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15. ITO INTEGRAL W.R.T. CONTINUOUS L? MARTINGALES

With continuous local martingales and their quadratic variation under our control, we
now generalize the It6 stochastic integral S(t) Y,dB; with respect to the standard Brownian
motion B to those with respect to continuous L?>-martingales. Many proofs are more or
less repetitions of the arguments presented earlier but we still give them for complete-
ness of presentation.

15.1 Integrals of simple processes.

For convenience we will henceforth denote
M = {M: martingale}
My = {M: Lz—martingale}
M := {M: continuous martingale} (15.1)
AM5°™ := {M: continuous L*-martingale}

M2 = {M: continuous local martingale}

with these over a probability space (Q), F, P) with a filtration {F}};>¢ that will both be
clear from context.
Given a simple process {Y;: t > 0} with the standard representation

n
Yi = Zolgoy(£) + D Zil (1 (1) (15.2)
i=1
where 0 = ty) < t; < --- < t;, and Z; being F;,_,-measurable for each i, and another
stochastic process {M;: t > 0}, for each t > 0 we define
t n
J Y,dM; := Z Zi(Mint;, — Miny,_,)- (15.3)
0 i=1

Using the same argument as for the Riemann sums, the resulting object Sé Y,d M, does
not depend on the representation (15.2) of Y. The resulting integral then obeys:

Lemma15.1 LetY € Vyand M € .45°™. Then
t
{f Y.dM,: t > o} e a5t (15.4)
0

and the It6 isometry

E [( L t YSdMs>2] - EUot Y§d<M>S] (15.5)

holds true with the integral on the right formally in Lebesgue-Stieltjes sense (the integral is
actually a Riemann sum). In fact, we even have

{(LtstMS)Z_LtYSZd<M>S: t>o} e (15.6)
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Proof. Being a finite sum of terms of the form Z;(M; ¢, — My,_, A¢), where Z; is bounded
and Mgy, — My, at € 12, the integral is in L? for each t > 0.
Nextlet 0 < u < t and assume Y is represented so that u is one of the partition points
in {t;}!" ,, say, u = t;. Then forall j > i,
E[Zi(Mint; = Mint, ) |[Fu] =0 ass. (15.7)
t u
E |:J stMs fu:| = J stMs a.s. (15.8)
0 0

proving that the integral is an Lz—martingale. The continuity is obvious from the conti-
nuity of M. For the second moment the martingale property shows that, almost surely,

E[(Lt YSdMs)zlfu} = (ﬂ YSdMS>2+E[< 3 Zi(MtAtj—MtAtjl))z‘]-"l,]. (15.9)

j=it1

and so

The second term is now computed using the fact that the increments of M are condition-
ally uncorrelated with E((M; — Ms)?|F,) = E({M); — {M)s|F,) whenever u < s < t by
the fact that {M? — (M);: t = 0} € ., to get

n
Z E (ijk(MtAtj—MtAtj,l)(MtAtk — Mint,_,)
jk=it1

)

[
:M:

E(Z]-Z(Mmt/ - MfAfH)Z ‘ f“)
1 (15.10)

E(ZH(Mins; — Moini, ) | Fu)
]

1
t
_E < f Y2d(M)s fu> as.
Plugging this in (15.9) proves both (15.6) and, by taking expectations, also (15.5). g

1
+

"M:‘

+

1

15.2 Extensions of closure of simple processes.

As for the integrals with respect to Brownian motion, the It6 isometry is a statement of
uniform continuity of the map ¥ — S(t) Ys;dM; with respect to a suitable pseudometric
Y,Y — [Y — Y] m defined, in the present setting, as

[YIm:= ) 27" min{l, \/E (L Y3d<M>s> } (15.11)

n=1

where the subindex M reminds us that this concept depends sensitively on M. The
expression is meaningful for each Y € V) where

t
Vi = {Y: adapted A measurable A Vt > 0:E <f Y52d<M>s> < oo}. (15.12)
0
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We could endow V), with the structure of a topological vector space by identifying pro-

cesses modulo equivalence on a (M)-null set of times, but this is not really required

to carry out the arguments we need to make. So, instead, we will treat it as a set of

processes whose “distances” are measured using the pseudometric supplied by [-] m.
Note that Vy < V) and, in light of the remarks we just made, set

Vol .= {Y €V (H{Y(”)}neN e Vs lim [y — Y]y = o)} (15.13)
The extension of the It6 integral to more general processes is then stated formally as:

Lemma152 Let M e ./ and Y € Vo' ™. Then there exists a family

t
{ f Y, dM: t > o} (15.14)
0
of random variables such that for each {Y(”)}neN € VON,
t t
[Y =Yy — 0 = vt>0: J Y™am, £ | v.dM, (15.15)
0 =% Jo
Moreover,
t 2 t
Wt > 0: E[(J stMs) ] = EU Y3d<M>S] (15.16)
0 0

The process (15.14) is an L? martingale.

Proof. Since Y € VOHM, there exists at least one {Y }ne]N € V]N with [Y — y( ]] M — 0.
For any such sequence, each t > 0 and m, n > 0, the It6 isometry gives

“J ClMS Jt Ys(m)dMs 2} _F [Jt(ys(n) _ Ys(m))2d<M>s] (15.17)

0
By [[Y Y]y — 0 the right-hand side tends to zero as m,n — co. It follows that

{SO " dM, }nen is Cauchy in L? of the probability space and thus converges to a ran-
dom variable that we denote So Ys;dM;. This random variable is determined only up to
changes on a null set. Still, standard facts about L? convergence ensure that it serves
as the L2-limit for all sequences {Y"},cn € VN with [Y — Y"]y — 0. The Ito for-
mula (15.16) then extends from (15.5) by the fact that L?-convergence implies conver-
gence of the associated L2-norms. That (15.14) is a martingale follows by the fact that
Lz-convergence preserves the martingale property. U

The last item to address is the regularity of the process (15.14). Here we get:

Lemma 153 Let M € .#5°" and Y € Vo ™. Then the process (15.14) admits a continuous
version {I;(Y): t > 0} which, assuming that Fo contains all P-null sets, is a continuous L*-
martingale with quadratic variation determined by

vi=0: (I(Y)), = Lt YZd( M), (15.18)

Preliminary version (subject to change anytime!) Typeset: November 5, 2025



MATH 275D notes 88

up to indistinguishability. The integral on the right is in Lebesgue-Stieltjes sense (recall that Y
is jointly measurable).

Proof. The proof of existence of the continuous version proceed Very much like that of

Theorem 10.2; se give the details mainly for convenience. Let {Y n }ne]N € VN with

[Y = Y] — 0and set I = SO dMs Using that the It6 integral of a process in V)

is a continuous Lz—martmgale, the L2 Doob inequality upgrades (15.17) to the bound
E((sup|L,(y")) - IM(YW“))E)

u<t

(15.19)
<4E (\1}”) — L (YD) E( Yt )2d<M>s)
Fort:=n, we either have 4" [Y(") Y(”H)]]%A > 1 or the expectation on the right is less
than 4"[Y(") — Y("+1]2 Chebyshev inequality then gives
P(sup|1u(Y(”)) — L,(Y"D)| > 2—") <4-4" 4y _y(Dp2 (15.20)

usn

Now assume that [Y — Y]y < 327" We then have [Y") — Y("#D]2 < 4.327" by the
triangle inequality and the probability is summable on 7. Define

0 := O~ fsup| L, (Y?) — L,y ) > 270} (15.21)

u<n
The Borel-Cantelli lemma shows P({)y) = 1. For each t > 0 define

: (n)
L(Y) := My er I,
0, else,

on O, (15.22)

where the limit exists in light of the fact that the sequence {It(") — L(Y("+D)1 o is abso-
lutely summable on ). Since the summability is locally uniform in ¢, the fact that each
t— It(n) is continuous implies that t — I;(Y) is continuous.

Lemma 15.2 implies that {I;(Y): t > 0} is a version of (15.14). The pointwise conver-
gence along with the fact that ()y € Fy shows that the process is adapted and so it is a
continuous martingale. In order to prove (15.18), we have to prove a version of the con-
ditional isometry: Let u < t and A € F,,.. Then (15.6) along with the fact that I," ™ 1(Y)
in L2 give

E(1a((Y? - L(Y)?))
= lim E(lA(I( (V)2 = L(Y™)?))

n—o0

~ lim E<1A < fot(w(n))zdw% B L S(Yr(n))2d<M>r>> (15.23)

n—o0

_E <1A <£ Y2d(M), — fo erd<M>r> )
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where we again called on the L! convergence SS(YS(”) )2d(M)s — S(t) Y2d{M); implied by
[Y = Y"]p — 0. As this holds for all A € F, it follows that I;(Y)? — Sé Y2d({M);s is a
martingale, proving (15.18). U

We remark that the extension of It stochastic integral to that with respect to contin-
uous L*-martingales was proposed by H. Kunita and S. Watanabe in 1967. (The theory
extends to even just right-continuous local martingales.) A suitable theory exists even
for discontinuous martingales, although not without corresponding limits on the class
of allowed integrands.

Further reading: Sections 3.1-3.2ABC of Karatzas-Shreve
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