky < k < n(z),

‘Var(Sk(x)) — (n(z) — k)g‘ <ec (4.32)

Moreover, for all £ > 1 there is ¢ = ¢/ (,£) > 0 such that for all x € DS, all k with ky < k < n(x), allm
satisfying k — € < m < k and all y € Dy such that A™1(y) C A¥(x) \ {z}, we have

E(Sk(z)Sm(y)) < (n(z) —k)g+ ¢ and Var(Sm(y) — Sk(z)) € [9/4, ] (4.33)

as soon as N is sufficiently large.
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Proof. Fix r > 0 and consider any domain D € ® with diam D < r. By the Gibbs-Markov property,
translation invariance and Green function asymptotics (A.5),

Var(Si () = Sm()) = Var (phe -4+ 0)(0))
= GACm(O)(07 0) — GAek(O)(()’ 0)=g(m—k)+ 0(1) .

(4.34)

This gives the first statement. For the second, we assume that k < n(x) since otherwise it is trivially true.
Then, since n(z) > log N — ¢ for ¢ = ¢(e) > 0, we may find ¢ = &(¢,r) > 0 such that Dy C Agn@y+2(2).
Monotonicity of the Green function with respect to inclusion and similar considerations as above now show

Var(Sk(m)) < GAe 1(0,0) — Ga,_,(0) (0,0) < (n(z) —k)g+gc+o(1). (4.35)

n(z)+c (0

On the other hand, by definition Dy D Agne+1 () and consequently
Var (Sy(z)) > GA iy 11(0(0,0) = G 4 (0)(0,0) = (n(x) — k)g + g/2 + o(1). (4.36)

This completes the second statement.
Turning to the third statement, here we first observe that the expectation there can be written explicitly
as E[@DN’Ak(‘”) (x)goDN’Ak(‘”) (y)]. By the Gibbs-Markov property, this expectation equals

E(hP~ (2)hP () — E(h2" @) (2)h2" @) (y)) < (n(z) — k)g + ¢, (4.37)

where we have used the Green function asymptotics again. The constant ¢ > 0 above depends on the
distance of y to the boundary of A*(x) relative to its diameter. This in turn is governed by the choice of .
Finally, the upper bound on the variance follows from the above bounds together with

Var (S, (y) — Sk(z)) = Var(Sm(y)) + Var(Sk(z)) — 2E(Sim(y)Sk(z)) (4.38)

and the relation between m and k. As for the lower bound,

Var (S (y) — Sk(@)) = Var (22" @) () — pP2" @) (z) 4 oA @87 W) ()
> Var(¢®" (@A"0) () > Var (2" @A 0 (1)) > g+ 0(1)  (4.39)

thus proving the third statement as well.
The next lemma notes that the dependency structure of the process Si(z) is tree-like.

Lemma 4.8 Ifz,y € Dy and 0 < ky < ks < n(z), 0 < my < ma < n(y) are such that A*2(x) C A™ (y),
then the increments Sk, (x) — Sk, (z) and Spm, (y) — Sm, (y) are independent. In particular, for any x € Dy,

the process (Sk (a:))z(jo) has independent increments.
Proof. This is a direct consequence of the definition and the Gibbs-Markov property.
Finally, we will also need the following simple fact:

Lemma 4.9 Suppose X 2 N(0,0%) and Y faw N(0,0%2) are independent. Then (X|X +Y), ie, X
conditional on X +Y, obeys

law 0% a% 0y
XX +Y) 2 N T (X 1Y), T, (4.40)
ox + oy ox + oy

Proof. By way of a simple manipulation we get

2
ag
X=—%X (X+Y
Jg(-l-o%( + )+

2 2
oy X —o%Y

4.41
U§( + U%, ( )
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The second expression on the right is a Gaussian random variable that is independent of X + Y, has mean
zero and variance as the random variable on the right of (4.40).

We are now ready to control the defect to the level set size caused by the truncation:
Proof of Lemma 4.1. Pick b,b' € R with b < b’. Let ¢ > 0 and note that

E|DR(6) ~TY™M(b)| < E[TR(b) < Dy | + E[TR ()]
n(x)
+ > (hDN ) —ay € [b,Y), |Sk(x) — an "S55 | > M(n() - k;)3/4). (4.42)
zeDS, k=kn

By Lemma 3.1, the sum of the first two expectations are bounded by the desired estimate provided we take €
small and b’ sufficiently large ( proportional to M). We thus have to show the bound for the double sum
regardless of e > 0 and V' € [b, 00).

Fix x € DS and let k € {0,...,n(z)}. We will estimate the probability on the right-hand side of (4.42) by
conditioning on the value of A~ (). For this we note that, by Lemma 4.8, hP¥ (z) is the sum of independent
random variables Sy (z) and So(z) — Sk (). Applying Lemma 4.9 for X := Si(x) and Y := Sp(x) — Sk(x),
we thus get for s € [b, V']

(W 1) o ) (o + 0. GRS,
Invoking the variance estimates in Lemma 4.7, we obtain

Var(Sk(z))  n(x) —k a

Var(So(2))  n(z) < () (4.44)
and

Var(Sy(z))Var(So(z) — Sk(x)) < o) — k) (4.45)

Var(So(z))

where the constants ¢; and ¢ are independent of k, x and n(z) as chosen above. Plugging these in (4.43)
and using that ay is proportional to n(x), a standard Gaussian estimate yields

P([84() — ax ™S5 > M(n(a) ~ K} [P () = ay + 5) < comH (4.46)

Thanks to the uniformity in s of (4.46), the last term in (4.42) is bounded by
c > Z “EMIEE P (RPN (z) — ay € [b,1)) < de” M E[TR (D). (4.47)
zeD§ k=

By Lemma 3.2, this obeys the desired bound as soon as N is sufficiently large.

Next we move to the proof of the second moment estimate for truncated level sets:
Proof of Lemma 4.2. Pick b,/ € R with b < b’ and fix ¢ > 0 and M > 0. Given N > 1 and z,y € D, we
will first estimate the probability that x,y € Fﬁ(b7 ) for | —y| > KN/ . Denote

k= ([log" |z —y|] + 1) An(z), (4.48)
and let ¢ > 1 be the minimal such that

AR 2) N AR (y) =0 and AP (@) U AR (y) € AR (2). (4.49)
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Observe that since n(z) <log N + c and n(y) > log N — ¢ for ¢ = ¢(D) > 0 and ¢ = ¢(e) > 0 we must have
¢ < ¢ with é = é(e, D) > 0. Also note that

KON (z) = Sk(z) + (Sk—e(z) — Sk(z)) + (So(x) — Sk—e(z)) (4.50)

and

KN (y) = Sk(@) + (Sk—e(y) — Sk(@)) + (So(y) — Sk—c(y)) - (4.51)

By (4.49) and Lemma 4.8, the three terms on the right of (4.50) are independent of each other, while for

the terms on the right of (4.51) we get that the last one is independent of the first two as well as of of

the last term on the right of (4.50). For any t € [~M(n(z) — k)3/4, M(n(z) — k)3/4], any s1,s2 € [b,b')

and any uy,us € [ n(z)3/*,n(x)%/*] and employing the convention that P(X € dx) = f(x)dx abbreviates
P(X € A) = [, f(x)dz we then write

P(h(x) —an €dsy, h(y) —an € dsa ’ Sk(z) —an "Sf();)k =t,

Sk,(@;) — Sk(m) = Ui, Sk,g(y) — Sk(l’) = u2>

= P(So(m) — Sg—e(x) — aNﬁ +t4+u € dsl)

x P(So(y) = Sk-e(y) — anlsy +t +ua € dsy ) (4.52)
2 2
E(x)k -1t - N () —t —
< S exp (% (@) ut +s1)” + (% (2) uz + 52) dsydss
k 2gk
C CL2 a
< EGXP{—Q%]{J + g%(Qt +uyp +ug — 81 — 52)}d51d82.

Here in the first inequality we used Lemma 4.7 to replace variances of the random variables Sy(x) — Sk_¢(z)
and Sy(y) — Sk—e(y) by gk. This causes only a change in the multiplicative constant because, by our as-
sumptions on ¢, u1, us, s; and s9, the quantities in the squares in the exponent are both at most order k.
In the second inequality we opened up the squares and retained, through a bound, only the quantities that
depend on ay.

Our next step is to integrate the above conditional probability with respect to the conditional law of
Sk—e(y) — Sk(x) and Sk_¢(z) — Sk(x) given Si(x). For this we will need to examine the dependency of
Se—e(y) — Sk(z) on Sk(z). By Lemma 4.7, there are ¢ > 0 and ¢’ > ¢ > 0 such that E((Sg_e(y) —
Si(2))Sk(x)) < c and Var(Sk—,(y) — Sk(z)) € [¢, ¢"]. Consequently for all ¢ with [¢t| < M (n(z) — k)*/4,

‘E(Sk,g(y) — Si(z) | Sk(x) —an "5:“()516 = t)‘ <ct/(n(z)—k+1) <cM (4.53)

and
Var(Si—e(y) — Si(x) | Sk(x)) < Var(Si—e(y) — Se(z)) <", (4.54)

with the conditional expectation vanishing and the conditional variance bounded similarly for Si_,(z) —
Sk (z). Since ay/n(x) is bounded, the Cauchy-Schwarz inequality shows

E(e N (Sk—e(y) =Sk (@) + X (Sp—e(x) =Sy (z ‘Sk )_aN"(z()—)k :t) <é, (4.55)
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uniformly in ¢ as above. In conjunction with (4.52), this yields

P(hDN (z) —an € [b,), W2Y (y) — an € [b,1) ) Sp(x) — ay ™M@k t)

< P(18k-1(2) = Se(@)| V Sk 1(y) - () > n/4| Si(a) — an ek = 1)

4.56
/ ds; / dsy exp k + —(27,‘ — 5] — 52)} ( )
b,b") b,b") an

uniformly in above ¢ above, where ¢’ depends on b, b’ and M and we have used the fact that the right hand
side is at least e ~“" for some ¢ > 0.

Now if k& = n(x) then Si(z) = t = 0 and therefore the right hand side above is also a bound on the
unconditional probability. Otherwise, we integrate the left-hand side of (4.56) with respect to the distribution

of the random variable Si(z) — ay "f();)k to get (abbreviating 6,,(k) := (n(z) — k)3/%)

P(x y e TDM(p, b’))

< P(hDN(q:) —an € [b,), K2V (y) — an € [b,V), |Sk(x) — an™

i / exp{2aNt— (QNW(@ H)2}(1t
k(n(x) — k)1/2 [t|< M6, () an 2g(n(z) — k)

c — K ke R () k)/ pony
e gn2 2gn e gn dt
k(n(x) — k)1/2 It < M8, (k)

C/

< -
= k(n(x) — k)1/2

s Ex n(z)/? = 2(;?:2 k+EMO,, (k)
~ N2 k(n(x)—k+1)1/2

SE| < M6, (k)

IN

(4.57)

IN

2
6_2217\5 k= gy n(@)+EM0, (k)

for some constants ¢, ', ¢”, ¢ € (0,00). The latter bound applies also to the case k = n(x).
The desired expectation is now obtained by summing over z,y € D$;. This yields

BERMe.0)n D = > PayeT5M0.0))
z,yeDY
< ¥ P(:c e TM (o, b’)) + Y P(z,y e T o, b’)). (4.58)
z,y€DY z,yeDY

lo—y|<KN* lz—y|> K"

The first term on the right-hand side is bounded by K]l\,/ZEEﬁ’M(b7 b)| = O(K]gvﬂ). For the second term we
partition the pairs (z,y) further depending on which annulus A*(z) \ A¥~1(z) the vertex y belongs to. As
there are order N2e2* such pairs for a given k, the bound (4.57) gives

Ky — nt/2 _ X pis )3/
e, M i N 2 2k on? k+eM (n(z)—k)
3 P(myeI‘ (o, b)) =D T ErE Ve . (459)
z,yeDY, k=kn
\x—y|>K11\,/4

where we set n to be the maximum of n(x) over all z € D, (Here we note that a change in n by a additive
constant changes (4.57) only by a multiplicative constant.)
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2
Now 5 is asymptotic to 2A? < 2 in the limit as N — oo and so the exponent on the right of (4.59)

2gn?
grows linearly with k. The sum is thus dominated by the k = n term. Since n = log N 4+ O(1), simple algebra
shows that the expression on the right of (4.59) is O(K%). Since all bounds above were uniform in D € D
with a given diameter, say, diam D < 1, we only need to show how to get the diameter dependence explicitly.
A key point is that the bounds were also independent of the approximating sequence of domains D, nor
of the centering sequence ay as long as it obeyed (2.22) and not even much on the sequence ky in the cutoff
for the event Ty ps as long as IV is large enough. Fix D € © with r := diam D < 1, let Dy be a sequence
of approximating domains obeying (2.1-2.2) and set D’ := r~'D. Fix j € {0,1,...,[r"!]} and set
DEV = DLN/”'J*]" a'N = A|N/r|—j and k?\f = k“l_N/TJ*j' (460)
Then {D/;} is a sequence of domains approximating, in the sense of (2.1-2.2), domain D’. Using a’y as the
centering sequence and k as the cutoff in the event Ty, s in the definition of fﬁ M (b), we then get

Lot (0) =T () (4.61)

A calculation now shows that the normalizing sequence K defined using ay above obeys
Ky = (7 4 0(1) K n/r)— (4.62)

Since every integer can be cast to the form |N/r| — j for some N and some j as above, the claim for D
follows from the claim for D’.

Our final task is the proof of the factorization property for the truncated level sets:

Proof of Lemma 4.3. Using the Cauchy-Schwarz inequality, we bound the expression inside the limit in (4.12)
by the square root of

1 alb
K2 Z E((l{hDN(I)ZaN} —¢€ 1{hDN (I)ZGNJFb})]‘TN,M(x)
N zyeAy (463)

X (Lo (g)zany eMl{hDN(y)ZaMb})1TN,M<y>> :
To bound the sum above, we first consider pairs x,y for which m = Llog |z — y|loo ] obeys
m > gkN and ||z — yllo € [e™ + 2V, e — 2eFN]. (4.64)
For such z,y, we have
AF@) N A (y) =0,  k=ky,...,n(z), (4.65)
and similarly
Ak (y) N AR () = 0, kE=kn,...,n(y). (4.66)

Consequently, letting F := U(h?N(I) : 2 € Dy~ (AFN (2) UA*N (y))) the term corresponding to such z and y
in (4.63) can be written as

B[ (P(hP (@) 2 ax | F) = e P(hP (@) 2 an +b| F) )11y 1y (o)
(P(hDN () > an | F) — e®P(hP () > ay + b f))1TN,M(y)} . (4.67)
We now write h¥(z) as h{(x) = (So(x) — Sky (¥)) + Sky (z) and note that the quantity in the parenthesis

is independent of S, (x), due to the fact that this term is F-measurable. Using a similar decomposition for
hP¥ (y), the expectation in (4.67) is bounded by

E |:1TN,M(17)F(S’~€N (.’L‘) - GN%) 1TN,M(y)F(SkN (y) —an bglé\;]ka)] ) (4'68)
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where

F(u) = 'P(E(O) > an IOZNN - U) - ea)‘bP(ﬁ(O) = an longN —u+t b)‘ : (4.69)

with A denoting the DGFF on A_xy . R

Since ayky/log N ~ 2,/gAky and Eh(0)? = gky + O(1), if we assume that |u| < (kn)7/® then we
can use tail asymptotics for the Gaussian density to estimate the quantities above. In particular, P(B(O) >
aNlokg—NN —u+ b)/P(iL(O) > aNlokg—NN — u) is asymptotic to

kN

a —u —2b(an 2 — ) — b2

%e p{ ( NTog N ) } ~ N N = 0. (4.70)

ONTogn — U b 2E[h(0)?]
It follows that

F(u) = o(1)P(h(0) > an 225 — u) (4.71)
with o(1) — 0 as N — oo uniformly in u satisfying |u| < (kx)7/®. Since

og N— 7/8
]SkN (z) — aN%‘ <kY% on Tyar(z) (4.72)

whenever N is large enough, with a similar condition holding for y under T,z (y), we can apply (4.71)
in (4.68). Reversing the step (4.68), the expectation in (4.67) is thus bounded by

0(1)P<hDN (z) > an, WP (y) > an, T (), TN,M(Z/)) : (4.73)

Proceeding as in (4.59), the contribution to the sum in (4.63) from terms where (4.64) holds is therefore at
most o((Ky)?).

Turning to the remaining terms in the sum in (4.63), if z,y satisfy m < %kN , then we bound the
corresponding term by 4e2**®VO) P(RPN () > an + b A 0). As in (3.20) the contribution to the sum from
all such terms is o(K%). For the pairs with m > 2ky not satisfying the second restriction in (4.64), we can
bound by 4e2AEVO P(RPN () > ay —b A0, hPN(y) > anx — b A 0). Observing that the number of such
pairs for a given m is at most order N2e™**N = o(1)N2e2™, the calculation in (4.59) again shows that such
terms contribute o((Ky)?) as well. The claim follows.

5. Proofs of main theorems

The goal of this short section is to give formal proofs of our main theorems. Before we do that, we still have
to address one issue that has been excluded from the discussion so far: the third component of the point
process that captures the local behavior of the field near a point of an intermediate level set.

5.1. Local structure of intermediate level sets

Henceforth, let % denote the full three-component process defined in (2.5) and let ?]]E\),’M be its truncation
to points « where T a(x) holds. In addition, define

~D,M 1
NN = Ki Z 51)/N ® 5hDN(x)—aN ® 6{hDN(a;)—hDN(l‘+z): Z€Z2}17:N,M(:£) 5 (51)
N r€DN
where
T (@) == T () N { max  |hP (x) — BPN ()] < k?v} (5.2)
yEOAFN (z)

with A¥(z) and ky defined in (4.2) and (4.5), respectively. Obviously, n¥ dominates ﬁﬁ’M which in turn
dominates ﬁjl\),’M. First we note that the truncations do not really matter as soon as proper limits are taken:
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Lemma 5.1 For any continuous, compactly-supported function f: D x R x RZ” - R,

lim limsup E} e M,f) (nR, f | =0. (5.3)

M—0o Nooo

Proof. In light of Lemma 3.1 it suffices to show that for any € > 0, the expected number of x € D$, where
Ty, (x) N~ Tnop () oceurs is o( K ). Invoking the union bound, this is at most

> Y PPY@) PN > K. (5.4)

z€Dy yedAFN ()

Since hP~ (x) — hP¥ (y) has mean zero and variance bounded by a constant times ky uniformly for all such
pairs whenever N is large enough, the probability on the right is at most ek, As ky ~ ¢ log N and as
the number of terms in the sum is only order N2e*~, the claim follows.

The principal computation to be done in this section is now the content of:

Proposition 5.2 Let v be the measure in (2.7) and, given any continuous, compactly-supported function
f:DxRxRE SR, let

fula,h) == E,(f(x,h,¢)) (5.5)

with the expectation over ¢. Then for any M > 0,

i By ) = v )| =

—0. (5.6)

For the proof we will need:

Lemma 5.3 Lete > 0 and, forx € DS and a sample of hP~ | let pn denote the discrete-harmonic extension
of the values of RPN on {xYUAKN (2)¢. Recall the notation a for the potential kernel associated with the simple
symmetric random walk on Z?. Then for any sequence ay related to X € (0,1) via the asymptotic (1.5),

2
D
max max sup h=N(x) —on(z) — —=Aa(z —z)| — 0 5.7
zeDS z€A, () hDNGTN,Al(z) ( ) 14 ( ) \/g ( ) Ne—soo ( )
|[WPN (z)—an|<loglog N

Proof of Lemma 5.8. To show this, let Hy (2, y) denote the probability that the simple random walk started
at z first returns to {z} U A*N (z)¢ at y. (Note that Hy . (z,x) > 0 in this case.) Then

WPY(z) —pn(z) = Y Hyalzy)[RPY (2) — PV ()] (5.8)

yEIAFN (z)

Since Si(w) is the average of {hPN (y): y € A*N ()} with respect to the exit distribution from AX~ (z) of
the simple random walk started at x, we have

Sk‘N (1') Z HN,m(xvy) = Z HN,x(x’y)hDN (y) (59)

yEOAFN (z) yEDARN ()
Swapping hP~ (x) for Sy, (z) on the right hand side of (5.8) then gives

hP¥ (2) = on(2) = (1 = Hya(z,2)) [APY (2) = Sy (2)]

+ > (Hyna(zy) — Hya(z,9)) [Sky (@) — BP¥ ()] (5.10)
YyEOAFN (x)
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We claim that the second term on the right vanishes in the stated limits. Indeed, on TN’ v () we have
|hPN (z) — hPN (y)| < k% for each y € OAFN (x) and so [PV (y) — Sk, (x)| < 2k%. The standard bounds
on the regularity of the harmonic measure show |Hy . (2,y) — Hy (7, y)| < cre 2k~ for all z € A,.(x). The
second term is thus of order k%e*~.

Concerning the first term on the right of (5.10) we note that, on the event T p(z) N {|hP¥ () — an| <
loglog N} we have

RPN () — Skp (z) = aN:(];) + O(k?’v“) (5.11)
where n = log N + O(1), while
gkn(1— Hyz(2,2)) = a(z — z) + o(1) (5.12)

uniformly in z € A, (z). Using the asymptotic (1.5) for an, we then get (5.7).

Proof of Proposition 5.2. By way of limit arguments, we may assume that f depends only on a finite number
of coordinates of ¢, say, those in A,.(0), and that f(z,h,¢) # 0 implies dist(x, A®) > € and h € [b, V') for
some € > 0 and b < b'. Abbreviate

F(xz,h,¢) := f(z,h,¢) — fo(z,h). (5.13)
Using Cauchy-Schwarz, the expectation in (5.6) squared is bounded by

1 T N N N
I > E(F(N,hD () — ay, (WPN (z) — BP (x+z))ZeAT(O))1fNyM(r)
z,yeDY

X F(% hPN (y) — an, (WP (y) — RPN (y + z))zeAT(O))lfN,M(y)). (5.14)

The argument at the end of the proof of Lemma 4.3 permits us to assume that x,y are such that (4.64)
applies. We also assume that N is so large that e*¥ > r. Conditioning on the sigma algebra
F =0 (hPN(2): 2 ¢ [AF (2) U AM (y)] \ {=,9}) (5.15)

then splits the expectation into a product of two parts, one for z and the other for y. Using the Gibbs-Markov
decomposition to write R~ on AFN (z) \ {z} as ¢n + hx, where hy is the DGFF on A*~ (z) \ {z} and
N is as in Lemma 5.3, we now write the term corresponding to = as

E(Fy (%02 (@) = an B2 (2) = on (- = 2) )15, o)
where

Fx(z,h,®) := EF (2, h,¢+ hy) (5.17)

]-'), (5.16)

with the expectation with respect to hy. Our aim is to show that the random variable under expectation
in (5.16) is small uniformly in x € DY, and the part of the configuration measurable with respect to F.
Thanks to uniform continuity of f, the identity (5.7) permits us to replace hP¥ — oy (- — ) in (5.16) by

2 \a at a cost that tends deterministically to zero. The random variable under expectation then depends

V9
on the conditional field only through AP~ (z). We now observe that, by the weak convergence of the DGFF

on Ay, (0) \ {0} to the DGFF on Z? \. {0} — which can be verified by comparing covariances — we get
) 2
EFN(z,h, ﬁAa) o 0 (5.18)
uniformly in 2 and h. We conclude that the conditional expectation in (5.16) is bounded by

o(V)1inow (2)—anelbp)} 1Ty 0 (2) (5.19)

with o(1) — 0 uniformly in z € D§,. In light of Lemma 4.3, the quantity in (5.14) tends to zero as N — oo.
The claim follows.
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5.2. Proofs of main results

We are now ready to give the proofs of our main theorems:

Proof of Theorem 2.1. Let f: D x R x RZ* — R be continuous with compact support and let f, be as in
(5.5). Theorems 3.14 and 4.5 and ensure that (n¥, f,) tends in distribution to

/Zf’(dm)@e*a’\hdh fu(z, h) = /Zf(dx) @ e~ Mdh @ v(de) f(z,h,¢). (5.20)

Lemma 5.1 and Proposition 5.2 then identify this with the distributional limit of (n¥, f,). As this holds for
all such f, the claim follows.

Proof of Corollary 2.2. This follows from Theorem 2.1 with Lemma 3.1 used to reduce the problem to level
sets between two values of the form apy + b.

Proof of Theorem 2.3. This was proved as part of the proofs of Theorems 3.14 and 4.5.

Proof of Theorem 2.4. This is proved exactly as [10, Theorem 7.2]; one just needs to change the exponent 4
into 2422 in suitable places. We only verify the parts of this theorem where this change shows up. First off,
the independence of the limit (2.6) on the particular sequence ay permits us to assume ay := 2,/gAlog N
for which we then have K,n/Kxn — 7272 as N — oco. This implies the scaling relation (2.26). The

representation of Zf Z Y? for any square S then yields rotation invariance. This is because, under a

conformal map f: D — f(D), we have

CHPHID)(f(@), () = CPP(a,y) (5.21)
for any admissible D C D and thus

/(D) f(D) o § 12 DD (5.22)

The rotation invariance of Y2 then follows from the rotation invariance of the function 2.
With these properties verified, the proof of [10, Proposition 7.2] can then be followed literally to yield,
for any u: D — [0,00) bounded and measurable,

E(e—E Y weh)) 5 pe— (@R Isef T ) (5.23)

Iterating this with f replaced by f~! then gives equality in (5.23). The claim follows.

Proof of Theorem 2.5. Let D € © be such that it D fits an open dyadic square of side 7. For any integer & > 0,
let Sk, @ =1,...,n(k) be open dyadic squares of side r27% that lie entirely in S. Clearly, each Sy ; has a
non-empty intersection and contains exactly 4 squares of the form Si41 ; although there may be squares
of the latter form that do not belong to any square of the form Sy ;. For each & > 1, let Hy be the set of

functions in H{(D) that are harmonic on each Sy ;, i = 1,...,n(k), and vanish on D \ U?:U;) Sk.i- Then, as
is checked by the Gauss-Green formula, {Hy: k > 0} are orthogonal subspaces of H} (D) with

H3(D) = €D Hs- (5.24)

k>0

A minor complication that arises in this setting is that each Hy, is infinitely dimensional. Still, by separability
of H}(D), we can find an countable orthonormal basis {@ ;: j > 1} in each H.

Let {X;: k,j > 1} be i.i.d. standard normals and write D° := D and DF := U?:(li) Sk,i- A covariance
calculation shows

PPN NNy By on DR, k> L (5.25)
j>1
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We also have
DD i D" D" (5.26)
k=1

with the fields on the right-hand side regarded as independent. Using a suitable coupling to realize these
distributional identities as almost sure equalities, letting

n(k) . .
YL (x) = e (2) Y et @3t NERDT @y o (4 da (5.27)

i=1

and setting Fj := O'(Xg,ji ¢+ j <k}, then for any measurable A C D,
B(Y2(A)| F) = /A WP @D, oda),  m >k, (5.28)

where ;27 is the measure defined in (2.16) for the basis {¢,:n > 1} in H}(D) which is obtained by
reordering {@y j: j > 1} according to the complete order

(k,i))=(K.j) & k+i<k+j o k+j=kK+74 & j<j. (5.29)

Since A < 1 and thus aA < f, it is known (cf a remark after Rhodes and Vargas [29, Theorem 5.5]) that
ubB converges to a non-trivial measure p2:% almost surely and in L'. It follows that {YV,P(A), Fy.: k > 1}
is a uniformly integrable martingale. The Martingale Convergence Theorem then gives

YP(A) — YEP(A) as. andin L' (5.30)

k—o0

Using this in (5.28) shows
B2 F) = [ cf @l pda), k=1 (5.31)

The Levy Backward Theorem and the convergence u2+# — u2:# along with the fact that ﬂk21 Fi is trivial
now identify Y2 with the LQG measure on the right of (2.18).
To link this to the law of Zf\) we note that, as part of the proofs of Theorems 3.14 and 4.5, we showed

that ZP faw YD for D being a dyadic square. The Gibbs-Markov property and the construction (5.27) then
readily extend this to all D.

Appendix: Useful properties and bounds

Here we will review some of the needed facts concerning the DGFF as well as the Green function of the
simple symmetric random walk on Z2. We begin with the latter.

Given D C Z?2, the Green function GP(z,y) is the expected number of visits to y of the simple random
walk started at x before the walk exits D. Denoting Vi, := (=N, N)? N Z?, the potential kernel can be
defined by the limit

a(z) ;= lim [GY¥(0,0) — GV~ (0,z)] (A1)

N—o0

The potential kernel admits the asymptotic form

a(z) = glog |z| 4+ co + O(|z|~2), |z| — oo. (A.2)
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with ¢y a numerical constant. For D finite, the fact that a is discrete harmonic away from 0 while x +—
GP(z,y) is harmonic on D \ {y}, we have

GP(x,y) = —a(@ —y)+ DY H"(z,2)a(y - 2), (A.3)
z€0D

where HP(z, 2) is the probability that the simple random walk started at = exits D at z. As shown in [10,
Lemma A.2], the class of domains D is such that, for any D € © and any sequence Dy approximating D in
the sense of (2.1-2.2), we have

Z Y (LxNJ’Z)(SZ/N() \;:;guely II (.T, ')a YIS Ev (A4)
—00
2z€EODN

where 17 (z,-) is the harmonic measure on (i.e., the hitting probability of the Brownian motion started
from x to) the boundary 9D of the continuum domain D. Using this in conjunction with (A.2), for x,y € D
with x # y we then get

GPV(laN], [yN]) = —glog |z — y| +g/ P (z,dz)log |z — z| + o(1). (A.5)
oD

For x = y we instead get (3.7) effectively replacing —glog |z — y| by glog N + co.
Moving to the properties of the DGFF, one that is most fundamental is the Gibbs-Markov decomposition.
If V.C U C Z? are finite domains and hY and h" the DGFFs on U, resp., V, then

hU laiw hV+QOU’V (AG)

with %" independent of A" and having sample paths that are discrete harmonic on V and equidistributed
to hY on U ~ V. The law of ¢¥"V can be alternatively prescribed by its covariance structure, which turns
out to be the difference GV — GV. Tt is now easy to check from (A.3-A.4), this difference admits a scaling
limit in the sense that, for any D, D € ® with D C D and locally uniformly in z,y € D

GP¥ (2N, [yN]) = GP¥ ([eN |, [yN]) — CPP(ay), (A7)

N—o0

with CP-D as in (2.9). Letting DD be the Gaussian process with covariance C’D’f’7 for each N > 1 and
each § > 0, there is a coupling of pP~-P~ with ®P-P such that

lim P( sup }QDDN’EN(L:JJNJ) - @D’E(x)f > 5) =0, (A.8)
N—=roo zeD
dist(z,D°)>6

see [11, Lemma B.14].
As our final item of business, we will prove a lemma that was used in the proof of Theorem 4.5. The proof
is standard; we include it merely for completeness of exposition.

Proof of Lemma 4.4. To lighten the notation suppose S is an open square of side » and let S;, s =1,...,L?
~ 2
be disjoint open squares of side /L that just barely fit into S. Denote S := UiL:1 S; and let x; be the center

point of S;, for each 7. Then Var(@s’g(xi)) < glog L + ¢ for some constant ¢ and so, by a straightforward
union bound,

/

P 55 (2;) > 2/glog L) < ——. A.
<ir1I,1?.),<L2 (i) > 2y/glog ) ~ Vlog L (4.9)
Next let S9 := {z € S;: dist(z, S§) > &} and note that

max _ sup Var(@s’g(z) - @S’g(xi)) <c (A.10)

i=1,...,L2 2€89
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with ¢ independent of L. Letting

M} = max sup (®%%(z) — 95(z;)) (A.11)
Z‘:17H‘,L2 zESf

the Borell-Tsirelson inequality (see Adler [2, Theorem 2.1]) shows that M} has a uniform Gaussian tail and
S0

P(Mj — EM} > \/logL) < L™° (A.12)
for some ¢ > 0 independent of L. It thus remains to control the growth rate of EM7}. For this we consider the
pseudometric space (27, p), where 2" := {(i,2): i =1,.. L2 2 € 89} and p((i, 2), (', 2')) == E[®59(2) —
®59(2')] when z € S and 2’ € S. Writing B,((i,2),r) for the closed ball in 2 of radius r centered at

(i,z) and using m for the normalized Lebesgue measure on Ufjl S?. the Fernique criterion (cf Adler [2,
Theorem 4.1]) then gives

EM; < c/ dr (A.13)
0

for some universal constant c. The fact that (z,y) — oSS (z,y) is uniformly Lipschitz on each S? gives
m(B,((i,2),7)) > ¢/(r AL™')* with ¢ > 0 independent of L as soon as § is sufficiently small. Plugging this
into (A.13), we get EM} < ¢’y/log L. Combining this with (A.12) and (A.9), the claim follows.
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