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28. NOVIKOV’S CONDITION

Here we elaborate further on the condition that makes Girsanov’s theorem work which
also reveals its full range of applicability.

28.1 Subtlety of the condition EM; = 1.

We start by noting that the requirement that the local martingale M; has unit expectation
at a given t > 0 is not at all trivial. Indeed, as shown in the proof of Lemma 27.5, the
condition EM; = 1 guarantees that, under the exponential tilting, no mass escapes to
“infinity” when we take the stopping times T, truncating the exponent to infinity. Not
surprisingly, the condition is also equivalent to P in (27.18) being non-defective. We
demonstrate these subtleties on the following example:

Lemma 28.1 Letd > 2 and let X; be d-dimensional Bessel process solving the SDE

d—1
dX; = S5-dt + dB, (28.1)
with initial value Xg = 1. Then M; := th_d takes the form
1 (d—2)% ("1
M; = exp{—(d -2) Jo X—Sst i Jo X2 ds} (28.2)
which is well defined for all t > 0 as infi>¢ X¢ > 0 a.s. and is a local martingale. Yet
Vt>0: EM;<1 (28.3)

Proof. That M; takes the form (28.2) is checked via
M; = X774 = exp{(2 — d) log X;}

:exp{(Z—d) Jot ;sdxs_zgdﬂ )ggd<X>s} (28.4)

Plugging (28.1) for d X; we then get (28.1).
Suppose, by way of contradiction, that EMt = 1 for some T > 0. Then Theorem 27.4

applies and gives that {B;: t < T}, for

~ td—2
Bt = Bt + f ds (285)
0o Xs
is a standard Brownian motion. As this gives dB; = dgt - dX;tZt, in terms of B the SDE
(28.1) transforms into

d—1 d-2 -
2X, X 2X;
Setting d' —1 := 3 —d gives d = 4 —d and so we get that {X;: t < T}isa (4 —d)-
dimensional Bessel process under P. (This uses that the conditions for strong uniqueness
hold for Bessel’s SDE.)

The key point for the proof is that, since 4 — d < 2 for d > 2, the (4 — d)-dimensional
Bessel process hits zero in time interval [0, T] with positive probability. (In Theorem 21.5

dt +dB; (28.6)

dX; = dt +dB; =
( )
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we proved that this happens for T sufficiently large but one can adjust the argument to
make it work for all T > 0.) This means

P( inf X, = o) >0 (28.7)
te[0,T)

yet the assumption that d > 2 gives (see Theorem 21.5(1))

P( inf X; = 0) —0 (28.8)
te[0,T]
in contradiction with P « P on Fr. It follows that EM7t < 1 after all. O

The proof shows the mechanics by which EM; = 1 fails: The exponential change of
measure pushes some part of the mass of P outside the support of P. An interesting
additional twist to the above example is that the local martingale {M;: t > 0} in (28.2) is
actually uniformly integrable which provides an example of a UI local martingale which
is not a martingale. We check this for integer d > 3:

Lemma 28.2 Let d € IN obey d > 3 and let M; be as in (28.2). Then
Vpe [0,7%5): sup E(M}) < (28.9)
=0

In particular, M is uniformly integrable.

Proof. Let B be the d-dimensional standard Brownian motion started from zero. Given a

. . 1
point x € R? with |x| = 1, we then have M; = |x + B;|>~% and so we have

P(IM;| > A) = P(|x+ Bi| < A~72) (28.10)

On the Euclidean ball of radius 1/2 centered at x, the probability density of B; is bounded
by (27tt)~%/2e =5 For A > 29-2 we thus have

_1
e B

__d_
(zn—t)d/i A" 72 (28.11)

P(IM;] > A) < 1y

where 77; is the volume of Euclidean ball of radius 1 in R?. A distribution with these
kinds of tails has moments up to, but possibly not including, d%z. Since the prefactor is
bounded uniformly in t > 0, we get the claim. U

We note that, since the probability density of the d-dimensional Bessel is known ex-
plicitly, a similar calculation shows that the same holds for all real 4 > 2.

28.2 Conditions for M to be a martingale.

In light of above observations, one is thus interested in natural, and reasonably sharp,
conditions on the process Y € V!¢ in

t 1 t )
M; = exp{L YdB, — L % ds} (28.12)
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to guarantee EM; = 1. We will work in more generality by doing the same for
M; == exp{X; — 3(X)s} (28.13)
with a general X € .#2°™. Here is one that is fairly easy to prove:

Lemma 28.3 Suppose that M is given by (28.13) with some X € .42, Then M € M.
Moreover, given t > 0, if

Je>0: E <exp{ (% + e><X>t}> < (28.14)
then EM; = 1 and {Ms,;: s = 0} € .4/,

Proof. Set T, := inf{t > 0: |X;| > n}. As is easy to check using the It6 formula,
{M{r,: t = 0} is a bounded local martingale and thus a martingale. Pick A > 1
and p > 1 and let g be such that p~! + g~! = 1. The Hélder inequality then gives

E(M/\ ) = E(e)‘XTﬂM*%OQTnM)

Ty At
— E(eMnn=" (n e (PA-11000n,01) (28.15)
< (E(eprwf¢<x>mM))”P (E(e%wfl)wxmt))“"

2,2
Since, similarly as argued above, {eP)‘XW“_%@%W: t > 0} is a bounded local mar-
tingale, and thus a martingale, the first expectation on the right equals one. The mono-
tonicity of t — (X); along with the Monotone Convergence Theorem then gives

1/
sup E(M},,.;) < (E(e? (100 ) ™ (28.16)
n=1
Noting that
A(pA —1)g = pA ”;‘11 (28.17)

tends tooneas A | 1and p | 1, we can choose A > 1 and p > 1 so that the coeffi-
cient multiplying (X); in (28.16) is less than % + €. The condition (28.14) then gives that
{Mz, nt: n = 1} is bounded uniformly in L* and is thus uniformly integrable. In light of
E(Mz, ot) = 1and My, ¢ — M; a.s., this yields EM; = 1. O

Note that Lemma 28.3 applies in the context (28.12) whenever Y is locally bounded.
As it turns out, the integrability condition (28.14) is actually not far from optimal. First,
as examples show, the conclusion does not hold in general if (28.14) with € < 0 is as-
sumed. Moreover, the case € = 0 is included in the positive conclusion, albeit with a
different (and somewhat complicated) proof:

Theorem 28.4 (Novikov’s condition) Suppose M € 4™ is derived from X € 2™ as
in (28.13). Then forall t > 0,

E(exp{3(Xn}) <o (28.18)
implies EM; = 1.
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As it turns out, (28.18) can further be weakened by requiring the expectation to be
finite with f replaced by #/, for any ' < t. This is known as the Kazamaki condition. The
author of these notes believes that, while sufficient, the Kazamaki condition (and thus
also Novikov’s condition) is not necessary. For the proof of Theorem 28.4 we refer the
reader to the literature.

The main point why Novikov’s condition is so well known is that it is easy to state
(various sufficient conditions exist for Y of the form Y; = a(B;) that imply it) and does
not involve extraneous parameters. Looking for sharper conditions may not be very
practical because the closer to optimal, the harder the condition will likely be to verify.

28.3 Applications of Girsanov’s theorem.

We now move to applications of Girsanov’s theorem. The first one is on solving a par-
ticular class of SDEs. The following expands on Corollary 27.6:

Theorem 28.5 (Removal of drift term) Suppose a: [0,0) x R — R is Borel measurable and
such that, for B a standard Brownian motion started from zero and x € R,

t
vt = 0: E(exp{;f a(s, x+ Bs)zds}> <o (28.19)
0

Then the SDE
dX; = a(t, X;)dt + dB; (28.20)

admits a (global) weak solution with Xy = x.

Proof. Let (), F,P) be a probability space supporting a Brownian motion B and the
Brownian filtration {]—}B}t?o, where ]-"tB := 0(Bs: s < t). Foreacht > 0, let ﬁt be the
measure on(Q), F;) defined by P;(A) := E(14M;), where E is expectation with respect
to P and M; is as in (27.35). Thanks to Theorem 28.4, (28.19) guarantees that Pisa
probability measure for all ¢+ > 0. The fact that M is a martingale also gives that

Vs <tVAe F,: D(A) = P(A) (28.21)

which shows that P; is a restriction of an additive set function on Uiso FP. The map
w — B(w) identifies the latter with an algebra of sets generating the product c-algebra
in R>®), Denoting

F = 0( U7 > (28.22)

>0
Kolmogorov Extension Theorem then extends the above additive set function to a unique
probability measure P on (), F2).
The argument in the proof of Corollary 27.6 now ensures that, under P, the process X
solves the SDE up to time ¢, for all t > 0. Hence it is a global weak solution. U

The caution we exercised in constructing Pon only the terminal point F2 of the min-
imal Brownian filtration and not a larger c-algebra — for instance, its augmented ver-

sion .7?0% := 0(N U U;so FP) where N are the null sets of P — is necessitated by the fact
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that P may not be absolutely continuous with respect to P on (Q, F2), in spite of it being
so on (Q), FP) for every t € [0,0). This will be demonstrated in our next application on
the Brownian motion conditioned to stay positive.

Since the (one-dimensional) standard Brownian motion is recurrent, we cannot con-
dition on inf;>¢ By > 0 as the latter is a null set no matter how large positive By is chosen
to be. In order to define the notion of “Brownian motion conditioned to stay positive”
we will thus need to employ a limit procedure.

Let B be the standard Brownian motion started from x > 0 defined on a probability
space (Q), F,P). As usual, denote 7, := inf{t > 0: B; = a} and, for each T > 0, consider
the measure Q;f on (Q), F) defined by

QY(A) := P(Alw > T) (28.23)

Note that here we stipulate only inf,co 71 By > 0 which has positive probability as soon
as By is positive. We then have:

Theorem 28.6 (Brownian motion conditioned to stay positive) Forall x > 0,allt > 0
and all A € Fy, the limit
Q*(A) := Tlim Qr(A) (28.24)
—00

exists and extends to a unique probability measure on (Q, FB), where FZ is as above. Moreover,
the process {B;: t = 0} under Q* has the law of the 3-dimensional Bessel process started from x.

Proof. Write P* for the law of the standard Brownian motion started from x and let E* be
the associated expectation. Define

he(x) := P*(19 > t) (28.25)
Then for each 0 < t < T and A € F;, the Markov property gives
hr—¢(Bt)
X _ X AN
Qr(A)=E <1Am{ro>t} () ) (28.26)

We now claim:
Lemma 28.7 (Reflection principle) Foreacht > 0and x > 0,

hi(x) = P*(B; > 0) — P*(B; < 0) (28.27)
In particular, we have

2 12 x 2 x  x?

Vx> 0Vt>0: 2e 24/ ——F4 <Iy(x) < A/ ——F+— 28.28

and

Vx>0: Lim Vih(x) = «/3 X (28.29)
t—00 7T

Postponing the proof of this lemma until the main line of argument is finished, plug-
ging this into the ratio on the right of (28.26) we now observe that, for T > 2t, T > 2 and
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and x < VT,

hT—t(Bt) e \/T B2
hr(x) S x yT- t(Bt”ﬁ

x2
where we relied on (28.28) along with v/7/2 <2and e™2r > e 1/2 when x < v/T. The
limit statement (28.29) in turn gives

) < *f(Bt +2B?) (28.30)

hr_+(By) By

i = — 28.31
%E{}O hr(x) x ( )
The Dominated Convergence Theorem then allows us to conclude that
B;
lim QH(A) = B (1anpmn ) (28.32)

In particular, the limit in (28.24) exists. The argument used in the proof of Theorem 28.5
shows that Q¥ extends to a probability measure on (Q, F2).

In order to identify the law of B under Q*, we need a minor truncation argument.
Pick a > 0 and use the It6 formula to write

B;

By~ exp{log B —log Bo} = M; on {1, >t} (28.33)
where - Lt
My := exp{ f 1,25 dBs — f P r-spds | (28.34)
Let P* be the extension to F2 of A — E*(1,4M;) on FE. Then
VAe FE: QY (An{n>t) =P (An{n>1) (28.35)
Since s — B; 1z~ is bounded, Girsanov’s Theorem applies and shows that
B, := B, — Jot ;Sl{fa>s}ds (28.36)
is a standard Brownian motion under P~. Turning this around, this means that B satisfies
dB; = Blt1m>t}dt + dB; (28.37)

on (Q, F8,p¥). In particular, {B, .¢: t > 0} under P* is a 3-dimensional Bessel process
started at x and stopped upon hitting level a.

By Theorem 21.5(1), the 3-dimensional Bessel process stays bounded from zero with
probability one. Hence, taking a | 0 in (28.35), the finite-dimensional distributions of
{B¢: t = 0} under Q* are those of the 3-dimensional Bessel process. In light of continuity
of B, this proves the claim. O

Notice that Q* is concentrated on paths that avoid zero yet P* is not. This is actually
quite common when exponential change of measure over all positive times is invoked.
A condition that ensures that P and P remain absolutely continuous on F2 is that M
admits a terminal element; i.e., M; — M, in L.
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28.4 Proof of Reflection Principle.

We owe to the reader:

Proof of Lemma 28.7. The identity (28.27) is classical, proved originally for random walks
in consideration of so called Ballot Theorem by J.L.F. Bertrand in 1887 (with an earlier
proof from 1878 due to W.A. Whitworth). We follow a continuum version of the elegant
proof of the latter by Désiré André (also from 1887). The argument relies on a reflection
trick; hence the title of the lemma.

The starting point is the disjoint decomposition

(o<t} = ({To <t} ni{B > 0}) o ({To <t} n{B < 0}) (28.38)
Next observe that, by the strong Markov property, for x > 0,
P*(t9 <t A By >0) = E*(111,<n P*(Be—s > 0)]s:=1,) (28.39)

Brownian symmetries imply that P*(B;_s > 0) = P°(B;_s < 0) and so, wrapping this
around, we conclude

P*(p<tAB>0)=P (o<t A B <0) =P (B <0) (28.40)
<

where we also noticed that B; < 0 implies 79 < t when By > 0. Since P*(B; = 0) = 0, we
thus get
P(g>t)=1—-P (1 <t)

28.41
=1-2P*(B; <0) = P*(B; > 0) — P*(B; < 0) ( )
thus proving (28.27).
In order to prove the remaining statements, we now write

© 1 [_<y—x>2 (02

2% —e ]dy

Px(Bt>0)—Px(Bt<0):f 1 re
0 27t

:e_% JOO 1 e_% [eXTy _e_Lty}dy
0o 2t

Writing the difference of the two exponentials as an integral yields

[2 0 x _2(1/(® _@&_ w
ht(x) = ; t37 e 2 f] E <J;) ye 2 i de) ds
2 x 2 (1 2 x
= Eﬁe 2 L(L ze 2 COSh(WS)dZ>dS

where we changed variables via y = z+/t and then use the symmetry of the integral with
respect to s to wrap the result using hyperbolic cosine. For the lower bound in (28.27)
we now use that cosh(r) > 1 while for the upper bound we bound cosh(r) < e" and
then note that

2 [P 2y SN )
e 7 J ze 2 Vidz< ze 7 dz
0 0

(28.42)

(28.43)

(28.44)

© u? 22 7T
<J (u+%)e_7 du<e o4,/
—x/VE
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Bounding the exponential by one, we then get the upper bound in (28.27). The limit
statement (28.29) follows from (28.43) and the Dominated Convergence Theorem. O

Further reading: Karatzas-Shreve, Sections 2.6 and 3.5D
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