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A model problem



Discrete random media

d-dimensional lattice Z¢, sites z, edges e
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Conductivities on edges l_! |

a(e) >0 i_cf_)!:l

Operator —V-aV and form > Vuv-aVu
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y: e=[z,y]
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Homogenization of random discrete elliptic media

Uniform ellipticity:
A<a(e) <1 foralledges e forsome 0 <\ < 1.

Statistics:
{a(e)}e independently and identically distributed (i. i. d.)

On large scales: (I~ 1-v.aV)™! =~ (771-V.ay,,, V)1

with aj,, homogeneous and deterministic

[Kozlov (79), Papanicolaou & Varadhan (= 81),

Kiinnemann (83)]



Prediction of a;,,,, from statistics of {a(e)}?

_1:

Conductivity Resistance

For d=1: (a(e)™ )1 = a,,,

For any d: (a(e) 1)1 < a7, < (a(e))
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In series in parallel

No simple general formula for

A F”’f




Concept of Representative Volume Element

Linear map RES € — a c R4
hom

describes relation average potential gradient — average current
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Mathematical idealization: corrector field



Notion of corrector field ¢

Corrector ¢ for direction ¢ € R%;

e r— x-£+ ¢(x) is a-harmonic, i. e.

—V -a(é+Vep) =0

o V¢ is stationary, i. e.

x— Vo(x) and z — Vo(x + 2)
have same statistics

for all shifts z € Z¢
Stationarity of ¢7




Corrector ~» exact but unpractical formula for aj,,,

Formula: £-apomé = ((E+V) - a(€+Vp))

. of no practical use:
—V -a(é+Vep) = 0 has to be solved

e for every realization of coefficients {a(e)}e

e on whole lattice 74



Back to Representative Volume Element

gy, 9 9 O @ ®
Period L R reeae
ab(e + Le) = al(e) ATTTITTT ele e eie
o' (x + Le;) = ¢ (x) H"‘I"‘"’%—H 0cie 0 0@
Spatial average [0, L) . E;i:l:;j::. OT:E";T‘

L '8
Systematic error (wrong statistics)

(6+V9) - a(6+V ) "R ((e+ VL) - al(e+ Vb))

Random error (lack of ergodicity)

(VoD al(e+Veh) "R 11y (Vo) -l (e+Voh)) .

r€[0,L)4



Strategy: size of system vs. number of samples?

N samples (IV independent realizations):
(¢ + Vol) - aL<§ + Vo))

VEUNTIS LY ((e4V6h) - ab (e VD)) (o)
n=1 xE[O L)d

L 1 reduces / ///
systematic error N“LL
and random error / / 74

N 1 reduces =
only random error




Simplified concept of systematic error

¢ as a proxy for ¢l

T Yt¢p —V-a(e+Veor) =0
in all of Z¢ with T = L2

Systematic error (from desorption term)

= ((+Vor) - a(¢+Vor)) — ((+Ve) - a(é+V))
= (V(¢r—¢)-aV(er—¢)) ~ ([V(er —d)I?)



Simplified concept of random error

Smooth spatial average

A
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Random error (from long range correlation in energy density)

-

— varl/2 [; wi (E+Vor) - a(S—I—V¢T)]

1/2

2
2w (E+Veor) - ale+Vor) — <(£+V¢T)-a(£+V¢T)>| >




What estimates to expect?

Vanishing conductivity contrast 1 — A\ K 1:
(asymptotics and explicit solution)

T4  for d< 4
systematic error? ~ { T4InT for d=4
T4  for d>4

random error? ~ I, 4

Random error dominates systematic error
for L =+/T and d < 8:

— many samples N > 1 advantageous



Our nearly optimal result

For all conductivity ratios A > 0 and dimensions d > 2:

T7—d d< 4
system? = (V(¢7r—¢)-aV(dr—¢))° < C(A,d) { N7 =4
T4 d> 4

random? := var [} wy(6+Vér) -a(é+Ver) | < C(\,d) L™

For all conductivity ratios A > 0 and dimension d = 2:

system? < C(\) T 2(In T)Q(/\)
random? < C(\) L_Q(InT)qo‘)

[Gloria&O., Ann.Prob. (to appear), Ann.Appl.Prob. (accepted)]



Mathematical context



Yurinskii ('86) result

Suboptimal estimate
2d— 4_|_

system? ~ (|Vor—V¢|?)? < T 4+ (7 mindArt

. relies on suboptimal variance estimate for ¢
1_
var [Ywiér] S T (TL79)? (24

. relies on random walk decomposition

o = > ¢T,S ; _ ot
Sc{edges} S ™ A
with " 1“ d ’ -

¢r.5 = ¢1.5({ale) }ecs)



Random walk in random environment 1
Large scale behavior of parabolic Green’s function G(w, t, x)

4G —-V-aVG = 0 G(t=0,12) = { L forw:o}

0 forxz # 0

is Gaussian with variance aj,,, © Gpom(t, ) = -3 exp(—=%et)

O T T O S &-&-&-M}—‘—FM...OOeooooco.

Almost sure (“quenched”) qualitative result:
Corrector ¢ provides harmonic coordinates
[Sidoravicius & Sznitman 04]



Random walk in random environment 11

A1

Random walk on '====..!..=
percolation cluster ======l==
Bernoulli, supercritical ======-===
e. A=20 my E =I! il ¥ =

Almost surely behaves like Brownian motion on large scales:
Sidoravicius & Sznitman '04 (d > 4),
Mathieu & Piatnitski '07 (d > 2),
Berger & Biskup '07 (d > 2)

sublinear growth
of corrector ¢




Naddaf & Spencer (unpublished) result

| | 0X \?
Spectral gap estimate: var[X] < C(a)< > (aa(e)) >

edges e

Energy density: X :=)> Vu-aVu where —V-aVu=V.f

have 82—@ = —|Vu(e)|?.

Meyer’s estimate: dp(d,A\) > 2 s.t. Y |VulP <@, ) _|fIP
For small ellipticity ratio 1 — A < 1: 3 |Vu|* < c@) Y| f|*

Optimal conclusion for 1 — X < ¢(d):
var[}Vu-aVu] < C(d.a) Y |f|*



Gradient Gibbs measures I (Funaki & Spohn '97)

From quenched m(bin Y (€4+Vo(e)) - alw,e)(E+Vo(e))
to annealed ((-)) := Zexp(— YV (E+V¢(e))Nzdg(a)

Naddaf & Spencer '97, Giacomin & Olla & Spohn '01,
Conlon & Spencer '11: For A < V/(n) < 1

(p@)p(a’))) = [ (Gt z,2"))) dt ~ Ghom(z — ')

O

where G(t,z,z’) parabolic Green’'s function
for time-dependent coefficients a(t,e) := V/(Vp(t,e))
and where ¢(t,xz) Glauber dynamics w. r. t. {{:))



Gradient Gibbs measures II (Biskup & Kotecky '07)

Biskup & Spohn '11:
1 1 .92
For V(n) = — IOg/)\ exp ( — 5an )p(da), =0
consider extended gradient Gibbs measure
(D)) = L exp (= Ya@)5(Vp(e))?) Nedp(z) Nedale).
e

Have

{p(2)d(2))) = (((G(z,2))))) ~ Ghom(z —2')

where G(z, z') is elliptic Green's function w. r. t. {a(e)}e.



Sketch of Proof



Crucial for our result: higher moments of corrector
Suppose [¢] =1, d > 2 (otherwise logT-terms), T = oo

Have for all ¢ < co:  (|6]9) < C(\,d,q)
Step 1. For all g <oco: (|21 V¢[?) < (|¢]%9)

Step 2. Forall 1 € g < >

s. t. p:=2(14¢ 1) ~ 2 satisfies Meyer's estimate we have:

1

Var[\¢\q+1] = (opern) oy S (14| 20))TFT (|g[ 2@t DT



Argument for Step 1 (Caccioppoli in (-))

Test —V -a(€+Vep) =0 with o¢|g|27—1:

—V - (88127 a(€+V ) + 24621V - a(€+Vp) = O
Stationarity:  (|¢|?1Vé - a(£+Ve)) =0
Uniform ellipticity:  (|¢|22|V¢[2) < (|¢]27|V¢|)

Cauchy Schwarz:  ([¢[?7|V4|?) < (|¢|*9)



Step 2: Spectral gap and Green’s function

0 2
gt+1| <« qg+1
Spectral var[|¢| ] S <;(aa(e)|¢(0)| ) >
gap 24109(0) 2>
. ~ 0 q
estimate <ze:|¢( )| ’8&(6)’
G O¢ i
reen’s (0) e.
—t— G O . Y o o o
function Oae) VE©.0) - (6+Ve)(e) e XD,
Get

var[|qb|q+1] N ;<|¢(O)|2q|VG(O,€)|2|(£+V¢)(e)|2>



Step 2: Gain in homogeneity through Step 1

Recall Step 1 ([¢?7|Vo[?) < (|¢[*9)
Recall - var[[¢[11] 5 3 {|é(0)*1|VG©,0)[2|(¢+Vé) ()

Halder (|¢(0)]29 |V G(0,)[?|(6+V ) (e)]?)

2 1
P=2042) < (|9 D VG0, 0)P)P (|(e+V)(e) 2+ D)THT

Step 1 (|(6+Ve)(e)|20T D) < 14(|¢|%1|V|?) < 14(¢]%9)



Step 2: Need uniform control of Green’s function

2
p

Have var||¢|9T1] < (1+<\¢\2q>>‘14+1Z<\¢(0)\2(q+1>WG(an)‘p>

In which sense AQ’?\
1

1 X142

G(O,CB) ~J ‘m‘d_Q K‘

S,
4. VGle)
|VG(O,€)| ~ |e|Cll_1 M
i’é’jd—‘l
uniformly in {a(e)}e C [N, 1] ,
e




Step 2: Recall elliptic regularity (discrete version)
Harnack: For V- (aVu) = 0 in {|z|] < 2R}

sup [u(z)| S 77 > |u@)
z|<R x| <2R

Caccioppoli: For V- (aVu) = 0 in {|z| < 2R}

> VuE)? S 2 > u@)?
e|<R 2|<2R

Meyers: I p(d,\) >2s.t. for V-(aVu) = V- f

2 IVu@P s > [f(eF



Step 2: Control of Green’s function

p

Get )
for some w1 2. VGO,
p>2 R<|e|<2R

. averaged ‘“quenched estimate”

VvS. pointwise “annealed estimate’ ...

1
e|d—1

1
(IVG(0,e)]?)2 < [Delmotte & Deuschel '05].



Step 2: Apply estimate on Green’s function

for some de 1
>, IVGO.9F £ R¥(5i=1)?
p>2 R<|e|<2R R
2
Get > (le@PUFTVIVG©,0F)r
R < |e] < 2R 5
2 2
< BR)TF(X (I6@PUtVIVGO,0IP))?
) R<lel < 2R ;
p=2(1+~%) 2 >
= 2 ! — (Rd>1 P <\¢(O)\2(q+1) 3 \VG(O,e)\p>p
for ¢>1 R<|e| < 2R
1

< {|g(0) |2t DY+

Rd—2



Step 2: Conclusion

©.@)
Dyadic annuli DY >
€ (=0 2l<e|<2t+1

Get gain in homogeneity in ¢:

1

var[|617F1] S (1+(lg]2) 7T (|2t )i

o0 1
go@@)“

finitevfor d> 2
logarithm for d = 2



Future directions

Allow for (fast decaying) correlations

(a la Dobrushin-Shlosman) [oK]

Extension to continuum elliptic equations [0K]

From simplified concept of errors to actual errors [0K]
Extension to percolation clusters [7]

Avoid (some of the) logarithms InT for d = 2 [7]

Extension to systems (elasticity) [77]



