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16. BESSEL PROCESSES

We proceed to discuss some specific applications of the Itd formula and time change to
Brownian motion. With the Lévy characterization in hand, we look back at the equa-
tion (13.46) satisfied by the radial process associated with the d-dimensional standard
Brownian motion. For the diffusive term on the right we get:

Lemma 16.1 Using the notation (13.44), the process

d st
5 L () 4p0)
B := Z;JO R—SBS dB; (16.1)

is a standard Brownian motion.

Proof. Clearly, B takes the form (14.20) with (14.21) showing its quadratic variation pro-

cess to be
(BY = ZJ [ )2ds = J ds=t (16.2)

Theorem 14.6 shows that B is a standard Brownian motion as claimed. O

We now put forward:

Definition 16.2 Letd € R. A d-dimensional Bessel process is a continuous [0, 0)-
valued stochastic process (or positive semimartingale) {X;: t > 0} such that, denoting
= inf{t > 0: X; = 0} (16.3)
we have Vt > 1y: X; = 0 and
dX; = dszt +dB; on{t >t} (16.4)

where B is a (one-dimensional) standard Brownian motion.

We remark that (16.4) means that

d—
X = Xo+ J 1{To>s} 2X. dS + BTO/\t (16.5)

We will write P* for the law of this process subject to the initial condition
P Xo=x)=1 (16.6)

The requirement that X remains constant after hitting 0 for the first time technically
makes X a Bessel process with absorbing boundary condition at 0. We make this choice as
it is convenient in what follows.

Lemma 16.1 combined with the calculation leading to (13.46) show that the radial
process of the d-dimensional standard Brownian motion stopped upon first hit of zero
is the d-dimensional Bessel process according to Definition 16.2. In particular, the latter
process exists for all integer d > 1.

A first natural question is now whether a d-dimensional Bessel process exists also
for d’s that are not positive integers and/or are not positive. In addition, we may worry
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about the process being unique in a sense to be specified. We will answer this — it does
and it is! — using the theory of stochastic differential equations. The next question is
how to decide whether 15 < o or 19 = o for the process started from Xp = x > 0. In
order to do this, we first note:

Lemma 16.3 For d € R, let X be a d-dimensional Bessel process and let ¢4(x): (0,00) — R
be defined by

x2 ifd #2
Pa(x) = f (16.7)
log x ifd =2
Then {¢p4(X;): t = 0} is a local martingale.
Proof. Let 6 € R. The It6 formula then shows
dx? = ox?-1dx; + %9(9 — 1) X0 2d(X )
i1 1 (16.8)
= 1= 0X] 'dB; + 1=y [GT + 59(9 - 1)} X924t

The coefficient of the drift term vanishes when 8 = 2 — d thus showing that {X*~: t > 0}
is a local martingale for all d. This yields a trivial process for d = 2, so in that case we
instead look at

dlog X; = ;tht — 21Xt2d<X>t 169
- 1{T0>t};tdBt TN P (d%l + %) ;tzdt
and note that here the coefficient of the drift term vanishes exactly when d = 2. In light
of the definition of ¢, this proves the claim. U
With the help of the above local martingale, we now prove:
Lemma 16.4 Let X be a d-dimensional Bessel process. Set, for each a > 0,
T, :=inf{t > 0: Xy = a} (16.10)
Then
VOo<a<x<b: P (arm<ow)=1 (16.11)
and
VO<a<x<b: Px(Ta<Tb):M (16.12)

¢a(b) — pa(a)

Proof. Let X be given by (16.5) with Xy = x a.s. and assume that Bis a standard Brownian
motion independent of X and B. We assume that B is adapted to the filtration underlying
our setting. Givena € (0,x) and b € (x, ), let Z be a continuous process such that, for
eacht >0,

t

Zy = de(XO) +JO 1{TaATb>S}¢1/j(XS>dBS + 1{TﬂATb<t}(§t - ETaATb) a.s. (16~13)
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Then
VE< T ATy Ze = ga(Xe) (16.14)
In addition, letting
T(t) := inf{u > 0: (Z), > t} (16.15)
and noting that
t
@1 = | Mirrro 6P+ 1 amea]ds, (16.16)
the fact that (¢;)? is bounded and uniformly positive on [a, b] shows that
dc1,c0€ (0,00)VE=0: 1t < T(t) < cpt (16.17)

By Theorem 15.1 {Zy(;: t > 0} is the standard Brownian motion started at ¢;(x) and the
event 7, A T, = oo corresponds to this Brownian motion staying between ¢, (a) and ¢4 (b)
for all times. This is readily checked to be a null event thus proving (16.11).

In order to prove (16.12) we proceed by a familiar argument. Let

M := ¢a(Xirt,nz,) (16.18)

This process is a local martingale by Lemma 16.3 and, with all of its path bounded be-
tween ¢;(a) and ¢,4(b), it is a martingale by Lemma 14.7. The Optional Stopping Theo-
rem (namely, Theorem 14.6(2)) then shows

¢a(x) = E*(Mo) = E*(Mz, nv,)

= ¢s(a)P (1, < ) + ¢pa(x)P* (1 < T5) (16.19)

Using that
P(np<t)=1-P (<) (16.20)
by (16.11), the formula (16.12) now follows by a simple calculation. O

We are now ready to draw the main conclusions about Bessel processes:

Theorem 16.5 Let d € R and let {X;: t > 0} be a d-dimensional Bessel process started
from x > 0. Then we have:

(1) ifd > 2, then

Tp=00 A infX; >0 A limsupX; =0 as. (16.21)
t20 t—00

(2) ifd <2, then

Tp <0 A supX; <00 as. (16.22)
£=0

(3) ifd = 2, then

T9=0 A YVa>0:1, <o as. (16.23)
and thus
liminf Xy =0 A limsup X; = as. (16.24)
=00 t—00
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Proof. We will rely heavily on (16.11-16.12) along with the fact that, regardless of d,
T, — © (16.25)

b—0

which follows from the fact that X has continuous and thus locally bounded sample
paths. We now proceed to deal separately with the cases d > 2, d < 2 and d = 2.
Throughout we will only consider a,b, x € (0, 0) subjectto0 <a <x <b < o0.

Assume first d > 2. Then ¢;(b) — 0as b — oco. Using (16.25) and continuity of
measure we then get

P = lim P* _ $alx) 16.2
(T, < ) lim (T < 1) e (16.26)
As ¢py(a) — 0 asa | 0, this implies
lim P*(1, < o0) = 0 (16.27)
al0

Picking a subsequence {ay,},>1 with a, | 0 such that P*(t,, < o) < 27", the Borel-
Cantelli lemma gives P(t,, < wio(n)) = 0 proving inf;>9 X; > 0 a.s. In particular,
Tp = o0 a.s. and, since T, = o for a < inf;>( X}, also that 7, < o a.s. for all b > x, thanks
to (16.11). This proves (16.21).

Next let us consider the cases d < 2. Then ¢;(a) — 0 asa | 0 and, since

Ty = 1{1%1 T, (16.28)
by continuity of X, we have
P*(m < 1) = Im P (1 < ) = 1~ z‘;g; (16.29)
Taking b — oo while noting that, in this case, ¢;(b) — o0 as b — o shows
P (g <) =1 (16.30)

But then we must have sup,_, X; < o by continuity of X, proving (16.22).
Turning to the case d = 2, here we note that here

logb —log x

X —
P <1 = logb —loga (16.31)
The observation (16.25) then gives
P*(t, < 0) = blim P(<tg)=1 (16.32)
—00
and thus also
P¥(1, = w0) < liﬁ’]lpx(’l’a <T) =0 (16.33)
a

It follows that 7, < o0 P*-a.s. for each c € (0, ) regardless of its relation to x. In particu-
lar, X is unbounded a.s. which forces 1y, = o a.s. O

We note that the limes superior in (16.21) can be replaced by actual limit. This is not the
case in (16.24).
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Thanks to fact that the radial process of d-dimensional standard Brownian motion is
a d-dimensional Bessel process, Theorem 16.5 now gives:

Corollary 16.6 (Recurrence/transience of Brownian motion) For d-dimensional standard
Brownian motion B, the following holds:

(1) ind =1, B is recurrent to points, meaning that

{B;:t>0} =R as. (16.34)

(2) ind = 2, B is not recurrent to points but is recurrent to open balls, meaning that

p p 8
Vxe R*~{0}: P(3Bt=0:B;=x)=0 (16.35)
yet
{B;: t >0} is dense in R? a.s. (16.36)
(3) ind = 3, B is not even recurrent to open balls, meaning that
4 8

Vx e R3~ {0}: inf[B —x| >0 as. (16.37)

Notice that the case d = 2 is formally distinct from that of two-dimensional simple
random walk, which is recurrent to points even in d = 2. The conclusion (16.35) also
implies that

/\({Bt: t>0}) =0 as. (16.38)
by a simple Fubini-Tonelli based argument relying on joint measurability of B. The

Brownian path is thus dense in IR? yet of vanishing Lebesgue measure.
For the Bessel process, we in turn get:

Corollary 16.7 For any d-dimensional Bessel process started from x > 0,

d>2 = T1=o0w as. (16.39)
and

d<2 = 1< as. (16.40)

An obvious technical advantage of the cases with d > 2 is that the stochastic differ-
ential equation (16.4) applies to all times. The cases d < 2 will serve as an example of a
solution to a stochastic differential equation that hits a singularity in finite time a.s.

We leave it to the reader to check that Corollaries 16.6-16.7 indeed follow from the
conclusions of Theorem 16.5.

Further reading: Karatzas-Shreve, Section 3.3C
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