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INTRO - Model

effective interface = unbounded spin variables: ϕ = (ϕi)i∈Zd ∈ RZd

classical bounded spins = rotators ϕ = (ϕi)i∈Zd ∈ (S1)Z
d

Hamiltonian ≡ energy function

H (ϕ) =
1

2

∑
i,j

p(i− j)V (ϕi − ϕj)

pair-potential V (t) = V (−t)
p(i− j) = finite range random walk kernel

H (ϕ) =
1

2

∑
i,j

p(i− j)U(ϕi − ϕj)

pair-potential U(t) = U(−t)
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INTRO - Particular models

We will consider Gibbs measures, which are defined for (here translation-invariant)
absolutely summable interactions Φ (that is,

∑
A; 0∈A ||ΦA|| < ∞) via the DLR

equations, expressing that given an external configuration ηΛc, the probability
density of configurations in a volume Λ is given by the Gibbs expression

dµ
ηΛc
Λ

dαΛ
(σΛ) =

exp (−HΛ(σΛηΛc))

Z
ηΛc
Λ

, where HΛ(σΛηΛc) =
∑

A; A∩Λ 6=∅
βΦA(σΛηΛc),

and αΛ is the product of α over the sites in Λ.

In the standard nearest-neighbour models, (the plane rotor or XY-model), as
well as in the clock models, where the spins take discrete values, we have

−HΛ(σΛηΛc) = β
∑

<i,j>∈Λ

σi · σj + β
∑

<i∈Λ,j∈Λc>

σi · ηj.
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Questions - 2 types of discretizations

Local discretisation map T : S1 7→ {1, . . . , q}
map spin to the midpoints of segments

AIM: Compare Tµ where µ ∈ GΦ,α to the Gibbs measures µ′ ∈ GΦ,Tα

where Tα is the product.

THEOREM EFS If there is a renormalized interaction for one translation-invariant
Gibbs measure, then the renormalized measure of any other translation-invariant
measure is a Gibbs measure for the same interaction.

If there is an Φ′ such that Tµ ∈ GΦ′,Tα for a µ ∈ GΦ,α,
then TGΦ,α⊂GΦ′,Tα.

EFS93: A.C.D. van Enter, R. Fernández, A.D. Sokal: Regularity properties and
pathologies of position-space renormalization-group transformations: Scope and
limitations of Gibbsian theory, J. Stat. Phys. 72, 879-1167 (1993).
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Questions - 2 types of discretizations

Compare the fuzzy Potts model.

µΛ(σ) =
1

ZΛ
exp

(
2β

∑
i∼j

1σi=σj

)
σi ∈ {1, . . . , q} local state space is decomposed into classes

apply the sitewise transformation: T : {1, . . . , q} → {1, . . . , q′}, q′ < q

Questions: Gibbsianness on Lattice, Tree, Meanfield?
(Maes, Haeggstroem, Kuelske)

Known: Tµ can be non-Gibbs at low temperatures
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A broader perspective: Two layer systems

First layer spin variables: σ = (σi)i∈G ∈ SG, (S, d) metric space
Interaction potential only on first layer: Φ = (ΦA(σA))A⊂G

Local a priori measure on the first layer: α(dσi)

Hamiltonian ≡ Formal energy function: H(σ) =
∑
A:A⊂G ΦA(σ)

Second layer spin variables: η = (ηi)i∈G ∈ S′G, (S′, d′) metric space
Joint spin variables: ξ = (σi, ηi)i∈G ∈ (S × S′)G

Joint local a priori measure: K(dσi, dηi) = α(dσi)K(dηi|σi)
with a stochastic (or deterministic) transformation K(dηi|σi)

Let µ(dσ) be a Gibbs measure for the first layer
Aim: Study the second layer measure

µ′(dη) =
∫
SG
µ(dσ)

∏
i∈G

K(dηi|σi)

Banff 1 June 2011 7(24)



Applications of two-layer systems

η are noisy observations of σ’s
η are gene activities caused by the genes σ
η are time-evolved initial spins σ
η are coarse-grained images of σ
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Time-evolution of Gibbs measures

• van Enter, Fernandez, den Hollander, Redig (CMP 2002):
Ising under spinflip

• Külske, Redig (PTRF 2006):
Unbounded Continuous variables under Diffusions

• Külske, LeNy (CMP 2007):
Mean-Field Ising - symmetry breaking in bad configurations

• Külske, Opoku (EJP, JMP 2008) Goodness of Gibbsianness,
Lattice vs. Meanfield

• van Enter, Ruszel (JMP 2008, SPA 2009):
Bounded Continuous variables (circle) under Diffusions

• Enter, Kuelske, Opoku, Ruszel (2010):
Gibbs-non-Gibbs properties for n-vector lattice and mean-field models
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Ising under stochastic dynamics

Initial system: Nearest neighbor Ising model µt=0 := µ+
β,h

The dynamics:
symmetric independent spin-flips:

µt(ηΛ) =
∫
µt=0(dσΛ)

∏
x∈Λ

pt(σx, ηx)

transition kernel for rate-1 flips: pt(+,+) = 1
2
(1 + e−2t)(

pt(+,+) = pt(−,−) = 1− pt(+,−) = 1− pt(−,+)
)

⇒ trivial infinite-time limiting measure (locally):

lim
t↑∞

µt =
⊗
x∈Zd

1

2

(
δ+ + δ−

)
µβ,h=0,t fails to be Gibbs for β large, t large due to ”hidden phase transitions”
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When is the second layer Gibbs?

Constrained (quenched) first layer Model: Study Gibbs specification

γΛ[ηΛ](dσΛ|σ̄) =
exp

(
−
∑
A∩Λ 6=∅ΦA(σΛσ̄Λc)

)∏
i∈Λαηi(dσi)∫

EΛ exp
(
−
∑
A∩Λ 6=∅ΦA(σ̃Λσ̄Λc)

)∏
i∈Λαηi(dσ̃i)

where αηi = K(dσi|ηi)

Sufficient for µ′ to be Gibbs:
γΦ[η] satisfies Dobrushin-condition
uniformly in second layer configurations η

”Information of conditioning passes through first layer in a local way”
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When is the second layer Gibbs?

If: 1st Layer is Gibbs (but not necessarily in uniqueness regime) &
Constrained first layer in uniqueness regime

Then: 2nd Layer is Gibbs (but not necessarily in uniqueness regime)∥∥∥∥γ′i(·|ηic)− γ′i(·|η̄ic)∥∥∥∥ ≤∑
j

Qi,jd
′(ηj, η̄j)
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Goodness of Gibbsianness and the Posterior Metric

Definition: Posterior-metric associated to K on
second layer local spin space

d′(ηj, η̄j) := ‖αηj − αη̄j‖

is a measure of relevance of a local variation of the second layer
on the first layer
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Goodness of Gibbsianness and the Posterior Metric

Dobrushin Uniqueness condition (1968):

Ci,j := sup
σ=σ′ on jc

‖γi( ·
∣∣∣σic)− γi( · ∣∣∣σ′ic)‖i

≡ Dobrushin-Matrix

Dobrushin-constant ≡ c ≡ sup
i∈G

∑
j∈G

Ci,j = ‖C‖∞ < 1

‖ν1 − ν2‖ := sup
f :|f |≤1

|ν1(f)− ν2(f)| =
Variational distance

2
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Goodness of Gibbsianness and the Posterior Metric

THEOREM 1. (Külske, Opoku EJP, Ph.D. thesis Opoku Groningen) Suppose
supi

∑
j C̄ij < 1 where

C̄ij bounds the first layer constaint model uniformly

1. Then µ′ is a Gibbs measure for a specification γ′.

2. γ′ satisfies the continuity estimate∥∥∥∥γ′i(dηi|ηic)− γ′i(dηi|η̄ic)∥∥∥∥ ≤ ∑
j∈G\i

Qi,jd
′(ηj, η̄j).

where

Qi,j = 4e2
∑

A3i ‖ΦA‖∞
( ∑
k∈G\i

δk

( ∑
A⊃{i,k}

ΦA

)
D̄kj

)
e
∑

A3j δj(ΦA)

with D̄ =
∑∞
n=0 C̄

n.
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Application: Short-time Gibbsianness of Rotator Models

• Local state spaces: E = E′ = Sq−1, q ≥ 2,

• Hamiltonian:
H(σ) = −

∑
i,j∈Zd

Jijσi · σj

with supi
∑
j |Jij| <∞

• Joint single-site a priori probability measure:
K(dσi, dηi) = Kt(dσi, dηi) = kt(σi, ηi)α0(dσi)α0(dηi),

• α0 ≡ equidistribution on Sq−1 and kt(σi, ηi) = e∆t(σi, ηi) heat kernel on the
sphere

• Image or time-evolved measure:

µt(dη) =
∫
µ(dσ)

∏
i

kt(σi, ηi)α0(dηi).

• Infinite-time local limiting measure = product over the equidistributions on
the spheres

short times imply strongly concentrated αηi
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Application: Short-time Gibbsianness of Rotator Models

THEOREM 2. Assume that
√

2
(

sup
i

∑
j∈G

e|Jij||Jij|
) (

1− e−(q−1)t
)1

2 < 1,

then
1. the measure µt is Gibbs for a specification γt, and

2. γt satisfies the continuity estimate∥∥∥∥γi,t(dηi|ηic)− γi,t(dηi|η̄ic)∥∥∥∥ ≤ ∑
j∈G\i

Q̄i,j(t)d(ηj, η̄j)

with

Q̄i,j(t) =
1

2
min

{√
π

t
Qi,j(t), e

4
∑

l |Jjl| − 1
}

Qi,j(t) = 8e4 supi∈G
∑

j∈G |Jij|
∑
k∈G\i

|Jik|D̄kj(t),

Spatial decay given by D̄(t) =
∑∞
n=0

(
1− e−(q−1)t

)n
2An

with Aij = e|Jij||Jij|
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Gibbsianness of local discretizations

Possible to adopt previous Theorem on Gibbsianness of local transforms to lo-
cal discretizations, but better use another version:

Recall: Gibbsianness of renormalized model follows if constrained model in the
first layer is in Dobrushin uniqueness regime uniformly in the chosen constraint

1D-Rotator: The discretized measure Tµ is Gibbs if

sup
i∈Zd

∑
j∈Zd\{i}

C̄ij < 1,

where

2 C̄ij =


sup ηj,η̄j∈S1;

T (ηj)=T (η̄j),l∈S′

∫
S1
l
α(dσi)

∣∣∣∣∣∣ e
β σi·ηj∫

S1
l
α(dσ̂i) e

β σ̂i·ηj −
e
β σi·η̄j∫

S1
l
α(dσ̂i) e

β σ̂i·η̄j

∣∣∣∣∣∣ , if|i− j| = 1,

0, otherwise.
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Gibbsianness of local discretizations

Decomposition S =
⋃
s′∈S′ Ss′

Note: S′ finite or countably infinite
Discretization T (s) := s′ for Ss′ 3 s.

G vertex set of underlying graph
Family of metrics (dij)j∈G\{i} on the local spin space at the site i

dij(σi, τi) := sup
ζ,ζ̄

ζjc=ζ̄jc;T (ζj)=T (ζ̄j)

∣∣∣∣Hi(σiζic)−Hi(σiζ̄ic)−
(
Hi(τiζic)−Hi(τiζ̄ic)

)∣∣∣∣,
change of energy difference between spin configurations σi, τi
caused by variations at j

j-diameter at i:
diamij(A) = sups,t∈A dij(s, t) where A runs over the sets in the decomposition
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Gibbsianness of local discretizations

THEOREM 3. (EnKuOP11) Let µ be a Gibbs measure of the specification with
Gibbsian potential Φ with an arbitrary a priori measure α, on a graph with ver-
tex set G. Let T denote the local coarse-graining map where we assume that
α(Ss′) > 0 for all labels s′ ∈ S′.
Suppose that

sup
i∈G

∑
j∈G\i

sup
s′

diamij(Ss′) < 4.

Then the transformed measure T (µ) is Gibbs
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Application to Sq rotator models

1-dimensional sphere: We have for n.n. i and j by Cauchy-Schwartz that

dij(σi, τi) = β sup
ζj,ζ̄j;T (ζj)=T (ζ̄j)

∣∣∣∣(σi − τi) · (ζj − ζ̄j)∣∣∣∣
≤ β‖σi − τi‖22 sin

π

q

and so diamijSs′ = β × (2 sin π
q
)2. This gives the criterion

2dβ(sin
π

q
)2 < 1

for Gibbsianness of the coarse-grained model.
(standard estimate would give a worse condition without the square)

q-dimensional sphere: Criterion for Gibbsianness:

2dβ(sinψ)2 < 1.

ψ := one half of the maximal angle under which a set Ss′ appears as seen from
the origin
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Dimension d = 2, S1-model

This argument provides an independent rigorous route to the existence of a
Kosterlitz-Thouless (slow decay of correlations) phase in a discrete-spin model.

This is known to happen in the clock model by Fröhlich and Spencer CMP 81,
at intermediate temperatures.

At very low temperatures β ≥ q2 the clock model has discrete symmetry break-
ing.
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Dimension d ≥ 3, S1-model

THEOREM 4. Rotators on the circle. For each d ≥ 3 there is a q0 such that for
q ≥ q0 there is an interaction Φ′ with a discrete -clock - rotation invariance such
that there are uncountably many translation-invariant ergodic states in the set
of Gibbs measures GΦ′.

Proof:
Take β such there is continuous symmetry breaking for continuous model.
Take q large enough.
Then the renormalized Hamiltonian for one translation invariant measures ex-
ists.
It is independent of which one.
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Any Dimension d ≥ 2, S1-model, non Gibbs at very low temperatures

Theorem
Consider the Gibbs measures of the continuous S1 rotor model at β discretized
with q. Then, at β sufficiently large (≥ q2), the model is non-Gibbs.

Sketch of Proof:

Condition on checkerboard north south configuration.

The conditioned model has an two groundstates: East and West.
The cost to flip from one to the other is of the order of β

q2
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