HW#4: due Fri 2/16/2024

The first couple of problems deal with Itd integral on the space V'°° of jointly-
measurable, adapted processes Y that are locally square integrable a.s. The
rest of the exercises give some practice of the notion of (semi)martingales.

Problem 1: JKSENDAL EX 3.2, PAGE 38

Problem 2: For Y € V!°¢ agsociated with Brownian motion B and Brownian filtration
{Fi}t>0 and u > 0, denote

17s = Yuts, gs :=Byys— B, and -/%s = Fuys

Prove that { j':t}tzo is a Brownian filtration for Brownian motion Band Y € lﬁ"lc, for %
defined using the filtration { F; };>0. Moreover, for each t > u,

t u t—u __ -
/ Y,dB, = / Y,dB. + Y.dB. as.
0 0 0

Problem 3: Let Y € V'°¢ be associated with Brownian motion B and Brownian filtration
{F:}+>0 which we assume is such that Fj contains all P-null sets. Prove that

t
vVt > 0: / Y,dB; is F;-measurable
0
and, assuming Y € V, the conditional Itd isometry

t 2 t ’
E (/ Y.dB,) |F ) =E /YS ds| Fu) as.
u u

holds for all u € [0,1]. Here [, Y, dB; := [; Y. dBs — [, Y, dB,.

Problem 4: Prove that, for any {Y("},cn € (V)N and Y € V! and any ¢ > 0,

.t
/ ™ —v2ds 25 0
0

n—o0
implies
p t (n) P t
/YS 4B, - / Y, dB,
0 n—oo 0

This is a statement of continuity for Itd integral on V'°c.

Problem 5: Writing A for the Lebesgue measure on [0, o), prove that for all Y, Y € V!¢
and t > 0 (and assuming continuous versions of the integrals), the events

u u
vu S t: / Ys dBS - / Ys st
0 0

and B
{w e Q: A({s € [0,4: Ya(w) # Ye(w)}) = o}
differ by a P-null set. (This is a variation on Qksendal ex. 3.15 page 41)

Problem 6: Let {M;: t > 0} be a continuous local martingale such that, for some t > 0,

VY (M) < o as.
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Prove that then
P(VS €[0,t: Ms = Mo) =1
You may use that a continuous martingale stopped at a stopping time is a martingale.

Problem 7: JKSENDAL EX 3.12, PAGE 40

Problem 8: Let X be a semimartingale and Z an adapted, jointly measurable process

such that fot Zsd X exists for all t > 0. Prove that for all t > u > 0 and any random
variable W,

t t
W is F,-measurable = W/ ZsdXs = / WZ;dXs; a.s.
u JU
Here [! Z,dX, := [} Z,dX, — [; Z,dX;.




