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Height Variables): A — R
BoundaryoA with boundary condition), such that

O, = ., When z € JA.
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PotentialsV : R — R, even, diverges atoco
Example: Gaussian casg{(s) = s*

Hamiltonian

H;\p(¢) = ZweA,yeA, V(¢x—¢y)—|—2 erA,yeaA, V(¢x—¢y)

[z—y|=1 lz—y|=1
Bondsb = (z,y),r € A,y € AUIA, |z —y| =1
Gradientsn, = Vo, = ¢, — ¢, forb = (z,y)

3 = £ > 0, whereT is the temperature
Finite volumesurface tensiono (u): macroscopic

energy of a surface with tili = (uy, ..., uy) € R%
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»-Glbbs Measure

Thefinite volume Gibbs measuran A

(@6) = exp (-0 (0)} T don-
A reA

The probability measure € P(R%") is called a
Gibbs measurefor the ¢-field if

v(-|Fae) () = vi(-), v —a.e.,

for everyA C Z?, whereF,. is thec-field of RZ
generated by o(x) : x ¢ A}
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V o-Glbbs Measures

Gibbs measures do not exist o 1, 2.

The Hamiltonian is a functional of the gradient
fields V¢, so we can consider the distribution of
the V¢-field under the Gibbs measure We call
this measure th& ¢-Gibbs measurey.

V ¢-Gibbs measures exist far> 1.
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Questions

1. Existence and (strict) convexity of the surface
tension

o(u) = |Al‘iinOO oa(u).

2. Existence of shift-invariarW ¢- Gibbs measure.

3. Unigqueness of shift-invariaif ¢- Gibbs measure
1 under additional assumptions pn

4. Decay of covariances with respectio
5. Central limit theorem (CLT) results.
6. Large deviations (LDP) results.
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Funaki-Spohn (CMP, 1997):Existence and
convexity of the surface tension fdr> 1.

Deuschel-Giacomin-loffe (PTRF,
2000)/Giacomin-Olla-Spohn (AOP, 2001)Strict
convexity of the surface tension fdr> 1.

. Funaki-Spohn (CMP, 1997):Assume

C, < V" < (C,. Foreveryu = (uq,...,uq) € R?
there exists a unique shift-invariawtp- Gibbs
measure: with £, [¢(e;) — ¢(0)] = u;, for all
i=1,....d.
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4. Naddaf-Spencer (CMP,
1997)/Giacomin-Olla-Spohn (AOP, 2001)CLT

€7 Y f(ex)[bure, — b — wi] > N(0,05(f)).

xeZd

5. Deuschel-Giacomin-loffe (PTRF, 2000)LDP
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Technigues
Brascamp-Lieb Inequality: for alt € A

var V}\b(¢x) < var ,;}\? (¢x)7

7 is the Gibbs measure with potential
V(S) — 0182.

Random Walk Representation: Representation of
the Covariance Matrix in terms of the Green
function of a particular random walk.
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Results: Non-convex potentials

Funaki-Spohn (CMP, 1997):Convexity of the
surface tension for all potentials.

Cotar-Deuschel-Muller (CMP, 2009): Surface
tension is strictly convex If

Vo= W4y, C <V <Oy,
~Co < ¢"<0, VBlg"ll1m) small Co, Cr, Cs).

Adams-Kotecky-Mduller (preprint, 2011): Strict
convexity of the surface tension for small titis
and larges.
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For the potential

e V) —
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Non-Convex potentials
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Biskup-Kotecky (PTRF, 2007): Non-uniqueness
of severalV ¢-Gibbs measures with
E,o(e;) — ¢(0)] = 0, but with different variances.

Biskup-Spohn (AOP, 2011):CLT for every
ergodicV ¢-Gibbs measurg with

E,6(e:) — 6(0)] = 0.

—n. 12
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Interfaces with Disorder
Two ways to add randomness

(a) Add to the Hamiltonian the random part

> atha

reEA

(€&2)peza i4.d with Ep(£2) < oo.
Or

(b) Make the potentials randoniy, ,, I.1.d with
As? — B(%y) < V(x,y)(s) < (5% and
E’B<x7y>‘ < OQ.

—n. 14
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Results
Translation-covariance:

[ ulr€NdmEm = [ ulelanF .
for (7,m)(b) := n(b — v), for all bondsbh and all
v e Z¢

For model (a), van Enter-Kulske (2007):For

d = 2, non-existence of shift-covariant gradient
Gibbs measures.
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