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23. MORE ON POINTWISE CONVERGENCE

We will now generalize the above ideas further to give statements and proofs of a few
other ergodic theorems that are interesting both for the theory and its applications.

23.1 Spatial Ergodic Theorem.

We start with a multi-dimensional version of Birkhoff’s theorem. Our proof will also
extend the relevant parts of Birkhoff’s theorem to infinite measure spaces. Given a
set A € Z¢, denote its edge boundary as

ON:={(x,y)eZ ' xZ" xe ArNy¢ A r|x—yl|o=1} (23.1)
The statement is as follows:

Theorem 23.1 (Spatial Ergodic Theorem) Let (27, G, ) be a measure space with u(Z")
finite or infinite. Given an integer d > 1, let @1, . .., ¢4 be measure-preserving transformations
on (Z,G,u) that commute, i.e.,

Vi,jzl,...,d: (pioqo]':q)jogoi (232)
Forall f € L! there exists f € L' such that for all sets A, < Z° with
Vn=1: @+ A, < [0,n)? (23.3)
and A oA
liminf| | >0 A lim O8] =0 (23.4)
n—oo nd n—w pnd
we have ,
T AL — f ae (23.5)
xXeEN,

where ¢y, ) = @1 00 @t If u(27) < oo then the convergence is in L.

The proof will again go via a maximal inequality which we now prove using methods
taken from differentiation theory for Lebesgue integrals; namely, a discrete version of
Wiener’s covering lemma:

Lemma 23.2 (Maximal inequality in ]Nd) Given h: N? — R and, for k = 1, abbreviate
Bi(x) := x +[0,k)% n IN“. Set

1
h}(x) := max h(z (23.6)
(x) := max 'B"(x”zeBZk(x)‘ (2)]
Then ,
0 fixe B0 > Ml < 2, B @)
ZGBQ,,(O)

Proof. The set {x € B, (0): h}(x) > A} is covered by the collection of boxes

{Bk(x): xeB,(0),k=1,...,n, Z |h(z)| > )\Bk(x)}. (23.8)

X€By(x)
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Let B, ..., B™ enumerate these in decreasing order of their linear size let x; and k; be
such that B' = By, (x;). Denote by

B':= x;j 4 [—k;, 2k;))* A N¥ (23.9)

be a box of three times the size centered at the same point as B'. We construct a sequence
of indices iy, ..., i, recursively as follows: Set i1 := 1 and, assuming that iy, ..., have
been defined, set iy, := min{i > i;: x; ¢ Bl U --- U Bit} if the set under the minimum is
non-empty or, if otherwise, put g := k and terminate. The construction implies

m
{x € B,(0): by (x) > A} < | | B* (23.10)
k=1
However, the key point is that
B™,..., Bl are disjoint (23.11)

which follows by noting that if we had B n B # ¢J for some k < /, then we would
have B € B's contradicting x;, ¢ B'* as forced by the construction.

To prove the statement, we now note that (23.10) along with |Bi| = 37| Bit|, the defini-
tion of the boxes and (23.11) gives

[{x € B,(0): b (x) > A}| < 2|B”< 3dzq]yBik|
k=1

3 d 3d
AZZB <3 2 e

XEBZH(O)

(23.12)

where we also noted that B™, ..., B < B,,(0) in the last step. O
We now convert this into:

Corollary 23.3 (Maximal inequality in measure space) Given a measure space (Z,G, i)

with u(Z°) finite or infinite and a family of m.p.t.’s {¢x: x € IN“} such that @iy = @x 0 @,

hold for all x,y € N9, we have

d
VFeL'VA>0: p(ft > A) < SIflh (23.13)
where
1
*i=su o (23.14)
A0 Zg@ Jloe:

In particular, f € LY implies f* < oo a.e.

Proof. Let f € L' and, for x € Z? with non-negative coordinates, set hi(x) := f o @,. Set

1
Mn = u - ) -
4 P 1B(0)] > flog 23.15)

z€By(0)
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and note that then /;;(x) = M, f o ¢, thanks to the assumption that ¢, = @x 0 @y.
Integrating (23.7) over u while using that ¢y is y-preserving yields

1
u(Mpf > A) = 1B,,(0)] Z Jl{Mnf>/\} © pxdp

x€B,(0)

0) J{xeBn 0): Myf > A}|dpu (23.16)

i
1
B.0)
<] PR [

where we used that |By,(0)| = 29|B,,(0)|. Since

f*i=supM,f (23.17)
n=1
the Monotone Convergence Theorem then gives the claim. g

Proof of Theorem 23.1. We will proceed as in our second proof of Birkhoff’s theorem,
modulo caveats due to the general form of sets {A,},>1 and the fact that y(.2") is now
allowed to be infinite (and L? may not be a subset of L1).

Let ¢1,..., @; be the m.p.t.’s as in the statement and pick f of the form

d
f=g+ > (hi—hiog) (23.18)
i=1
for some g, hy,...,hy € L' ~ L*®. We claim that for any sequence {A,},>1 as in the
statement, the limit (23.5) exists and equals g. For this it suffices to show that, for all
hellnl®andi=1,...,d,

D (h— hogi)ogx — 0 (23.19)

| ”‘xeA

This follows from the fact that, by writing the sum over the i-th coordinate first and
integrating the gradients, we have

D (h=hog) o g

xXeEN,

and so we get (23.19) from |0A,|/|A,| — 0 as implied by (23.4).
Next we claim that

< o]0 (23.20)

n—0o0

{f e L': lim |A | Z f o ¢y exists a.e. } is closed in L' (23.21)

Let {fi}x=1 be a sequence in this set such that fy — f in L'. Abbreviating A, f :=
\An\ Dixen, f o @x, on{| fx — f|* < €} the containment A, < B, (0) gives

Vnz=1l: Apfy—e<Auf <Aufi+e (23.22)
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and so
fi—e< hm mfA f<limsupA,f < fi+e ae (23.23)

n—aoo
where fk denotes the a.e. value of lim, . A, fr. Noting that the Maximal Inequality
(23.13) implies fx is finite a.e., we may subtract the left-hand side from the right-hand
side to get

U (hm sup A, f— hm 1an f> 26)

n—o0

(23.24)

d
<u(lfi— =€) < Sl fl

by one additional application of (23.13). Taking k — oo followed by € | 0 we conclude
that lim,,_,,, A, exists and is finite a.e. as well, proving (23.21).

To prove the convergence part of the claim, we again observe that, by the argument
underlying the proof of the Mean Ergodic Theorem,

{g—kz i—hio@i): g,hl,...,hdeleLoo/\Vizl,...,d:g:goq)l} (23.25)

is dense in L2. Let f € L! n L®. The Maximal Inequality then ensures that

Ei := {limsup|A,f| > 1/k} (23.26)
n—aoo

is an invariant set with p(Ex) < oo for each k. Assuming k is such that u(E;) > 0, the
function fy := f1f, is then in 12 and so, given € > 0, there exist f' € . such that

I fic — f'l2 < e[+ pu(Eg)] V> (23.27)

But f' = ¢+ Y% ,(hi — ;o ¢;) and so, denoting f' := f1g, we then have f' = § +
>4 (hi —hio @;) with § := g1p,_and ; := hjlg; ie, f' € £ as well. Moreover, | f; —
f'l2 < e[l + u(Ex)]~'/2 holds by restricting the integration to Ey. As f; — f is supported
in the finite measure set Ey, the Cauchy-Schwarz inequality gives

~ E 1/2
V= Tl < BB 2= fa < e RS < (2329

As this holds for all € > 0, we conclude that f lies in L!-closure of .#. Noting that A, f; =
1, Anf, from £ being a subset of the set in (23.21) we then get that lim, ., A, f exists
a.e.on E, for each k > 1.
In light of
2~ | Ex = {limsup |A,.f| = 0} (23.29)
k=1 n—0oo

we have thatlim,,_,,, A, f exists a.e., and the set in (23.21) contains, all f € L' A L®. Since
L' n L” is dense in L! by Dominate Convergence, the a.e. convergence takes places
for all f € L', as we desired to show. The proof that the convergence is in L' when
(%) < owois as in Theorem 22.1 and so we omit it. O
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23.2 Dominated Ergodic Theorem.

Our study of ergodic theorems continues by analysis of integrability of the maximum
function. We start by noting the standard fact we already saw for martingles:

Lemma 23.4 Let f — f* be a map on measurable functions that is monotone (i.e., f < g
implies f* < g*), positive-homogeneous and subadditive (i.e., (af + bg)* < |a|f* + |b|g*) and
acts as identity on positive constants (i.e., 1* = 1). Suppose that

VA= OVFells u(f>A) < %Hfﬂl (23.30)

holds. Then for each p € (1, 0),
R PP
VFelP: |f*], < 2C1/”(p_1> £l (23.31)

Proof. Assume without loss of generality that f > 0. For A > 0 set ¢ := f1(f>,/2;. Then
g < f+A/2implies g* < f* + A/2. Hence

. . 2C 2C
u(f*>A) <u(g->A/2) < o fgdy =5 fdu (23.32)
{f>1/2}

This gives
Q0
Jerran= [ prrtuee > pan
0

oe}
<2Cp L AP~ < f fl{f>A/2}dy> da (23.33)
(Xj

=2Cp J <Jo /\p_zl{fm/z}d}\)fdﬂ = 792?]91 j(Zf)P‘lfdy

where we used Tonelli’s theorem to swap the order of integration. Now collect the con-
stants to write the right hand side as 27C % § fPdpu. g

A natural question is how bad is integrability of f* compared to that of f. The follow-
ing provides a sufficient condition:

Theorem 23.5 (Dominated Ergodic Theorem, Wiener 1939) Assuming the setting of The-
orem 23.1 with u(2") < o, let f* be the maximal function (23.14). Denote

LlogL := {f elL!: j|f| log_ |fldu < oo} (23.34)
(This is sometimes called the Zygmund class.) Then
feLloglL = f*elL! (23.35)
and so f € Llog L implies that the ergodic averages admit an integrable dominating function.
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Proof. Using that j1(.2") < oo we write

ff*dﬂ = LOO u(f* > A)da

. (23.36)
<2u(Z) +f u(f* > A)da
2
For the integral on the right we invoke the inequality (23.21) to get
Q0 Q0
[ wtrr = man<ac [ [1fm0man ) ar
2 2 (23.37)

=2 [(([[ usnra ) i = 2 [ 1105 11
The integral on the right is bounded by that with log replaced by its positive part. [

Since the convergence of ergodic averages in L! can be proved directly, the main use
of the above is a sufficient condition for having an integrable function that dominates the
ergodic averages. Note that the statement is generally false when p(2") = o for if we
had f* € L!, then the convergence in the Spatial Ergodic Theorem would take place in L
which is generally false in infinite measure spaces. As shown by K. Petersen in 1979, for
continuous analogues of ergodic averages (i.e., expressions of the type + SOT f o ¢:dt) the
Maximal Inequality is in fact an equality and the computation above can be reversed to
show that f* € L! implies f € Llog L.

An interesting twist is that all one actually needs is that the maximal function is finite
almost surely. This is a consequence of:

Theorem 23.6 (S. Banach, 1925) Let p € [1,00] and let (2", G, u) be a measure space. Assume
{Tu}n=1 are bounded linear operators on LP such that

VfelP: T'f:=supTf<ow p-ae. (23.38)
n=1
Then
{f e LF: nl1rro1o T.f exists y—a.e.} is closed in L? (23.39)

The proof uses a reasoning similar to the proof of the Uniform Boundedness Principle
to show that a maximal inequality of sorts holds once T*f is finite almost surely for
all f € LF. We leave the details to an exercise.

23.3 Some other ergodic theorems.

We now state two additional convergence theorems. The first one is concerns with com-
positions of m.p.t.’s that are themselves chosen at random:

Theorem 23.7 (Random Ergodic Theorem, S. Ulam and J. von Neumann 1945) Given a
measure space (2, G, i), a measurable space (S, L) and a map ¢: X x S — X satisfying

(1) foreachy € S, the map x — ¢(x,y) isam.p.t.on (Z,G,u),

) (x,y) — @(x,y) is G ®X/G-measurable,
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abbreviate the n-fold composition with second coordinates yo, . .., Yy—1 as

q)n(x, Yo, - - -/]/n—l) = (P(‘/yn—l) 0---0 q)(.,yo)(x) (23'40)
For any sequence {Yy}x=o of i.i.d. S-valued random variables on a probability space (Q0, F, P)
andany f € L"(2,G, ),

f = lim 1

n—oo 1

n
2 fo@r(-,Yo,..., Y1) existsa.e., P-a.s. (23.41)
k=1

Moreover, we have f € LM 2 x Q,G x F, u® P).

We remark that, as far as convergence is concerned, it suffices that {Y} }x>( are station-
ary (with respect to the left shift). The proof is a good exercise on the concept of skew
product. We leave the proof to a homework exercise.

Another theorem concerns a subtlety of potentially dealing with uncountably many
null sets when a continuum-valued parameter is involved:

Theorem 23.8 (N. Wiener and A. Wintner, 1941) Let ¢ be a m.p.t. on (Z',G,u) with
() < oo. Forall f e LY(p) there exists a u-null set N € G such that

Vxe Z~NVoeR: lirn1

n—1
2711 .

Jim — 2 ek £ o ok (x) exists (23.42)
k=0

A key point is that the set ' can be chosen uniformly for all 6. It is instructive to
first prove convergence in the mean. This goes by constructing a set of functions which
is dense in L! and for which convergence is verified explicitly. Then we observe that
the maximal function f* dominates the ergodic averages uniformly in 6. We leave the
details to a homework exercise.

Preliminary version (subject to change anytime!) Typeset: April 17, 2025



