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22. POINTWISE ERGODIC THEOREMS

We now move to the statements which assert that the “time averages” converge point-
wise a.e., not just in a functional-theoretical sense. The first result of this kind is due
to G.D. Birkhoff which (by the date of publication) formally predates J. von Neumann’s
result but, as rumor has it, only because Birkhoff was the editor of the journal where
J. von Neumann submitted his paper:

Theorem 22.1 (Pointwise Ergodic Theorem, Birkhoff 1931) Let (27, G, j, ) be a measure-
preserving system with u(%") < oo. Forall f € L there exists f € L' with

n—1
%Z fo¢"¥ — f  pae &inlL! (22.1)
k=0

n—o0

Moreover, we have f o ¢ = f y-a.e.and |f|1 < |f].

The argument relies on proving another, less intuitive but nevertheless interesting,
ergodic theorem which in various versions is due to N. Wiener 1939 and K. Yoshida
and S. Kakutani 1939 for m.p.t.’s and Hopf 1954 for positivity-preserving contractions.
(Birkhoff used a somewhat different argument and, in fact, worked only in the specific
setting of smooth flows on manifolds.)

Theorem 22.2 (Maximal Ergodic Theorem, Hopf 1954)  Consider a measure space (2, G, )
and let T be a positivity-preserving contraction on L'. For f € L' and n > 1 abbreviate
Anf := 13070 TFf and denote f* = sup,~; Anf. Then

f{f ) fdu=0 (22.2)
*>

Proof. We will follow a slick argument by A. Garsia 1965. (The argument of Wiener
and Yoshida-Kakutani was phrased for m.p.t. a decomposition of the measure space
into pieces on which the identity is proved directly, and then assembling the pieces back
together.) Introduce the following notations

n—1
Suf == é T'f and M,f := max Sy f. (22.3)

Note that all these are in L! provided f is. The positive part of M, f then satisfies
Vk=1,...,n:  (Muf)" = Sif (22.4)
which by the positivity-preserving property of T implies
Vk=1,...,n:  f+T(Muf)" = f+TSf = Sks1f (22.5)
As (M, f)" = 0wealsohave f + T(M,f)" > f = S1f and so
f=Muf —T(Muf)* (22.6)
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Now let E,;, = {M,,f > 0}. Then

Ln fdp = [ [Maf = T(M,)

En[

> f [(Muf)t = T(Myf)"]du (22.7)

> | (o) ran— | TOM.f)

Buth > 0and h € L' imply { Thdy = |Th| < || = {hdu and so the right-hand side of
(22.7) is larger than zero. We conclude

Vn>=1: fdu=0 (22.8)
EH

But E,, increases to {f* > 0} as n — o0 and so we get (22.2) by the Dominated Conver-
gence Theorem. O

We now process the terse-looking inequality (22.2) into a very familiar form:

Corollary 22.3 (Maximal inequality) Suppose A € F be g-invariant, i.e., 9~ (A) = A,
and obeys j(A) < oo. Given f € L' let f* :=sup,_, %Z,’f;& o ¢*. Then

VaeR: ap(An{f*>a}) <J fdu (22.9)
An{f*>ua}
Proof. Let ¢ := (f —a)l4. Then u(A) < co implies g € L! and the g-invariance of A
gives ¢* = (f* —a)lu. Hence {¢* > 0} = An {f* > a} a.e. and so

0<J gdy:J (f—oc)dy:—zxy(Am{f*>oc})+J fdu  (22.10)
{g*>0} An{f*>ua} An{f*>a}

where the last step follows again by p(A) < . O

We note that the requirement that y(A) < o is what will eventually force us to
take 11(2") < oo in the proof below. As we will show later, this is not necessary for a.e.
convergence and integrability of the limit, but matters for the rest of the statement. Our

proof below would work if 2" can be partitioned into countably many finite-measure
invariant sets which, of course, is a fairly unrealistic requirement.

Proof of the Pointwise Ergodic Theorem. Assume u(2") < oo, pick & <  and consider
the set

Eup:= {ligiongnf <a < p <limsup A,f}. (22.11)

n—aoo

This set if g-invariant because the limsup and liminf are, i.e., 97! (E,g) = Eup. Since
Ewp S {f* > B}, from (22.9) we get
pu(Eug) < | fan @212
ap
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On the other hand, E,s < {(—f)* > —a} and thus also

(—a)pu(Egp) < — L fdu (22.13)
ap
Combining these we conclude

Bu(Ews) < |

fdu < ap(Eqp). (22.14)
op
But w < B and pu(E.s) < 0, so this is possible only if y(E,g) = 0. It follows that A, f
converges pointwise almost everywhere to f := limsup, ,  A,f.
The definition ensures that f is p-invariant. Fatou’s lemma along with |A,, f| < A.|f]
implies |f|; < ||f|. To show L!-convergence, pick a non-negative f € L! and let ¢ be a
bounded function with 0 < ¢ < f. Then

[Anf = flr < [Au(f =)l + 1Ang = &l + 1 f — gl
<2|f—gli+Arg =2l

where we used that A, is a contraction to derive the second inequality. For ¢ bounded
we have A, ¢ — ¢in L! by the Bounded Convergence Theorem. Thenletg — finL!. O

(22.15)

The above is an argument we used in the proof of Theorem 15.1 for Lévy martin-
gales. Here is another proof that is more in line with what we did for the Mean Ergodic
Theorems earlier:

Another proof of the Pointwise Ergodic Theorem. Assume u(2") < oo. The maximal
inequality in Corollary 22.3 applied to any f € L! then gives

. 1
VA > 0: pu(Iff > A) < 5[fh (22.16)
As argued before, lim,_,, A, f exists for all f € £ where
L ={g+h—Th:hgell,g=g0¢} (22.17)

Since . was shown to be dense in L2, which for finite y is dense in L, for each fe L!
and each k > 1 there exists f; € .Z such that | f — fi|1 < 47F. But then (22.16) gives

u(lf = fillm>27%) <27* (22.18)
Using the Borel-Cantelli reasoning we have
u(lf — fll* >27%i0) =0 (22.19)

On the full-measure set Qg := {|f — fi|* > 27%i.0.}° we have |A, f — A, fi| <2 ¥ once k
is sufficiently large and so

lim Ay fr — 27K < liminf Anf <limsup A, < lim A, fx + 27k (22.20)
n—o0 n—aoo n—00 n—aoo
ie.,
2
limsup A, —liminf A, < — (22.21)
1—00 k

n—oo
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In short, lim,,_,, A, f exists and (by (22.20)) is finite on (). The remainder of the proof
is the same and so we will not repeat it. g

For the case of the m.p.s. associated with i.i.d. random variables, the above gives

1
{Xphpsq 1id. A Xy e LD = lim =

n—oo n

n
) Xy exists a.s. &in L (22.22)
k=1
The Hewitt-Savage Zero-One Law (Theorem 18.6) then implies that the limit must be
constant and so equal to EX;. Hence, Theorem 22.1 gives us yet another way to prove the
SLLN this time using an argument that generalizes rather dramatically to other contexts.
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