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Interface ¢ = {¢(z) € R; z € Z%}
¢(z)

<{phase A>

<{phase B>
Z4(R?)

¢(x): the height at position x

>
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Energy of the microscopic interface ¢ = {¢(z) € R; x € Z¢}

Hg)=5 Y, V(o) - o)

a:,yEZd,|a:—y|:1

(V : R — Ris C?, symm.,

V| oo < 00)
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Langevin eq.

det(CC) — =

for

OH

d¢(x)

(¢¢)dt + V2dwy (),

v €Ty = (Z/NZ)* with periodic b.c.
r € Dy = NDNZ® with Dirichlet b.c.

5/30



-1

Dynamics - Langevin equation

Model Langevin eq.
e Microscopic interface
e Energy of
miscroscopic interface a
D ics - L i
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o w = {wt( );x € Iy} independent 1D B.m.s

= Y V(¢(x) - ¢(y)

y:|lz—y|=1
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Macroscopic interface h” (¢, 0)
(t€10,t,0 €]0,1)?=:T%0rf € D)

Y (t, z/N) = N pp2(),

Theorem 1 (Funaki-Spohn for I';, N. for D with Dirichlet

r€e€ly

b.c.). IfV is strictly convex, i.e., there existc_,c, > 0 such

that
C— S V”(U) S Ct+, NE R
we have
v oh .
h — h: 5 = div Vo (Vh)

where o : RY — R js the surface tension introduced via

thermodynamic limit.
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The equation (2) is the gradient flow with respect to the energy

functional

(h) = / o(Vh(6)) do

(3)

in L?-space. The functional X is called "total surface tension.”

which gives the total energy of the interface h.

Remark 1. The assumption “V is strictly convex” can be
relaxed. If we have the convexity of o (see
Cotar-Deuschel-Muller and Cotar-Deuschel) and the

characterization of Gibbs measures for gradient fields, we can

show the hydrodynamic limit. (joint work with J.-D. Deuschel
and |. Vignard)
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Let us consider

for

doi(x) = A {aa(b—lz)(gbt)} ()dt + v/ 2daiy(z),
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@ Dynamics - Langevin — 7

equation d¢t (CC) — A { a (¢t) } (I)dt —+ \/idwt (CC) . (4)
e Hydrodynamic scaling ¢ ( ) )

limit (LLN)

e Total surface tension

® Dynamics with a for
conservation law

e Hydrodynamic scaling

PO v €Ty = (Z/NZ)* with periodic b.c.
e x € Dy = NDNZ® with Dirichlet b.c.

Main Result

Rough sketch of the
proof

e w = {w(x);x € I'y}: Gaussian process with covariance
structure

Elw,(z)w(y)] = —A(z,y)s A1
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A: (discrete) Laplacian

Af(z) =

2

(f(y) = f(z)),

ZCGFN
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e /A: (discrete) Laplacian

Af(z)

2

(f(y) = f(z)),

Remark 2. By Itd’s formula, it is easy to see

Z de(2)

xel'n

xel'n

ZCGFN

Z Po(x) (= const.), t >0,

that is, the total sum of the height variable (= number of
particle) is conserved by this time evolution.

(5)
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Macroscopic interface h™¥ (t,0)(t € [0,t],0 € [0,1)% =: T%)

WY (t, x/N) = N dna(z),

rel'y

Theorem 2 (N. 2002). If V' is strictly convex, i.e., there exist
c_,cy > 0 such that

we have

where o : R? — R js the surface tension introduced via

C— S V”(U) S Cq,

W — h -

thermodynamic limit.

Oh

ot

neR

—Adiv Vo(Vh)
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What happen in the case with Dirichlet b.c.?
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Theorem 3. Let D be a finite, convex domain with Lipschitz
Main Result

«Haeammosamg boundary. We assume that there exists hy € H (D) such

limit on finite domain

e Limit equation that

Rough sketch of the
proof

sup £ (1Y (0)[[3-1p) | < o0,
N>1

: N 2 o
]\}E{l)o E||R™(0) — hoHH—l(D) = 0.
We then have
: N ) o
Jim B[R () = h(®)|[-1 () = 0.

where h is the weak solution of nonlinear PDE

% = Adiv Vo (Vh). (6)
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heC([0,T],H (D)

) N L?([0,T], Hy (D)) and for test
functions J; € C*°([0,T] %

D) and J, € C3(D),

/ h(t,0)J,(t, 0) d6
D

t d
:/l)ho(e)Jl(t,H)d9+/0 /Dh(s,e)%h(s,e)deds

+/0 /DVU(S,H)-VJl(S,H) df ds,
/ u(t, 0)J5(0) df = — / Vo (Vh(L)) - VJo(0) d
D D
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The proof is by H ~!-method in

Funaki-Spohn, Commun. Math. Phys. ('97)
N., Probab. J. Math. Univ. Tokyo ('02)
N., Probab. Theory Relat. Fields ('03)
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e [": all oriented bonds in 1"y
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1. n(b) = —n(-b),
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_7: (z,y) € (ZY)*; v € Ajory € A;}

Xar = {(Vo(b); b € A*); ¢ € R}
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Proposition 4. There exists constants 1, K5 > 0 such that

t

E|AN ()15 +K1N—dE/ Z (vqbgv(b))2 ds

O beD%,

< E[RN(0)||7-1 + Ko(1 +¢), t>0

holds, where

1PN )12 1y = N7 Y (07 (@) = (0™))

reED N

X (=Apy) (¢ (z) = (¢))
+ N—Qd—2<¢N>2.
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Let us consider a system of ODEs

” BNt w/N) = —Axun(@/N), @€ Dy

| uy = divy { (Vo) (VVEY (£) Y (z/N), = € Dy
. AY(t,z/N) =0, z¢& Dy.

(7)
and we extend h”" to the function from [0, 7] x R% by
interpolation as follows:

Y (t,0) = b (t,z/N), =z € Z*
We consider the solution with initial datum

h) (z/N) = N / ho(0')dO', ho € C3(D).

B(z/N,1/N)
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Proposition 5. Ifinitial data is smooth enough, then there
exists a constant C' := C'(T', hg) such that

holds.

sup sup (||AY(@)I1Z, n + VRV (@®)l22) < C.

N

sup
N

sup
N

sup
N

0<t<T

7 y
sup ||—h" (¢) <C,
o<t<r || dt _1N

T
| @, <c.
0

T
/ VNN @)L, dt < C
0
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o ¢: finite volume Gibbs measure on X ¢, i.e.,

g (dn) =

1

AV

exp(—H (n))dna.,

where Z, ¢ is a normalizing constant.
t: Grandcanonical Gibbs measure on X iff 1 satisfies DLR

equation

M('\gz(zcl)*\ﬁ)(f) = page(r), pas. &,

holds for every finite set A C Z¢.
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For the solution ¢; of SDE (1), n; = V¢, satisfies

where

dny(b) = —VAU.(n,)(b) dt + V2dVw,(b),

Us(n) = Y _ V'(n(b))

b:xp=x

(8)
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The generator for (8) is given by
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We shall apply the same method in [Deuschel-N.-Vignard, in
preparation], which is based on [Fritz, 1982]. Our goal is the
following:

lim n= %Iy (p|a,) =0,

n—aoo

where

o In,(v) =&V AT, f=-

e [y, - finite volume Gibbs measure on Ann with free
boundary condition

e &) : Dirichlet form for the time evolution with free
boundary condition

dv

Once we have the above, we obtain that p is canonical Gibbs
measure. However, in this setting, the canonical Gibbs
measure is also grandcanonical, thus we have the conclusion.
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