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12. SEMIMARTINGALES AND THEIR QUADRATIC VARIATION

In the previous section we proved the It6 formula (11.22) for the stochastic processes of
the form {f(B;): t > 0}. The formula takes the following differential form

4 (B) = f(B)dB: + o f"(By)dl (12.1)

As it turns out, in order to simplify manipulations with stochastic processes, it is conve-
nient to single out the class of processes that are generally expressed in this way.

Definition 12.1 (Generalized diffusion) A stochastic process {X;: t > 0} is a general-
ized diffusion, a.k.a. a (continuous) semimartingale, if the underlying probability carries
a standard Brownian motion {B;: t > 0} and a Brownian filtration {F;}+>o and two sto-
chastic processes {U;: t > 0} and {Y;: t > 0} such that

(1) both U and Y are jointly measurable and adapted to {F;}t=o,
(2) forallt >0,

t t
JO |Us|ds < o0 A JO Y2ds <o as. (12.2)

(3) forallt >0,
t

t
X = Xo+ J Usds + f Y;dBs; a.s. (12.3)
0

0
In order to explain the terms mentioned in the above definition, we note the following
standard concepts:

Definition 12.2 (Local martingale) A local martingale is a process {M;: t > 0} for
which there is a sequence {T,,: n > 1} of non-negative random variables such that

(1) Vn = 1: T, is a stopping time such that {Mr, ,;: t > 0} is a martingale, and
(2) T, — 0 a.s.asn — 0.

Definition 12.3 (Semimartingale) A stochastic process {X;: t > 0} is a semimartingale
if there exists a local martingale {M;: t > 0} such that X; — M; is of bounded variation

on any compact interval a.s. (i.e., Vt(l) (X — M) < w a.s. foreacht > 0).

In short, a local martingale is a martingale after localization with the stochastic inte-
gral of a locally integrable process playing the role of a salient example. A semimartin-
gale is a sum of a local martingale and an adapted process of bounded variation, just as
stipulated in Definition 12.1 above.

We say that a semimartingale is continuous if it has continuous sample paths. An
example of a semimartingale that does not have continuous paths is a homogeneous
Poisson process {N;: t > 0}. Here the decomposition is N; = (N; — t) + t where Ny — ¢
is a martingale, albeit with discontinuous sample paths.

The term “generalized diffusion” arises from a term in the physics literature. There
the notion of a diffusion process is reserved to:
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Definition 12.4 We say that a process {X;: t > 0} is a diffusion (a.k.a. It6 diffusion) if
there exist functions f, g: [0,0) x R — R such that Definition 12.1 applies with

l,lt = f(t, Xt) A Yt = g(t, Xt) (124:)

The conditions ensure that the stochastic dynamics governing the process X has no
memory and is local. This has been one of the governing principles of physics since
the time of Newton’s laws.

We remark that, similarly as in (12.1), the identity (12.3) will often be shortened to a
differential form as in

dX; = Uidt + Y;dB; (12.5)
Here U;dt is called the drift term while Y;dB; is referred to as the diffusive term. Note that
writing (12.5) tacitly assumes that all the remaining conditions in Definition 12.1 hold as
well. Indeed, these conditions are needed to ensure that the integrals are well defined
and yield an adapted jointly measurable process.

As it turns out, the It6 formula extends to semimartingales, but in order to formulate
it properly we need an interpretation of the term (d X;)? that will inevitably arise in the
Taylor expansion. As for the Brownian motion, this will be interpreted in terms of the
quadratic variation. So we first prove:

Theorem 12.5 Let X be a semimartingale of the form dX; = Uydt + YidB;. Then for any
t > 0 and any sequence of partitions {I1,},>1,

t
Ml —0 = VIXIL) 2 | vids (12.6)
- 0

Proof. Let I be a partition of [0, t]. Throughout we will repeatedly invoke the following
identity

VA m2 - v X < v (x - X, 1) (12.7)
which is simply the Minkowski inequality for the Euclidean norm. The fact that
Ve[ L Uds, 11) < v, L Usds, IT) oscq, 1, ([0, 1], 111]) (12.8)
along with the bound
: : t
v (J Usds, 1T) < sup V! ( f Uyds, IT') = f UL |ds (12.9)
0 I 0 0
where the integral is finite almost surely by Definition 12.1(2), then show
I, -0 = v? (J Usds, Hn> as, g (12.10)
0 n—oo

Using this in (12.7) we conclude that the drift term has no contribution to the limit and it
suffices to prove the claim for X such that dX; = Y;dB;. We will do this by going from Y
simpleto Y € Vand Y e Vl°c.

STEP 1 (Y simple): Let us first assume first that X; = Sé Y;dB; for Y € Vywith Yy =0
and, without loss of generality, Y, = 0 for u > ¢. This permits us to write Y in the form

Preliminary version (subject to change anytime!) Typeset: February 9, 2024



61 MATH 275D notes

Y = ZLZil(Si_llsi] forsome0 =59 <s1 < -~ <s <t Letfp =0<t; < -+ <
tm = t denote the points defining the partition II. Assuming henceforth that |II| <
min;<, |s; — s;_1|, each interval [t;_1, t;] of the partition contains at most one “jump” of Y.
Let Z < {1,...,m} be the indices denoting the intervals containing such a jump; i.e.,
those i for which {so, ...,sx} n [ti_1, 1] # &. Foreachie {1,...,m}, let

j(i) ;== max{j > 0: 5; < t;} (12.11)
We then have _
ez oot Lt (1212
This gives

Vt(Z) (X, I1) = Z Z]z(i)-i-l (Bti - Bti—l)z
i¢T
2
+ 23 (Zio (Boyy = By + Zjgyaa (B — B))) - (1213)
i€l
Since max;<, |Z;| < C a.s. by the assumption that Y is simple, the expectation of the
second term is at most

2 2 2
2C Z (E((st(i) B Bti—l) ) + E((Bfi - BSj(i)) ))
i€l
=2C% ) \(t — ti1) <ACP(k+ D[] (12.14)
i€l
where we first used that (a + b)? < 242 + 2b? and the noted that |Z| < k + 1.
As to the first term on the right of (12.13), we write this as

M2t —ti) + 2. 22 ((Btl. — By )*—(t— ti_1)> (12.15)
i¢T i¢T

For the first term in this sum we then get

t
’ZZ?(i)H(ti —ti1) — J Yszd5’ <C* Y (ti—ti) < CP(k+1)|11] (12.16)
i¢T 0 ieT

proving that this term tends to the desired integral as |IT| — 0. Since Z;;; is Fs), -
measurable and so, by the first line in (12.12), also F;, ,-measurable, the expectation of
the second term in (12.15) vanishes thanks to the fact that (B, — By, ,)*> — (t; —t;_1) is a
martingale increment. By the same reasoning (and the assumed a.s. bound on the Z;’s)
the second moment is at most

2
. E(((Bti — By )*—(ti— t,-_l)) ) < C*Var(N(0,1))| 17| (12.17)
i¢T
We conclude that the second term in (12.15) tends to zero in probability as |[II| — 0
which proves (12.10) for all Y simple.
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STEP 2 (Y square integrable): Next assume Y € V. Then there exists {Y(”) tn=1 € Vo such
that Y(") — Y in V. Denote

x™ = JO t Y™ 4B, (12.18)
Then (12.7) yields
£ O Vt(Z)(X/H)Uz_Vt(z)(X(n)IH)1/2‘2>
< EVP (X — x 11) (12.19)
— E(IX - x!"P) = E(Lt(ys ~Y{")2dx)

were we noted that, since X — X(") isan Lz—martingale, its increments over non-overlapping
intervals of the partition are uncorrelated and then invoked the It6 isometry at the end.
Similarly we get

E ( (fof yszds>1/2 B <Lt(YS(n))2dS>l/2 2) _ E(Lt(Ys B Ys(n))zdx) (12.20)

Using that Y™ — Y in V, the left-hand sides of (12.19-12.20) tend to zero as n — o0. To
get the claim from this note that, for any non-negative random variables {Z, },>1 and Z
we have

Z, — Z| <27%2|z1/2 — 712 4 (Zz1/2 — 71/2)2 (12.21)
Assuming these random variables are in 12, the Cauchy-Schwarz inequality shows that
Z1/? — 7Y% in L2 (resp., in probability) implies Z, — Z in L! (resp., in probability).
STEP 3 (Y locally square integrable): Finally, let us address the case Y € V!°° which
requires a (by now) routine localization step. Let {I1,},>1 of partitions of [0, ] with
ITT,|| — 0 and let T™) be the quantity in (10.2). Then

t
Xt = XT(M)/\t = JO Ysl{T(M)>S}dBS (1222)
Since {Y;lira).q: 5 >0} €V, on {(TM) > t} we get
t
2 2) /% P
v (x,11,) = vP(X,11,) ) Y21 pn gy ds (12.23)

by STEP 2 above. Since Yszl{T(M)>s} = Y2 forall s € [0,¢] on {T™) > t}, Lemma 11.5

shows that the integral on the right equals Sé Y;dBsa.s.on {TM) > t}. Since UM;l{T(M) >
t} is a full measure set, the claim is proved. O

We now put forward:

Definition 12.6 Given a semimartingale X of the form dX; = U;dt 4 Y;dB;, we call

(XD = L t YZds (12.24)
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the quadratic variation process associated with X.
With this we observe:

Lemma 12.7 (Doob-Meyer decomposition for stochastic integral squared) Let X be a
semimartingale of the form dX; = Y;dB;. Then {X? —(X): t = 0} is local martingale.

Proof. Suppose first Y € V. Denoting by {F}}:>0 the underlying Brownian filtration, for
all t > u > 0 the conditional Itd isometry from Lemma 11.3 gives
t 2
E(X? = X2| F)) = E((Xi — Xu)?| Fu) = E((j Y. dB, ) }"u>
u
t
— ([ v2as| 72) = E(@0 - 0417
u

where we used that E(X; — X,,|F,,) = 0in the first step. It follows that {X? — (X);: t > 0}
is a martingale.

For Y € V'°¢ we use that X; := Xr(m) 4 is of the form treated above and so the process
{X2 —(X): t = 0} is a martingale. By (12.22) and the fact that the integrand there is
in V), the quadratic variation process of X takes the form

(12.25)

- TM) At
@%=L Y2ds = (X)7on, (12.26)
Since T™M) is a stopping with TM) — w0 a.s.as M — oo, we get that {X? — (X);: t > 0}
is a local martingale according to Definition 12.2. O

The conclusion of Lemma 12.7 is an instance of Doob-Meyer decomposition of a con-
tinuous local submartingale {Z;: t > 0}, of which Z; := X? is an example, as the sum
Z; = M; + Ay of a local martingale M and a non-decreasing continuous process A. A
proof of this is somewhat complicated and can be found in Karatzas and Shreve’s book.

An important part of Doob-Meyer decomposition statement is a uniqueness clause:
the non-decreasing process (and thus also the martingale) is determined uniquely by its
value at time zero. This clause is extracted from the following lemma whose proof we
leave to homework.

Lemma 12.8 Let {M;: t > 0} be a continuous local martingale such that, for some t > 0,
vVU(M) <0 as. (12.27)

Then
P(Vs € [0,t]: M; = MO) =1 (12.28)

Indeed, if the submartinagle admits two different decompositions, Xy = M; + A; =
]\71; + ﬁt, then the local marginagle M — Mobeys M; — Mt = Et — A; foreach t > 0. The
process on the right is a difference of two non-decreasing functions and so it is of finite
variation on any interval. The above lemma then tells us that M — M is constant a.s. and,
if Ay = go = 0, it vanishes everywhere a.s.
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We leave the proof of Lemma 12.8 to homework. As a consequence of the ensuing
uniqueness argument, we also get:

Corollary 12.9  Suppose that {U;: t > 0}, {U;: t > 0}, {Y;: t > 0} and {Yi:t >0} obey
conditions (1-2) of Definition 12.1 and, for some t > 0,

u u u U
Yu e [0, J U,ds +J Y,dB = J U,ds +J Y.dB; (12.29)
0 0 0 0
holds a.s. Then R
A(s e[0,8]: Y £ Ye v Us # us> —0 as. (12.30)

In particular, the representation (12.3) of a generalized diffusion X is unique up to equivalence.

Proof. Since u — §;(Us — Us)ds is of bounded variation, equality (12.29) forces the con-
tinuous local martingale u — (Y — Y;)dB to vanish for all u € [0,] a.s. Lemma 11.5
then gives that Y; # 175 on a Lebesgue null set a.s. But then SS(US — C[s)ds = 0 for
all u € [0, t] a.s. which by the Lebesgue differentiation theorem shows that also U # U
on Lebesgue null set a.s. g

As a final remark we note that uniqueness of Doob-Meyer decomposition may fail
without continuity. Indeed, if {B;: t > 0} is a standard Brownian motion and {N;: t > 0}
an independent rate-1 Poisson process, then (assuming the filtration is such that N is
Markov) both {B? —t: t > 0} and {B? — N;: t > 0} are martingales.

Further reading: Section 1.5 of Karatzas-Shreve
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