1 MATH 275B notes

1. REVIEW OF 275A MATERIAL: FOUNDATIONS

We begin by a brief review of the important topics treated in MATH 275A, starting with
the foundations and going all the way up to and including independence. Further topics
from 275A will be reviewed in the next lecture.

1.1 The Kolmogorov model.

Probability theory has long existed outside mathematics, lacking a proper foundation
and axiomatics. This was mended in 1933 by A.N. Kolmogorov, who embedded proba-
bility into measure theory. We will follow this approach while noting that it only covers
certain uses of probability. Indeed, the Kolmogorov model does not include the proba-
bilistic framework needed to interpret measurements of non-commutative observables
in quantum theory. Various interpretations and models of probability also arise in phi-
losophy and logic but we will not go into these as they do not really have much bearing
on what we want to do in mathematics.
The Kolmogorov model of probability is phrased in terms of the following concept:

Definition 1.1 A probability space is a triplet (), F, P) with the following structure:

e () is a non-empty set
e F is ac-algebra of subsets of ()
e P is a probability measure on (Q}, F)

The interpretation of () is the set of “possible outcomes” of a random experiment. The
sets in F are referred to as events; these represent the questions we are allowed to ask
about the outcomes. We interpret P(A) as the likelihood, odds, relative chance or, tech-
nically, probability that event A occurs.

The requirement that P is a measure means that it is a map P: F — [0, 0] which is
countably additive on disjoint unions of events and obeys P() = 0. To make it into a
probability measure we need that P(QQ) = 1, reflecting on () containing the totality of
all possible outcomes and P being interpreted as the relative chance. The assumption of
finite additivity is actually very reasonable given the interpretation of P as a likelihood.
Boosting this to countable additivity is mainly a technical requirement that enables pow-
erful tools from mathematical analysis and, in particular, measure theory. Hardly any
limit results would be available in probability without countable additivity.

An important concept in intuitive probability is that of a random variable which in
its basic form refers to a random numerical value that is somehow associated with the
random experiment. In the Kolmogorov model, this is realized by a map X: QO — R
such that

VI C R interval: X '(I) e F (1.1)

One then uses the notation
P(X e B) := P(X"(B)) (1.2)

to denote the probability that “X outputs a result in a set B.” While this is a priori defined
only for B being an interval, a standard argument from measure theory shows that X
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obeying (1.1) is automatically measurable, which means that X~!(B) € F for all sets B in
the least o-algebra containing all the intervals, to be called the Borel o-algebra B(IR).

Since composition of measurable functions is measurable, with X an R-valued ran-
dom variable and f: R — R a Borel measurable function, also f(X) is random variable.
This being said, random variables need not be just real-valued; indeed, the same concept
works in more generality. We thus set:

Definition 1.2 Given a measurable space (S,X), an S-valued random variable is a map
X: Q — S such that X"1(B) € F foreach B € X.

The simplest non-trivial example of the more general setting is S := IR", in which case
we refer to X as a random vector, but one can take S to be a set of sequences, functions,
operators, measures, etc, provided one can endow these sets with a structure of a mea-
surable space. This is often done with the help of topology, in which case we take X to
be the Borel sets B(S) induced by a conveniently chosen topology on S.

An important, albeit mainly conventional, aspect of working in the Kolmogorov model
is that, while a probability space is always assumed to be there, its particulars should not
be relevant for the mathematical conclusions. Modulo notable exceptions such as theory
building, probabilists therefore suppress references to the probability space altogether
implying, tacitly, that whatever is chosen should work.

1.2 Measure theoretical tools.

A distinctive feature of the probabilistic approach (compared to, say, that of analysis)
is that both the c-algebra and the probability measure are variable parameters of the
problem. This creates a need for efficient tools to construct rather general probability
measures on rather general measurable spaces. Our next topic are the statements from
measure theory that are typically invoked for this purpose.

Throughout we assume that () is a non-empty set and write P(Q)) for the powerset
of (); i.e, the set of all subsets of (). We start with:

Definition 1.3 A < P(Q) is an algebra if

e 05,00c A, and
o A is closed under finite unions and complements (and thus finite intersections
and set differences)

Writing 0(\A) for the smallest (subset of P(Q) that is) o-algebra containing A, a key
measure-extension theorem is then:

Theorem 1.4 (Hahn-Kolmogorov) Let A < Q) be an algebra and assume p: A — [0, 0] is

e finitely additive on A,
e countably subadditive on A

Then p is the restriction to A of a measure on o (A). This measure is unique if y is finite (or even
just o-finite) on A.

Since A is generally not closed under countable unions, the requirement of count-
able additivity is limited to disjoint collections of sets from A whose union lies in A.
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The conditions are thus minimal in the sense that they only prevent that P contains a
contradiction to additivity or countable additivity already on A.

The Hahn-Kolmogorov applies even when A is replaced by smaller collections of sets;
notably, a so-called semialgebra:

Definition 1.5 S < P(Q) is a semialgebra if
e 5, 0eS
e VA,BeS: AnBeS
« YA€ S IBy,...,B, €S disjoint: A°=J_, B;

Since semialgebras are not generally closed even under finite unions, both finite and
countable additivity is then restricted to disjoint unions that themselves lie in §.
The salient examples of semi-algebras include the set of half-open intervals

{(a,b]: a <b} (1.3)
in R or the set of measurable rectangles
{AxB: A, BeX} (1.4)

in S?, for (S,X) a measurable space. The point here is that the underlying measure is
often defined very canonically on the elements of the semi-algebra, e.g.,

#((a,b]) := F(b) — F(a) (1.5)
as used heavily in the construction of Radon measures on IR, or
u(A x B) := u1(A)u2(B), (1.6)

as used in the construction of the product measure y := p; ® .

The existence part of the Hahn-Kolmogorov theorem is a consequence of the beautiful
Carathéodory Extension Theorem that is a main tool in abstract measure theory. We refer
the reader to the relevant textbooks for the statement and proof.

In order to explain where the uniqueness part of the Hahn-Kolmogorov theorem
comes from, we introduce the following concepts:

Definition 1.6 P < P(Q) isa m-system if VA,Be P: AnBeP

Definition 1.7 £ < P(Q) is a A-system if
e O5,0e Ll
e VA, BeL: ACB = BNAel
o V{Aptis1 € LAy TA= AeLl

Examples of 7r-systems are semi-algebras (and thus algebras and c-algebras. Exam-
ples of A-systems include any c-algebra on () and, more importantly,

{Ae F: u(A) =v(A)} for u,v finite measures on (), F) (1.7)
We then need a beautiful, albeit formal and somewhat unintuitive observation:

Theorem 1.8 (Dynkin’s 7/ A-theorem) If P is rt-system and L is A-system, then
PcL = o(P)cL (1.8)
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Hence we get that if two finite measures agree on a semi-algebra S, which is a 7-
system, then by (1.7) they agree on a A-system that includes o(S). Alternative ap-
proaches to such questions can be based on the Monotone class theorem for sets but
going via Theorem 1.8 is usually more efficient.

1.3 Integration and expectation.

A notable benefit of the Kolmogorov model is the availability of the Lebesgue integra-
tion theory. Recall that the Lebesgue integral over a general measure space (Q, F, jt) is
defined in three stages.

o Integral of simple functions: Foranyn > 1, Ay,..., Ay € Fanday,...,a, € R,

n n
Q= Z aily, — jq)dy = Z aiu(A;) (1.9)
i=1 i=1

where (as one has to check using finite additivity of y) the sum on the right does not
depend on the representation of ¢.
e Unsigned integral: For any f: Q) — [0, ],

ffdy = sup{fq)dy: 0<¢p< fsimple} (1.10)

where the supremum lies in [0, 0] due to ¢ := 0 being simple.
e Signed integral: For any f., f_: QO — [0, 0],

F=fref e [ [ Frap- [ ran 1)
whenever the expression on the right is not of the type co — .

While these steps assign a numerical value to (most) f: R — [—0, 0], one has to re-
strict f further to get a reasonably behaved object. This is the content of:

Lemma 1.9 When restricted to the class of Borel measurable functions f: Q) — R, the map
f — § fdu is additive and homogeneous.

Note that, since infinite value of the integral is allowed, the integral may exist (i.e., is
well defined as a signed integral above) and yet be divergent. While we worked with
real-valued functions, the Bochner integral provides the corresponding extension for f
taking values in a Banach space but this will not be needed in this course.

A great feature of the Lebesgue integration theory (as opposed to other theories) is
the behavior of the integral under pointwise limits. We summarize these in:

Theorem 1.10 Let (27, G, i) be a measure space with y not necessarily finite and let { f,,},>1
and f be real-valued measurable functions on 2" such that f, — f pointwise and § f,dp exists
foralln = 1. Then § fdu exists and

ffnd}l — ffdy (1.12)
holds under any of the following three conditions:
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e (Bounded Convergence Theorem)  is finite and { f,, },>1 are uniformly bounded,

o (Monotone Convergence Theorem) { f, }n,>1 are non-negative and pointwise non-decreasing,

e (Dominated Convergence Theorem) there exists a measurable function g: 2~ — [0, 0)
with § gdy < o and |f,| < g foralln > 1.

Moving back to probability, we introduce the corresponding name and notation for
the Lebesgue integral:

Definition 1.11 (Expectation) Given a real-valued random variable X, its expectation
is defined by

EX := fXdP (1.13)
provided the integral exists.

We say that X has finite expectation if E|X| < oo. (This makes sense for all X as an
unsigned integral.) A problem with the above definition is its reliance on the probability
space whose particulars, as we noted above, should not be of much relevance. For this
we introduce:

Definition 1.12 Let (S,X) be a measurable space. Given an S-valued random vari-
able X, its distribution is a measure on (S, %) such that

VBeX: ux(B):=P(XeB) (1.14)

For real-valued X, the distribution yx is thus a Borel probability measure on R. This
measure is related to the cumulative distribution function (CDF)

F(x) :==P(X < x) (1.15)
of X via (1.5). Using this measure we then get:

Theorem 1.13 (Change of variables formula) Let (S,X) be a measurable space and X an
S-valued random variable. Then for any Borel measurable f: S — R,

Ef(X) = de]ix (1.16)
whenever one of (and thus both) integrals exist(s).

The proof of this goes by checking this for simple functions and then invoking the
Monotone Class Theorem for functions to extend it to general measurable f. Note that,
for real-valued X, the integral is now over RR.

We now quickly introduce some standard concepts:

Definition 1.14 For any « € R and any random variable X, we call E(|X|*) the a-th
absolute moment of X. If X > 0 we talk about x-th moment.

Note that, by Jensen’s inequality,

{w e R: E(|X|*) < o0} = interval containing 0 (1.17)
This naturally leads to LP-spaces of random variables defined by
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L = LP(Q), F, P) := {X: random variable A E(|X|") < o0}. (1.18)
A convenient fact (due to P being a finite measure) is that p — LP is non-increasing
under set inclusion (and the spaces are thus nested). We also put forward:
Definition 1.15 For X € L2, we define the variance of X by
Var(X) := E((X — EX)?) = E(X?) — (EX)? (1.19)

While EX is a (possibly poor) way to express where the distribution of X is centered,
Var(X) tells us about how much the distribution spreads around EX. Other important
expectations include the characteristic function @x(t) := Ee!'X and the moment gener-
ating function Mx(t) := Ee'X. We will return to these when these become relevant.

We conclude the discussion of integration by recalling the names labeling some key
inequalities: Cauchy, Holder, Minkowski, Jensen, Markov, Chebyshev. The reader will
surely be able to find the statements of these in the relevant literature.

1.4 Independence.

A very important notion in probability is that of independence. Proceeding using the
standard route taken in most textbooks, we start by introducing a special case:

Definition 1.16 (Pairwise independence)
A, B € F are independent if P(A n B) = P(A)P(B) (1.20)

The idea behind the name is, using P(A|B) := P(A n B)/P(B) (which assumes that
P(B) > 0) to denote the conditional probability of A given that B occurs, under inde-
pendence we have P(A|B) = P(A). The interpretation is that, under independence,
no statistical information about A can be inferred from the knowledge that B has oc-
curred. The notion is clearly symmetrical, i.e., if A, B independent then so are B, A, and
it extends to complements: A€, B are independent, A, B¢ are independent, etc.

The problem with pairwise independence is that it does not make it clear how to
extend it to more than two events. This is the content of:

Definition 1.17 (Independence) Let (Q), F, P) be a probability space and let I be a non-
empty set. We then say:

e Events { Ay }aes are independent if

V] < I finite : P(ﬂAQ =[P4 (1.21)

we] we]
e Random variables {X,},cs are independent if
V{Ba}ser € B(R)": events {{X, € By}},_, are independent (1.22)

o Families of events {Cy }qc] are independent if

V{An}aer € Fl. (sz cl: A€ C[X) = {Au}aer independent (1.23)
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Note that, in particular, in order to check that three events A, B and C are indepen-
dent, besides their pairwise independence we also have to check that P(AnBn C) =
P(A)P(B)P(C). There is a standard example that shows that one can have three pairwise
independent events that are not independent.

A typical example of {Cy}ser in (1.23) is a family of o-algebras. Note that we only
require checking (1.21) for finite J. This is because the expression is then trivially true
for ] countable and (possibly) meaningless for | uncountable.

Note that if X3, ..., X,, are random variables, then the random vector

X = (X1,...,Xy) (1.24)

defines a measurable map (2 — R” — with measurability on R” now with respect to the
Borel o-algebra o(R") := ¢({O < R": open}). We then define the joint distribution of
(X1,...,Xy) as the distribution of X, i.e.,

ux(B) :=P((Xy,...,Xu) € B) (1.25)
Since each X; is a real-valued random variable, it also induces its distribution yx, on R
which, in this context, is referred to as the i-th marginal of ux. We then have

Lemma 1.18
Xi,..., X, independent < ux = ux, ® - ux, (1.26)

A convenient tool for integration with respect to product measures is the Fubini-
Tonelli’s Theorem whose general statement we refer the reader to to the literature. For
random variables this theorem reads:

Theorem 1.19 (Fubini-Tonelli for random variables) For Xj, ..., X, independent,
E(X;...Xy) = [ [EX; (1.27)

when either Vi: X; = 0or Vi: E|X;| < .

Similarly as independence is stronger than pairwise independence, the conclusion of
the previous theorem implies, but is not equivalent to:

Definition 1.20 The random variables X1, ..., X, € L? are said to be uncorrelated if
Vi<j: E(X;X;) = (EX;)(EX;) (1.28)

A very notable exception to this are Gaussian (a.k.a. multivariate normal) random
variables for which being uncorrelated does imply independence. We will review this
when this becomes relevant.

An important construction from measure theory allows us to construct a measure
space that is a product of any finite number of probability spaces. This in particular
permits us to put any finite number of random variables as independent on the same
probability space. However, the construction is not limited to finite products:

Theorem 1.21 For any sequence {}i, },>1 of probability measures on (R, B(IR)) there exists a
probability space (Q), F, P) supporting random variables { X, },>1 such that
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o Vn = 1: py is the distribution of X, and
o {Xy}n>1 are independent

Proof (sketch). Let I := [0,1) and consider the probability space (I, B(I),A) where A is
the Lebesgue measure on I. This space supports a uniform random variable U defined
by the identity map. Now define random variables {Z,},>1 by

Zy = 12"U| mod 2 (1.29)

and check that these are independent Bernoulli (i.e., 0, 1-valued with mean 1/2). Then
define random variables {U, },>1 by

Uy =Y Zonjpn12” (1.30)
i>1

and check that these are independent copies of U. Finally, for each n > 1 denote

Fu(x) := pp ((—00,x]) (1.31)

and set
X, := F; 1 (Uy) (1.32)
where F, ! (u) := inf{x € R: u < F,(x)}, and check that { X, },,>1 are independent with y,
being the distribution of X,. O

The reason why we included the above proof is to demonstrate that there is no need
to invoke the tool that is frequently called upon to get this result: the Kolmogorov Exten-
sion Theorem. This theorem permits putting general (even non-product) measures on
product spaces over general (even uncountable) index sets but there is price to pay: one
has to assume that the individual measurable spaces in the product are standard Borel.
For product spaces, a different argument based, vaguely, on projection limits allows us
to construct a product of full measure spaces (not just a family of random variables on
these) regardless of their underlying structure and the cardinality of the index set (thus
avoiding the Kolmogorov Extension Theorem altogether).

Further reading: Durrett, Chapter 1 and Appendix A
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2. REVIEW OF 275A MATERIAL: CONVERGENCE THEOREMS

We will now move to the discussion of a number of limit results from introductory prob-
ability theory. For most of these we only give their statements referring the reader to
textbooks for proofs.

2.1 Weak laws of of large numbers.

We start by the so called Weak Law of Large Numbers (WLLN) whose informal state-
ment goes as far back as G. Cardano (16th century) and whose first proof for the special
case of zero-one valued random variables we owe to J. Bernoulli (early 18th century).
The following form is largely due to P.L. Chebyshev and A.Y. Khinchin:

Theorem 2.1 (WLLN) Let X1,X5,... be iiid. and set S,, := X3+ --- + X,,. Then the
following are equivalent:
(1) there exists {a,}n>1 € RN such that

Ve > 0: P(S”—an
n

>e> — 0 2.1)

n—ao0
(2) xP(|1X3] >x) — 0
X—00
If E|X;| < o, the above holds with a, := EXj foralln > 1.

Note that the statement (2.1) concerns a specific mode of convergence that we record
for future use:

Definition 2.2 Let {Y,},>1 and Y be random variables. We say that Y, converges to Y
in probability, with notation Y, EN Y, if

Ve>0: P([Y,—Y|>¢)—0 (2.2)

A short way to state (2.1) is thus by saying S,/n — a, L, 0 and, when E|Xi| < o, by

saying S, /n £ EXj. In either case, the statement implies that the distribution of S,,/n
becomes increasingly squeezed, or concentrated, at around a deterministic value a,,.

The particular choice when Xj is an indicator of an event A may serve as a justification
of the Kolmogorov model: Indeed, S, is then the number the event A occurred in n
independent samples and S,/ is the relative frequency of occurrence. The WLLN says
that the relative frequency converges to EX; = P(A), the probability of event A.

The proof of (2.1) reduces to an elementary application of the Chebyshev inequality
when X; € L2. (This is the part that goes back to Chebyshev.) For the general cases we
need to first show that, under (2),

P(lrgaél |Xi| > n) - 0. (2.3)
This permits us to truncate the random variables and apply the Chebyshev inequality
again. To demonstrate why the tail decay (2) is actually necessary note that, for X;
Cauchy also S, /n is Cauchy and so (2.1) fails.
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The conditions under which (1) of Theorem 2.1 holds can be generalized multiple
ways. Instead of one sequence, we can work with triangular arrays (i.e., a sequence
of n independent random variables for each n). Since the proof relies only on a second-
moment calculation, one does not even need independence; it suffices that the random
variable are uncorrelated.

2.2 Borel-Cantelli lemmas and the Strong law.

As observed by A.N. Kolmogorov based on earlier works of E. Borel and F. Cantelli, the
convergence in probability in the WLLN can be augmented using techniques for dealing
with infinite families of events. We start with:

Definition 2.3 Given events { A, },>1 we set
{Avio} =) A (2.4)
n=1lk=n
to denote the event that “A,, occurs infinitely often.”
Alternative notations for {A, i.0.} are limsup, , A, and {}],.;14, = o0} with the

latter perhaps explaining better the reason for the name. We now use this to give a
concise definition of the probabilist’s version of almost-everywhere convergence:

Definition 2.4 Let{Y,},>1 and Y be random variables. We say thatY, tends toY almost
surely, with notation “Y,, — Y a.s.” if

Ve>0: P([Y,—Y|>e€io)=0 (2.5)
To see that this is really the same as a.e.-convergence, note that
{Y, — Y pointwise} = ﬂ {IY, — Y| >2""i0.}° (2.6)
m=1

The event on the right has full probability when (2.5) occurs.
As it turns out, the lack of occurrence of {4, i.0.} admits a simple sufficient condition:

Lemma 2.5 (1st Borel-Cantelli)

Y P(Ay) <0 = P(A,io0) =0 2.7)

n=1

For independent events, this can be boosted to full characterization:
Lemma 2.6 (2nd Borel-Cantelli)
Z P(A,) = © A {Ap}p=1 independent = P(A,io0.) =1 (2.8)

n=1

In particular, we get our first zero-one law:
Corollary 2.7 Let {Ay},>1 be independent events. Then
P(A,i0.)€{0,1}. (2.9)
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A typical situation demonstrating the use of the above statements comes in an im-
provement of (2.3) to the form:

Corollary 2.8 Let X1, X», ... bei.i.d. random variables. Then for all A > 0,

0, ZfE|X1’ < o0

/ (2.10)
1,  ifE|Xi| =

P(|Xu| > Anio.) = {

In words, this says that a sequence of i.i.d. random variables will grow sublinearly if

the first absolute moment is finite and superlinearly (along a subsequence) otherwise.
By applying this to powers of random variables, similarly we get that

0, ifE(|X1]*) <

211
1,  HE(X4Y) = @1

P(|Xu| > An'/"i0.) = {

so existence of moments gives us bounds on growth rate of i.i.d. sequences. Note that
the bound is qualitative.

With the Borel-Cantelli lemmas at our disposal, one then improve the convergence in
probability in the WLLN to almost-sure convergence:

Theorem 2.9 (SLLN) Let X1, X>,... be i.id. such that EX; exists (possibly equal to +0).
Set S, := X1+ -+ X,,. Then
Sn — EXj as. (2.12)
n n—oo

Without going into details, we note that, for Xj € L% a proof exists that is based on the
Chebyshev inequality (for the fourth moment of S,) and the 1st Borel-Cantelli lemma.
(Specifically, assuming EX; = 0 we estimate P(|S,| > en) by a quantity of order n2
which is summable on 7n.) This observation already implies the Borel SLLN which is a
special case of the above for X; being an indicator of an event.

If we aim for the statement under the condition X; € L! (the extension to the case
stated above is then achieved by suitable truncation when EX; diverges), which was
first made by Kolmogorov in 1930s, the argument usually presented (due to N. Etemadi)
invokes truncation and the Chebyshev inequality to first extract convergence along ex-
ponentially growing subsequences. A renewal-type argument is then invoked (under a
restriction to positive sequences) to “fill the gaps” and get full convergence.

Many alternative proofs exist, some of which work in larger generality than just i.i.d.
sequences. Indeed, the SLLN is a special case of de Finetti’s Theorem on a.s. convergence
of exchangeable sequences. The SLLN can be proved using Doob’s Martingale Conver-
gence Theorem. Another theorem that subsumes the SLLN is Birkhoff’s Ergodic Theorem.
While our goal is to present these advanced results sometime later this quarter, in the
next subsection we will present a proof that is more or less the same “level” as the SLLN,
relying only on the convergence of random series.

We make a few additional observations. The first one (also due to Kolmogorov)
demonstrates the necessity of finite first moments:
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Lemma 2.10 Let X1, Xo,... beiid. and S, := X1 + -+ + Xy. If {Su/n}y=1 converges to a
finite random variable on a set of positive probability, then E|X;| < co.

Proof. Note that
Xn Sn n—1 Sn—l

an_on _ 2.1
n n n n-—1 @13)

The convergence of S,,/n to a finite (random) limit on a set of positive measure thus

implies a similar convergence of X,,/n. By Corollary 2.8 this forces E|X;| < . U

As a corollary of the SLLN we get:
Theorem 2.11 (Glivenko-Cantelli) Let X1, X»,... bei.id. and, forn > 1and t € R, set

1 n
Ea(t) o= — > Lixen (2.14)
i=1
Denote F(t) := P(Xy < t). Then
sup |F.(t) — F(t)] — Oaus. (2.15)
teR n—=0

To put this in words, the empirical CDF generated by the first n terms of the sequence
X1, X3,... converges to the actual CDF uniformly on IR. (This mode of convergence cor-
responds to the Kolmogorov distance on probability measures on R so Theorem 2.11
in fact says that the empirical law > | 0x, tends to the distribution of X in the Kol-
mogorov distance.) As to the proof, the SLLN implies F,(t) — F(t) a.s. for each t (with
the implicit null set possibly depending on t) so the main issue is to achieve uniformity.
Here the monotonicity and right-continuity of F, and F play a key role.

2.3 Convergence of random series.

Another set of convergence theorems arises while studying convergence of infinite series
associated with sequences of independent random variables. A simple application of the
Monotone Convergence Theorem shows

o0} o0}

MEX <0 = Y [X] <was. (2.16)

k=1 k=1
However, we are interested mainly in the conditions in which the series >}}° ; X con-
verges conditionally, but not absolutely. A simple result in this vain is:

Theorem 2.12 (Paley-Zygmund) Let X1, Xy,... be independent, uniformly bounded and

law

symmetric (i.e, Vi > 1: X; = —X;). Then
0
Z X; convergesin R a.s. < Z E(X?) < (2.17)
i=1 i>1

Here we say “in IR” to make it unequivocally clear that we do not allow convergence
to +00. The proof of sufficiency of the summability condition relies on Kolmogorov’s
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Maximal Inequality (boundedness is not needed in this step); the reverse direction in
turn uses the Paley-Zygmund inequality. General series are handled by:

Theorem 2.13 (Kolmogorov 3-series theorem) Let X1, Xy, ... be independent. Then 2121 X;
converges in R a.s. if and only if 3A > 0 such that, for Y; := X;1|x,<a,

ZP |Xi| > A) <0 A ZVar <0 A EEY converges in R (2.18)

i=1 i=1 i=1
We will now use this theorem to give:
Proof of the SLLN in Theorem 2.9. Let { Xy }x>1 be i.i.d. with E|X;| < co. Forall k > 1, let
Zy = X1y x, 1<k (2.19)
The 1st Borel-Cantelli lemma shows
P(Zy # Xyi0.) =0 (2.20)

which means that it suffices to prove the claim with {Z;};~ replacing { Xy },>1. First we
show that

Q0
Zy—EZ
Z % converges in R a.s. (2.21)
k=1
We will prove this by calling on Theorem 2.13 which requires checking the three-series

conditions (2.18). In light of (Z; — EZ;)/k being bounded by 2 and having zero mean,
all we have to show is that
3 Var( ) (2.22)

k=1
For this we compute

ZVar(Zk) Zkz (Z)) = Zsz 2P(|Z] > t)dt
ZkZJZtP 1X| > £)dt = L 2t<2k2 on (1) P(1Xa| > £)dt

k=1 k=1

(2.23)

where the last step is by Tonnelli’s theorem. The inequality k + 1 < 2k for k > 1 along
with an integral test for series gives

4 “ 1
Z —1 — <4 Sdr<4t! (2.24)
72 Lok ( Z 2 f 2
gk e (k+1) Pox
Plugging this above then shows
3 Var( 8[ (1X1] > t)dt = 8E[X;| < 0 (2.25)
k=1

thus proving (2.22).
With (2.21) established, we call upon:
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Lemma 2.14 (Kronecker) Let {a,},>1 and {b,},>1 be R-valued sequences with

Vn=1: b1 2b,>0 A liI%O b, = © (2.26)
n—
Then
o0 n ) 1 n
Z:; b, convergesinR = b ]; a —> 0 (2.27)

Postponing the proof until the end of this proof, from (2.21) we then get

- Z Zy—EZy) — Oas. (2.28)
"o "
But the Dominated Convergence Theorem shows
EZ, = E(X11{|X1|<k}) — EX1 (2.29)
and so we conclude
- Z Zy — EXjas. (2.30)
k 1
In light of (2.20), this implies the statement of the SLLN under finite first moment. (The
case of EX; = +o0 is handled by trunction.) g

It remains to give:
Proof of Lemma 2.14. Denote s, := >}, g—’; with sg := 0. Then a; = bi(sx — sx_1) and
summation by parts shows

n
bln,;ak Zbk Sk — Sk—1)

bn k=1
|l b 1y, (2.31)
=snt - Dbk = beyr)sk = bgsn + %(Sk —Sn),
" k=1 " k=1 "
where we used that >/, (by — byy1) = by — b,. Now observe that, since b, — ®©

while {s,},>1 converges and is thus bounded, the first term on the right tends to zero
and so do any finite number of terms in the series on the right. For kg so large that
|sy —sn| < € for k,n > ko, we in turn get

n—1 n—1
Z m(sk—sn) <e€ Z Dt — b <e. (2.32)
by by
k=ko k=ko
The right-hand side of (2.31) thus tends to zero as n — o0. g

The above proof of the SLLN has the advantage that it generalizes to:

Theorem 2.15 (Marcinkiewicz-Zygmund SLLN) Let p € (0,2) and let Xy, Xy, ... be i.i.d.
with X1 € LP. If p > 1 assume also EXy = 0. Then

1
—7 Z Xi — Oas. (2.33)
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Proof. For p = 1 this is the SLLN so we may assume p # 1. We proceed very much like

in the above proof of the SLLN. Denote

2k = Xl xi<irmy
Then (2.11) shows
P(Zy # Xni0.) =0

We now claim

Zy —EZy .
I; iy convergesin R as.

for which we invoke Theorem 2.13. It again suffices to show

Z Var(k%/p> < 0

k=1

Here the calculation (2.23) gets modified into

K1/
ZVar(kl/p) Z kz/f’f 2tP(1Xq| > t)dt
1
:J 2t( Y ooy iogoin (D) P(1X] > )t
0 k=1

The inequality k + 1 < 2k for k > 1 along with an integral test for series give

E 1 1 (t) < E 2 < 2%/p foo 1 dx < A(tP)1=2/p
O/kl/p x x x
] K2/p ~[0kP) 5 (k+1)2/p o x2/P

where A := 22/7(2/p —1)~1. Plugging this in (2.38) yields

S Var() <24 [ #7IP(X| > 1)t = 29 AE(|X4))
k=1 K/p N 0 ! P !

which is finite by our assumptions.
With (2.36) in hand, we now claim that

Z EZ| _
kl/p
For p <1 we use that EZy = E(X11yx, <x/s}) to bound

e} 00]

EZ) 1
; iy S E(’Xﬂ; kupl{\xuskm)
=1 =1

and observe that, by an integral test along with the fact that1/p > 1,

o0]

1 1-1/ _
2 77 Hixil<kry S Clp) (1) " = C(p)| X P!
k=1

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)
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for some constant C(p) < . For p > 1 we in turn use that EX; = 0 to get
EZk == E(X11{|X1|Skl/p}) - E(Xll{‘X1|>k1/P})
which then implies

o0 0
|EZy| 1
DIV E<|X1|k21k1/p1{x1>kw})

As1/p <1wenow have

o0
1 1-1/ _
2 i ity < C) (IX]7) 7 = Cp) X!

for some constant C(p) < o. Hence, in both cases we get
|EZ|
Z Kl/p < (|X1|P)

which is finite by our assumption.
Since (2.41) implies convergence of Y} fl—%, using (2.36) we conclude

0
Z
Z i/p converges inR as.

Lemma 2.14 then gives
1 n
m kzl Zk H::O 0 a.s.
In light of (2.35) we then get the claim.

Further reading: Durrett, Chapter 2

16

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



17 MATH 275B notes

3. WEAK CONVERGENCE AND LINDEBERG’S CLT

In this section we still continue reviewing the 275-material; specifically, the part con-
cerning the weak convergence of probability measures on the real line. We proceed by
restating the standard version of the Central Limit Theorem and then state and prove its
more enhanced form due to Lindeberg.

3.1 Weak convergence on the real line.

Earlier we reviewed the notions of convergence in probability and converence almost
surely. Here we will discuss the notion of convergence in distribution, a.k.a., conver-
gence in law or just weak convergence. The latter term should not to be confused with
the notion of weak convergence in functional analysis (we will comment on the differ-
ences later). We start with a definition:

Definition 3.1 Let {F,},>1 and F are non-decreasing and right continuous functions
from R to R. We say that F,, converges weakly to F, with notation F, XS F, if

Vx € Dr: F,(x) - F(x) (3.1)

where Dr := {x € R: F continuous at x}.
We now use the above to give the following derived notions:

Definition 3.2 For Borel probability measures {y,},>1 and u on R, we say that pu,
tends to u weakly, with notation y, -, u, if the associated CDFs defined by F,(x) :=
pn((—c0,x]) and F(x) := u((—0,x]) obey F, — F.

Definition 3.3 For R-valued random variables {X,},>1 and X, we say that X, tends
to X weakly, with notation X, — X, if the distributions u,(A) := P(X, € A) and
u(A) := P(X € A) associated with these random variables obey iy, — .

The prime motivation for the first definition is the content of the last one: develop a
mode of convergence which captures when the statistics of a sequence random variables
somehow tends to a limit. Note that u, — u if and only if u((a,b]) — u((a,b]) for
all a,b € Dg. The set Dr is dense since R \. Dr is at most countable.

The exclusion of the discontinuity points is reasonable in light of the following exam-
ple: Given a strictly decreasing sequence {a,},>1 of reals tending to some a, the CDF

Fu(x) = 1, ) of random variables X, := a, tends to 1(,, which is not a CDF due
to lack of right continuity at a. It is till reasonable to declare the limit random variable
to be X := a, which has CDF F(x) := 1}, ,. Since weak convergence excludes the

discontinuity points, we have F, — F as desired.

It is easy to check that almost-sure convergence implies convergence in probability
which then implies convergence in distribution, a.k.a., weak convergence. Using the
1st Borel-Cantelli lemma, convergence in probability in turn implies existence of an a.s.-
convergent subsequence. The following gives the corresponding version of the converse
for the weak convergence:
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Theorem 3.4 (Skorohod representation) Given Borel probability measures {py }n>1 and po
on R, if y > poo, then there exists a probability space (Q), F, P) supporting random variables
{Xn}us1 and X, such that

o Vne{l,...,o0}: uy is the distribution of X,, and

e X, > Xy as.

Proof (sketch). Realizing the random variables as X, = F, }(U) and X, = F;'(U),
for U a uniform random variable on [0,1] and F, ! a suitable inverse of F,, we then just
verify the two claims. 0

Note that, since the weak convergence does not require the random variable to be
defined on the same probability space, the above is really best one can hope to get. An
important consequence of the Skorohod embedding reads:

Corollary 3.5 X, - X implies
Vf e Go(R): Ef(Xy) — Ef(X) (62)

Highlighting this fact is not a coincidence; indeed, (3.2) actually turns out to be equiva-
lent to X,, — X. (We will prove this later in the form of the Portmanteau theorem.)

With the notion of weak convergence settled, one is naturally interested in finding
convergent sequences. Here is a tool in this regard, proved with the help of Cantor’s
diagonal argument and some extension arguments based on monotonicity:

Theorem 3.6 (Helly selection theorem) Given a sequence {F, },>1 of CDFs, there is a strictly
increasing sequence {ny}r=1 of naturals and a non-decreasing right-continuous F: R — [0,1]

such that F,, — F (ask — o).

Notice that we do not claim that F is CDF because it may not be. (For instance, take
Fu(x) := 1}y (x) which tends pointwise to zero.) To prevent this from happening, we
need another property:

Definition 3.7 (Tightness) A sequence of CDFs {F, },>1 is tight if
Ve >0IM >0: sup [Fu(—M)+1—F,(M)] <e (3.3)

n=1
Rewriting (3.3) using the probability measures {},, },>1 associated with the CDFs {F, },>1
leads to a perhaps more intuitive expression
Ve >03M >0: supun([-M, M]) < (3.4)
n=1
Tightness thus ensures that all but a small fraction of total mass of all the measures in
the sequence stays confined to the same compact set which in particular means that no
mass can escape to infinity in the limit. (This is the form that will define tightness in
more general settings.) Returning to our previous line of thought, we now have:

Theorem 3.8 Given CDFs {F,},>1, assume there is a non-decreasing and right-continuous
function F such that F, — F. Then F is a CDF if and only if {F,},>1 is tight.
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3.2 Characteristic function.

As noted above, convergence of expectation of bounded continuous functions turns out
to be equivalent to weak convergence. Checking all such functions may be tedious but,
as it turns out, we only need to focus on a one parameter family; namely, the complex
exponentials. This leads to:

Definition 3.9 Given a real-valued random variable X, its characteristic function is
@x(t) := Ee!™ := Ecos(tX) +1iEsin(tX) (3.5)
or, by the change of variables formula, ¢x(t) := {e!® ux(dx).

Notice that ¢x is bounded with |¢x(t)| < ¢x(0) = 1, and is uniformly continuous.
Moreover, we have the following fact

X,Y independent < ¢xiy = @px@y (3.6)
Here “=" is quite immediate but for “<"” we need the conclusion of:

Lemma 3.10 (Inversion formula) Let ¢ be the characteristic function associated with a finite
Borel measure p on R. Then

o1 (T e—ita _ a—ith 1
va<b Jim [ g = Juln )+ 5u(@) 6

In particular, y is uniquely determined by ¢.

Proof. Using Fubini-Tonelli and a change of variables we write the integral on the left as

(LT e

(3.8)
bsi — T(x—a) o;
sin|T(x —u Sin
) 2
Now recall that SOT Sigudu — T as T — oo and note that this gives
Tx=a) siny 1 1
JT(x—b) u du Tow ElULb)(x) T El[ﬂ/b]' (3.9)

Since this also implies that the integral on the left is bounded uniformly in x, the state-
ment follows using the Bounded Convergence Theorem. O

We now state the key tool that makes working with characteristic functions easy:
Theorem 3.11 (Lévy continuity theorem) Suppose { X, },>1 are random variables such that
VteR: ¢(t) := nh_r)ro\O ¢x, (1) exists (3.10)
If ¢ is continuous at t = 0, then there exists a random variable X such that
VteR: ¢(t) = Ee'™* A X, 5 X. (3.11)
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Proof. The key role of continuity is to imply tightness. This is based on the following
analytic argument. Let Y be a random variable and ¢y its characteristic function. Then

t t :
! J [1—Re¢y(s)|du = 1EJ (1—cos(uY))du =E(1— sin(¢Y) (3.12)
tJo t ), %

where sin(#)/u := 1 when u = 0. Observing that the function under expectation is

always non-negative, we restrict the expectation to |Y| > 1/t and get

t
P(Y| > 1/t) < if [1—Re gy (s)]du (3.13)
0
where ¢! := inf,>1(1 — sin(u)/u). Returning to our problem, under the continuity
of ¢, for each € > 0 there exists t > 0 such that |¢x, (f) — 1| < € for all n > 1. But then
P(|Xn| > 1/t) < ce for all n > 1, implying tightness.

With the laws of {X,,},>1 tight, Theorem 3.6 ensures that any increasing sequence of
naturals contains a subsequence along with the laws converge weakly. But the charac-
teristic function of the limit law is then ¢ which, by Lemma 3.10, determines the limit
law uniquely. It follows that all convergent subsequences converge to the same limit.
Hence we get convergence. U

Note that if we recognize ¢ to be a characteristic function of a random variable, then
it is automatically continuous and that random variable is the limiting X. We also note
that a similar result holds for the convergence of the moment generating function. This
goes by the name Curtiss theorem. We refer to homework for details.

As an application of the Lévy Continuity Theorem, we now give:

Theorem 3.12 (Central Limit Theorem) Let Xy, X5,... be iid. with X; € L?. Denote
y:= EXyand 0? := Var(Xy) and let S, :== Xy + - -+ + X;,. Then

Sp—un w 2
N 2 N(0,09) (3.14)
Proof. Replacing X; by X; — y allows us to assume that = 0. By (3.6) we then have
E(e/V") = gx, (t/+/n)" (3.15)

Under the condition X; € L? the characteristic function permits Taylor expansion

2
¢x, (1) = 1+i0 — %E(X%) +0o(#?) (3.16)

where 0(#?) is a term vanishing upon division by #? and taking t — 0. Using the above
parametrization, this rewrites as

t2
px, () =1— %az +o(n7h) (3.17)

where o(n~!) denote a complex valued sequence that decays faster than 1/n. Using
that for any complex-valued sequence {z,},>1 that converges to some z € C we have
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(14+2z,/n)" — e*asn — o, from (3.15) and (3.17) we conclude

VieR: E(eitS”/ﬁ) NS

n—ao0

(3.18)

The right hand side is the characteristic function of N (0, (72) which, in particular, means
that it is continuous at ¢t = 0. The claim then follows from Theorem 3.11. O

The history of the above result is very long. A very early version for zero-one valued
random variables was posited by de Moivre in 1733 but went largely unnoticed until
Laplace provided a first rigorous argument in 1812. A rather general version of the
theorem was proved by Lyapounov in 1901 and then ultimately by Lindeberg in 1922.
The above elegant proof is due to Lévy (1937). The word “central” was coined by Pélya
in 1920 for the central role this result plays in probability and sciences.

3.3 Lindeberg’s CLT.

The above CLT is quite elegant but we often need to relax the assumptions further. For
instance, there is no need to use the same random variable for each n; their law may
change with 7. Similarly, there is no need that the random variables are equidistributed;
we can allow their laws to change with their index as well.

Of course, implementing these changes requires a different formulation that we owe
to Lyapounov (1901) and, ultimately, Lindeberg (1922).

Theorem 3.13 (Lindeberg’s CLT) Let {m(n)},>1 be a sequence of positive naturals tending
to infinity and assume that {X,: n =1, 1 < k < m(n)} is a family of random variables such
that, foralln > 1,

o Xu1,.-. m(n) AT€ zndependent
oVk—l ,m(n) E(X%,) <o AEX, =0

Denote Sy, := Y} (1) X,, x and assume ¥n > 1: Var(S,) > 0 and

m(n)
1
ve>0: G, kzl (XakLqix, mer/varsy) =2 © (3.19)
Then
; m
Xuk —> N(0,1 3.20
JVar(s) Z . (0,1) (3.20)

The condition (3.19) is called the Lmdeberg condition. Note that by taking X, ; := X,
where {Xj}i>1 are i.i.d. random variable with zero mean and (finite) variance ¢> > 0,
and setting m(n) := n we get Var(S,) = no?. The Lindeberg condition (3.19) then
follows thanks to

E(X{1x,=evi) — O (3.21)

n—oo

as implied by the Dominated Convergence Theorem. In particular, Theorem 3.13 sub-
sumes Theorem 3.12 as a corollary.
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The aforementioned Lyapounov result worked under a different condition than (3.19);
namely, under
1 m(n) ,
p>2 ——— E(X — 0 3.22
P= [Var(S,)]r/? l; (Xog) n—>00 (3:22)

This readily implies (3.19) by invoking Chebyshev’s inequality. To role of either of these
conditions is to ensure that no single random variable contributions a non-trivial pro-
portion of the overal variance. Assuming this, Feller derived the following converse to
Lindeberg’s result:

Theorem 3.14 (Feller) Assuming the setting of Theorem 3.13, suppose that

Ve > 0: Krkr2n><(n)P<]Xn,k| > eq/Var(Sn)) — 0 (3.23)

Then the weak convergence (3.20) implies Lindeberg’s condition (3.19).

Lindeberg’s condition is thus necessary and sufficient for triangular arrays of random
variables satisfying the condition (3.23). For this reason the Lindebeg’s result is some-
times referred to as Lindeberg-Feller CLT.

Leaving Feller’s theorem to homework, we will now move to the proof of Lindeberg’s

CLT. Abbreviate
Oy ‘= A/ Var(Sn) (3.24)

and note that Lindeberg’s condition implies existence of a positive sequence {€,},>1
tending to zero and satisfying

1 n
€20'2 Z E(X%,k]‘lxn,k‘>en0'n) — 0 (325)
n

n—00
k=1

We now use these to introduce the truncated variables

Xk = Xukl{x, 4 <eun) (3.26)
and denote
m(n)
Sui= Y, Xug (3.27)
k=1

Our first item of business is to show that the truncation does not have an effect, including
the first and second moments:

Lemma 3.15 The following hold

e 0,'ES, — 0
e 0, 2Var(S,) — 1

in the limit as n — oo.
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Proof. We have
P(|Sy — S| #0) < P(Fk < n: | X, 1| > €n0m)

! 1 & (3.28)
< Z P(|Xn,k| > enan) < 202 Z E(Xﬁ,kl{anrkbenan})-
k=1 k=1
This tends to zero by (3.25). Similarly, using that ES,, = 0,
0y ' |ESu| = 03 '[E(Su — Sn)|
1 ¢ 1 < (3.29)
S — Z E(‘Xn,k|1{‘Xn,k|>€nUn}) < 2 Z E(Xfl,kl{|xn,k‘>€n0n})
In 2 €nlii (=

Now apply (3.25) to see that this tends to zero as well.
Finally, denoting Y, x := X x1{|x,,|>e,0,}, iIndependence of {X,x}1<k<n foreachn > 1
along with EX,,, = —EY,x give

Var(S,) — o2 = SV [E(Ry) — (EXpp)? — E(C,)]
i (3.30)
= = Y [E(YZp) + (EYp)?]

_ = 2 <
|07 2Var(S,) — 1| < = D E(XE X, e} (3.31)
n k=1

By (3.25) this vanishes as n — o0. O

The upshot of the lemma is that it suffices to prove the result for the truncated vari-
ables. As these are no longer centered, we introduce Abbreviate

Zyg = 0y (X — EXup) (3.32)
and note that EZ, = 0 and
n
M E(ZEy) — 1 (3.33)
k=1
As is readily checked, it suffices to prove weak convergence of
m(n)
Sui= > Znk (3.34)
k=1
to N(0,1). For this we note that, denoting
@u(t) := EeltZnk, (3.35)
we have
o omn)
Ee™ =TT @ui(t) (3.36)
k=1
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Proceeding as in the proof of Theorem 3.12, we now have to expand the characteristic
functions on the right to its second order Taylor polynomial. Due to non-homogeneity,
this has to be done under the summation over k:

Lemma 3.16 (Taylor approximation)

m(n) 12 )
VteR: ;1 Pui(t) — (1 - EE(Zn,k)> — 0 (3.37)
Proof. By Taylor’s theorem
1
Pup(t) =1+10 - tzf UE(Z% et1-%x) duy (3.38)
0
and hence
2o 2 [ 2 iH(1—u)Z
Pur(t) — (1 - EE(Z,Z,,{)) =7 | uE(Z7, (1 e ) du (3.39)
Truncation ensures |Z, x| < 2¢€, and so
11— el(1="Zuk| = 2[sin(t(1 — u)Zux)| <  max  2|sin(x)] (3.40)
0<x<2|t|e,
which only depends on n. Hence
m(n) 2 m(n)
t 2 1 2 . 2
2 |enst) - (1- 2E<zn,k>)\ < 5t (,max _2lsin(x)]) YEZ). G4
The maximum tends to zero as n — oo. U

In order to apply the above expansion under the product in (3.36), we also need:

Lemma 3.17 Letn >1landz,,...,z,,wy,..., wy € {z€C: |z| <1}. Then

n n
IR
i=1 i=1

Proof. The claim immediate for n = 1. For n > 1 we have

n
< )|z — wjl (3.42)
i=1

n n n—1 n—1 n—1
Hzi—Hwi’ <ol [ T2~ [ Tews| + 12 — wul [ T
i=1 i=1 i=1 i=1 i=1 (3.43)
n—1 n—1
g’Zn_wn‘"f‘ Hzi_Hwi
i=1 i=1
The bound now follows by induction. 0

We are now ready to give:
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Proof of Theorem 3.13. As E(Z7 ) < 4e;, we have |1 — %E(th,kﬂ < 1forn » 1. By

Lemmas above,
m(n)

2 2
itS, 2
EeltSn — ;—[1 (1 - EE(Zn,k)) — 0 (3.44)
Using that, for |z| < 1/2,
log(1+z)—z|< ). Et <)z < 2 < 2|z (3.45)
k 1—|z|
k=2 k=2
we get that
m(n) 12 , 12 m(n) ,
log [ | (1 - EE(Zn,k))JFE >, E(Z3y)
= = (3.46)
m(n) 5 m(n)
2
<2 ) [SE(Z)] <2t'e; 3 E(Z7))
k=1 k=1
once 7 is so large that 2t%¢2 < 1. As Zl:(?) E(ZZ,) — 1, we conclude
Vie R: EelSn — o=/2 (3.47)
The Lévy continuity theorem (Theorem 3.12) gives S N (0,1). ]

We note that a different argument bypassing Lemmas 3.16-3.17 above (and also likely
closer to the original Lindeberg’s argument) will be given in the next section.

3.4 Non-standard CLT.

As an example of the power of Lindeberg’s theorem, we give a short proof of CLT under
the conditions where the regular CLT does not apply.

Theorem 3.18 Suppose X1, Xo, ... arei.i.d. with

law

Xp E X7 A Vx>1: P(|Xy|>x) =x72 (3.48)
Set S, :=X1+ -+ X,,. Then

Sn__ W, pr (0,1) (3.49)

y/nlogn n—w

Proof. We will have to truncate the sequence to bring it to the form to which Theo-
rem 3.13 can be applied. For truncation we will use a sequence {a,},>1 of positive reals
with specific growth to be determined. Denote X, := Xi1yx,|<q,}- The assumed sym-
metry ensures EX,, ; = 0 and, assuming also 4, > 1, we have

Q0
Var(X, i) = E(X3;) = f 2tP (| Xy | > t)dt
0
w1 (3.50)
=1 +f Ztt—Zdt =1+2log(a,)
1

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



MATH 275B notes 26

In order for the truncation to have no effect, it suffices that
n
P(3k < n: |X¢| > ay) < nP(|X1] > an) = 2 i 0 (3.51)
In particular, for this a, has to grow faster than 1/n. On the other hand, to get Lindeberg’s
condition, it suffices that S, := X,,1 + - -- + X, , obeys

. (3.52)

Var(S,) "~

Indeed, then |X, x| < a, < ey/Var(S,) for n sufficiently large which means that Linde-

berg’s condition holds trivially.
To satisfy the two requirements, set

a, := +/nloglogn (3.53)

and observe that this grows faster than /1 but slower than 4/ Var(S, ) which by (3.50) is
proportional to 4/n log n. Lindeberg’s CLT then gives the result. 0

One can of course prove Theorem 3.18 by invoking truncation directly inside the proof
of Theorem 3.12 and treating carefully the errors. The main point of Lindeberg’s formu-
lation is that it is general enough to adapt to other situations as well; see Durrett’s book
for its application to counting random permutations or a proof of one direction of Kol-
mogorov’s 3-series theorem.

Further reading: Durrett, Sections 3.1-3.4
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4. QUANTITATIVE CLTS: LINDEBERG AND BERRY-ESSEEN

We now move to arguments that permit us to control the convergence to normality in
terms of explicit error bounds. Besides practical implications, this will allow us to give
new proofs of the qualitative CLTs discussed earlier.

4.1 Lindeberg’s method.

The first quantitative bound we present for closeness to normality is due to Lindeberg.
We state it as the following theorem:

Theorem 4.1 (Lindeberg’s method) Let n > 1 and let Xy,..., X, be real-valued random
variables such that

o Xi,..., X, are independent
e Vk=1,...,n: X el
Let Z be a random variable with the law

Z= J\/'( DIEX, ). Var(Xk)>. (4.1)
k=1 k=1
Then for all f € C3(R),
(X %) - E£(2)| <5111 Y, E(XP) @2)
k=1 k=1

The phrase “Lindeberg method” actually refers to the main idea of the proof which
is to swap Xi, ..., X,;, one by one, for independent normal random variables Z;, ..., Z,
that agree with Xj, ..., X, in the first two moments; i.e.,

Vk=1,...,n: Zx = N(EX, Var(X)) (4.3)

This does give the desired bound because Z law Z1+---+ Zy. The error caused by the
swap is quantified using Taylor’s theorem as shown in:

Lemmad4.2 Let X,Y,Z e L3 be independent with Z having the law
Z = N (EX, Var(X)) (4.4)
Then for all f € C3(R),
[EF(Y +X) = Ef(Y + Z)| < 5] f" |l E(IXP) (4.5)

Proof. Taylor’s theorem gives

FOY+X) = FOO + f(NX + 2 f/(V)X2+ 5 f fr(Y+5X)Cs%ds (46)

with f(Y + Z) written similarly. Subtracting the two expressions and taking expectation
with the help of EX = EZ, Var(X) = Var(Z) and the assumed independence of X, Y, Z
shows

EF(Y +X) ~ EF(Y +2)| < ] /" (E(XP) + E(12) ). @7)
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In order to express E(|Z|3), note that (a + b)® < 8|a|*> + 8|b|® and apply the scaling prop-
erties of normal law to get

E(|Z]*) < 8(E|Z|) + 8Var(Z)*?E(IN(0, 1)) (4.8)
Using again that EX = EZ and Var(X) = Var(Z) while comparing moments via Jensen’s
inequality shows
(E|Z|)* = (EIX])* < E(IXP)

4.9)
Var(Z)%? = Var(X)¥? < (E(X?))

3/2 < E(|X|3)

A calculation shows E(|N(0,1)]?) = \/% < 2and from (4.8) we get E(|Z|?) < 24E(|X]?).

Plugging this into (4.7) then yields the claim. (We are not trying to optimize numerical
prefactors.) g

We are now ready to give:

Proof of Theorem 4.1. Let Z, ..., Z, be independent of each other and Xj, ..., X, with
the law in (4.3). Foreachk =1,...,n, let

e =Xi 4+ + X1+ Zpp1 +- -+ Zy (4.10)
Then Lemma 4.2 gives

er($0) - e1(32)

k=1

< SEF(G+ X0 — Ef (Y + 24|
k=1

<5 "l ) E(1XkP)

k=1

4.11)

Since Z law Z1+ -+ Z,, this is the desired claim. |

As a simple application, we get our first quantitative CLT:

Corollary 4.3 (Quantitative CLT) Suppose X1, Xo, . .. are i.i.d. random variables with X, €
L3 and EX; = 0. Let Z = N(0, Var(Xy)). Then for all f € C3(R),

(- 2 X) - Ef(2)| < 17" E(X3P) @12)
Proof. Apply Lindeberg’s bound (4.2) to X replaced b Xt and observe that
pply & P Y Un

<‘ ) —E(|X1| ) (4.13)

thanks to Xj, ..., X, being equidistributed. O

As another application, we give a somewhat different proof of Lindeberg’s CLT:

Proof of Theorem 3.13. Let Xy 1, . . ., X, u(n) be independent for each n > 1 with X, € L?
and EX, y = 0 for each k = 1,...,m(n). Without loss of generality, assume that the
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random variables are normalized so that

m(n)
dIEX:, =1 (4.14)
k=1

Lindeberg’s condition then implies existence of €, > 0 with €, | 0 such that

X 1= X L{1x, 5|<e} (4.15)
obeys the conclusions of Lemma 3.15. Namely, we get
P(Hk < m(n): Xn,k # Xn,k) e 0 (4.16)
m(n)
DI EXyx — 0 (4.17)
n—aoo
k=1
and
Z Var(X, ) — 1. (4.18)
By (4.16) we then have
m(n) m(n)
Vf e Co(R): Ef( M X, ) (Z ) — (4.19)
k=1 k=1

which means that we may focus on ZZ:; X, x instead of Z,T:? X k-
Let Z,, be a random variable with law

m(n) m(n)
=N ( D EXuk ) Var(xn,k)> (4.20)
k=1 k=1

and observe that Theorem 4.1 then gives

\Ef ( 2, X))~ EF(Z)| <51 Y E(Rual?) (@21)
k=1 k=1

forall f € C2(R). But |X, x| < €, and so
m(n) m(n)

Z (IXuil) <en Y E(IXKuil?) 4.22)

k=1 k=1

which tends to zero because €, | 0 and sum on the right converges by (4.18). Since
(4.17-4.18) implies Ef(Z,) — f( ) for Z = N(0,1), from (4.19), (4.21) and (4.22) we

thus get
m(n)
VfeQR): Ef( Y Xux) — Ef(2). (4.23)
k=1
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Applying this to f(x) = cos(tx) and f(x) = sin(tx), we conclude that the characteristic

function of ZZZ:(?) X,  tends to that of Z. The Lévy continuity theorem (Theorem 3.11)
then gives the result. U

4.2 Berry-Esseen theorem.

Our second quantitative bound for distance to normality comes in the following theorem
that dates back more than 80 years:

Theorem 4.4 (Berry 1941, Esseen 1942) Let Xy,..., X, bei.id. with X; € L3and EX; = 0.
Then for Z = N (0, Var(X)) and a constant ¢ ~ 0.4785,

1 ¢ E(|Xi]>) 1
’P(ﬁ;Xiga)—P(Zéa)’écWﬁ (4.24)

holds for all a € R.

We remark that the statement gives an estimate on the Kolmogorov distance of two
random variables which we define as
dx(X,Y) :=sup|P(X <a) — P(Y < a)| (4.25)
aeR
The fact that this is invariant under scaling both X and Y by the same constant explains
why the bound on the right of (4.24) is also invariant under such rescaling.

We also note that the error-rate n=1/2 is generally best possible. Indeed, if Xy,..., X,
are Bernoulli, the distribution of their normalized sum is piecewise constant with jumps
(near the median) of order 1/+/n. (This is checked from the calculation leading to de
Moivre-Laplace CLT or by way of the local Central Limit Theorem.) Since the CDF of Z
is continuous, the left-hand side is at least order 1/4/n.

The proof is based on manipulations with characteristic functions and convolution
with Polya’s density; we refer to Durrett’s textbook for a full acount of all details. Inci-
dentally, the proof there gives ¢ := 3; the above is a result of a long sequence of gradual
improvements and is due to Tyurin (2010).

Further reading: Durrett, Section 3.4.4
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5. QUANTITATIVE CLTS: STEIN’S METHOD

We proceed to discuss another method for estimating convergence to normality that is
due to Charles Stein (with the first article dating back to 1972).

5.1 Characterizing normality.

The presentations of Stein’s method typically open up by the following characterization
of the standard normal law:

Lemma 5.1 (Stein’s lemma) Let Y be an real-valued random variable. Then the following two
properties are equivalent:

e Y =N(0,1)
e forall f € AC(R) with f" and x f bounded,
EF/(Y) = E(YA(Y)) 1)
Here AC(R) is the space of real-valued absolutely-continuous functions on R and xf is the
function defined as xf (x) := xf(x).
One direction of the proof is immediate:

Proof of =. Suppose first that f is continuously differentiable with f” and x f bounded.
Integration by parts then gives

fyf(y)ey;dy = - ff(y)cﬁ/ey;dy = ff’(y)ey;dy (5.2)

The case of general f € AC(R) is handled by replacing f by fe(x) := Ef(x + Z¢)
where Z. = N(0,¢€) and noting that fe — f and f. — f. pointwise a.e. as € | 0. The
convergence of integrals then follows using the Bounded Convergence Theorem. U

The proof of < requires quite some effort. The main idea comes in:

Lemma 5.2 (Stein’s ODE) Let Z = N(0,1) and assume h: R — R to be measurable with
E|\h(Z)| < oo. Then forall x € R,

X

i) =¥ [ e T [En(Z) - b)) e

L var dy (5.3)
=e? Jooe > [h(y) — Eh(Z)] it
Moreover, f, € AC(R) and
fu(x) = xfu(x) = h(x) — Eh(Z) (54)

holds for Lebesgue a.e. x € R

Proof. Both integrals converge absolutely thanks to our assumption E|h(Z)| < oo. Sub-
tracting the second integral from the first can be written as

f:o e~ [ER(Z) — h(y)] jzy? = Eh(Z) — Eh(Z) = 0. (5.5)
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Differentiation shows that f; obeys the ODE (5.4). U

It is easy to check that fj, is the unique solution to the ODE (5.4) subject to f,(x) — 0
as x — —oo. The reason why we offer two expressions for f, is because the first will be
used for x > 0 and the second for x < 0.

The formula (5.3) defines a linear map h — f;, — writing f, = Ah defines the so-called
Stein operator A. Stein’s method typically relies on specific functional properties of this
map. For Lemma 5.1, the following suffices:

Lemma 5.3 Let h € L*(R). Then f;, € AC(R) and
| fuloo < 3Bl A | xfulloo < 2[loc A | filloo < 470 (5.6)
Proof. Let x > 0. A change of variables y — x 4y gives
) = [ e [n(2) - hiw) e 57)
0 V2r

Using v/27r > 1 to drop v/27 from the denominator, dominating |Eh(Z) — h(y)| < 2|1«
and bounding the resulting integral by retaining only one term in the exponent gives

| fu ()] < 2] min{\/z, %} (5.8)

A completely analogous (with 1/|x|) bound is derived for x < 0 using the second line in
(5.3) instead. Using these bounds and the fact that 27t < 9 we get |f;,(x)| < 3|« and
|xfn(x)] < 2|1 0. With the help of Stein’s ODE we infer also |f} (x)| < 4|/ w. O

We remark that the constants in (5.6) are certainly not optimal; the point of these
bounds is to show that the map / — f}, is continuous as a map L* — L* for f; itself, its
derivative and also its multiplier by x. We are now ready for:

Proof of < in Lemma 5.1. Assume that Y is a random variable such that (5.1) holds for
all f e AC(R) with f" and xf bounded. Givena € Rlet h := 1(_, ;. Lemma 5.3 shows
that f; and x f, are bounded and so, by Fubini applied to Stein’s ODE,

P(Y <a)—P(Z <a) = Eh(Y) — Eh(Z)
=E[fi(Y)=Yfr(Y)] =0

Since this holds for all 2 € R, we get Y law Z as desired. O

(5.9)

5.2 Link to distance on measures.

The characterization of normality in Lemma 5.1 is a mere curiosity whose usefulness is
in its own right is rather limited. What should catch our eye is the argument (5.9) before
setting the whole quantity to zero. Indeed, the equality links the difference of the CDFs
of Y and Z to the expectation of f;(Y) — Y f,(Y), which is only a function of Y. The way
we want to think about this is a way to derive, for any non-empty

H < {h: measurable A E[h(Z)| < oo} (5.10)
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the identity
sup |[ER(Y) — Eh(Z)| = sup |[E[ f;(Y) = Y fo(Y)]] (5.11)
heH heM
assuming that the right-hand side is meaningful for each 1 € H.
A key point of (5.11) that the quantity on the left is a pseudometric (on the space of
probability measures) and often a metric. Here are some examples: For the case

H:={1a: Ac B(R)} (5.12)
the supremum on the left of (5.11) defines the so called total-variational distance,
drv(X,Y):= sup |P(XeA)—P(YeA) (5.13)
AeB(R)

(For measures y and v, this is sometimes denoted as |y — v|ty.) This distance is often
used in discrete probability (where it reduces to half of the ¢!-norm of the difference
of the probability mass functions), but its use for continuum-distributed random vari-
ables is less useful due to poor behavior under perturbations; e.g., dry(X,e + X) = 1
whenever € # 0.

Reducing (5.12) to indicators of half-infinite intervals,

H:={l_xq:aeR} (5.14)
the supremum on the left of (5.11) defines the so called Kolmogorov distance,
dx(X,Y) :=sup|P(X <a) — P(Y < a)| (5.15)
aeR

We have already encountered the Kolmogorov distance in the statement of the Glivenko-
Cantelli SLLN (Theorem 2.11) and (implicitly) the Berry-Esseen theorem (Theorem 4.4).
Convergence in the Kolmogorov distance implies weak convergence but the converse
fails unless the limit random variable is continuously distributed.

Our last example concerns the space of Lipschitz functions

H:={h: AC A |H|x <1} (5.16)

with unit Lipschitz norm which gives rise to the notion of Wasserstein distance. As for
the two distances above, this is really distance on the set of probability measures which
we define in full generality as:

Definition 5.4 Given a metric space (2 ,p) and f: 2 — R, let

A (y) — h(x)]
h||iip := sup —~———+— 5.17)
e =2 <
Let M1(Z") := set of Borel probability measures on 2 . Then
dve (1, v) = sup{Uhdy - Jhdv‘: iy < 1} (5.18)

is the Wasserstein distance of ji,v € M1(2")
To justify the use of the word “distance”, we state and prove:

Lemma 5.5 Assuming 2 to have finite p-diameter, dw is a metric on Mq(Z").
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Proof. Neither the difference of the integrals nor the Lipchtitz norm change if a constant
is added to h. This allows us to reduce to h that vanish at some point, The assump-
tion of finite p-diameter then ensures that all such Lipschitz functions are bounded by
the diameter and so the supremum is finite. The positivity, symmetry and the triangle
inequality are then readily shown. It remains to show that

dw(p,v) =0 = pu=v (5.19)

Suppose dw (i, v) = 0. Then {hdy = {hdv whenever h is Lipschitz. Given a closed
set C < 27, note that 11,(x) := 1 — min{np(x, C), 1} obeys |k, |Lip < n and so its integrals
under y and v are equal. But i, | 1c and the Bounded Convergence Theorem gives
§hudpu — u(C). It follows that (C) = v(C) whenever C is closed. Since the closed sets
generate B(.2") and form a 7t-system, y = v holds by Dynkin’s 71/ A-theorem. U

To make our notations consistent with (5.13) and (5.15), we write
dw(X,Y) = dw(law of X, law of Y) (5.20)

whenever X and Y are random variables taking values in the same metric space.

We note that the Wasserstein distance arises naturally in the context of optimal trans-
port; indeed, dw(p,v) is the minimal cost, as measured by the metric p, to “move” or
“transport” the mass of y into the mass of v. That the minimal transport cost is ex-
pressed using (5.18) is the celebrated result called the Kantorovich duality.

The Wasserstein distance is more forgiving than the other two distances; indeed, we
have di(dx,6y) = 1 whenever x # y yet dw(dy,0y) = p(x,y) - Oasy — x. The
connection improves when one of the measures is continuously distributed:

Lemma 5.6 (Wasserstein bounds Kolmogorov) Let u be a Borel probability measure on R
and f a probability density w.r.t. Lebesgue measure A on IR. Then

dxc(jt, FA) < \J2]flo dw (e, £1) (5.21)

Proof. Let Y have law u and Z have law fA. Fixa € R and, for § > 0 let hs(x) = 0 for
x <a—26,hs(x) =1forx > aand h; linear on [a — 6, a]. Then | ;|1 = 67! and, writing
]’lo(x) = 1(_00,,1],

P(Y

N
s
|
=
N
N
s
I
o
=
o

— Ehs(Z) + Ehs(Z) — Eho(Z) (5.22)
<dw(Y, Z)67" + | fl06/2

The right-hand side is minimizer when 62 = 2dw (Y, Z) /| f|« at which the expression
equals the right-hand side of (5.21). The corresponding lower bound is derived similarly
and so we omit it. U
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5.3 Stein’s method and approximate normality.

We will now return to the original line of thought and apply Stein’s method to get control
of approximate normality. We will work using the Wasserstein distance as that is where
the statement is easiest to make and derive:

Theorem 5.7 Let Xy, ..., X, be independent with

Vk=1,...,n: XgelL* A EX, =0 (5.23)
Assume also
n
DIE(X) =1 (5.24)
k=1
and let Z = N'(0,1). Then
n n n
dw( 3 Xk,Z) < Y E(IXP) +, | D] Var(x3) (5.25)
k=1 k=1 k=1

The proof of this theorem will require improvement on the continuity estimates from
Lemma 5.3 for the linear map h — fj, in the situation when 1 € AC(R) and /' is itself
bounded. This comes in:

Lemma 5.8 Suppose h € AC(R). Then
| fulleo < 20H oo A | filloo < W0 A [ fillloo < 2011 leo (5.26)

Proof (ideas). The proof is based on technical estimates for the integrals in (5.3). For
instance, Taylor’s theorem gives

i(y) = ER(Z)| < [ Ely — 2| (527)
which plugging in the first line of (5.3) shows

o0 ]2
| fu(x)] < h/‘oojo e TV E|x+y—Z|dy (5.28)

Bounding (for x > 0) E|x +y — Z| < x + |y| + E|Z|, we now check that the integral
is bounded uniformly in x € [0,0). (Getting the precise numerical value needs more
work.) The proof of other inequalities more tedious; see Lemma 2.4 in “Normal approx-
imation by Stein’s method” by L.N.Y. Chen, L. Goldstein and Q.-M.Yao. U

We are now ready for:

Proof of Theorem 5.7. Denote Y := >/ ; Xy and set Y := Y — X;. Then EX; = 0 and
independence of X and Y} yield

E(Fn) = ST E(X £(Y) = STE(X] F(Y) - FO0)])
kjl k=1 ) (529)
= ME(Xe [F() = F0) = (Y =Y f (0)]) + E(£() Y] X})
k=1 k=1
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Using Taylor’s theorem then gives

E(F() - ‘\*Hf”HOOE (|Xkr3)+rf’rooE\1—iX%\ (5.30)

k=1 k=1

We will bound the term on the extreme right by way of the second moment. Indeed,
using the independence of Xj, ..., X,, we have

n 2 n n
E(‘l—;){%‘ ) :1—ZZE )+ > E(GX})

k=1

= Z Var(X?) + < an >2 an Var(X?)

(5.31)

where we use that }}}_; E(X?) = 1 in the last step. Invoking Stein’s ODE and the regu-
larity bounds (5.26),

[ER(Y) = ER(Z)| = [E( fi(Y) = Yfi(Y)]

n (5.32)
< Wl Y5 E(1X?) + 1 ]o
k=1
Optimizing over h € AC with |[I'||o, < 1 gives the claim U

Applying Theorem 5.7 to i.i.d. random variables X, ..., X, with X; € L*and EX; =0

turns (5.25) into
1 & 1
dw<\/ﬁ Z,z) < [E(|X1]3) + q/Var(X%)} (5.33)

k=1

and so we again have a normal approximation up errors of order 1/+/n, albeit now in
the Wasserstein distance. Using the example of Bernoulli random variables (or, in fact,
any integer-valued random variables) shows that also this is optimal since transporting
a measure that is supported on ﬁZ to a measure that is continuously distributed with a
density that is uniformly positive over a non-trivial interval requires moving a positive
fraction of total mass mass over a distance at least order 1/4/n.

Stein’s method is very flexible because it covers other distances (by choosing differ-
ent 7{) and even extends to other limit laws (which requires working with different Stein
operators A). In particular, one can prove Berry-Esseen type of estimates as well. The
argument in the proof of Theorem 5.7 even allows for some amount of dependence;
definitely, finite-range dependence. This refers to the situation when each X; depends
on {X;: j € Jx} where the maximal cardinality max;<, |Jx| is bounded uniformly in n. We
then define Y := >, X; and proceed pretty much as before.

Further reading: L.N.Y. Chen, L. Goldstein and Q.-M.Yao, “Normal approximation by
Stein’s method”, Springer 2010
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6. NON-GAUSSIAN LIMIT LAWS

Having researched the conditions under which suitably centered and scaled sums of
independent random variables tend to a normal random variable, we now move to the
situations when the limit random variable is not Gaussian.

6.1 A warm-up example.

As a warm-up, we prove the following result which demonstrates existence of non-
gaussian limit laws. The result should be compared with the non-standard CLT in The-
orem 3.18 in which the parameter a below takes value 2.

Lemma 6.1 (Symmetric stable convergence) For each a € (0, 2) there exists a random vari-
able Y, with characteristic function

EelYe — e It" teRR, (6.1)
such that if X1, X, ... arei.i.d. with

law

Xp 2 _X; A Va>1: P(IXq|>x) =x" (6.2)
then for S, := X1 + - - - + X, we get
Si w

nl/“ n—o0

Y, 6.3)
where ¢, = [a {7 1252 dx]!/*,

Proof. We have E(el*") = [E(ei'X1)]" so we need a good representation of characteristic
function of X;j: .
E(el™1) = E(cos(tX))

=1—E(1—cos(tX1))

B “©1— cos(tx)
_1zxf1 T dx (6.4)

w —
=1- \t\"‘f alciisl(x)dx
I

()

Since 1 — cos(x) vanishes proportionally to! x?, the Monotone Convergence Theorem
shows that, for all « € (0,2), we have I,(t) — I,(0) € (0,0) as t — 0. Hence

, . 1 ! ’
E(eltSn/nl/ ) — <1 _ n|t|lx11x(tn1/a)> nj:o efla(o)‘tl (6.5)

The Lévy continuity theorem (Theorem 3.11) now gives that Y, exists and, noting that
ca = I,(0)1/%, (6.3) holds. a

Lemma 6.1 should be compared with the Marcinkiewicz-Zygmund’s SLLN (Theo-
rem 2.15) which ways that S,,/n!/®* — 0 a.s. whenever E(X§) < oo. This assumption
(and thus the conclusion) fails for the distribution in (6.2), albeit just marginally.
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We will later call Y, a “symmetric stable random variable with index a.” Some special
cases are easy to identify: Y; is a Cauchy random variable, Y is A/(0,2). The random
variable Y7, is called “Lévy distributed” which reflects on the fact that its probability
density can be explicitly identified. (All other Y, have densities but they are inexplicit.)

6.2 Stable convergence.

Having discovered non-gaussian limit laws, we may ask: How general are these? More-
over, we are interested whether similar convergence can be established when the sym-
metry and pristine power-law tail assumption (6.2) is relaxed. In order to state the cor-
responding result, we need:

Definition 6.2 L: (0,00) — (0, 0) is said to be slowly varying at +co if,

vx>0: lim 230
t—00 L(t)
We remark that functions for which the limit exists for all x > 0 (but is not necessarily
equal to 1) are called regularly varying. Scaling considerations then force the limit to take
the form x* for some exponent «. As is readily checked, every regularly varying function
is thus a power times a slowly varying function, so the above is all we need.
Here is our result on non-gaussian limit laws for sums of i.i.d. random variables:

=1 (6.6)

Theorem 6.3 (Stable convergence) Let Xi, X, ... be i.i.d. random variables such that for
some w € (0,2) and 6 € [0, 1] the following holds:

(A) P(]X1] > x) = x~*L(x) for L slowly varying at +c
(B) P(X1 > x)/P(|X1| > x) 3H_o)o 0

Denote S, :== X1 + - + X, and set
ay :=inf{x > 0: nP(|X1| > x) <1}

(6.7)
bn = "E(Xll{\Xﬂsan})
Then
Sn=bn w, y (6.8)
an n—oo

where Y is the random variable such that
ity itx . adx
E(e") =exps [(e"™*—1— itx1p_qq (2)) (0Lxs0p + (1= 0)1x<0y) T (6.9)

holds for all t € R.

The parameter « has the same meaning as earlier: it gives us the scaling exponent for
the decay of the tail of | X;|. The parameter 6 controls how much of the mass of X; comes
from the positive part vs the negative part. Instead of (A) we could assume that both
x — P(X; > x) and x — P(X; < —x) are regularly varying, which implies P(X; > x) =
x™Li(x) and P(X; < —x) = x *2Ly(x) for Ly, L, slowly varying. The above would
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then hold with the choice & := min{ay, ap}. (Part (B) would still have to be assumed. We
willhave 8 = 1if a1 < ap and 6 = 0if a1 > ay.)
In order to justify the definition of a,,, we state and prove:

Lemma 6.4 Under assumption in Theorem 6.3,

nP(|X1| > a,) <1 A nP(|Xq| > a,) — 1 (6.10)

n—oo

Moreover, for each t > 0,

nP (X1 > tay) — 0 A nP(X; < —ta,) — (1-0)t" (6.11)
n—

n—0o
Proof. Let € > 0. The right-continuity of t — P(|X;| > t) along with definition of a,, give
nP(|X1] > an) <1< nP(|Xq| > a, —eay) (6.12)

By (A) in Theorem 6.3, the ratio of the right-hand side and the left hand side tends to
(1 — €)~* which can be made as close to one as desired. So nP(|Xi| > a,) — 1. Using
this along with (A-B) in Theorem 6.3 then gives also (6.11). ]

The formulas (6.10-6.11) explain the reason for defining a, the way it is defined. In-
deed, we get that P(|X;| > ta,) is asymptotically of order 1/n so n independent attempts
for such an event will succeed at least ones with positive probability. More precisely, by
(6.10) the probability that at least one of Xj, ..., X,, exceeds exceed ea,, in absolute value
is asymptotically expressed as

n et
1—(1-P(|X1| > eay)) — 1-e (6.13)
Note that the right-hand side tends to one as € | 0 and so, for € small, this is actually
very likely to occur.

In order to work with the tail probabilities P(|X;| > ta,), we need more than the mere
asymptotics (6.10-6.11). Indeed, as these will invariably appear under integration where
the fact that t — t~* diverges as t | 0 could cause problems, we also derive the following
hard upper bound:

Lemma 6.5 Foreach § > 0 there are c > 0 and ty < oo such that

P(‘X1| > Xt) < Cx—oc—&

1]Vt = to: < 14
Vx e (0,1]Vt = tg (%] = 1) (6.14)
Proof. By (A) we can find find ¢y > 0 so large that
P(|X1| > ) 5
t>ty: — o <2 1
TR B> 19
Given x € (0,1], let n € Z be such that 27" < x < 271 Then for any ¢ > t,
—n —n - —-1
P(|Xy| > t) P(|Xy| > t) |X1\ > 2" kt |X1\ > 2-1t)
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where k := max{0 < £ < n: 27t > ty}. By (6.15), each ratio in the product is at most 2*+°
which bounds the right-hand side by P(|X;| > 2to)~12¢(*+9), Since 2F < 2" < 2x~1, the
claim follows. g

6.3 Separation in “small” and “large” values.

The proof of Theorem 6.3 is based on the following idea. We use a, as a “cutoff” scale
with “small values” designating those smaller than ea, and “large values” marking
those that exceed ea,. We will then show that the sum of the “small values” is asymp-
totically negligible (as # — o0 and € | 0) while the sum of “large values” admits a weak
limit as n — oo which then also converges as € | 0. Note that this is quite unlike what
happened for CLT, where it was the small values that carried the bulk of the limiting
contribution.

In order to start implementing of the above strategy, pick € € (0,1) (to be sent to zero
later) and, for each 1 < k < n set

Xn,k = Xk]-{\XkKeun}- (617)
Let
— n —_
Sni= ) Xug (6.18)
k=1
We then have:

Lemma 6.6 (Small-value variance) Foreach é € (0,2 — ) there is C < oo such that

lim sup Var (&) < Ce?v 9 (6.19)

n—0o0 an

Proof. By independence we have

€a

Var(iZ) < nE(i’;%’l) < ;L L2P(1Xy| > H)dt

. n . (6.20)
= nJ 2xP(|X1] > xa,)dx < J 2cx!~*Odx
0 0
where we used
P(|X1| > xa,) < cx *nP(|X;| > a,) < cx™*7° (6.21)
as implied by Lemmas 6.5 and 6.4. U
To account for “large values,” for each 1 < k < n set
X = Xil{x,|>ean) (6.22)
and let
n
Sni= > Xuk (6.23)
k=1
We then have:
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Lemma 6.7 (Large-value limit) Foralle > Oandallt € R,

48 . adx
E(e fSn/(ln) . exp{ f(e tx 1) (61{X>€} + ( 9)1{x< e}) ’ ‘a+1} (624)

n—00
In particular, §n /a, admits a weak limit
Proof. Define Borel measures y;;" and x5y~ on R by
UEE(A) i= nP (X1 /a0 € AN Ry) (6.25)
While these measures are not probabilities, their total mass is bounded. Indeed, we have
o (R) + u&~ (R) < nP(|1Xq| > eay) et (6.26)

Next observe that, for x > ¢,
ust((—o0,x]) = nP(ea, < Xy < xay)
=nP(Xy > ea,) —nP (X1 > xay)

(6.27)
adx
n::O 0( J 91{x>e}‘ |Dé+1
and similarly for uj;~. It follows that
_ b
P‘Z’Jr + ,ui n%o)o (91{x>e} + (1 - 9)1{X<*6}) de (6'28)
where dx stands for the Lebesgue measure on R.
To prove the claim we write
S E itf(n,l/an -1 n
E(eitSn/mn) = <1 1 nECe ) ) (6:29)

and observe that that, by (6.28) and the fact that x — el — 1 is bounded and continuous,

WE (/o 1) = [(@ 1) (" (dx) + i (d)

' wdix (6.30)
r:;) (eltX—]_) (91{x>€} + (1—9)1{x<,€})|x|T+1
Plugging this in (6.29), we get the claim. O

To demonstrate the power of these lemmas, we now give a proof of a simplified form
of the limit law in the case when a < 1:

Corollary 6.8 Suppose a € (0,1). Then S, /a, — Y where Y has the characteristic function

. i adx
Eelty = exp{ J(elt — 1) (91{x>0} + (1 - 9>1{x<—0}) |x|a+1} (6'31)

In particular, the convergence holds even without centering by b,,.
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Proof. The definitions imply

Su=S,+5, = (S, — ES,) + S, + ES, (6.32)
Lemma 6.6 gives
Si—ES 2 (6.33)
an n—0,€l0

while Lemma 6.7 tells us

Snw, Y. (6.34)

a, n—w
where 176 is the random variable with the characteristic function on the right of (6.24).
Since the integral in that formula converges even after € | 0, we get

AR
e 2o ¥ (6.35)

where Y is as in (6.31). We thus need to show

lim lim sup @ =0 (6.36)

Elo n—00 an

For this we pick 6 € (0,1 — a) and compute

ES n_ - n [
[ES4| éa—E(|Xn,1D ZHJO P(|Xq| > t)dt
n n n
' . ) (6.37)
< f nP(|Xq| > xa,)dx < cj X0y = el
0 0 1—a—96
where we also invoked the bound in Lemma 6.5 and assumed that 7 is so large that
a, = to. This now readily gives (6.36). U

6.4 Proof of stable convergence.

The proof of Corollary 6.8 highlights the issues that are left to be dealt with in order to
prove Theorem 6.3. These are

(1) Y. converges weakly as € | 0 for a € (0,1) but not fo « > 1 in general because
x — (el —1)x=%"! is not Lebesgue-integrable near 0.

(2) ES,/a, cannot be expected to converge as n — oo for a € [1,2); check, e.g.
P(X;=x)=x"forx > 1.

The centering by b, := nE(X11{x,|<a,}) solves these and gives us a proof that works
uniformly for all « € (0,2). Noting that
b, — ES, = nE (Xn/ll{p?n,ﬂgan}) (6.38)

all we need to do is to prove:

Lemma 6.9 (Centering term) Forall e > 0,

n_, o adx
P E(Runl g, cny) — f A () (Ol + (1= D)) s (639)

" n—00
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Proof. Using notation from Lemma 6.7,

n S —

2 E(Xnalyg, icay) = fxl[—m () (" (dx) + iy~ (dx)) (6.40)
Since x +— x1;_11)(x) is bounded and continuous Lebesgue a.e. the claim follows from a
straightforward approximation of 1_; ;) by continuous functions. 0

We are now ready for:
Proof of Theorem 6.3. We just put together the facts proved earlier. First

S”_bn_gn_Egn 1/~ ~
an B an + E (Sl’l B nE(Xn'll{p?n,l‘gﬂn})) (641)
The above lemmas imply B B
Sn=BS: 2 642)
an n—o0,€l0 .
and
1 g % w
o (50— nERunlgg,,cay)) =5 Ye (6.43)

where Y, has the characteristic function
i ) adx
exp{ J(e 1 —itxl g 7(x)) (01 gxsey + (1= 0)1pcey) W} (6.44)

Since x — e!* —1 — itx1j_1)(x) is bounded by a constant times x? for x small, this now

allows taking € | 0 for all « € (0,2). By the Lévy continuity theorem we get Y. —— Y
with Y having the characteristic function (6.9). g

While the conditions (A-B) in Theorem 6.3 may appear rather special, they are actually
necessary. Indeed, assuming that (S, — by,) /a, converges weakly to a random variable
then either Y is normal and X; € L?, or conditions (A-B) hold with some & € (0,2). Proofs
of this result (and many other results) can be found in L. Breiman’s “Probability” which
is an ultimate reference for many facts about sums of independent random variables.

Further reading: Durrett, Section 3.8
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7. STABLE LAWS AND CONVERGENCE OF TYPES

In the previous lecture we noted a whole new family of possible limit laws for suitably
centered and normalized sums of i.i.d. random variables that lack second moments. In
this lecture we will characterize these limit laws in an intrinsic way that will later allow
us to show that, along with the normal laws that kick in when the second moment is
finite, these are all that one can get.

7.1 More on the limit formula.

Leta € (0,2). In Theorem 6.3 we showed that suitably centered and normalized sums of
certain i.i.d. random variables with heavy, albeit regularly varying, tails that just barely
miss the a’th moment tend to a random variable Y with characteristic function

| | ' adx
E(eltY) _ exp{ f(eltx -1- Itxl[fl,l} (X)) (91{x>0} +(1- 9)1{x<0}) |x|a+1} (7.1)

A natural question is: Is there a better (read: non-integral) formula? A calculation that
we will not perform answers this affirmatively by producing a different expression

exp{ity — o*[¢|*(1 — iBsign(t) tan(%))} ifa #1
exp{ity—(7|t|(1—iﬁsign(t)%log|t|))} ifa=1

This expression depends on four parameters that have the following names

E(e') = (7.2)

« = index of stability

B = skewness (B := 260 — 1)
o = scale

i = centering or shift

The notation for y and ¢ is done in analogy with the characteristic function
1
exp{ity - zaztz} (7.3)

for the normal law with mean u and variance 2. (Note that, except for the factor of %,
(7.3) arises from (7.2) in the limit as « 1 2 because 7(%*) — 0 in this case.) The skewness
tells us, roughly, how much mass is on the positive side relative to the negative side. The
extreme cases B = +1 are said to be totally skewed.

While we did not discuss this in the lecture, let us note some properties of the above
random variables. Let S,(c, B, #) be the random variable Y with characteristic func-
tion (7.2). Assuming S, (01, B1, #1) and S, (02, B2, p2) to be independent, we then have

Sa(01, B, 111) + Sa(02, B, 12) = Su(0, B, 1) (7.4)
where 5 5
B gy o o1p1+ 03 P2
ot =0 +0¥, wi=m+p, and B:=-1-_—2"= (7.5)
1 2 o+ o8
Moreover,
law
Sa(0, B, 1) = p+ Salo,B,0) (7.6)
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and, forall c € R,

law | Sa(|c|o, sign(c)B, cu) ifa#1
Sulo, B, ) = 7.7
Sa(: B 1) {S,X(|c|t7, sign(c)B, cu — 2Bclog|c|) ifa =1 @7
In particular,
~Sa(0, B, 1) = Sa(e,~, 1) 78)

The fact that the case @ = 1 picks up an additional additive term under scaling indicates
that caution is needed in every use of the parameterization (7.2).

Let us also note some special cases that are worthy of attention. First observe that un-
der vanishing skewness, S, (0,0, i) is a symmetric random variable with characteristic
function e!*~7"Itl", Next note that, for the normal variable

Sa(o, B, ) = N (p,vV20?) (7.9)

skewness is irrelevant. Another special case is the Cauchy distribution,

S1(0,0, 1) law u+oz (7.10)
where Z is the “standard” Cauchy with probability density z — %1 +122 with respect to
the Lebesgue measure. This follows from

1 [ eiiz
= dz = eI 7.11
T J_OO 1422077 ¢ (7.11)

as computed using residue calculus. Note that this applies only for f = 0; the random
variable Si (o, B, t) is not Cauchy when p # 0.
Finally, the Lévy distribution Sy ,,(0, 1, i) has probability density

[ o 1 _
X — Em e 20x—p) 1(]4’@) (x) (712)

which is also known as the inverse-Gamma distribution.

7.2 Intrinsic characterization.

In spite of all the above developments, a question remains whether others laws besides
those we have identified so far can arise as weak limits of centered and scaled sums of
iid. random variables. In order to answer this, we note an intrinsic property that any
such law has to satisfy:

Definition 7.1 Y is said to be stable if there are i.i.d. random variables Y1,Y>,... and
R-valued sequences { A, },>1 and {B, },>1 withVn > 1: A, > 0 such that

Vn>1: Y 2 w B, (7.13)
n

We then state and prove:

Theorem 7.2 For any random variable Y, the following are equivalent:
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(1) there are i.i.d. random variables X1, Xo, ... and R-valued sequences {b,},>1 and {a,},>1
withVn = 1: a, > 0 such that

RLS B el S Y (7.14)
Lln n—o0

law

(2) Y is stable and the random variable Y1,Y>, ... in (7.13) can be taken so that Y1 = Y.

Proof. The part (2) = (1) is immediate from the definition of a stable random variable.

Indeed, take X; law Y and a, := A, and b, := B, and note that the expression on the
left of (7.14) has the law of Y for all n > 1.

The proof of (1) = (2) is more complicated. Assume (1) and denote S,, = X; + - - - + X,.
Then (7.14) reads as

Zp = Sn b, - 'Y (7.15)
an n—oo
Now pick k > 1 and note
1 &
Zyk = llle 1(571] - Sn(jfl)) — bk
k _ 7.16)
Suj — Sn(i— (
_ M (winw _ bn) n (kﬂbn _ bnk)
Ank =1 an Ank
::ng

where Z,gl),. ey Z,Sk) arei.i.d. copies of Z,. Since Z, Y, the sum Z,(ll) 4+ 4 Z,Sk) tends
in law to the sum Y; + - - - 4+ Yg of i.i.d. copies Y7, ..., Y; of Y. (This is checked at the level
of characteristic functions.) The key problem is what happens with the sequences

a, ka,,
{Tnk}@l and {ankbn—bnk}@l (7.17)

in this limit. Here we call upon:

Theorem 7.3 (Convergence of types) Suppose X, — X with X non-degenerate and let

ay, > 0and B, be real numbers such that o, X, + B» Xy for some Y non-degenerate. Then
there are « > 0 and B € R such that
(1) ay = a A By — P
2 Y'Y aX+B
Deferring the proof till later, we now observe that if Y is constant a.s., then it is stable, so
we may assume that Y is indeed non-degenerate. Theorem 7.3 then gives
ay 1 ka,

A, > 03B e R: 2 . A My B, (7.18)
Ay =0 Ap gk n—00

and

Yi &Y,
w DE T g (7.19)
Ax
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where Y7, ..., Y are ii.d. with law of Y, proving (2). ]

7.3 Proof of Convergence of Types.

The proof of Theorem 7.3 is based on manipulations with characteristic functions. We
start by noting;:

Lemma 7.4 (Locally uniform convergence of ch.f.’s) If X,, — X, then

VT >0: sup |Ee!™ —Ee™™| — 0 (7.20)

—T<t<T =0

In short, under weak convergence of r.v.’s, the associated ch.f.’s converge locally uniformly

Proof. By Skorohod representation (Theorem 3.4) we may assume X, — X a.s. Using
that |1 — e™%| = 2|sin(a/2)|, for each € € (0,1) and t € [T, T] we then have

|Ee'Xn — Eel™™| < 2E|sin(t(X, — X) /2)|
<2P(|X, — X| > €/T) + 2sin(e/2)
Now take n — oo followed by € | 0. 0

(7.21)

The main benefit of the uniformity is that the characteristic functions converge even
if t in the characteristic function of X, is replaced by t, such that t, — t. This is quite
useful in approximation arguments.

Next we observe three properties whose proof we relegate to homework:

Lemma 7.5 Denote by ¢x(t) := E(e'X) the characteristic function of X. Then
(1) the statement 36 > OVt € (—6,0): |@x(t)| = 1 implies that X is constant a.s.
(2) the statement
35 > 0Vt e (—5,0): Regy, () — 1 (7.22)
implies X, 2o
(3) the statement

Jae R\ {+1,-1}Vte R: |px(at)| = |opx(t)] (7.23)
implies X is constant a.s.

We rush to add that other perhaps similar statements about characteristic functions
may fail. The most notable is that equality of two characteristic function on an open
subinterval of IR does not imply their equality everywhere (and thus equality of the
associated laws). For the same reason it does not suffice to check convergence of charac-
teristic function on a subinterval of R, even if that contains the origin.

We are now ready to start:

Proof of Theorem 7.3. Assume X, X X and a, X, + Bn XY with X, Y non-degenerate
and a, > 0 for each n > 1. Write ¢z(t) for the characteristic function of random vari-
able Z. We then have

qoaan +,Bn (t) = eitﬁn qoxn (ant) (7'24)
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and so the above convergences give

ox,(t) = ox(t) ~ eProx (ant) — @y(t) (7.25)

uniformly on compact sets of . We now prove a series of claims.

Claim 1: 0 < inf,;>1 &, < sup,_q a0, < ©

We proceed via argument by contradiction. If a;, — 0 along some sequence 1, — oo then
the uniform convergence in the first limit in (7.25) implies |¢x, (& f)| — |¢x(0)] = 1.
But then the second limit in (7.25) gives |¢y(t)| = 1 for all t € R which by Lemma 7.5
forces Y to be constant a.s., in contradiction with our assumptions.

Similarly, if «,, — o0 along some sequence n; — o0, then taking t/a;, instead of t in
the second limit in (7.25) with the help of uniformity shows |¢x, (t)| — 1 for all . Using
the first limit this again implies X is constant a.s., a contradiction.

Claim 2: lim w, exists and belongs to (0, )

n—o0

The boundedness in Claim 1 permits us to consider two subsequential limits & and «’
of {ay}y>1. Claim 1 also ensures that a, &’ > 0. The uniformity of convergence in the
second limit in (7.25) implies

lpx(at)| = |y (t)] = |px(a't)] (7.26)

and, since a,a’ > 0, we get |p(at)| = |@(t)| fora := a/a’ > 0 and all t € R. Lemma 7.5
along with non-degeneracy of X then imply « = o’.

Claim 3: sup,,; |Ba| < ©

Abbreviate Y, := «, X, + Bn. For t small enough so that, e.g., inf,>1 |, (ant)| > % we
have uniform limits

eitﬁn _ Py, (t) N (Py(t) (727)
¢x, (ant) oo gx(at)
If | By, | — o0 we take this along the sequence t; := 71/ B,, which obeys f; — 0. Thanks to
uniformity of the convergence, the left-hand side then tends to e = —1 yet the right-

hand side tends to 1, a contradiction.

Claim 4: lirgO B exists (in R)
n—
Note that Claim 3 permits consideration of subsequential limits f and B’ of {B,},>1. The
identity (7.27) then gives
eit,B _ (Py(t) _ eitﬁ/ (728)

px(at)
for t in an open neighborhood of 0. This means that e!/(P=f") = 1 for t small. Taking
derivative at t = 0 we get § — B’ = 0, proving convergence.

Summarizing, we have shown that a, — a > 0 and B, — f and
VieR: g@y(t) = ePox(at) (7.29)
It follows that Y '& 4 X + B. O
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The upshot of Theorem 7.2 is that, in order to nail the limit laws of centered and
normalized sums of i.i.d. sequences, it suffices to characterize the stable laws. This boils
down to finding all random variables Y whose characteristic function @y is such that,
foreachn > 1,

VieR: e Bigy(t/A,)" = @y (t) (7.30)
holds with some A, > 0 and B, € R. Some important facts about ¢y are relatively easy
to derive from this identity; for instance:

Lemma 7.6 AssumeY to be non-degenerate and such that (7.30) holds with some A, > 0 and
By, € R for each n = 1. Then there exists a € (0, 2] such that

Vn=1: A, =n"" (7.31)
and
Jo > 0VteR: |py(t)| =e 7 (7.32)
Moreover, if & = 2 then Y is normal.
Finding a proof of this claim is instructive and so we relegate it to a homework assign-
ment. That being said, proving a full characterization of stable laws along these lines is a

pain. We will instead generalize the notion of stable random variables further and prove
a formula for its characteristic function in the next lecture.

Further reading: Durrett, Section 3.8
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8. INFINITELY DIVISIBLE LAWS

In this lecture we take the problem of characterizing limit laws associated with sums of
random variables a bit further, leading us to the concept of infinitely-divisible laws. We
then prove that these laws are characterized by the celebrated Lévy-Khinchin formula.

8.1 Definitions and main theorem.

Recall that Y is stable, or has a stable law, if there exists an i.i.d. sequence {Y;};>1 of
random variables and two numerical sequences {A,},>1 and {B,},>1 with A, > 0 for
each n > 1 such that,
law Y1+ -+ Yy
=
holds for each n > 1. In Theorem 7.2 we then showed that the stable laws coincides with
the set of weak limits of random variables of the form
X1+ + Xy
e

Y — B, (8.1)

by (8.2)

for a sequence {X;};>1 of i.i.d. random variables and numerical sequences {a,},>1 and
{bn}n>1 with a,, positive for all n > 1.

Two remarks are in order. First, the characterization entails that the weak limit of (8.2)
actually exists. In particular, one cannot just assume tightness of random variables (8.2)
and try to apply the conclusion to subsequential limits. Second, it is important that the
same sequence {X;};>1 is used for each n. It is this requirement that we will now try to
relax. Consider the following definition:

Definition 8.1 A random variable Y is said to be infinitely divisible if for eachn > 1
there exist i.i.d. random variables Y, 1, ..., Y, such that

Y ' Y+ Y, (8.3)

It is immediate from (8.1) that every stable random variable is infinitely divisible.
(This includes normal random variables as a special case.) But there are many random
variables that are infinitely divisible and not stable. For instance, since the sum of in-
dependent Poisson(A) and Poisson(y) is Poisson(A + ), Poisson random variables are
infinitely divisible. Other examples include Gamma random variables, log-normal (i.e.,
exponentials of a normal) random variables, x2-distribution, etc.

Here is the analogue of Theorem 7.2 for infinitely-divisible laws:

Theorem 8.2 A random variable Y is infinitely divisible if and only if there exist random
variables { X j}1<j<n such that

Vn>1: X,1,...,Xnn areiid. (8.4)
and
Xn,l +et Xn,n - Y (85)
n—oo

(The law of X,,1 can change with n.)
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Proof. The proof is similar to that of Theorem 7.2. That each infinitely divisible Y is a
limit of sums of i.i.d. random variables follows directly from (8.3), so our main job is to
prove the converse. Assume {X,, ;}1<j<, are random variables such that (8.4-8.5) hold.
Abbreviate

Sni=Xpu1+ -+ Xun (8.6)
For any k > 1 we then have
Snk = Zn,l + -+ Zn,k (8-7)
where
jn
Zn,j = Z Xn,i (88)
i=(j—1)n+1

Note that Z,,1,...,Z,  areii.d.

While S, — Y, unlike Theorem 7.2, here we cannot immediately conclude that the
random variables Z, ; converge as n — co. However, for each t > 0 we get

k
P(Spy > t) > P( ({Z4; > t}) = P(Zyy > t)* (8.9)
j=1

The weak convergence of {S,},>1 implies tightness which means that, given any € > 0,
the quantity on the left is less than € once t is sufficiently large, uniformly in n > 1.
But then P(Zy(lkl) > t) < € and, using a similar argument, also P(Zr(lkl) < t) < € for
all n > 1 once t is large. We conclude that {Z,, 1 },>1 is tight. The Helly selection theorem
(Theorem 3.6) implies existence of a subsequence 1; — o such that Znia . Z. But then,
as shown by an argument based on characteristic functions, (8.2) holds with Y, 1,..., Y, »
i.i.d. copies of Z. It follows that Y is infinitely divisible. 0

To demonstrate the difference between Theorems 7.2 and Theorem 8.2 we reiterate
that while all stable laws arise from suitably centered and scaled sums of terms in one
ii.d. sequence

X1, X2, X, .. . (8.10)

all infinitely-divisible laws arise as weak limits of the laws of row sums of a triangular
array of the form

X11

X21,X22
X31,X32, X33
X411, X2, X3, X44

(8.11)

where the random variables in each row are assumed to be i.i.d. (Different rows may
not even be defined on the same probability space.)

With the above settled, we now give an analytic form of the characteristic function of
any infinitely divisible law:
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Theorem 8.3 (Lévy-Khinchin formula) A random variable X is infinitely divisible if and
only if there exist 4 € R, ¢* € [0, 0) and a finite Borel measure v on R with v({0}) = 0 such
that for each t € R,

. ) o2 it itx \ 1+ a2
E(e") = exp{ltu SGr (e ) xz"<dx)} (512

In particular, the exponential is a characteristic function for any choice of u, o> and v as above.
Moreover, the triplet (u, o, v) with above properties is determined uniquely by (8.12).

A couple of remarks are in order. First, the function under the integral is bounded
and so the integral exists absolutely. Second, the measure

A(dx) :== ——v(dx) (8.13)

appearing under the integral is standardly called the Lévy measure. The conditions on v
are equivalent phrased by requiring that A({0}) = 0 and

2
JW A(dx) < . (8.14)

We will see that the Lévy measure naturally arises in the proof.

Third, the first two terms in the exponent in (8.12) correspond to the characteristic
function e#~27"" of \/(1,0?) so each infinitely divisible is the sum of an independent
normal and a random variable whose characteristic function is exponent of the integral
— the “Lévy part.” As we will see in the proof of the “if” part of the statement, this part
corresponds to a compound Poisson law. Incidentally, as we will in the proof of the “only
if” part, the term 102#? can be reabsorbed to the integral by adding c%dy to v. This is
because the integrand tends to —t*/2 as x — 0.

8.2 Manipulations with characteristic functions.

The proof of the “only if” part of Theorem 8.3 is based mainly on manipulations with
characteristic functions and (non-probability) measures on R although we often make
a step back to probability when that is more convenient for the argument. We start by
recalling two facts about characteristic functions, the first of which has already been
noted in (3.13) as a tool to prove tightness in Lévy’s continuity theorem (Theorem 3.11):

Lemma 8.4 There exists ¢ € (0,00) such that for all R > 0 and all random variables Z with
characteristic function ¢z (t) := E(e!*?),

1/R
P(1Z] > R) < CRJ 1 Re g, (t)]dt (8.15)
0
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Proof. Noting that Re ¢z (t) = E(cos(tZ) and sin(u)/u < 1 holds for all u € R, we get

1 J” E(1- cos(uZ))du = E(1 _ sin(uz>)

u Jo uz
sin(uZz) sins (8.16)
o 5547 o )
Writing ¢! for the square bracket, the claim follows by setting u := 1/R. 0

We will also need:

Lemma 8.5 Suppose Z is a random variable with Re ¢z (t) = 1 +o(t?) ast — 0; i.e.,

lim quvz(t) -0 (8.17)
t—0 t

Then Z = 0 a.s.

Proof. Using Fatou’s lemma we have

. 1—Regqz(t) .. 1—cos(tZ) 1., 5
L — — ") > = .
ly - —HmE( ) 255 ®18)
Since the left-hand side vanishes, we have E(Z?) = 0 which implies Z = 0 a.s. U

Suppose now that X is infinitely divisible and, foreachn > 1,let X,, 1, ..., X, , be ii.d.
random variables such that

X' X+ Xon (8.19)
Set
¢(t) := Ee'™® and @,(t) := Eel'Xm (8.20)
and note that (8.19) translates into
Vte R: @(t) = @u(t)" (8.21)

We now move to a key technical observation:

Lemma 8.6 We have X,,1 nigo 0 and so @, (t) — 1 locally uniformly in t € R.
— n—
Proof. Continuity of ¢ along with ¢(0) = 1 ensure existence of a number § > 0 such
that Re ¢(t) > 1/2 for all t € [0, 6]. We claim that then
Vte [-6,6]:  Re@u(t) > |@n(t)|cos(3%) (8.22)

Indeed, suppose for the sake of contradiction that this fails at some t, € [—J,]. Using
continuity we may assume that ¢, has the smallest absolute among all points with this
property. But then, again by continuity, equality holds at ¢.. This gives

Pn(te) = |@n(ts)

But then (8.21) implies ¢(t.) = |@,(t.)|"et2! = +i|@,(t.)|" which is purely imaginary,
in contradiction with Re ¢(t.) > 1/2.

etizii (8.23)
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With (8.22) in hand, the fact that |@,,(t)| = |@(t)|"/" gives
Reu(t) =2 cos(ZL) — 1 (8.24)

n—0o0
for all t+ € [=4,0]. Invoking Lemma 7.5(2) we get X,,; — 0 in probability and, by
Lemma 7.4, also ¢, (t) — 1 locally uniformly in ¢ € R. O

Next we establish a number of important consequences of the previous lemma. The
proof of these involves non-trivial facts from complex analysis.

Corollary 8.7 The following holds:

(1) ¢(t) # 0and @,(t) # 0 foreveryt e Rand n > 1
(2) there exist continuous functions t — log ¢(t) and, for each n > 1, also t — log ¢y (t)
such that, foralln > 1and t € R,

log ¢(t) = nlog pu(t) (8.25)
and
¢(t) = exp{log ¢(t)} and  ¢u(t) = exp{log gu(t)} (8.26)
where exp(z) := Y-, 42" is the complex exponential
(3) we have
n(gn(t) —1) — logo(t) (8.27)

locally uniformly in t € R, and
(4) there exists a continuous function t — €, (t) such that for all t € R

o(t) = exp{(1 +ea(t))n(en(t) 1)} (8.28)
with €, (t) — 0as n — oo locally uniformly in t.

Proof. (1) If ¢(t) = 0 or ¢ (t) = 0 forsome t € Rand m > 1, then ¢, (t) =0foralln > 1
contradicting that ¢, (t) — 1.

(2) By part (1), the image of t — ¢(t) is a continuous curve in C \ {0}. Let I'(t) be the
portion of this curve for the argument ranging from 0 to ¢ and let

log g(t) := J &

8.29
) 2 (8.29)

Here the (Stieltjes or curve) integral exists regardless of whether I'(#) is rectifiable or not
thanks to the fact that, by Cauchy’s theorem in complex analysis, any piece-wise linear
approximation to I'(#) that stays close enough to I'(t) has the same value of the integral.
This also guarantees that, at t > to > 0 such that [p(u) — @(to)| < |@(to)| forall u € [ty, t],
it suffices to compute the integral by going along any path from ¢(fy) to ¢(t) that does
not leave the open disc of radius |¢(tp)| centered at ¢(to).

Writing ¢(t) = @(to)(1+ re'?) for r € [0,1) and 6 € [0,27), we choose to go along the
linear segment parametrized by z(u) := ¢(to) (1 + uel) for u e [0, 7]. This gives

T eif)du
log ¢(t) —log ¢(to) = f

— 8.30
0 1+ ue“’ ( )
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Using that r < 1, we can expand the function in the integral into a power series in u and
integrate term-by-term to get

19 n+1

8.31
n—+ 1 ( )

o0
log ¢(t) —log ¢(to) Z

The right-hand side is now recognized as the power series representing z — log(1 — z)
whose exponential thus equals 1 — z. Plugging z := —rel? yields

exp{log ¢(t)} = exp{log ¢(to) } (1 +re'”) = exp{log ¢(to }(P ) (832)

Proceeding along the curve t — ¢(t) we thus verify (8.26) for ¢. The proof for ¢, is
completely analogous.

Writing I',,(¢) for the curve defined by s — ¢, (s) for s ranging from 0 to ¢, we define
log ¢, (t) similarly as (8.29). Using that the substitution w := z" takes I',(t) to I'(t), we
have

o n—1
log ¢(t) = J 40 w=: f z ndz = nlog ¢,(f) (8.33)
r(y w a(t) %
proving (8.25).
(3-4) Let g be the function on {z € C: |z| < 1} defined by g(0) := 0 and
Q(z) == lmg(l+zz)—z/ z#0 (8.34)
Note that g is holomorphic with g(z) = O(|z|) as z — 0. Define
g(on(t) 1), if |p(t) —1] <1/2
en(t) = (8.35)
10g ¢u(t) -1, else
Pu(t) =1

Since both formulas give the same when 0 < |¢(t) — 1| < 1, the function €, is continuous
with €,(t) = O(]@n(t) — 1|) when |@,(t) — 1| is small. Expressing the logarithm of ¢, (t)
from these formulas while invoking (8.25) shows

log ¢(t) = nlog ga(t) = (1+ ex(t))n(@a(t) — 1) (5.36)
which gives (8.28) with the help of (8.26). Since ¢, (t) — 0 and thus also €, () — 0locally
uniformly in ¢, we then also get (8.27). U

8.3 Proof of the Lévy-Khinchin formula.

We are now ready to commence the proof of the “only if” part of Theorem 8.3; specifi-
cally, the claim that every infinitely divisible law has characteristic function (8.12). Fol-
lowing similar arguments as for stable laws, define a Borel measure A, by

An(A) = nP(Xpq € A) (8.37)
Then
n(gn(t) 1) = f (™ — 1), (dx) (8.38)
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Next observe:

Lemma 8.8 There is c < oo such that for each R > 0,

1/R
limsup A, ((—R,R)¢) < cR f log EN (8.39)
n—00 0 ’4’(’5) |
Proof. The argument in the proof of Lemma 8.4 gives
1/R
M ((=R,R)S) < CRJ n(1—Regq,(t))dt (8.40)
0
By Corollary 8.7 the integrand is continuous and tends to
1
—Re lo t) =log —— (8.41)
g(t) =log
uniformly on compact sets, and so the integral converges to that in the statement. U

The reader may be surprised by the above lemma for the following reason. The total
mass of A, is A,(R) = n so if the mass outside any compact interval stays bounded,
where did the rest of the mass go? The answer is that it has “collapsed” to zero. To
control the amount of mass near zero, we also need:

Lemma 8.9 (Mass near zero)

lim sup x? Ap(dx) < 0 (8.42)
n—0o0 [—1,1]
Proof. Noting that ¢’ := infj,|<; = COS( ) > 0 we have
n(l—Regu(1)) = E(l—cos 1))
nE(1{|Xn1|<1}( — cos(Xy,1)) (8.43)
> nE(¢ X1 1(x, 1<) = ¢ f[ . x* Ay (dx)
By Corollary 8.7, the left-hand side converges to log1/|¢(1)]. O

We are now ready for:
Proof of “only if” in Theorem 8.3. Define a Borel measure v, by
S
1+ a2
Lemmas 8.8 and 8.9 show that {v,},>1 is tight on R with sup, _; v, (R) < o0 so, by Helly’s
selection theorem, there exists a sequence 1 — o0 and a finite Borel measure 7 on R such
that v,,, > 7. Write
1+ x?

nlpa) -1) = [ 1)
= (e 1 ) a1 A

Vp(dx) := An(dx) (8.44)

vy (dx)
(8.45)

1+x2/) x2
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Noting that the first integrand is bounded and continuous (including x = 0 where it is
interpreted in a limit sense), the first integral converges to that with respect to 7. Since
the left-hand side converges to log ¢(t) by Corollary 8.7, the limit in

p = lim

om 1—|—7x2 /\nk (dX) (846)

must exists and we have
log o(t) =ity + J(e“x -1

Note that ¢ := #({0}) may be non-zero due to “collapse of mass to 0” in which case we

itx \1+4+x% _

interpret the integrand by its limit value — 1> at x = 0. Letting
V=17 — 0% (8.48)
gives
_ oo itx itx \1+27
log ¢(t) = ity Et o+ J(e 1 m) Tv(dx) (8.49)
where v({0}) = 0. Plugging this in (8.26), we get the Lévy-Khinchin formula. O

In order to finish the proof of Theorem 8.3 we have to prove the converse and also
show uniqueness of the triplet (1, ¢, v). This will be done in the next lecture.

Remark 8.10 An interesting question that springs to mind is what happens if we only
assume subsequential convergence of sums of i.i.d. random variables? This is equivalent
to asking: What are all possible laws of Y such that, for a family of random variables

{Xn,]-: n=1,j=1,...,k(n)} (8.50)
with k(n) — oo and
Vn=1: Xpa,..., Xk areiid. (8.51)
we have
X1+ 4 Xk 71%0 Y (8.52)

As it turns out, the answer is simple: Y still has to be infinitely divisible, but the proof
requires going via the arguments for Theorem 8.3.

Indeed, denoting ¢, (t) := Ee'tXn1 we first note that, as in Lemma 8.6, thanks to
k(n) — oo we must have

X1 njpo)o 0 and so ¢, (t) - 1locally uniformly in f € R (8.53)

Since @, ()X} — ¢(t), this implies ¢(t) # 0 for all t € R and so, by the argument in
Corollary 8.7, t — log ¢(t) is well defined and

k(n)(@a(t) = 1) — logg(t) (8.54)

locally uniformly in t € R. Checking the proof of the “only if” part of Theorem 8.3, this
is all what we ever needed there.
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8.4 Proof of “if” part of Theorem 8.3.

We now move to the proof of the converse; namely, the statement that a random variable
with characteristic function in (8.12) is infinitely divisible. The bulk of the argument boils
down to proving that the formula in (8.12) is actually a characteristic function for any
choice of the “parameters” u, o> and v. The key step for this comes in:

Lemma 8.11 For all finite Borel measures v on R, there exists a random variable Z such that
itz " itx \ 1+ x?
Eel'Z = U(el x 1 m) —v(dx) (8.55)

holds for all t € R.

Proof. If v = 0 then we set Z := 0 and so let us assume that v is non-trivial in the sequel.
Define a Borel measure A by

2
A(dx) = Hszv(dx) (8.56)
and, for € > 0, let
Ae(dx) := 11_¢ ge(x)A(dx) (8.57)
be its restriction to the complement of (—¢, €). Define also
x

where the integral exists since A¢(R) < o0.
Next, assuming € > 0 so small that A¢(R) > 0, let Y3, Y>,... bei.id. random variables

with law determined by

Ae(A)

P(Vie )= 1R) (8.59)
and let N, be Poisson (A¢(RR)), independent of the Y;’s. Denote
Ne
Ze:=—pe+ Y, (8.60)
j=1

In order to compute the characteristic function of Z,, write ¢, (t) := E(e"1). Then

E(ei%) = e—ity€E<[(P€(t)]Ne)

. Ae(R)™ n
— eflt]/le Z E/l')e /\e(R)(Pe(t) (8.61)
n=0 ’

= exp{/\e(]R) (@e(t) —1) — itye}
Noting that
Ae(R)(e(t) ~1) = [(" = DAc(d) (8.62)
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we conclude that

E(el’%c) = exp{I.(t)} (8.63)
where )
i itx \ 1+x

I(t) = g DT )ITE 64
e(t) f[_e,e}c (e 1+ xz) x2 v(dx) (8.64)

The integrand is bounded uniformly in € > 0 and so, since v({0}) = 0, we get

. o i, dtx NI+ x?

L(t) — b(t) = LO}C <e - ) ——v(dx) (8.65)

by the Bounded Convergence Theorem. The Lévy continuity theorem then implies

Ze 5 7' where Eel'” = exp{Iy(t)}. Taking Z := Z' + X where X = N(0,v({0}))

is independent of Z’ gives a random variable satisfying (8.55). O
We are now ready to give:

Proof of “if” part of Theorem 8.3. Let 11, 0> and v be as in the statement. In the previous
lemma we constructed a random variable Z with characteristic function (8.55). Adding
to Z an independent copy of N (1, 0?) results in a random variable X with characteristic
function in (8.12). Note that, given any k > 1, the same construction with , ¢ and v
divided by k produces a random variable Y such that

Vte R: Ee'X = (Ee)" (8.66)

Since characteristic function determines the law, we get

X' Y44y (8.67)
for Yi,..., Y} independent copies of Y. It follows that X is infinitely divisible, proving
the “if” part of the statement. U

It remains to prove uniqueness of (1,02, v) subject to the condition v({0}) = 0, which
we leave to a homework assignment. The same applies to the proof of the following
special case of Theorem 8.3:

Theorem 8.12 (Kolmogorov’s theorem) Suppose X € L? and EX = 0. Then X is infinitely
divisible if and only if there is a finite Borel measure y such that

E(e'X) = exp{J eitx_l_itxy(dx)} (8.68)

2
Moreover, u(R) = Var(X).

Further reading: Durrett, Section 3.8 and references therein
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9. POISSON CONVERGENCE AND PROCESSES

The construction underlying the proof of the “if” part of Theorem 8.3 brings us to a
connection with Poisson random variables and, specifically, the notion of the Poisson
point process. This is the subject we will explore in this lecture.

9.1 Poisson convergence.

As the reader likely knows from undergraduate probability courses, Poisson random
variables arise as limits of Binomial random variables. Here is a precise statement of
this fact which goes back to S.D. Poisson’s work from 1837 (although, per wiki page,
A. de Moivre already published it in 1711).

Lemma 9.1 Foreachn > 1, let X, 1,..., Xy be i.id. {0,1}-valued random variables with
P(Xu;i=1) = Ay Let Sy := X1+ -+ + Xyu and suppose that nA, — A € (0,0). Then

/\k
vk>0: P(Sy=k) — Fe*A 9.1)
Proof. Since S, is Binomial with parameters n and A, for 0 < k < n we have
n
P(Sy =k) = <k> Ak — A, )k
(9.2)

1lun-1)...(n—k+1 niy n—k
TS RS ES T (

For k fixed and n — o we have (nA,)f — AFand (1 — "2)"=k —, e, Since the large

fraction tends to 1, the claim follows. O

Definition 9.2 Let A > 0. A random variable N is said to be Poisson with parameter A
of N takes values in non-negative integers and P(N = k) = %e_)‘ holds for all k > 0.

Note that while the convergence (9.1) is phrased for each k, it is actually uniform.
Indeed, (9.2) gives

k Ag)fo 1
Z P(S, =k) < Z Me’”)‘” < (n "'> < —[sup nAy)ko 9.3)
k=ko k=ko N ko! ko' =1

where we used that 1 —a < e " and k! > ko!(k — ko)!. Now observe that right-hand side
can be made as small as desired by taking ko large.
As it turns out, even a stronger estimate holds:

Theorem 9.3 (Le Cam, 1960) Let n > 1 and let Xy,..., X, be independent {0,1}-valued
random variables. Set S, = Xy + -+ + X,, and denote p; :== P(X; = 1). Abbreviate A :=
p1+ -+ pu. Then

2

k=0

n
<2)pi<2A max p; (9.4)
i=1 o

k
P(S, = k) — %e_/\
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The proof uses a number of small observations that are of independent interest. We
start by noting that the total variational distance between two random variables XS
and Y taking values in a measurable space (:2°, G) can be written as

drv(X,Y) = sup|P(X € A) —P(Y € A)| (9.5)
AeG
For X and Y taking values in IN this simplifies as

drv(X,Y) = sup

Z[P(X:k)—P(Y:k)]‘

ASN ke p
= Y (PX=k)-P(Y=k) =D (P(X=K-PY=kK) (g
keN keN
_ % SYP(X = k) — P(Y = K)|
keIN

Here we observed that the sum over k € A can be written as the sum over k where
P(Xe A)—P(Y € A) = 0 and the sum over where P(X € A) — P(Y € A) < 0. The latter
is negative so dropping one of the two would only increase the result. It follows that an
optimal Ais A := {k € N: P(X = k) = P(Y = k)} as well as the complement thereof.
This gives the second line. The third line is obtained by noting that [a| = a* +a™.

In summary, the total variational distance of two discrete-valued random variables
(over the same set of values) is half of the ¢!-distance of their probability mass functions.
Next we observe:

Lemma 9.4 Foreach A = 0, Poisson(A)-random variable is infinitely divisible. In fact,

VA, =0: Poisson(A+ u) law Poisson(A) @ Poisson(p) (9.7)

where “@®” denotes sum of independent random variables.
Proof. Infinite divisibility is immediate from the distributional convergence in Lemma 9.1
and the argument in (7.16). Alternatively, we just prove (9.7) which is done by writing

explicitly the probability mass function of the quantity on the right and reducing it using
the Binomial Theorem. U

LetYi, ..., Y, beindependent with Y; = Poisson(p;). Then Y; + - - - 4+ Y}, is Poisson(A)
and, using (9.6) and (9.7), Le Cam’s inequality (9.4) can be phrased as

n n n
dry ( DX ), Yi) <.r 9.8)
i=1 =1 i=1
In order to prove this, we first show:

Lemma9.5 Suppose X3,...,X,andY,...,Y, areindependent (normed-vector-space-valued)
random variables. Then

n n n
dry < DX Yi) < Y drv(X, Y5) (9.9)
-1 iml i—1
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Proof. We will proceed by induction but for that we need to make the following obser-
vation. Let X, Y and Z be independent random variables taking values in a linear vector
space 2" endowed with a o-algebra G. Then for each A € G,

P(X+ZeA)-P(Y+Z€eA)
< jyz(dz) [P(Xe—z+A)—P(Ye—z+A)] (9.10)

< dTV(XI Y)

where we used independence to write the probabilities as integrals with respect to dis-
tribution pz of Z and then applied (9.5) to the integrand. A similar argument bounds
the quantity by —drtv(X,Y) from below and so we get

div(X+Z,Y+Z) <dry(X,Y) (9.11)

whenever X, Y and Z are independent.
Consider now the setting of the lemma and, for each j =0, ..., n, denote

ZY+ Z X; (9.12)

i=j+1

Then 27:1 Xj = Zp and 2;1:1 Y; = Z, and so, by the triangle inequality for the total-
variational distance

dTV(Z Xl/Z Y) = d1v(Zo, Zn) Z drv(Zj-1, Z (9.13)

i=1 i=1
But writing Z; := Zf;} Y; + Zf_jﬂ X, wehave Z; 1 = X; + Zj and Z; = Y; + Zj and so
dry(Zia, ) = drv (X + Z;, Yy + Zj) < drv(X;, X)) (9.14)
using (9.11) and the fact that Z]', Xj and Y; are independent. 0

We are now ready to give:

Proof of Theorem 9.3. Using the previous reasoning, our goal is to prove (9.8) which
using Lemma 9.5 reduces to the bound on dv(X,Y), where X is Bernoulli with param-
eter p and Y is Poisson with parameter p. Here we observe the following facts:

(1) P(X=0)=1-p<e?P=P(Y=0)

2 P(X=1)=p=pe?=P(Y=1)

(B) P(X=k)=0<P(Y=k)fork=>2
It follows that P(X = k) — P(Y = k) is positive only for k = 1 where

P(X=1)-P(Y=1)=p—pe P =p(l—eP?)<p? (9.15)

Relying on the middle line in (9.6), this shows d1v (X, Y) < p? proving the claim. g

The second part of Le Cam’s inequality (9.4) indicates the conditions under which one
expects the approximation by the Poisson random variable to be accurate: min;—; __, p;
has to be small. Since ) ; p; is fixed to A, this can hardly be achieved without tak-
ing n — oo and so Poisson convergence arises when (and, in fact, whenever) we count

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



63 MATH 275B notes

occurrences of a large number of independent small-probability events. Sometimes this
principle is described by the phrase “law of small numbers.”

While independence has been crucial in above proofs, there are ways to work with
dependent events. However, the corresponding statement requires the notion of condi-
tional probability that we have not covered yet, so we leave it to a later discussion.

Remark 9.6 Note that the weak convergence Y,, — Poisson () is reflected at the level
of characteristic functions as follows

itY, o A i it

itY, oA AGin it

Ee'™" — e e exp{A(e’ —1)}, teR (9.16)
k=0

If only non-negative random variables are involved, we can also phrase it using the
Laplace transforms as

O Ak
A
—tYy A At _ A1 et
Ee — Z e et = exp{—A(l—e")}, t=0 (9.17)
k=0

Thus, whenever we encounter the expression of the form (el — 1), resp., (1 —e ™) in the
exponent of a characteristic function, resp., a moment generating function, we should
suspect a Poisson random variable at play.

9.2 Poisson processes.

Thanks to the “law of small numbers” principle, Poisson random variables play a fun-
damental role in modeling of physical phenomena. The standard examples include the
number of atoms of radioactive material that decayed over a given time period, the num-
ber of customers in a queue or the number of rainy days in a place with dry climate. The
modeling context usually involves the flow of time which naturally leads to:

Lemma 9.7 Let A > 0 and let {T;}i>1 be i.i.d. Exponential with parameter A. (This means
ET; = A.) Foreacht > Q set

k
N := max{k >0: ) \T; < t} (9.18)
i=1
with the proviso Ny := +o0 when Y,° | T; < t. Then
Vk=1V0 =ty <t; <--- <t {Ny — Nti—l}iF:l are independent (9.19)
and
VE>s>0: N,— N, 2 Poisson (A(t —s)) (9.20)

Moreover, t — Ny is right-continuous with left-limits a.s.

Proof (hint). We leave the proof of this to a homework assignment subject to the follow-
ing hint: Discretize the “time axis” to {k/n: k > 0} and let {X} };>o be Bernoulli with
parameter A/n. Let Kj, Ky, ... enumerate the set {k > 0: X; = 1} increasingly. Then
Kj — Kj_1 are independent Geometric with parameter A/n and so {nil(K]- — Ki_1)}iz1
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tends in distribution to {T;};>1. Letting N}' be the largest j such that K;/n < t, the incre-
ments of the process t — NJ' are independent with N}* — N!' Binomial with parameter
n(t—s)+1and A/n and, using Lemma 9.1, N}’ — N thus tends to Poisson(A(t —s)). O

We remark that proofs of the above exist that do not involve discretization but rather
rely on the so called memoryless property of the exponential distribution. We find the
argument via discretization far more illuminating.

Definition 9.8 The process {N;: t > 0} with the properties as stated in Lemma 9.7 is
called the homogenous rate-A Poisson process.

As it turns out the phrase “Poisson process” is actually tied to another object that, in
fact, subsumes the one defined above. We go straight to:

Definition 9.9 Let (27,3, u) be a measure space. A Poisson point process with inten-
sity y is (to be abbreviated as PPP(y)) is a random measure 6 on (2", G) such that

(1) VkGNVAl,...,Ak €g:
Ay, ..., Axdisjoint = 0(A;),...,0(A) independent (9.21)
(2) VA€ G: 0(A) is Poisson with parameter j(A)

Here Poisson(w) := o a.s.

Note that a random measure on (27, G) is a measure-valued random variable which,
technically, is a map Q) — M, where (Q), F, P) is a probability space and

M := {6: measureon (2,G)} (9.22)

We usually endow this space with the minimal c-algebra
a({ye/\/l: u(A) € B}: AeQ,BeB(]R)> (9.23)

that makes 6(A) measurable (and hence an Ry u {+o0}-valued random variable) for
each A € G. For each w € (), the realization 6(w, -) is then a measure in the second
coordinate such that w — 6(w, A) is measurable for each A € G.

The PPP(u) will hardly be interesting unless there is a good number of finite u-
measure sets. As it turns out, this is all we need to ensure its existence:

Theorem 9.10 Let u be a o-finite. Then PPP(u) exists and is o-finite a.s.
The proof will require a tool from the theory of multivariate distributions:
Lemma9.11 Let Xy,...,X,andY;,...,Y, be real-valued random variables such that
Vh,.. tpeR:  E(e'Zmt%) = E(el T ) (9.24)
Then
(X1, Xn) 2 (Ya,..., V) (9.25)

in the sense of equality of probability measures on R".
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Proof. Denote the function on the left of (9.24) by ¢x(t1,...,t,). The multivariate ver-
sion of the inversion formula in Theorem 3.10 shows that, for any collection of numbers
ai,...,a5,b1,...,bp e Rwitha; < b; foralli=1,...,n,

1 n e—if]'a]' _ e—it]'bj
lim — ety - dt;...dt,
Jim — f[mn ¢x(ty, ...t )]11 i dty...dt
(9.26)
I 1
=E (H [zl[aj,b,] (Xj) + Zl(u,»,b/)(Xj)]>
]:

Taking a; — —oo and restricting each b; to stay away from the (at most countable) set
{X; € R: P(X; = x) > 0}, the right-hand side of (9.26) becomes P( 7:1{Xj < bj}). It
follows that ¢x determines the multivariate CDF of the random vector X = (X3, ..., X;)
which by Dynkin’s 77/ A-theorem (Theorem 1.8) determines the distribution of X on R".
Equality of the characteristic functions thus implies equality in distribution. O

Proof of Theorem 9.10. Assume first that y is finite. If 4(2") = 0 then we can set 6 := 0
so let us assume that u(2") > 0. Let

N2 Poisson (y(2")) (9.27)
and let X1, X5, ... beii.d. with
u(A)
P(X1eA) =%, Aeg (9.28)

with {X;};>1 independent of N. A probability space (2, F, P) supporting these random
variables exists without any additional requirements on their structure.
Let6: G — IN U {+00} be the map defined by

N
0(A) =) 1a(X;), Aeg (9.29)
i=1

Then each realization of 0 is an IN U {+0o0}-valued measure on (2',G) and 0(A) is a
random variable on (Q), F, P) for each A € G.

It remains to check that properties (1-2) in Definition 9.9. For this pick t4,...,t € R
and Ay, ..., Ay € G and compute using the fact that N is independent of Xj, X5, ... which
are themselves independent and equidistributed to X; to obtain

Nk
E(e! S04y = Eexp{iz > flej(Xi)}

i=1j=1

a0 n k
Z w2) e M) [E exp{iz tlej(Xl)}
n=0

|
n: i

k
= exp{y(%) (Eexp{iz tlej(Xl)} — 1> }
j=1
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Next we invoke that Ay, ..., Ay are disjoint with the result

k Ko
confs om0} (1)

j=1 j=1

- E( k1<1 + (el — 1)1A].(X1)>) (9.31)

k k
=14 > (" —1)14,(X1) Z 1)

Putting these together we conclude

k
E(eiZj‘le tjG(Aj)) — exp{ Z(eitj — 1);4(A]')} (9.32)

j=1

Noting that the right-hand side is the multivariate characteristic function of (Y, ..., Yy)
that are independent with Y; Poisson with parameter 1(A;), using Lemma 9.11 we con-
clude that {6(A )};{:1 satlsfy (1-2) above.

Moving to the case when y is infinite, the assumption that it is o-finite implies that
there are disjoint measurable sets {2 },>1 with | J,-4 #» = 2 and u(%,) < o« for
each n > 1. Let {0, },>1 be independent with 6, = PPP(14; u) for each n > 1. Set

0:= ) 6y (9.33)

n=1

Then for each A € G, the independence of {0,(A)},>1 along with Lemma 9.4 and a
simple limiting argument ensure

= Z 0,(A) 2% Poisson with parameter Z wWANZy) =u(A) (9.34)

n=1 n=1

(We also used that, by the 2nd Borel-Cantelli lemma, if >, _; A, = oo then the sum
of independent Poisson random variables with parameters A1, Ay, ... diverges a.s.) It
remains to show independence of {0(A;)}¥_; for disjoint Ay, ..., Ax € G. Here we note
that, under such conditions, the whole family {6, (Aj): n=1j=1,...,k} of random
variables is independent. Then so are {3}, 6, (A;): j=1,...,k}.

As a final note, observe that 0(2,) = 0,(2") = Poisson(u(Z})) is finite a.s. for
each k > 1. It follows that 6 is o-finite a.s. U

We remark that, for y o-finite, the presented construction permits us to think of each
realization of 0 as a collection of random points points (with at most a finite number
points possibly falling on top of each other anywhere). This is why we call the resulting
random measure a “point” process.
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9.3 Some remarks.

We proceed with some remarks. First note that the homogeneous rate-A Poisson process
does fall under the concept of Poisson Point Process as well:

Lemma 9.12 Let 0 be a Poisson Point Process on R with intensity given by the A-multiple of
the Lebesgue measure. Then {N;: t = 0}, where

N;:=6([0,t]), t=0 (9.35)
is a homogeneous rate-A Poisson process constructed in Lemma 9.7.

This explains the attribute “homogeneous” in Definition 9.8 and also suggest how to
define the inhomogenous counterparts: Use (9.35) albeit for 6 = PPP(u) for a general
Radon measure p on Ry. The increments of the resulting process {N;: t > 0} over
disjoint (half-open) intervals are still independent and Poisson distributed, but N; — N
is now Poisson with parameter y((s,t]). (Textbooks sometimes define the process by
these two properties; the construction then requires work.)

Next we elaborate on the fact that 0 is actually a measure. Having a measure naturally
suggests consideration of integrals { fdf. Here we note:

Lemma 9.13  Suppose 0 is a PPP(u) defined on a probability space (Q, F, P). Let f € L*(p).
Then f € L1(0) a.s. and § fd6 admits a version that is a random variable. Moreover, we have

E def) = dey (9.36)
and so f — § fd is continuous as a map L' (u) — LY(Q), F, P). Finally, for all f € L'(u),
E(el*}fd) = exp{J(e“f(x) - 1)y(dx)} (9.37)

holds (with the integral absolutely convergent) for each t € R.

Note that the law of § fd6 is not Poisson; rather, it is a mixture of Poisson random
variables. A simple change of variables shows that it falls under:

Definition 9.14 A real-valued random variable Z is said to be compound Poisson if

there exists a Borel measure A on R with § 1f||z‘ A(dz) < oo such that

E(e!%) = exp{f(eitz — 1)A(dz)} (9.38)
holds for all t € R.

Using the familiar construction (cf the proof of Lemma 8.11 or Theorem 9.10), assum-
ing A(R) € (0,00), an alternative (but equivalent) description of a compound random
variable goes by taking independent random variables N and ii.d. {X;};>1 with laws
specified by

N '2 Poisson(A(R)) and P(X1e-):/<\(('>) (9.39)
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and setting
N
Z:=>X (9.40)
i=1

For A(R) = 400 we perform a truncation by introducing
Ae(dx) := 1[_¢ ge(x)A(dx) (9.41)

which is finite due to 1|+Z“Z|/\(dz) < . Then take € | 0 with the help of Dominated
Convergence. The effect of truncation can alternatively be captured by writing Z as the

double sum
oo Ni

Z = Z > X (9.42)

=1i=1
where {Ny}¢>1 and { X ;}¢ ;=1 are independent with Nj law Poisson (A (R)), for A a mea-
sure defined, say, by A} := A1 — Ay«, and P(Xy; € -) = AL(-) /AL (R) when AL (R) > 0
and P(Xy; = 0) = 1 otherwise. Unless A is finite, the double sums contains infinitely
many non-zero terms but converges absolutely a.s.
As also noted in the proof of Lemma 8.11, a limit argument can be performed even if

2 A(dz) = cobut § %A(dz) < o holds. What is needed is to introduce a shift by

1+|z]
z
Ue ‘= J\]_—}—Zz /\e(dZ) (9.43)

Indeed, for Z, defined via A we then have Z. — i, W, Zase | 0, where 7 is defined by
the characteristic function

E(eitZ) _ exp{f<eitz _1_ 11222),\(012)} (9.44)

where the integral converges thanks to the assumption that § %A(dz) < o. Compar-
ing this with the Lévy-Khinchin formula, we conclude that the weak closure of shifted
compound Poisson random variables are exactly all the infinite divisible laws. (The
measure A is then the Lévy measure.)

The above construction has an interesting consequence: If A is supported on R then
both (9.40) and (9.42) are positive and so a random variable with characteristic function
(9.38) with suppA < IR is necessarily non-negative. The shift by p mucks this up
unless {jic} stays bounded. This is why a totally-skewed (to the right) stable random
variable is bounded from below if # < 1 and unbounded when « € [1,2).

We leave the proofs of Lemmas 9.12 and 9.13 to homework.

Further reading: Durrett, Section 3.7
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10. CONDITIONAL EXPECTATION

Having discussed at length the limit theory for sums of independent random variables
we will now move on to deal with dependent random variables. An important tool in
this is conditioning which is what we will focus on in this lecture.

10.1 Definitions and the Radon-Nikodym theorem.

In undergraduate probability we learn that, given two events A and B with P(B) > 0,
the knowledge that B occurs alters the probability that A occurs to

P(AnB)
5B
which we call the conditional probability of A given B. The underlying idea behind this
formula is that, since probability anyway represents the relative chance of something
happening compared to all else, knowing that B occurred only restricts both the event
in question and the set of “all else” in the ratio.

With (10.1) settled, we then treat P(-| B) as a new probability and use it to define
conditional expectation of random variable X given B by

E(X1p)
P(B)
We will define a similar that instead of conditioning on occurrence of specific events

conditions on a whole c-algebras. The idea is that a o-algebra represents available infor-
mation about the problem at hand. The key definition comes in:

P(A|B) := (10.1)

E(X|B) := (10.2)

Definition 10.1 (Conditional expectation) Consider a probability space (Q), F, P) and a
random variable X € L1 (Q), F,P). LetG < F be a sigma-algebra. A random variable Y €
LY(Q), F, P) is a conditional expectation of X given G if

(1) Y is G-measurable, and

(2) VAeG: E(Y1y) = E(X1,)
hold true.

To see that the new definition does contain the framework described earlier, consider
an event B € F with P(B) € (0,1) and let G := {J, B, B¢, )}. Then define
E(X1p)
P(B) ’
E(X1p)
- - 7 BC
P(Be) * on B¢,
We then readily check that, since Y is constant on B,

E (X 1 B)
P(B)
and similarly E(X1p:) = E(X1pc). Then E(X14) = E(X14) trivially for A = &, ) and,

since Y is also G-measurable, it is thus a conditional expectation of X given G.

on B,
(10.3)

E(Y1p) =

E(13) = E(X1p) (10.4)
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Despite its simplicity, the example we just gave is instructive in pointing out that,
for G defined by a partition of (), any G-measurable function has to be constant on each
element of the partition. In particular, our concept of conditional expectation simultane-
ously captures the values E(X|B) for all B in the partition that are of non-zero measure.
Encoding these into a function, it is then more amenable to tools from analysis.

In order to work with the concept of conditional expectation, it is important to first
check whether the imposed conditions identify it uniquely. This comes in:

Lemma 10.2 If Y and Y’ satisfy (1-2), then Y = Y’ a.s.

Proof. Note that A := {Y > Y’} € G because both Y and Y’ are G-measurable by (1), and
so it thus Y — Y’. Therefore, by (2),

E(Y1ly-yy) = E(X1jysyy) = E(Y'1jysyy). (10.5)

which implies
E((Y =Y )1y=yy) =0 (10.6)
This forces Y < Y’ a.s. Symmetrically, we also get Y < Y a.s. proving Y = Y’ a.s. O

Since the conditional expectation of X given G is determined up to a modification
on a null set, we will henceforth write E(X|G) to denote any version of this function.
However, we first have to address existence:

Proposition 10.3 For each X € L', the conditional expectation E(X|G) exists.

The proof will be based on the same set of arguments that yield two important results
from measure theory: the Radon-Nikodym theorem and the Lebesgue decomposition of
measures. We will thus prove all of these together. We start with:

Definition 10.4 Given two measures y, v on a measurable space (2, G), we say:
e u is absolutely continuous with respect to v, with notation u « v, if

VAeG: v(A)=0 = u(A)=0 (10.7)
e u and v are mutually singular, with notation p 1 v, if
JAeG: u(A)=0 A v(A°) =0 (10.8)

If y <« vand v « u both hold then we say that y and v are mutually absolutely continu-
ous or, alternatively, that they are equivalent.

We then have:

Theorem 10.5 (Lebesgue decomposition, Radon-Nikodym Theorem) Let u, v be o-finite
measures on (Q), F). Then there are measures yy, yp so that

U=HU1+HU2 AN MWKV A Hpluv (10.9)

Moreover, there exists an F-measurable, non-negative f: () — R such that
VAeF: ju(A) = f Flx)v(dx) (10.10)
A
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The part of the statement when p; « v implies existence of f such that y; = fvis
the Radon-Nikodym theorem, with f (sometimes denoted as %) called the Radon-Nikodym
derivative of pq with respect to v. The fact that we may write each y as u = fv +
with yy L v is referred to as the Lebesgue decomposition. While these two results are often
proved separately (with the Lebesgue decomposition relying on the Hahn and Jordan
decompositions of signed measures), our argument will give both in one shot.

10.2 Proof of Theorem 10.5 and Proposition 10.3.

Our proof of Theorem 10.5 (originally due to J. von Neumann) is based on Hilbert space
techniques. Recall that a linear vector space 7 with an inner product (-, -) is a Hilbert
space if it complete in the norm | - | associated with the inner product as | f| = (f, f)'/2.
Examples of Hilbert spaces are ubiquitous in analysis: R, C, R", £>(IN), L2(u), etc.

A linear map ¢: H — R (assume H is over reals) is a continuous linear functional
if and only if it is bounded in the sense that 3C > 0Vx € H: |¢(x)| < C|x|. Denoting
by H* the space of continuous linear functionals on H, we get:

Lemma 10.6 (Riesz representation) Let H be a Hilbert space over the reals and ¢ € H* a
continuous linear functional. Then there is a € H such that

VxeH: ¢(x) = (a,x) (10.11)

Proof. The continuity of ¢ implies that B := {x € H: ¢(x) = 0} is a closed linear
subspace of H. As ¢ = 0is handled by a := 0, we may suppose ¢ # 0. Then there exists
xo € H ~ B with ¢(x9) # 0. Next we show existence the orthogonal decomposition
xo =d+b,wherebe Band d L B. Let {b,},>0 be a sequence in B such that

lx0 = bl — ¢ := inf]lxo - b] (10.12)

Reducing to a subsequence, we may assume that ||xg — b,|> — ¢ < 47"~1. The Paralel-
logram Law then shows

[6n = bu[* = [ (x0 — bm) — (0 — b) |

b, + by, |*

2

< ZHxO - bn HZ + ZHJCO — bn Hz — 4C2 < 4*min{n,m}

(10.13)

— 2o — bulP + 20 —bn|2—4H Yo

where we used that % € B by the fact that 3 is a linear space. It follows that {b, },>1
is Cauchy in ‘H and, since B is closed and H is complete, tends to a limit b € B.

Next observe that b, — b used in (10.12) implies ¢ = |xo — b||. Given any I’ € B and
any € # 0, this gives

0 < |xo—b+eb|>—|xo—b|> =2e(b,x —b) + *|V|? (10.14)

Dividing by € and taking € | 0 shows (b, x —b) > 0 and taking € 1 0 gives (¥',x —b) = 0.
It follows that @ := xo — b L B and ¢(d) = ¢(xp) # 0. In particular, 4 # 0.
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To finish the claim, observe that

Vx e H: x—Ziga e B (10.15)

as is checked by applying ¢ and invoking its linearity. Since @ L B, it follows that
VxeH: (4,x)= Zig (a,a) (10.16)
Setting a := E”ﬁ(g d, this reduces to (10.11). ]

With this fact in hand, we can now give:

Proof of Theorem 10.5. The o-finiteness assumption permits us to assume that both u
and v are finite measures. (Otherwise partition the space into parts where this is true.)
Consider the Hilbert space H := L?(Q, F, u + v) and define the functional

P(8) = fgdu, geH (10.17)
Since y is finite, the Cauchy-Schwarz inequality gives
9(8)] < 1( )82 < Clgln (10.18)

As g is linear, we get ¢ € H*. The Riesz representation (Lemma 10.6) ensures the exis-
tence of h € H such that

Vge L*(Q, F,u+v): Jgdy = Jghd(yw) (10.19)

Note that the integral on the right is finite thanks to the Cauchy-Schwarz inequality.
We now make a couple of observations that show that i may be taken [0, 1]-valued.
First, taking ¢ := 14>y} in (10.19) implies p(h > 1) = p(h = 1) + v(h = 1) which forces

v(h>1)=0 (10.20)

Next, taking ¢ := 1g>14¢ with € > O yields u(h > 1+¢€) > (1 +e€)u(h = 1+¢) and
thus also p(h > 1+¢€) =0 forall € > 0. Letting € | 0 we get

u(h>1) =0 (1021)

Finally, taking ¢ := 1g,<_¢ with e > 0 yields 0 < pu(h < —€) < —e(p+v)(h < —e€)
implying (u + v)(h < —€) = 0. Hence we get

(u+v)(h<0)=0 (10.22)

by letting € | 0.
With these observations in hand, we now define

p1(dx) = liocp(x)<1yp(dx) (10.23)
and
pa(dx) := Ly (=1 (dx) (10.24)

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



73 MATH 275B notes

Then yy + p2 = p and yp L v by the above claims. For the proof of the remaining
properties, we rewrite (10.19) as

[ st = n)nten) = [gomexviax) (1025)
On the left hand side we can now replace y by yy; picking A € F, setting g to
1
ge(x) := 1{0<h(x)<1—e}1_7h(x)1A(x) (10.26)

which is bounded and thus in L2(Q, F,u + v) for all € > 0, and taking € | 0 with the
help of the Monotone Convergence Theorem then yields

h(x)

VAe F: 251 (A) = JA 1_7h(x)1{0<h(x)<1} V(dX) (1027)
Denoting the integrand as f(x), this is (10.10). Since the integral vanishes when A is
v-null, this also gives y; « v as desired. g

We are now also ready to conclude the existence of the conditional expectation:
Proof of Proposition 10.3. Suppose first that X > 0. Define the measure y on G by
u(A):=E(X1y), Aeg (10.28)
This is a finite measure which is absolutely continuous with respect to P restricted to G.
Hence, there is G-measurable Y > 0 such that

VAeG: u(A)= L Y(w)P(dw) = E(Y14) (10.29)

It follows that Y satisfies the properties (1-2) of conditional expectation. The general in-
tegrable X are taken care of by expanding into positive and negative parts and applying
the above to each part separately. U

In summary, we showed that, given any sub-c-algebra G < F, to each X € L! we can
assign a unique G-measurable random variable E(X|G) € L! that integrates to the same
number as X on any set A € G. The interpretation of E(X|G) is the “best estimate” of X
given the information contained in G.

Further reading: Durrett, Section 4.1
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11. PROPERTIES OF CONDITIONAL EXPECTATION

Having defined conditional expectation and showed its uniqueness modulo changes
on null sets, we now discuss its properties. It will be noted that, in many ways, the
conditional expectation behaves just like ordinary expectation.

11.1 Basic properties.

We start with a list of properties that are quite immediate to check:

Lemma 11.1 Assuming all random variables below are integrable, we have:
(1) (triviality on constants) E(1|G) = 1 a.s.
(2) (positivity) X = 0a.s. = E(X|G) = 0a.s.
(3) (linearity) E(aX + BY|G) = «E(X|G) + BE(Y|G) a.s.
(4) E(E(X|G)) = E(X).
(5) If X is G measurable, then E(X|G) = X a.s.

Proof. For (1), (3) and (5) we just check that the suggested forms of conditional expec-
tation satisfies properties in Definition 10.1; the claim then follow from the uniqueness
in Lemma 10.2. For (2) we note that X > 0 implies E(Y1yyqy) = 0 for any version Y
of E(X|G) and so Y > 0 a.s. Property (4) is checked directly from Definition 10.1(2). O

Note that property (5) is consistent with our interpretation of E(X|G) being the “best
estimate” of X given the information available in G because being G-measurable then
just means that the “best estimate” of X is X itself. The following simple observation
can be explained in similar vain:

Lemma 11.2  Suppose that 0(X) and G are independent. Then
E(X|G) =EX as. (11.1)

Proof. Constants are universally measurable so condition (1) in the definition of con-
ditional expectation holds. For condition (2) we notice that for any A € G, the stated
independence means

E(X14) = E(X)E(14) = E(E(X)1,). (11.2)
Hence, E(X) serves as a version of E(X|G). O

Another property is an extension of Definition 10.1(2):

Lemma 11.3 Let X and Y be random variables with Y € L'(Q, F, P) and XY € L1(Q, F, P).
For any o-algebra G < F,

X is G-measurable = E(XY|G) = XE(Y|G) aus. (11.3)

The upshot of this lemma is that anything that is measurable with respect to the con-
ditional o-algebra can be regarded as constant under the conditional expectation. We
leave the proof to a homework exercise.

Next let also examine the dependence of the conditional expectation on the underly-
ing o-algebra. The following principle is often quite useful:
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Lemma 11.4 (“Smaller always wins” principle) Let G; < G, be sub o-algebras of F. Then
forany X € L1(Q), F, P)

E(E(X|G1)|G2) = E(X|G1)  as. (11.4)
as well as

E(E(X|G2)|G1) = E(X|G1) a.s. (11.5)
In short, iterated conditioning always reduces to that with respect to the smaller sigma algebra.
Proof. For (11.4), note that E(X|G1) is Go-measurable (because it is already G;-measurable)
and the expectation of both sides agree on any event A € G,. The proof of uniqueness of
the conditional expectation thus applies to show equality a.s.

For (11.5) we note that both sides are automatically G;-measurable. So picking A € G;
and applying condition (2) from the definition of conditional expectation, we get

E(Xly) = E(E(X|G2)14) = E(E(E(X|G2)|G1)14) (11.6)

Again, by the uniqueness argument, this implies the second identity as well. O

A particularly interesting choice of G is the o-algebra o (Y') generated by random vari-
able Y. Here we get:

Lemma 11.5 (Doob-Dynkin lemma) Let X € L}(Q, F, P) be R-valued and, given a mea-
surable space (S, L), let Y be an S-valued random variable. Then there exists a Borel measurable
map h: S — R such that

E(X|o(Y)) =h(Y) as. (11.7)
We leave the proof of this lemma to homework.
11.2 Convergence theorems.

As a consequence of above properties we get versions of standard convergence theorems
for conditional expectation. We start with:

Lemma 11.6 (Conditional Monotone Convergence Theorem) Suppose that {X,,},>1 and X
are random variables in L'. Then

X,1Xas. = E(XuG) 1 E(X|G) as. (11.8)

Proof. Subtracting X; from X, and X and applying additivity in Lemma 11.1(3) permits
us to assume X, > Oforalln > 1. By Lemma 11.1(2), X,, 1 X a.s. implies that E(X,|G) are
non-decreasing a.s. Denoting Y := liminf,_,,, E(X,|G), for each A € G the Monotone
Convergence Theorem along with properties in Definition 10.1 give

E(E(X|G)14) = E(X14)
= ;}EIJOE(XAA) (11.9)
= lim E(E(X:|G)14) = E(Y14)
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Hence we get
vaeg: E([E(XIG)~Y]14) =0 (11.10)
Testing this on A := {E(X|G) > Y} and A := {E(X|G) < Y} shows E(X|G) =Y as. O
Another convergence lemma comes in:

Lemma 11.7 (Conditional Fatou’s lemma) Suppose that {X, },>1 are non-negative and be-
long to LY. Assume also liminf,_,o, X,, € L1. Then

liminf E(X,|G) = E(liminf X,|G) as. (11.11)
n—a0 n—aoo

Proof. Inlight of X, > inf,,>, X,,, we have inf,,>, Xy, € L' foreachn > 1. Lemma 11.1(2)
then gives E(X,|G) = E(infy,>, Xy|G) and so

liminf E(X,|G) = liminf E(inf X,|G) (11.12)
n—00 n—00 mz=n
Since inf,>, X;; 1 liminf, .o X, the claim follows from Lemma 11.6. ]

Remark 11.8 Note that, unlike the non-conditional versions of (11.8) and (11.11), the
conditional statements assume integrability of the limiting random variables. This can
be overcome by defining E(X|G) for any X > 0 as a G-measurable version of

Y := liminf E(X A nG) (11.13)

which may be infinite on a set of positive or even full measure. (To give an example,
let X take values in IN’ := IN \ {0} with P(X = n) = [n(n + 1)]~!. For the choice
G = {,{X even}, {X odd},IN'} we get Y = o0.) The argument in (11.9) then shows
that E(X14) = E(Y1,) for all A € G, albeit with both sides possibly infinite.

Noting that the identity gives E(X1{y<,) < oo for each a > 0 suggests how to
upgrade our previous arguments. For instance, if Y’ is another G-measurable non-
negative random variable satisfying E(X1,4) = E(Y1,) for all A € G, then testing this
onA:={Y >Y}n{Y AY <a}and takinga — w0 shows Y < Yas.on{Y A Y < o}
and, by symmetry, implies Y = Y’ a.s. The statement of (11.8) then applies because
Y :=lim,_,o E(X,|G) is a version of Y. Similarly we get (11.11).

We remark that, with conditional Fatou’s lemma in place, we can also easily prove:

Lemma 11.9 (Conditional Dominated Convergence Theorem) Let {X,},>1 be random
variables such that Vn > 1: |X,| <Y for some Y € LY (Q, F,P). Given any o-algebra G < F,

X, — Xas. = E(Xy|G) — E(X|G)as. (11.14)

n—0oo n—0o0

Here E(X|G) is well defined because the assumptions imply X € L'(Q), F, P).

Proof. Suppose that X, — X a.s. with |X,| <Y foreachn > 1. Since 0 < X,, +Y < 2Y
implies liminf, (X, + Y) € L!, Lemma 11.7 gives

E(X+Y|G) <liminfE(X, +Y|G) as. (11.15)
n—o0
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Working with Y — X, instead similarly shows
E(X-Y|G) = limsup E(X, — Y|G) as. (11.16)

n—ao0

where we reversed signs for convenience. Subtracting or adding E(Y|G) on both sides
with the help of linearity in Lemma 11.6(3) yields

E(X|G) < lirrlr_l)icng(Xﬂg) < limsup E(X,|G) < E(X|G) ass. (11.17)

n—0o0

which is the desired conclusion. O

11.3 Inequalities.

The conditional expectation also generalizes a number of inequalities that we know from
Lebesgue integration theory. We start with:

Lemma 11.10 IfX e LY(Q), F,P) and G < F is a o-algebra, then
|E(X|G)| < E(|X]|G) (11.18)
and so
HE(X‘Q)HLl(Q,Q,p) < HXHLl(Q,]—',P)~ (11'19)
In particular, X — E(X|G) is a continuous linear map — in fact, a contraction — of L1 (Q), F, P)
onto L'(Q), G, P).
Proof. We have —|X| < X < |X] and so
—E(|X||9) < E(X|G) < E(|X||G) as. (11.20)

This proves (11.18); taking expectation then yields (11.19). Since X — E(X|G) is linear
a.s. by Lemma 11.6(3), it defines a linear map of L!(Q), F, P) onto L}(Q), G, P). By (11.19)
the operator norm of this map is less than one so this map is a contraction. The map is
onto as it acts as identity on L! (Q,G,P). O

Lemma 11.11 (Conditional Cauchy-Schwarz inequality) Suppose X, Y € 12 (Q, F,P)and
let G < F be a o-algebra. Then

[E(XY|6)]* < E(X%G)E(Y?G)  as. (11.21)

Proof. Note that XY, X2, Y? € L! by assumption. This permits us to pick finite versions
of the conditional expectations in the statement. By Lemma 11.6(3),
E(X%|G) — 2AE(XY|G) + A2E(Y?|G) (11.22)

is a version of E((X — AY)?|G), which is non-negative a.s. by Lemma 11.6(2). It follows
that there exists () € G with P(()') = 1 such that the expression in (11.22) is finite and
non-negative for all A € Q. By continuity, it is then non-negative for all A € R on ()’ and
so the discriminant of the quadratic polynomial (11.22) is non-negative on (). This is
what is stated in (11.21). ]

We now upgrade another useful identity from analysis:
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Lemma 11.12 (Conditional Jensen’s inequality) Let ¢: R — IR be convex. Then for
any X € LY(Q), F, P) such that ¢(X) € L1(Q, F, P) and any o-algebra G < F,

E(¢(X)|G) = ¢(E(X|G))  as. (11.23)
Proof. Since the claim holds trivially if ¢ is linear, we may assume that it is not. Set
£:=(){(ab) e R?: ¢(x) > ax + b} (11.24)
xeR
We then claim
VxeR: ¢(x)= sup (ax+Db) (11.25)
(a,b)eLNQ?

Indeed, the definition of £ gives “>" and so we need to show “<.” Let xy € R. Noting
that the convexity of ¢ implies the existence of left and right derivatives at xq, let a9 € R
be any number in the closed interval marked by the two derivatives. For b := ¢(xg) —
axp, the graph of x — ax + b is then tangent to the graph of ¢ at xg and so (a,b) € L. Now
observe that, for any V' < b, we must have (a/,b’) € £ whenever |a’ — a| is sufficiently
small, for otherwise ¢ would have to be linear. This allows us to pick (), b,) € £ n Q?
such that (a},, b)) — (a,b). But then ¢(xo) = axg + b = lim,_, (a},xo + b),) proving “<”
in (11.25). Hence equality holds as desired.

Since ¢(X) = aX + b for each (a,b) € L, and since ¢(X) and X are assumed to be
in L', we thus have

V(a,b)e L: E(¢(X)|G) =aE(X|G)+b  as. (11.26)

Let ), be the event where the inequality holds for pair (a,b) and both conditional
expectations are finite. Define

Q= () Qu (11.27)

and note that, on (Y, the inequality in (11.26) holds for all (a,b) € £ n Q*. Taking a
supremum with the help of (11.25) then proves the inequality in (11.23) on (). Since
(11.26) implies P(Q)’) = 1, we are done. O

11.4 Behavior in L”-spaces.
A consequence of the conditional Jensen inequality is a generalization of Lemma 11.10:

Lemma 11.13 Forany p € [1, ], the map X — E(X|G) is a continuous linear transform of
LP(Q, F,P) onto LP(Q), G, P). In fact,

VX e LP(Q,F,P): |E(XI9)ragr) < 1XlroFp) (11.28)

and so the map is a contraction.

Proof. Let p € [1,0). By conditional Jensen’s inequality we have
p
(E(x119))" <E(XIP[9)  as. (11.29)
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Taking expectations and raising both sides to 1/p yields the result.
For p := o0 we notice that | X| < | X| implies

EXIG)| < [X]w  as. (11.30)
and so the result follows in this case as well. O

For the special case p = 2, we even get a geometric representation:

Lemma11.14 Let X € L2(Q, F, P) and assume G < F is a o-algebra. Then, using the notion
of orthogonality with respect to the canonical inner product,

X —-E(X|G) L L*(QO,G,P) (11.31)
In particular, E(X|G) is the orthogonal projection of X onto L2(Q), G, P).

Proof. For each A € G, Definition 10.1(2) gives
E([X—E(X|g)] 1A) =0 (11.32)

Using linearity, this shows that X — E(X|G) is orthogonal to the set of all simple G-
measurable functions. Since these simple functions are dense in L?(Q), G, P) it is orthog-
onal to the whole space. 0

We remark that this observation reverse-engineers a key step in the proof of Theo-
rem 10.5 where the Radon-Nikodym derivative was constructed exactly as an orthogo-
nal projection. Note that Lemma 11.3 generalizes (11.31) as

Xell(Q,F,P) = X—EX|G) L LI(Q,G,P) (11.33)

where g is the Holder conjugate of p and “L” is still with respect to the canonical in-
ner product in L2. However, the concept of orthogonal projection is hard to articulate
outside Hilbert spaces.

To wrap up our discussion of conditional inequalities, we also state:

Lemma 11.15 (Conditional Holder inequality) Let p,q € [1,0] be such that 1/, + 1/, = 1.
Then for any o-algebra G < F,all X € LP(Q, F,P) and all Y € L1(Q), F, P),

pIe p a1\ a

|[E(XY|G)| < E(IX|P|G) " E(|Y]7|G) a.s. (11.34)
with E(|X|P\Q)]/” interpreted as | X | o when p = .

We leave the proof of Lemma 11.15 to homework.

Further reading: Durrett, Section 4.1
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12. REGULAR CONDITIONAL PROBABILITY

The conditional expectation shares so many properties with expectation that one may
wonder if it can also be realized as an integral with respect to a measure. This leads to
the concepts of conditional distribution and probability that we elaborate on here.

12.1 Conditional distribution.

Consider the setting from the previous sections; namely, a probability space (Q2, F, P)
with a random variable X and a c-algebra G < F. As is known from undergraduate
probability, for G such that G = o(Y) for some random variable Y we can often write
the conditional expectation of X (or even functions of X) given G explicitly. For instance,
assuming that (X, Y) admits a probability density p: R? — R, we have

f(x)p(x, Y (w))dx

E(f(X)U(Y))(w)JJ oY)
p(z,Y(w))dz

(12.1)

whenever f(X) € L1(Q), F, P), the denominator is non-vanishing and the numerator is
finite. In this case we succeeded in writing the conditional expectation as an integral
with respect to a Borel probability measure on IR with probability density

5o (x) = p(x,Y(w)) (12.2)
f o(z, Y(w))dz

for w where the integral is positive and, say, P (x) := 1j5(x) otherwise. (The value in
the latter alternative is immaterial as it occurs with probability zero.)

The question is to what extend we can do this when the random variables do not ad-
mit a joint density or, more importantly, when G is not generated by a random variable.
This is answered in:

Theorem 12.1 Let X be a real-valued random variable on a probability space (Q), F, P) and let
G < F be a o-algebra. Then there exists a map px: Q x B(R) — [0, 1] such that

(1) forall w € Q, the map B — ux(w, B) is a probability measure on (R, B(R)),
(2) forall B € B(R), the map w — pux(w, B) is G-measurable,
(3) for all Borel f: R — R with f(X) € LY(Q, F, P), the set of w € Q) where

felYux(w,-)) (12.3)

and
E(£(X)[0) (@) = [ Fxux(w,dv) (12.4)

is G-measurable and of full P-measure.

Moreover, for any map fix with the above properties, (pcpr)iw € Q: px(w, A) # fix(w, A)}
is a G-measurable set of full P-measure.
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Note that the null set where (12.3-12.4) fail is permitted to depend on f. The integral
representation of the conditional expectation suggests the following terminology:

Definition 12.2 We will call jux a version of the conditional distribution of X given G.

Proof of Theorem 12.1. For each g € Q, use the Axiom of Countable Choice to pick a
version of E(1;x<,|G). We then use these objects to define the following sets: First, for
g < ¢q' rational we let

Qq,q’ = {(,U e (): E(l{ng}|Q)(w) < E(l{xgq/}lg)(w)} (12.5)
Next, for g € Q we define
0y = {w e Q: E(Lxeq)|9) (@) = qi/r;qu(l{ng/ﬂg)(w)}. (12.6)
q'eQ

In addition, we also define

Qpop 1= {w e Q: sup E(1jx<g|G)(w) = 1}
7€Q 12.7)
Qo= {w e (): ;26E(1{X<q/}|g)(w) = 0}

Note that, by the properties of the conditional expectation, all of these are full-measure
events in G. So, if we set

Q= < N QM/> () nQiwn O, (12.8)

q'>q 7€Q
7'eQ

then also () € G with P((Y) = 1.
We now move to the construction of px. First, for w € Y and g € Q, let

Flw,q) = {E(I{qu}g)(w), ifwe Y

Lig=0p otherwise
Then g — F(w,q) is non-decreasing, right-continuous on Q with limits 1, resp., 0 as
q — 400, resp., § — —o0. Setting

(12.9)

~

Flw,x) := 3r>1£1-"(w,q) (12.10)
7€Q

we get x — F(w, x) with exactly the same properties and such that F(w,q) = F(w,q)
for all g € Q. In particular, x — F(w, x) is a CDF and so, by the existence theorems for
Lebesgue-Stieltjes measures, there is a Borel probability measure jix(w, -) such that

F(w,x) = px(w, (—o0,x]), xeR (12.11)

It now remains to verify the stated properties.
Property (1) is ensured by the construction. For property (2), denote

L:={AeB(R): w— ux(w,A)is G-measurable} (12.12)
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and check that £ contains (), & and is closed under finite unions, complements and
increasing limits and so it is a c-algebra. Note also that w — F (w, x) is G-measurable,
being the infimum of a countable set of G-measurable functions. In light of (12.11), £
thus contains all sets of the form (—o0, g] for g € Q and so £ = B(R) thus proving (2).

Condition (3) is verified similarly: First we note that (12.4) holds for f’s of the form
f(x) = 1ix<q for g € Q. The set

L':={AeB(R): ux(-,A) = E(14|G) a.s.} (12.13)

is again checked to be a o-algebra and so equality therein holds (a.s.) for all A € B(R).
This verifies (12.4) for all f of the form f = 14 with A € B(R) and, by additivity, for all
simple functions f. Using the Monotone Convergence Theorem, we now extend (12.4)
to all non-negative measurable functions f € L!, thus proving (12.3). The extension to
all f € L! is performed by additivity.

It remains to prove uniqueness. Given px and fix that both satisfy the stated proper-
ties, the representation (12.4) shows that the set

Q= ﬂ{w € Q: fix(w, (—0,q]) = yx(w,(—oo,q])} (12.14)
7€Q

is G-measurable and of full P-measure. Since {(—x, g]: g € Q} form a 7r-system generat-
ing B(RR), Dynkin’s 71/ A-theorem ensures that jix(w, A) = pux(w, A) hold for all w € Q)
and all A € B(R). Hence px(w,-) = jix(w,-) fora.e. w € Q. O

12.2 Conditional probability and lack thereof.

While the above seems to resolve our original question, the proof made a key use of
the fact that X was real-valued. We can thus continue asking whether the same can
be done for general-valued random variables and, perhaps more importantly, for all
random variables simultaneously. This leads to the following concept:

Definition 12.3 Given a probability space (0, F, P) and a o-algebra G < F, a regular
conditional probability given G is a map u: Q) x F — [0,1] such that

(1) forallw € Q), the map A — u(w, A) is a probability measure on (Q}, F),
(2) for all B € F, the map w — u(w, B) is G-measurable,
(3) forall X e L'(Q), F, P), the set of w € Q) such that

Xe L' (p(w,-)) (12.15)
and
E(X|G)(w) = f X (" p(w,dw’) (12.16)

is G-measurable and of full P-measure.

Another name for u is Markov kernel.

We immediately check:
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Lemma 12.4 Suppose that F is countably generated. If y and i are two reqular conditional
probabilities given G, then there exists Q) € G with P(QY') = 1 such that y(w, A) = ji(w, A)
holds for all w € Y and all A € F.

Proof. For Ae F,let Oy :={weQ: u(w,A) = ji(w,A)}. Then Q4 € G and, by (12.16),
P(Q,) = 1. If P is the countable subset of F with c(P) = F, thenset O := () ,.p Qa
and note that, by Dynkin’s 7/ A-theorem, p(w, ) = ji(w,-) for all w € (Y. Since V' € G
and P(Q)') = 1, we are done. O

A typical setting when we may need a regular conditional probability is the probabil-
ity space endowed with a special random variable, say Y, representing an initial value
of a process or some other important quantity, and we wish to condition on its value.
In other words, we are concerned with the special case G = o(Y) for a real-valued Y.
While this may sound reasonable, even in this case the existence of a map with the stated
properties cannot be guaranteed in full generality. Here is a counterexample:

Lemma 12.5 (J. Dieudonne, 1947) Denote I := [0, 1] and set

Q:=1Ix1,
F := Lebesgue measurable subset of I x I,

P := Lebesgue measure on (Q), F), and
G:={AxI: AeB(I)}.

Then there exists no regular conditional probability given G.

The proof will be based on the following fact:

Theorem 12.6 (G. Vitali 1905) Let A denote the Lebesque measure on (I, B(I)). Assuming
the Axiom of Choice, the map B — A(B) does not extend to a measure on all subsets of I.

Proof of Lemma 12.5. Continue writing A for the Lebesgue measure on I and suppose u
is a map with the properties as in Definition 12.3. For each A, B € B(I), let

Qup:= {(x,y) elxI: u((xy),AxB) = 1A(x)A(B)} (12.17)

Since 14(x)A(B) equals the value of the map (x,y) — 1ax1(x,y)A(B), which is demon-
strably G-measurable, Definition 12.3(2) gives Q4 g € G. Moreover, for any C € B(I), the
fact that the Lebesgue measure equals A ® A on products of Borel sets gives

E(lCXllel/\(B)) =ACnA)A(B) = E(lcleAXB) (12.18)

and so (x,y) — 14(x)A(B) is a version of E(14xp|G). In light of (12.16) it follows
that P(QQ4 ) = 1forall A, B e B(I).

The o-algebra B(I) is generated by the m-system P := {[0,q]: g € Q n I} which is
countable. Denote

0= () Qas (12.19)

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



MATH 275B notes 84

The standard argument based on Dynkin’s 77/A-theorem now shows that equality in
(12.17) holds on Y for all A, B € B(I) simultaneously; i.e.,

V(x,y) e Y'VA,Be B(I): u((x,y),AxB) =14(x)A(B) (12.20)
Since P(QY') = 1, we can pick (x*, y*) € () and noting that {x*} € B(I) get
VBe B(I): u((x*y*),{x*} x B) = A(B) (12.21)

But C — p((x*,y*),C) is a measure on Lebesgue measurable sets and, since {x*} x B is
Lebesgue-null and thus Lebesgue measurable for any B < I, by (12.21) the map

B — u((x*,y*),{x"} x B) (12.22)

extends to a measure on all subsets of I. Since the map coincides with A(-) on Borel sets,
this contradicts Vitali’s Theorem once we assume the Axiom of Choice. O

12.3 Existence result.

The counterexample above shows that the main obstruction to the existence of the con-
ditional probability: there are too many P-null sets in F. That null sets matter is not
surprising because all we are trying to do is to put many Radon-Nikodym derivatives
together in a measurable way. A way to get around this is by assuming additional struc-
ture on the underlying probability space, as in:

Theorem 12.7  Suppose that () is a Polish space (i.e., a completely metrizable, second-countable
topological space) and F is the associated Borel c-algebra. Then for all o-algebras G < F, a
regular conditional probability given G exists. Moreover, if G is countably generated, then

VAeG: u(-,A)=14as. (12.23)
(We say that y is proper if (12.23) holds.)

While a complete proof can be constructed with no extraneous reference, we will cut
the story short by relying on the following result from descriptive set theory:

Theorem 12.8 (Borel isomorphism theorem) Let 2" be a Polish space and B(%Z") the asso-
ciated Borel o-algebra. Let

{1,...,12Z°}, if 2 is finite,
% =< N, if 2 is infinite and countable, (12.24)
[0,1], if 2 is uncountable,

which we endow with its natural Borel o-algebra B(%'). Then there exists a bi-mesurable bijec-
tion f: 2 — % i.e., abijective map such that f Y (B(#)) = B(Z ) and f(B(Z")) = B(%).

We remark that a Polish space endowed with its Borel sets is called a standard Borel
space. The above theorem states that Polish spaces are either finite, countable or of cardi-
nality of the continuum and two such spaces are equivalent if and only if their cardinal-
ity is the same. What matters for us is that, in all three possible cases, every Polish space
is equivalent to a Borel subset of R.
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Proof of Theorem 12.7. Theorem 12.8 guarantees existence of a random variable X map-
ping ) bijectively and bi-mesasurably onto a Borel subset of R. This implies

VAe B(Q): X(A) e B(R) A (VweQ: X(w)e X(A) & weA) (12.25)
Let pux be the conditional distribution of X given G and set
u(w,A) = ux(w,X(A)), Aeg (12.26)

This immediately gives that w — u(w, A) is G-measurable. The fact that X is bijective
means that A — X(A) maps disjoint unions into disjoint unions which along with the
first part (12.25) implies that A — u(w, A) is a probability measure. Thanks to (12.25)
we also get

Hx (4 X(A)) = E(1xex(a) |G) = E(14]G) as. (12.27)
which then gives (12.15-12.16) by standard extension arguments. It follows that y is a
regular conditional probability given G.

In order to prove the second part, note that forall A € G,

Op:={weO: p(w,A) =14(w)} (12.28)

is a G-measurable set with P(Q4) = 1. If G is generated by a countable collection P, we
can take () := () 4cp Q4 and observe that

L:={AcG: (YweQ: u(w, A) :1A(w))} (12.29)

is a o-algebra containing P. Hence £ = G and y(, A) = 14 holds forall A € G on (V.
Since P(QY') = 1, this is (12.23). O

The condition that the underlying space is Polish is usually not too restrictive for most
applications. However, what one should be careful about is the fact demonstrated in
Lemma 12.5: Working with a completed measure may ruin the existence of conditional
probabilities. (This sometimes matters when one discusses stochastic calculus from the
point of view of Markov processes.)

12.4 Extension of measures in product spaces.

The existence of conditional probabilities is central in the theory of disintegration of
measures and integrals. Standard Borel spaces shows up in other important conclusions
in probability, one of which is the Kolmogorov Extension Theorem. This theorem says that,
given a standard-Borel space (£, F) and, for each n > 1, a probability measure y,, on
(2", F®") such that the consistency condition

Vn=1VAe FO:  u, 1 (Ax 2) = uy(A) (12.30)

holds, there exists a unique probability measure y on (2N, F&N) that reduces to ji, on
(2", F®") under the natural embedding of these spaces.

While it is known that such an extension may fail in general, the assumption that
(2, F) is standard Borel is definitely not necessary. Indeed, alternatively it suffices
that p,; disintegrates with respect to y, and that the corresponding conditional mea-
sure is very regular. Here is a precise statement:
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Theorem 12.9 (Extension of measures in product spaces) Let (2, F) be a measurable
space. Assume that, for each n > 1, a probability measure y, on (2", F&") is given such that

VAEFO 1, (4) = [ au(x, A)pa(d (1231)

where q,: X" x FOUH) 5 [0,1] is F®"-measurable in the first coordinate, a probability
measure on (21, FOU+)Y in the second coordinate and obeys

Vxe Z"VAe FO: qu(x, Ax Z) =14(x) (12.32)

Then there exists a probability measure y on (2N, FEN) that restricts to p, on (2", F&")
under the natural embedding of 2" into 2'N.

Proof. We will identify F®" with the o-algebra
Fo ::U<{A1 X X AgX XXX X Al,...,Ane]-“}> (12.33)

on 2N which permits us to regard y, as a measure on (2’ N,]-"n). The kernels g, are
then to be interpreted as F,-measurable maps on 2N x F,,1; — [0,1]. This means
that g, (x, -) depends only on the first m coordinates of x.

The union A := [ J,-; Fu is an algebra and, since (12.31) implies consistency, there
exists a finitely-additive set function fi on A that restricts to y, on F,,. If we can show
that ji is countably subadditive, the Hahn-Kolmogorov theorem (Theorem 1.4) implies
that ji extends to a measure on F := o(A). For this it suffices to show that, given
any {B,},>1in A,

B,| @ = lim fi(B,) =0 (12.34)

Relabeling the sets if necessary, we may and will assume that B, € F®" for each n > 1.
We will prove the contrapositive but first we need some preparations. We start by
extending ¢, into a two-parameter quantity {qu » }1<m<n Dy setting

qm,m+1 (x/A) = qm(x/A)/ A € ]:m-H (1235)
and, recursively,
qm,n+1(x; A) = an+1 (Z/A)qm,n(x/ dZ), Ae ‘Fn+1 (1236)
By induction on m we then check that, for m < n,
G (X, A) = quﬂ,n(z,A)qm(x, dz), AeF, (12.37)
We now define
hm,n(x) = qm,n(x; Bn) (12.38)

and note that (12.32) gives g, (x, B,) = 1p,(x) when n < m.
We now observe some properties of functions /,, . First note that (12.37) gives

() = jhmﬂln(z)qm(x, dz) (12.39)
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On the other hand, (12.36) and (12.32) imply that h,,, = hy, 441 and so
B (x) := lir% B (X) (12.40)
n—

exists in [0, 1]. Invoking this in (12.39) with the help of the Bounded Convergence Theo-
rem shows

() = [ i1 (2 (1,2) (12.41)
Since (12.31) gives § hy ,dpm = pn(By) = ji(B,) we also have
lim fi(B,) = J Indi (12.42)

by another application of the Bounded Convergence Theorem.

Let us now suppose that inf,>q fi(B,) > § > 0 for each n > 1. Then (12.42) gives
existence of x; € 2N such that hy(x;) > 6. Next observe that h,(x) > 6 along with
(12.41) dictates

qm <x, {ze ZN: hysa(z) > 5}) >0 (12.43)

and, by (12.32), there exists z € 2N that agrees with x in the first m coordinates such that
hmy1(z) > 6. Using the Axiom of Choice, the above observations identify recursively
a sequence {x,}m,>1 such that x, and x,, agree on the first min{m, n} coordinates for
each m,n > 1 and such that h,,(x,,) > ¢ for each m > 1.

Taking ¥ whose n-th coordinate agrees with the n-coordinate of x,, the fact that h,
depends only on the first n coordinates of its argument implies h,,(%¥) > ¢ for each
m > 1. But then also 1p,(%) > h,(X) > 0 and so X € B, for all n > 1. This shows that
inf,>1 fi(B,) > 0 implies (,~; Bx # &, proving the contrapositive of (12.34). O

Recall that the proof of the Kolmogorov Extension Theorem also proceeds by proving
(12.34) by contrapositive, but the non-emptiness of the intersection is inferred using tools
from topology; namely, the Cantor intersection property applied to compact subsets
of 27" whose existence is inferred by inner regularity of .

While condition (12.32), which was key in several steps of the above proof, is quite
restrictive it does hold in several interesting cases of prime interest; most notably, when
{#tn}n>1 are product measures or when they are generated by a Markov chain. The above
result thus offers an independent approach to the construction of infinite product mea-
sures and general-valued Markov chains. Note, however, that the Axiom of Choice was
used inside the proof.

Further reading: Durrett, Section 4.1.3
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13. INTRODUCTION TO MARTINGALES

The concept of conditional expectation is useful in analyzing dependent random vari-
ables. We will still need that this dependence has a certain structure. In the rest of 275B
course, we will explore two specific cases of such structures go under the respective
banners “Martingales” and “Markov chains” starting with the former here.

13.1 Definitions and examples.
We begin by introducting concepts that will be useful throughout.

Definition 13.1 (Stochastic process) A stochastic process (indexed by naturals) or just a
process is a sequence of random variables { X, },~0 defined on the same probability space.
If indexing is clear from context, we may refer to {X, },>0 as {X,,} or just X.

Definition 13.2 (Filtration) Given a probability space (Q), F, P), a sequence {Fy},>0 of
sub-o-algebras of F is said to be a filtration if

Vn=0: FpC Funn (13.1)

Definition 13.3 (Adapted process) A process { X, }n>0 is said to be adapted to filtration
{Fn}n=0, or just adapted, if X, is F,,-measurable for eachn > 0.

We should think of F;, as the information available about our stochastic setting at
“time” n. A natural choice of the filtration that makes a process { X }r~o adapted is
Fni=0(Xo,..., Xn) (13.2)

As this is also the smallest filtration with this property and is generated by X, we some-
times write it as FX.

Definition 13.4 (Martingale) Given a filtration {F; },>0 and random variables { M, },>0,
the pair {M,, F}n>0 is called a martingale if

(1) {My}u=0 is adapted to { F }n=0 and
(2) foralln > 0 we have M, € L! with
E(My41|Fy) = M, as. (13.3)
If instead the same inequality holds in (13.3) for alln > 0 we call the sequence {M,,, F }n>0

e a submartingale if E(M,,+1|F,) = M, foralln >0,
e a supermartingale if E(M,+1|F,) < M, foralln > 0.

A martingale is thus a submartingale and a supermartingale.
A natural way to think of a martingale is the winning in a “fair” game. Indeed, the
condition (13.3) can also be written as
E(Mn+1 - Mn|]:n) =0 (13.4)
so if M, represents the amount of money a player won (if M,, > 0) or lost (if M,, < 0) at
time 1, then the martingale property means that there is no bias in the game, at least in

terms of expectation. (The Gambler’s ruin problem analysis shows that there is effectively
a bias if you play against a more wealthy opponent.)
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Here is a remark on notation. To reduce clutter, we will often write {F,} instead
of {Fu}u=0 and {M,, F,,} instead of {M,,, F,}n>0 unless confusion may arise. We may
even suppress the reference to the filtration altogether when it is clear from the context
and even write just M for {M,,}.

Here are some simple examples of martingales:
Example 13.5 (Additive martingale) Let {X}>1 be independent with
Vk>1: Xee L' A EX, =0 (13.5)

Set M, :== X1+ -+ X, with My := 0 and let 7, := 0(Xy,...,Xy). Then {F,} is a
filtration and M,, is F,;-measurable for each n > 0. Moreover,

E(MI’ZJrl‘fVl) == Mn + E(Xn+]’.rn) = Mn a.s. (13.6)

because X1 is independent of F, and thus E(X,41|F:) = E(X,+1) = 0. Hence
{M,, F,} is a martingale. Clearly, if instead Vk > 1: E(Xy) > 0, then {M,, F,} is a
submartingale.

Example 13.6 (Multiplicative martingale) Let X1, X5,... be independent with
Vk=>1: Xpel' A X420 A EXp=1 (13.7)

Set M,, := [[f_q Xx with My := 1 and let F,, := 0(Xy,...,Xy). Then again M, is F;-
measurable for each n > 0 and

E(Myi1|Fi) = MyE(Xui1|Fu) = My as. (13.8)
Hence {M,, F,} is again a martingale.
Here is another way to generate a martingale:
Example 13.7 (Progressive conditioning) Let X € L! and let {F,} be a filtration. Set
M, := E(X|Fy) (13.9)

Then
E(My 1| Fn) = E(E(X|]-"n+1)‘]-"n) = E(X|F,) =M, as. (13.10)

by the “Smaller always wins” principle. Hence {M,, F,} is a martingale.

Conditioning on filtration is a way to reveal more information about the stochastic
setting. Note that a “finite run” of a martingale is always of the above form; indeed, if
{My, Fi}i_, is a martingale, then

Vk=0,...,n: My=E(X,|Fx) as. (13.11)

It is an interesting question whether (and under what conditions) an infinite martin-
gale sequence can be expressed this way. This will be resolved when we introduce the
concept of uniform integrability.

13.2 Derived examples.
In order to give our next two examples, we note:
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Lemma 13.8 Let ¢: R — R be convex and let {M,},>0 be a process such that ¢(M,,) € L'
foreachn > 0. Then

(1) {M,,, Fn} a martingale = {¢p(M,,), Fn} a submartingale.
(2) {M,, Fn} a submartingale and ¢ is non-decreasing = {¢(M,,), Fn} a submartingale.

Proof. By Jensen’s inequality

E(¢(Mps1)|Fu) = ¢ (E(My11|F)) (13.12)

The right hand side equals ¢(M,,) when {M,, F,} is a martingale. If the latter is only a
submartingale, then we still have

¢(E(Mn11|Fn)) = (M) (13.13)
as soon as ¢ is non-decreasing. U

This lemma stimulates additional examples of interest:

Example 13.9 (Variance martingale) Lemma 13.8 says that if {M,,, 7} is a martingale
and Vn > 1: M,, € L?, then {M2, F,}is a submartingale. However, we can say more
if M is an additive martingale, i.e., M, := X; + - - - + X}, for independent X;, X5, ... with
Vi>1:X;e L' A EX; =0and F, := 0(Xy,...,X,). Indeed, assuming Vi > 1: X; € L?,
we can compute the “martingale defect” as
E<M%+1|Fﬂ> = E(M% + 2Man+1 + XZ!+1| -T"n)
= M%z "‘ZMHE(Xn—H‘]:n) + E(XZ-HU:H) = Mrzl + E(Xﬁ-i-l)

This suggest setting

(13.14)

n
M, = M - > E(X7) (13.15)
k=1

for which we readily check that {Mn, Fn} is a martingale.

The calculation in the previous example used that the martingale increments were
independent, but pretty much the same can be done even if they are not. We start by
introducing a convenient terminology:

Definition 13.10 We say that M = {M,,} is an LP-martingale if Vn > 0: M,, € LP.
We then have:
Lemma 13.11 Let {M,, F,,} be an Lz—martingale. Set

M, == M2 = E((My— My_1)?| F) (13.16)
k=1

Then {Mn, Fn} is a martingale.

Proof. The process {M,} is clearly adapted to {F,}. Noting that
M2 — M2 = (M1 — My,)? 4+ 2My, (M 41 — My,) (13.17)
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we get
E(M; 1| F) = My = E((Miy1 = M)? [ o) + 2MaE(Myg1 = Ma| Fo)a

= E((My+1 — My)? | Fu) as. (13.18)

where all conditional expectations are defined because M,,, M,, — M,,_1 € L2. We now
check by induction that this gives E(M,+1|F,) = M, as. O
We will elaborate on the setting of Lemma 13.11 further when we discuss so called

Doob’s decomposition. The calculation in the previous proof suggests another way to
build a martingale out of a martingale. We need:

Definition 13.12 (Predictable process) Given a filtration {F,}, a process {C,} is said to
be predictable if
Co:=0 A Vn=1: C,is F,_1-measurable (13.19)

Definition 13.13 Given two processes C = {C,} and X := {X,}, we define C - X to be
the process {(C - X)y }u=0 where

n
(C-X)pi= D> Ce(Xe—Xp1), n=1 (13.20)
k=1

and (C - X)o := 0. We sometimes refer to (C - X), as a discrete stochastic integral.
The term predictable reflects on the fact that the value of C, is already “known” at
“time” n — 1. A natural interpretation of C - X is the outcome of a betting strategy in a

game encoded by X. Indeed, if a player bets C, 1 dollars in the round where betting
one dollar earns her X, 11 — Xj,, her winnings in that round will be

Cn+l(Xn+l - Xn) (13~21)

The quantity (C - X), is thus the total amount won by time #.
We now observe that, unless the player can predict the future, betting on a fair game
results in a fair game:

Lemma 13.14 Given a filtration {F,}, let C := {C,} be a predictable process and M := {M,,}
be a process. Assume ¥n = 0: C, € L*. Then

M martingale = C-M martingale (13.22)
and
M submartingale AVn>1:C, >0 = C-M submartingale (13.23)
Proof. The assumptions ensure that (C- M), € L! for all n > 1. The construction gives
that C - M is adapted. Using the same calculation as in the previous proof, we thus get
E((C-M)ys1|Fn) = (C- M)y + E(Cp(Mys1 — My) | Fu)
= (C-M),+ ChE(My41 — My | F)

where we used that C is predictable in the second step. The last term vanishes when M
is a martingale and is non-negative if M is a submartingale and C, > 0. g

(13.24)
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We now return back to effects of composing a martingale with convex function:

Example 13.15 (Exponential martingale) Another way to turn an additive martingale
into an interesting submartingale is by applying the exponential function. Indeed, sup-
pose that {X,},>1 are independent and such that E(e’*") < oo for all n > 1. If also
X, e L'andEX,, =0foralln > 1,then M, := X; +---+ X, isa martingale. Lemma 13.8
then tells us that {e*"} is a submartingale.

Thanks to the underlying independence structure we can get more. Indeed,

B | F,) = E(eMre it | F,) = eMhE(e ) (1325)

where Lemma 11.3 was used to get the second equality, and so setting

M, = M H ¢r(A)"1 where ¢,(A) := E(e?*) (13.26)
k=1
we get that {M,}isa martingale.

13.3 Two “practical” examples.

We will close our introduction by giving two examples that concern “practical” models
that are of much interest throughout probability. What makes them interesting for us
that they also give rise to natural martingales.

Example 13.16 (Galton-Watson branching process) Inmid 19th century, there was some
interest in developping a theory of family trees — particularly, in connection with royal
families. Two statisticians (by standards back then) F. Galton and H.W. Watson (and also
independently I.]. Bienaymé) devised a model that nowadays serves as a foundation for
such considerations.

In the (Bienaymé)-Galton-Watson model, there are generations indexed by natural-
valued “time.” Each generation contains a certain number of currently living individ-
uals. The population dynamics is such that, at each time, each individual produces
a certain number of off-spring, which is sampled independently from a common law
on N with probability mass function {p(n): n > 0}, called the off-spring distribution. (In
particular, if there is no off-spring, the lineage of that individual dies out.) The num-
ber of individuals in the next generation is then the sum of all off-spring counts for the
current generation.

We will formalize the problem as follows. Consider a family of i.i.d. integer-valued
random variables {X,, : 1,k > 0} with law determined by

P(Xy =m)=p(m), m = 0. (13.27)
Define, inductively, random variables {S,} as follows: Sy := 1 and
S —
Spuy = i£5, =0, (13.28)
Xppiq+ -+ Xug1s,, if S, > 0.

It is easy to verify that the dynamics does what we described above. The additional
assumption Sp := 1 means that there is one individual at time zero.
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Consider now the filtration F, := (X, x: 0 < m < n, k = 0) and let us compute:

0, on {S, =0},

[E(X1,1)]Sn, on {S, > 0}. (13.29)

E(SnalFu) = {
Thus, denoting y := E(Xj,1) we get that M,, := u~"S, defines a martingale. The value
1 = 1is obviously special because {S,} is then itself a martingale.

Example 13.17 (Polya’s Urn) Our next example concerns an urn problem. Fix integers
r,g = 1land b > 1 and consider an urn that, initially, has r red balls and g green balls
in it. Sample a ball from the urn and put it back along with b balls of the same color.
(NOTE: We changed parametrization compared to the lecture!) Repeating this step over
and over, the question is what is the fraction of the red balls in the urn in the long run.
Let R,, denote the number of red balls in the urn at time n and let G,, denote the
corresponding number of green balls. Obviously, R, + G, = r 4+ g + bn. Now consider
the random variable
__Rw Ry
" Ry+Gy, r+g+bn
which denotes the fraction of red balls in the urn.
We will encode the dynamics of the urn using a sequence Uy, Uy, ... of i.i.d. uniform
random variables on [0, 1] by way of the recursions

Rut1:= (R + D)Ly, . <m,} + Rulqu, . >m,3- (13.31)

M, : (13.30)

and
Gpi=r+g+bn—R, (13.32)
subject to the initial value Rg := r (which gives Gy = g). If set this way, we have:

Lemma 13.18 {M,, F,} is a martingale for the filtration F,, := o(Uy, ..., Uy).

Proof. Abbreviate N,, := r + g + bn. Since R,, and M,, are F,,-measurable, we have

R,+0b R
E(Myi11Fn) = ———Equ,.,<m| Fn) + —E (L, >m,3 1 Fn)
Ny11 Ny11 (13.33)
_Rn+b& R, &_&Rn—kbn—FGn_&_M ’
Nn+1 Nn Nn+1 Nn Nn Nn+1 Nn "
implying the claim. [l

We will keep returning to the above examples in the the forthcoming lectures.

Further reading: Durrett, Sections 4.2 and 4.3
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14. OPTIONAL STOPPING AND SAMPLING

In this section we will elaborate on the following property of martingales: Suppose that
{M,,, F,} is a martingale. Then

E(Mn—i-l) = E(E(Mn—&-l‘fn)) = E(Mn) T T E(MO) (14.1)

induction

and so E(M,,) does not depend on n. (Similarly, for submartingales we get E(M,) >
E(M)) and for supermartinagles we get E(M,) < E(M)y).) The question to address here
is when we have E(Mrt) = E(Mp) for a random time T.

14.1 Optional stopping theorem.

Of course, not just any random time will do because we could simply let the sequence
run until it becomes larger than My or smaller than M (one of these will occur a.s. for
every non-constant sequence). In short, the random time should not be allowed to “look
into the future.” This leads to the following concept:

Definition 14.1 (Stopping time) A random variable T taking values in N U {+x} is a
stopping time for filtration {F,} if

Vn>0: {T<n}elF, (14.2)

We leave it to the reader to check that equivalent definition is obtained when {T < n}
is replaced by {T > n} or by {T = n}. Here is one standard example:

Lemma 14.2 (First hitting time of a set) Let {X,,} be an S-valued process adapted to filtra-
tion {Fy}. Then for all measurable sets A < S and any stopping time T' for {F,},

T:=inf{n>T": X, € A} (14.3)
is a stopping time.
Proof. For each n € IN we have
n
{T>n}=[){Xc ¢ A} 0 {T <k} (14.4)
k=0

As X is adapted and T’ is a stopping time, {Xy ¢ A} n {T" < k} € Fx < F,. Hence we
get {T <n}e F,foralln > 0. O

Note that a deterministic time is a stopping time, so we can take T’ to be one above.
The formulation with T" random allow us to iterate this definition. Stopping times are
preserved under a number of operations. Here is a list:

Lemma 14.3 Let T and S be stopping times. Then soare T A'S, T v Sand T + S.

Proof. For each n € IN we have
{TAS<n}={T<n}n{S<n} (14.5)
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and
{TvS<n}={T<nju{S<n} (14.6)
proving that T A Sand T v S are stopping times. For the sum we have

n

{T+S<n}= | J{T=m}n{S<n—m} (14.7)
m=0

and note that {T < m} ={T <m}~{T <m—1} e F, < F, whenm < n. O

We now return back to the question of whether martingales evaluated at stopping
times are still martingales.

Lemma 14.4 (Stopped (sub)martingale) Suppose {M,, F,} is a (sub)martingale and T is a
stopping time for {F,}. Then

Vne N: Mr, e L' A {MT rn, Fn} is a (sub)margingale (14.8)

Proof. Since T A n is F,,-measurable, so is Mt ,, due to the representation

n
Mrpn = Y Milir—g + Malirop (14.9)
k=0
Moreover,
n
IMr | < ) | M| (14.10)
k=0

and so Mr ., € L!. For the proof of (sub)martingale property, we need the identities
Mran = M1 andiT<ny + Manlirsn (14.11)
and
M7\ (ns1) = MranliT<ny + Mn1l(rsn) (14.12)
For {M,, F,} a martingale, the fact that all object on the right of these except M,11
are J,-measurable shows
E(MTA(n+1)|Jrn) = MT/\nl{Tgn} + 1{T>n}E(Mn+1|]:n) (14 13)
= Mt rulit<ny + Mnlirsny = M1 an
For submartinagles the second equality is changed into >. g
We are now ready for the first main conclusion:
Theorem 14.5 (Doob’s Optional Stopping Theorem) Let {M,, F,,} be a martingale and T
a stopping time for {F,}. Suppose there exists K € (0, 00) such that at least one of the conditions
(1) T<Kas.
2) T<was. AVn=0: M| <Kas.
(3) ET <0 AVn=0: |Myy1 — M| <Kas.
holds true. Then
MrelLl A E(Mr)=E(My) (14.14)
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Proof. By the previous lemma we have Mr,, € L! and E(Mr,,) = E(Mp). When T < K
a.s., setting n > K makes truncation by #n superfluous and so the claim follows.

For (2-3) we will now obtain statements by using an appropriate convergence theo-
rem. In both cases we have T < o0 a.s. and so

Mr,, — Mr,  as. (14.15)

In (2) we have |[Mr,,| < Kand so |Mr| < Kas well. The Bounded Convergence Theorem
then gives E(Mr,,) — EMr.
In (3) we instead note that

Tan
Mrap = Mo+ > (X — Xi_1) (14.16)
k=1

Using that | X — X;_1| < K a.s. this implies
Vi = 0: |Mran| < |Mo| +K(T An) < |Mg| + KT as. (14.17)

Since My, T € L}, the Dominated Convergence Theorem yields the claim. O

14.2 Applications to random walks.

To illustrate the above, we will consider the example of a random walk. We start with
the simplest instance of all:

Definition 14.6  The simple (symmetric) random walk started at zero is a process {S,}
such that Sy := 0 and S, := Xj + -+ + X, for {Xy}¢>1 ii.d. {+1, —1}-valued random
variables with P(X; = +1) = P(Xy = —1) = 1/2.

Clearly, the simple random walk is a Z-valued additive martingale for the filtration
Fn:=0(X1,...,Xn). The “walker” strides over the integers by choosing, at each time, a
neighbor of the current position uniformly at random.

Our prime interest is concerned with the hitting times of integer level sets,

T, :=inf{n > 0: S, = a}, ae”Z (14.18)
which are stopping times by Lemma 14.2. Note that
Vae Z~{0}: ET,= (14.19)

for ET, < o along with |Sx;1 — S¢| < 1 would enable Theorem 14.5(3) leading to a
contradiction because ESt, = a # 0 yet ESy = 0.

In order to study these hitting times better, we will confine the walk to a finite set by
considering the stopping time T, A T, where 2 < 0 < b. The following is relegated to a
homework assignment:

Lemma 14.7 For all integer a < 0 < b we have T, A Ty, < o0 a.s.

With this in hand, we now state:

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



97 MATH 275B notes

Lemma 14.8 Forall integer a < 0 < b,
b

—a

P(Tu<Ty) = (14.20)

In particular,
Yae Z: T, < wa.s. (14.21)

In short, the simple random walk visits every integer with probability one.

Proof. Given integers a < 0 < b abbreviate T := T, A Tj. Since St ., is bounded and, by
Lemma 14.7, T < w a.s., the argument in the proof for case (2) in Theorem 14.5 implies

E(St) = E(S) = 0. (14.22)

Noting that St = a on {T, < T} and St = b when {T;, > T,} along with the fact that
{T, < Ty} v {T} > T,} is a disjoint partition of full measure set {T < o0} gives

0 = E(St) = aP(T, < T,) + bP(T, < T,)

=aP(T, < Ty) +b[1 - P(T, < Tp)] (14.23)

Simple algebra now shows (14.20). For the second part we note that T, > b and so T, —
w0 as b — oo. Using this in (14.20) implies P(T, < o) = 1 for all integer 2 < 0. The
positive cases follow similarly by taking @ — —oo. (The case of a = 0 is trivial.) U

Reiterating, the simple random walk visits every integer with probability one but,
with the exception of the starting point, the time this takes has infinite mean. A question
arises whether more can be said about the distribution of T,. This is answered in the
next claim whose proof we relegate to a homework assignment.

Lemma14.9 Forallae Zandall A >0,
E(e ) = <1> . (14.24)
et ++ve2r —1
In particular, E(TS) < oo fors < 1/2 and E(TY/?) = oo for all a # 0.

We remark that the distribution of T, can be given very explicitly using the so called
Reflection Principle to which we will get later in this course.

Remark 14.10 Inspired by the proof of Lemma 14.8 we can ask whether there are other
functions ¢: Z — Rsuch that {¢(S,)} is a martingale for {S, } denoting a simple random
walk. Such a function must obey

VneZ: ¢(n)= % [p(n—1)+ @(n+1)] (14.25)

which a mean-value property defining so called discrete harmonicity. As is readily
checked by rewriting this as ¢(n + 1) — ¢(n) = ¢(n) — ¢(n — 1), every function with
this property is necessarily linear. This, however, becomes far more interesting when we
allow the steps to have a more general distribution (still confined to Z).
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While the Optional Stopping Theorem is very useful in general, in most situations
it requires additional truncation arguments to get the desired conclusion. Here is one
instance of this, drawing on Examples 13.5 and 13.9:

Theorem 14.11 (Wald’s equations) Given i.id. X1, Xp,... set Sy, = X1+ -+ X, and
let T be a stopping time for the filtration F,, := o (X, ..., Xy). Then

(1) Xy € LY and T € LY imply

Sre L' A ESy = (ET)EX; (14.26)
(2) X1 € L? EXy =0and T € L' impl
Pty
Srel? A E(S2) = (ET) E(X?) (14.27)

Note that applying alternative (3) in Theorem 14.5 to martingales {S, — nEX;} for (1)
and {S2 — nE(X?%)} for (2) is not allowed because their increments are not bounded. The
proof of (2) requires Theorem 14.17 from the next subsection and also the concept of
uniform integrability two lectures down the road. We leave details to homework.

14.3 Optional sampling theorem.

We will now take our previous discussion to another level and ask whether one can even
apply the identity
Vk<n: E(My|Fi) = My as. (14.28)

to random times. For this we have to give a meaning to F for k replaced by a random
variable. We first observe:

Lemma 14.12 For any stopping time T for a filtration {F,} on a probability space (Q0, F, P),
Fri={AeF:(Yn=20: An{T<n}eF,)} (14.29)

is a o-algebra.

Proof. Since intersection of any number of o-algebras is a c-algebra, it suffices to show
that, given o-algebras G and F on Yand B e G,

A:={AeF: AnBeG}isaoc-algebra (14.30)
For this we observe that &, () € A and check that A and is closed under intersections
and increasing limits. Since AN B = BN\ (An B) € G when B,An B € G, it s also
closed under complements and so it is a o-algebra. U

Definition 14.13 We call /7 the c-algebra of events measurable by stopping time T.

The reader should not try to think of Fr as a random c-algebra. Rather, Fr is merely
a collection of sets associated with function T on a probability space. Still, Fr behaves
very much like the original filtration:

Lemma 14.14 Let T and S be stopping times for filtration {F,}. Then
Fras =FrnFs (14.31)
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In particular,
S<T = Fs< Fr (14.32)

(The inequality S < T must hold pointwise, not just pointwise a.s.!)
We leave the proof of this to an exercise. Next we need:

Lemma 14.15 Let {X,} be adapted to {F,} and T be a finite stopping time for {F,}. Then
both T and Xt are Fr-measurable.

Proof. For all m,n € N we have {T < m} n{T < n} € F, and so {T < m} € Fr for
all m > 0, implying measurability of T. For measurability of X pick B € B(R) and note
Vnz=0: {XreB}n{T=n}={X, e B} n{T=n}eF, (14.33)
Hence {X1 € B} € Fr, implying measurability of Xr. O
In oder to state the next claim, we introduce the following concept:

Definition 14.16 We say that a martingale {M,,, F,,} admits a last element if there exists
M, € L! such that
Vn>0: E(My|F,) = My as. (14.34)

Note that this means that the martingale is exactly of the kind discussed in Example 13.7.
The reason for introducing the last element is that this gives us a way to define

Mr: =My on {T = o} (14.35)
With all the notions in place, we claim:

Theorem 14.17 (Optional sampling) Let T and S be finite stopping times and {M,} a mar-
tingale for filtration {Fy,}. Assume that S < T pointwise and that Mt ,, — Mr € L1. Then

E(Mr|Fs) = Ms as. (14.36)
If {M,;} admits a last element, then the above works for all stopping times with S < T.
Proof. Recall that Mt ,, is a martingale and observe that, given any A € Fs, we have
An{S =k} e Fyforall k > 0. Assuming k < n, we thus get
E(1anis=3Mran) = E(Lanis= E(M1nu|Fi))
= E(1ans=kyMr k) = E(1anis=kyMsnn)

where the last equality uses that Mt ,x = Mg,, on {S = k} thanksto S < T and k < n.
Note that S < T also implies

(14.37)

E(1anissnyMran) = E(Lanis=mMn) = E(Lan(s=mMsan) (14.38)
Summing (14.37) over k = 0,. .., n and adding the result to (14.38) yields
VA€ FsVn=0: E(1auMrny) = E(1aMs ) (14.39)

By Lemma 14.14 we have Fs,, < Fsand, by Lemma 14.15, Mg, , is thus Fs-measurable.
Hence we get
Vn = 0: E(MTAn|]:S) = Mg,, as. (14.40)
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proving the claim for bounded stopping times.

In order to prove the claim for unbounded stopping times, we take n — 00. Observe
that the stated assumption Mr,, — Mr in L! implies Mt € L! and the continuity of the
conditional expectation in L!-norm then gives

1
E(MraulFs) = E(Mr|Fs) (14.41)
From (14.40) it follows that {Ms,,} converges in L! to a random variable Y. Since L!-
convergence implies a.s. convergence along a deterministic subsequence, the fact that
Mg,y — Mg as n — oo implies Y = Mg a.s. on {S < oo}, which proves the claim for
finite stopping times. For stopping times taking possibly value +co we also need to
observe that S < T gives

Mgy = Mran rﬁ)o Mr = Ms on {S = OO} (14.42)

and so Y = Mg a.s. in this case as well. ]

The same statement holds for submartingales and supermartingales; the equality in
(14.36) then becomes the corresponding inequality. Theorem 14.17 is particularly useful
when we choose to observe our process only along an increasing sequence {T,} of stop-
ping times because it says that, if our original process was a (sub)martingale, so is the
new process as well, albeit now with respect to the filtration { Fr, }.

Further reading: Durrett, Sections 4.8 and 4.9
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15. MARTINGALE CONVERGENCE THEOREM

One (albeit rather simplistic) way to think of submartingales and supermartingales is
as stochastic analogues of monotone sequences of numbers which, we note, converge
either to a point in R or to one of the infinities. Here we demonstrate some validity
of this intuition by showing that, under mild moment assumptions on the “dangerous”
tail, the same holds for the random analogues.

15.1 Up-crossings and convergence.
Our task here will be to prove:

Theorem 15.1 (Doob’s Martingale Convergence Theorem) Suppose {X,,, F} is a super-
martingale with sup,,_, E(X; ) < oo. Then
Xy := lim X, exista.s. and X, € L! (15.1)
n—o0

In particular, X, € R a.s.

We will actually present two proofs, one here and the other in the next lecture. Key
for both of them is control of the oscillation of the sequence {X,} as n — <. In our
first proof we will achieve that explicitly by estimating the number of up-crossings of an
interval. This requires some definitions and notation.

T T{ T> Té T3

Let a < b be two reals. We will follow the sequence {X,,} until the first time it dips
below a, marking that first time as T;. Then we proceed until the sequence first climbs
above b, marking that time by T;. Then we again wait until the sequence dips below g,
marking that time T,, and then until it climbs above b, marking that time as T5; see figure
above. This leads to the following sequence of stopping times

Th<h<Ti<h<Th<... (15.2)
defined recursively as follows: Set Tj := 0 and for i > 1 let
T;:=inf{n > T_;: X, < a}

15.3
T! .= inf{n > T;: X,, > b} (153)
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We now write
Uy(a,b] := max{k > 0: T} < n} (15.4)

for the number of (completed) up-crossings of [a,b] by time n. Clearly Uy,[a,b] < n and
n — Uy[a, b] is non-decreasing in n. A key ingredient of the proof comes in:

Lemma 15.2 (Upcrossing inequality) Suppose X is a supermartingale. Then for all a < b,

EUy[a,b] < 1—:[(};,1_—;)] (15.5)
Proof. Define a {0, 1}-valued process {C,} as follows: Set Cy := 0 and, recursively, let
Cnt1 = Lc,=11ix,<p} + L{c,=0y L{x,<a) (15.6)
It is easy to check that
Vk=0: CGo=1 < 3i=>0:ke(T,T]] (15.7)

The definition (15.6) also ensures that C is predictable. Now consider the process C - X.
Writing U, for U, [a, b], the special form of C then yields

ull

(C-X)n = D (Xpr = X1.) + Lz, 1y ey (X — X1y, 1) (15.8)
i=1

But XT[ — X1, 2 b—awhile X, — X, ,, = Xy —a> —(X, —a)” and so

(C-X)n = (b—a)Uya,b] — (X, —a)~ (15.9)
On the other hand, since C, > 0 and X is a supermartinagle,
E((C-X)n) <E((C-X)o) =0 (15.10)
Putting these together we get
(b—a)EUy[a,b] —E[(Xy,—a)"] <0 (15.11)
This gives the claim by a simple manipulation. ]

We are ready to give:
Proof of Theorem 15.1. The monotonicity of n — U,[a, b] permits us to define

Uypla,b] :== nlinolo Uy [a, b] (15.12)
Thanks to the assumption,
sup E[(X, —a)~] <la] +supE(X,) < o (15.13)
n=0 n=0

and so, by the Upcrossing Inequality, also sup, ., EUx[a, b] < . Invoking the Monotone
Convergence Theorem we then get that EUy[a, b] < c and thus

Va<b: Ugyla,b] <owas. (15.14)
with the null set depending possibly on a and b.
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Next we note that

{liminf X, < a < b <limsup X,,} < Ux[a, b] (15.15)
n—0 1—00
Hence we get
{liminf X, <limsup X,} = | J {Ux[a,b] = o0} (15.16)
noe =00 a,beQ
a<b

In particular, from (15.14) we we now get

Xy — Xy = limsup X, a.s. (15.17)
n—

n—ao0
It remains to show that X, € L!. For that we note that Fatou’s Lemma ensures

E(X3) <lminfE(X, ) <supE(X, ) <o (15.18)
n—oo

n=0
and so the lower tail of X, is integrable. For the upper tail we use X, = X, + X, to get
E(X,}) = E(Xn) + E(X,) < E(Xo) +supE(X,,) < o (15.19)

n=0

where the middle inequality follows because X is a supermartingale. Invoking Fatou’s
Lemma again, we get E(X7) < oo as well. O

As we will see later, the Martingale Convergence Theorem has many important con-
sequences. The advantage is that one only needs a uniform bound on the integral of
of the tail towards which the expectations go — which means the lower tail for super-
martingales and the upper tail for submartingales. For martingales it suffices to check
just one, whichever is convenient. A useful special case is:

Corollary 15.3 A non-negative supermartingale converges a.s. to an L'-random variable.

15.2 Some simple applications.

To demonstrate the power of the theorem, we prove convergence some of the martin-
gales we discussed earlier. We begin with that associated with Pélya’s urn.

Lemma 15.4 Let {M,} be the martingale expressing the fraction of red balls in Pélya’s urn.
Then My, := limy,_,o, M, exists a.s. and My, € [0,1] a.s.
Proof. Since {M,,} is an [0, 1]-valued martingale, this follows from Corollary 15.3. U

While having the convergence is nice, we do not learn anything about the distribution
of M. This will be further elaborated on when we discuss exchangeability.

Next we move to the Galton-Watson branching process:
Lemma 15.5 Let {p(n)} denote the off-spring distribution. Then

pi=>kp(k)<1 A p(0)>0 = P(S,>0i0)=0 (15.20)
k=0

In words, a non-degenerate (sub)critical branching process dies out almost surely.
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Proof. Recall that {S,} is an IN-valued supermartingale when i < 1. By Corollary 15.3
again, Sy, := lim,_, S, exists and is IN-valued a.s. Integer valued sequences converge
if and only if they are eventually constant and so for each m > 1,

m C
(So = m} = {S, #mio} c { (M{Xux = 0} i.o.(n)} (15.21)
k=1
As P(NiL1{Xux = 0}) = p(0)™ > 0, the second Borel-Cantelli lemma tells us that the
last event occurs with probability zero for any m > 1. Hence, S, = 0 a.s. g

There is another martingale associated with Galton-Watson branching process. For
this we note:

Lemma 15.6 Let {S,} be a run of the Galton-Watson process with Sy = 1 a.s. For each t > 0,
let @, (t) := Ee 5. Then

Vn=0: ¢u1(t) = @nox(t) (15.22)
where
x(t) := —log Z p(k)e " (15.23)
k=0

In particular, if t, > 0 is such that x(t.) = t., then {e~"*5*} is a martingale.

The lemma actually implies that ¢, (t) = e X"(*), where x" is the n-fold composition
of x with itself. Since x is checked to be non-decreasing and concave with x'(0) = u
(including y = o0), assuming that p(0) > 0 the iterations tend to zero as n — oo for u < 1
but converge to the nontrivial intersection of t — x(t) has with the diagonal when y > 1.
In both cases we get the existence of a fixed point ¢, with the above properties for which
one can moreover show that

e =P@En>0:S, =0) (15.24)

We leave the proof of these facts to homework. More advanced application of martingale
convergence will be discussed in the next lectures.

Further reading: Durrett, Sections 4.2 and 4.3
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16. APPLICATIONS OF MARTINGALE CONVERGENCE

Here we give some applications of martingale convergence that can all be collected un-
der the banner differentiation theorems.

16.1 Connection to Lebesgue differentiation.

We start with a connection to differentiation of integrals. This is a topic that was devel-
oped in order to prove that differentiation inverts integration. In Newton/Cauchy/Rie-
mann integral theory is known under the title Fundamental Theorem of Calculus and is
the source of known complication with the associated integral. Lebesgue theory resolves
this in a very elegant way.

Let # be a Borel probability measure on R?. We will partition R? into disjoint trans-
lates of [0,27")?. For each x € R? let z be the unique point in Z? such that x € 27"z +
[0,27)4 and let B,,(x) := 27"z + [0,2")4 denote the term in the partition that contains x.
Given h € L!(u) define

1

- hd 16.1
un<Bn<x>>Ln<x) H (16D

when 1, (B, (x)) > 0 and hi(x) := 1 otherwise. We then claim:

hk(x) :

Proposition 16.1 Forall h e L' (u),
hy, — h p-ae. (16.2)

n—0o0

Proof. Let h € L'(p) and let X be distributed according to u. Define
Fo=o({Xe2™z4[0,27)}: ze 27) (16.3)

The fact that we partition R? into dyadic boxes ensures that {F,} is a filtration. Since
E(h(X)|Fn) equals the (normalized) average of h against i on B, (X), we have

E(h(X)|Fn) = hu(X) as. (16.4)
But {E(h(X)|F.)} obeys
[EREIFn)]; < 11X (16.5)
and so Theorem 15.1 gives
hy(X) - Y, := limsup h,(X) a.s. (16.6)

Moreover, Fatou’s lemma implies
Yilr < |5 (X)) (16.7)

It remains to identify Y}, in terms of & and X.
We plug into the standard argument from differentiation theory which notes that,

hcontinuous = VxeRY: hy,(x) — h(x) (16.8)
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In particular, we have Y;, = h(X) a.s. for continuous h. Next note that, given h € L!(u)
and ¢ € L!(y) continuous we have

hn(X) = gu(X) + (h = g)u(X) (16.9)
and so
Y, = g(X) + Yj_g as. (16.10)
implying
1Yn = 8(X) 1 < [1(X) = g(X)[x (16.11)
by way of (16.7). Taking a sequence {gi}r>1 of continuous functions such that gy — &
in L!(u), we get Y}, = h(X) a.s. This is the desired claim. O

We remark that, while the above is based on partitions into dyadic boxes, its slight
enhancement (to allow for B, (x) = 27"(z +z') +[0,27") where z € Z? is a unique
element such that 2"x € z + [0,1) and z’ is a fixed element of Z¢) implies the standard
differentiation theorem from analysis (where B, (x) is replaced by a box of sidelength 2"
centered at x). The proof of the differentiation theorem in analysis is invariably based
on a maximal inequality of the form

VA > 0: y(sup\fn\ >)\) < %”fHLl(V) (16.12)
nx=1
which allows for above reduction to continuous functions. Proving the maximal in-
equality is usually quite technical and requires tricks such as the “Rising-sun lemma” or
covering arguments due to Vitali or Besicovich. Our proof shows the relevant maximal
inequality (16.7) by way of the Martingale Convergence Theorem.

16.2 Proof of martingale convergence via maximal inequality.

Inspired by our previous example, we can ask whether the Martingale Convergence
Theorem can be proved by a maximal inequality as well. This is what we will show next
although only for martingales and only those that arise by progressive conditioning of
an L! random variable.

We start with an inequality that generalizes Kolmogorov’s inequality from sums of
independent centered random variables:

Lemma 16.2 (Doob’s maximal inequality, enhanced version) Let X be a submartingale
with respect to filtration {F,}. Then forall0 < k < n,all A € Frandall A € R,

/\P(A A {jiri,‘f‘ffn X; > /\}) < E(Xulanmaxs._, X=A)) (16.13)
Proof. Denote
Ak =AnN {Xk > )L} (1614)
and, forj=k+1,...,n,set
A= An {j:%‘f‘}il X; < A} A (X, > A (16.15)
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Then

n
An {jf;lf‘ffn X > A} = ]Uk A (16.16)

with the union on the right disjoint. It follows that

P(A n{ max X; > /\}) = gp(Aj) (16.17)

j N

Next observe that, since A; is Fj-measurable, the submartinagle property of X implies
E(Xula;) = E(E(Xu|Fj)1a,) = E(Xj14,) = AP(A)) (16.18)

for each j = k, ..., n. Combining these we get

/\P(A N { max X; > /\}) = i{AP(Aj)
j=

j=k,...n
" (16.19)
< Z E(XﬂlA]) = E(anAr\{max]-:kwn X/'>/\})
j=k
where the last equality follows again from disjointness of the union in (16.16). g

Notice that we claim the inequality even for A negative. This is because so can be the
right-hand side. As we will see, this detail enters quite crucially in:

Proof of Theorem 15.1 for Lévy martingales. Suppose {X,} such that, for some Y € L1,
Vn>0: X, =E(Y|F,) as. (16.20)

Fix B € R, let A < B and fix A € | ;> F. Consider the inequality (16.13) with k so large
that A € Fy. Using (16.20) to replace X, by Y on the right and taking n — oo with the
help of upward monotonicity of n — maxi<j<, X; then gives

AP(An {s;f Xj > A}) < E(Y1 (16.21)

An{ supj> g X/>A} )
Taking A 1 B with the help of Dominated Convergence replaces “> A” by “> B” on both
sides. Letting k — oo with the help of downward monotonicity of k — sup;. X;j shows

BP(An {limsup X, > B}) < E(¥1 (16.22)

An{limsup,_, Xn2ﬁ})
forany A € (>0 Fn-

Next recall that, as shown in Carathéodory construction of measure, given an al-
gebra A, a measure yu on 0(A) and € > 0, for each A € 0(A) there exists A’ € A
such that (AAA’) < e. It follows that the inequality (16.22) will be preserved by the
extension of both sides from A := (-, Fu to 0(A). In particular, (16.22) holds for
all Ae Fo := 0(U=0 Fn)-
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Given any & € R, a completely analogous argument with X, replaced by —X,, and
by —a shows that

aP(An {lminfX, >a}) > E(Y], .Y (16.23)
holds for all A € F,. We now apply (16.22-16.23) to A replaced by
Awpi= {hgiogfxn <a<p<limsup Xn} (16.24)
which obviously belongs to F... This gives
Va < B BP(Anp) < E(Y1a,,) < aP(Ayp) (16.25)
implying
Va < B: P(Agp) =0 (16.26)

On the complement of the union of A, g over all a, f € Q with a < B, every interval with
rational points will be crossed only finitely many times by {X,,}. Hence we get

Xy — Xy :=limsup X, ass. (16.27)
n—0 n—00
Using (16.20), we have E|X.| < E|Y| a.s. and so X, € L. 0

We do not know whether the argument can be adapted to include martingales that are
not of the form (16.20). This would matter because, as we will show in Lévy’s Forward
Theorem (Theorem 17.11) below,

E(Y|Fn) — E(Y|Fx)as. (16.28)

so if Y is F-measurable then nothing “new” is discovered in the limit. (Still, the above
gives the convergence part of the proof of Theorem 17.11.) The restriction to martingales
can be relaxed to sub/supermartingales, provided we invoke Doob’s decomposition to
be discussed later.

16.3 Lebesgue decomposition revisited.

As another application we observe that the Martingale Convergence Theorem yields the
Lebesgue decomposition for probability measures on filtered spaces:

Theorem 16.3 Given a measurable space (Q), F), a filtration {F,} with o (o Fn) = F
and two probability measures P and Q, let P, and Q,, be their respective restrictions to JF, and
assume that VYn = 0: Q, « P,. Denote X,, := ‘31%“. Then

Xy, — Xy :=liminfX, (P+ Q)-as. (16.29)
n—aoo n—0oo

with Xy, in LY(Q), F, P). Moreover,

VAe F: Q(A) = J X dP+ Q(A n { Xy = 0}) (16.30)
A

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



109 MATH 275B notes

Proof. The setup ensures that, for each n > 0 and each A € F,,, we have

L,Xnd@+Q*iL X d(Py+ Q)

1+ X, 1+ X,
_ L XodPy = Qu(A) = Quir(A) = L X, 1dPyiq (16.31)
Xnt1 J Xn+1
=| —————d(P,1 + =| —————d(P+
JA 1+ X (Prs1 + Qun) al+ X ( Q)
Since X, is F,-measurable and Z, := j fg(n € [0,1], we conclude that {Z,} is a non-

negative bounded martingale with respect to {F,,} on (Q, F, 3(P + Q)).
Theorem 15.1 shows Z, — Z, P + Q-a.s. Since z — ﬁ is continuous and increasing
on [0, 0] and thus invertible, this implies the convergence (16.29) with

X
7 =
1+ Xy

(P+ Q)-as. (16.32)

where the right-hand side is interpreted as 1 when X, = . Since { X,,dP = 1, Fatou’s
lemma shows X, € L'(Q, F, P) and thus

P(Xo =) =0 (16.33)

Passing to n — o0 in (16.31) using the Bounded Convergence Theorem in turn gives

Xoo
A) = d(P 16.34
Q) = | {35aP+Q) (1634
for all A € (J,5¢ Fu. This is an equality between two finite measures and so Dynkin’s
7t/ A-Theorem shows that equality holds for all A € F = o (|9 Fn)-

We now use the same argument as in the proof of the Radon-Nikodym Theorem/Lebes-
gue decomposition (Theorem 10.5): Integrate both sides of (16.34) against

Y = (1+ Xeo)lanix,<r} (16.35)

and move the integrals with respect to Q to the left hand side. Then pass to ¥ — o0 with
the help of the Monotone Convergence Theorem to get

Q(A N {Xop < 0}) = L X, dP (16.36)

where we also used (16.33). This now gives the claim. O

We note that this is again a differentiation result, but this time for measures: If {F,}
are generated by nested partitions of () that give access to all measurable sets, then the
ratios of Q and P on the elements of the partition — which is what the value of Ccll%:
will correspond to, converge a.s. both under P and Q. The set where the limit is finite is
where Q is absolutely continuous with respect to P. The set where the limit is infinite is

the singular part. (The remaining set is null under both P and Q.)
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16.4 Kakutani product theorem.

We will now use these ideas further to give necessary and sufficient conditions for abso-
lutely continuous of infinite product measures:

Theorem 16.4 (Kakutani product theorem) Let X = {Xy}iso and Y = {Yi}k=0 be se-
quences of independent random variables for which there exist non-negative measurable func-
tions { fy } k=0 such that

(That is, the law of Yy is absolutely continuous with respect to the law of Xy and fi is the
Radon-Nikodym derivative.) Let yx, resp., uy denote the distribution of { Xy }x=1, resp., {Yx k=1
on (RN, B(R)®N). Then

[TE(fF(X0Y?) >0 = py<px (16.38)
k=0

and .
[TE(FX)'?) =0 = py Lux (16.39)
k=0

where infinite product exists because, by Jensen, E( f(Xi)'/?) < /E(f(Xyx) = 1foreachk > 1.
In addition, we have

Vk=0: fr>0 = <yy L pUx e px < yy> (16.40)
so for positive fi's the laws ux and py are either equivalent or singular.

Proof. We will realize both random sequences as coordinate projections on Q := RN
with F := B(R)®N. Writing F,, for the events depending only on the coordinates up
to n, the Radon-Nikodym derivative of uy|z, with respect to py|z, is given by

n
M, = H Fi(Xp) (16.41)
k=0
Theorem 16.3 then gives
My — My = limglan (px + py)-as. (16.42)
with My, € L (ux) and
ny(A) = J Modpx + py (A N {My = o0}) (16.43)
A

forall A e o(J,so Fn) = F.
We are now ready to show (16.39). Indeed, Fatou’s lemma along with the product
structure of pux gives

JMoodyx < hgioglfJM;/ZdyX = ,}iggo}l_[oE(f(Xk)m) (16.44)
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and so vanishing infinite product implies M., = 0 yux-a.s. From (16.43) we get py L px.

The proof of (16.7) requires more work. We aim to show that M, — Mo, in L!(ux).
For this we pick € > 0 and use that the product converges and is over quantities in [0, 1]
to find ng > 1 such that

Vi > 0= ng: 1_[ E(f(X)V?) =1-¢ (16.45)
k=0+1
With the expectations relative to jx, we now observe that

E|M, — My| = E(|VM,, — VM|(vV My, + vVMy))

) 5\ 11/2 (16.46)
< |[E(IVMy = VM) E(V My + VM P)|
which with the help of (|a| + |b|)? < 24 + 2b? and the fact that E(Mj) = 1 gives
1/2
E|M, — M| <2[E(\\/Mn—\/m|2)] (16.47)

Next we use the explicit form (16.41) to get

E(IWM, — VM) = E<M ﬁ fe(Xi)? -

k=0+1

2
1 ) = E([W'2 - 1) (16.48)

where
n
= [ A (16.49)
k=/+1

and the second inequality follows from the independence of {X;}. We now use that
E(W) =1 to get

E(WY2-1]%) = E(W+1-2W"2) =2[1 - E(W"?)] (16.50)
Relying on W'/2 still having a product structure, the independence of {X;} along with
(16.46-16.50) show

n

/
E|M, — M| < 2V2 {1— I E(f(Xk)l/Z)]l 2 (16.51)

k=0+1

For n,¢ > ny, (16.45) shows that the right-hand side is less than 2v/2+/€, proving that
{M;} is Cauchy in L!(ux). Hence M,, — My, in L!(ux). Using (16.43) with A := Q we
then get uy(My, = 0) = 0 and so py < pix.

If all {fi} are strictly positive, then exchanging the roles of X and Y shows

HE )50 = py «<px (16.52)

where we used that fk_ is the Radon-Nikodym derivative of the law of X with respect
to the law of Y}. But

E(f(Yo) ™) = E(f(X)"V2f(Xk)) = E(f(Y0)'/?) (16.53)
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and so the premise of (16.52) is the same as that of (16.38). O

To see how the above criteria work, let { Xy} be Bernoulli(1/2) and let {Y;} be inde-
pendent {0, 1}-valued with P(Y; = 1) = 3 + ¢, for some ¢, with |e| < 1/2. Note that
for the Radon-Nikodym derivative we get

1+ 2¢y, ifa=1,
= 16.54
fila) {1—2ek, ifa=0, (1654)
and so 1
E(f(X0)'?) = 5 Wl +2e; +4/1— 2€k) =1—€l +o(ed) (16.55)

Theorem 16.4 then says that the laws of X and Y are mutually absolutely continuous if
Y1 €7 < o0 and singular otherwise.

Further reading: Durrett, Sections 4.2 and 4.3.3
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17. UNIFORMLY INTEGRABLE MARTINGALES

Having shown that martingales converge to an integrable random variable a.s., we recall
that they obey EM,, = EMj and ask whether M,, — M, a.s. implies EM,, = EM,. This
can be guaranteed in reasonable generality thanks to a concept that we develop here.

17.1 Uniform integrability.

We wish to articulate a condition that guarantees EX,, — EX from X,, — X a.s. Recall
that, for non-negative X, Fatou’s lemma gives liminf, ., EX,, > EX. If the inequality
is strict, “mass” somehow got lost to “infinity” from the measures i, (A) := E(14X,) in
the limit. Thus, to prevent this from happening, we need to assume that these measures
are tight. This is basically the content of:

Definition 17.1 (Uniform integrability) A family {X,: « € I} of real-valued random
variables is said to be uniformly integrable (UI) if

Ve >03Ke (0,00) Vael: E(|Xa|lgx,sk}) <€ (17.1)
That this does indeed imply tightness is shown in:
Lemma 17.2 Let {X,: a € I} be UI. Then
Ve>036>0VAeF: P(A)<d = Vael: E(|Xu|la) <€ (17.2)
Proof. Note that
E(|Xul1a) < E(|Xallx,/>Ky) + KP(A) (17.3)

so taking K so large that the first expectation is less than €/2, the right-hand side is less
than € once ¢ < €/ (2K). O

Before we start addressing the initial question, let us give examples of Ul families
and/or sufficient conditions for uniform integrability.

Lemma 17.3 If X € L! then {X} is UL

Proof. Dominated Convergence shows E(|X|1{x>k}) — 0as K — co. O

Lemma 17.4 Foralln e N, if Ao,..., An S L are UI, then so is Uk—o Ak In words, finite
unions of Ul families and, in particular, finite subsets of L* are UL

Proof. For each j = 0,...,n, let K; be such that E(|X|1{|X|>K],}) < eforall X € A;. The
constant K := max{Ky, ..., K} then does the same for all j = 0,. .., n uniformly. ]

Next we note Ul implies a uniform boundedness in L! via the bound
[ Xalh < K+ E(|Xal1qx,12ky) < K+e (17.4)

However, simple counterexamples show that infinite sequences with bounded L!-norm
need not be Ul Containment in a ball in L? for any p > 1 nonetheless sufficient:
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Lemma 17.5 Suppose that {X,: a € I} < L” for some p > 1. Then
sup [Xu|p <0 = {Xp:ael}isUl (17.5)

wael

Proof. By Chebyshev’s inequality

[ Xalp _ 1
E(|Xac‘]-{|Xﬂ\2K}) < Kp_l < WSD}?I) HX“HP‘ (176)
Now choose K exceeds ﬁ-th power of e T sup,_; || Xa||p- O

Another sufficient condition is domination by an L!-random variable:
Lemma 17.6 For any random variables {X,: a € I} and Y,

YeL' A (Vael:[Xe <Y) = {Xe:ael}isUI (17.7)

Proof. Since x — x1(,k; is non-decreasing on (0, 00) we have

E(|Xu|lqx,=k3) < E(IY1gy=k}) (17.8)
for all « € I. Dominated Convergence implies that the right-hand side is less than €
once K is sufficiently large. 0

Here is one useful way to produce Ul families of random variables:

Lemma 17.7 Let X € L. Then {E(X|G): G < F c-algebra} is UL

Proof. Fix € > 0 and let § > 0 be such that P(A) < ¢ implies E(|X|14) < €. (See
Lemmas 17.2-17.3.) Next choose K > 0 so that E|X| < KJ. Given a sigma algebra
G c F, abbreviate Y := E(X|G) and note

P(Y| > K) < ~E|Y| < LE|X]| < 6 (17.9)
K K
where we used that |Y|; < |X[; by Lemma 11.10. Then E(|X|1(y|>k}) < € and so
E([Y11gv=ky) < E(E(IX119)1qyi=x3) = E(IX[1qy=x) <€ (17.10)
where we used Lemma 11.10 to get the first inequality. U

We now return to the original question and show that UI indeed does the job:

Theorem 17.8  For any sequence { X, },>1 of random variables and any random variable X,
XHLX s X, -5 X A {X,,: ne N}is Ul (17.11)
Proof of “=". Suppose X, — X in L!. Then
P(|X,—X|>¢€) < %HXn—Xﬂl — 0 (17.12)

and so X, — X in probability. To get that {X},} is UI, we note that the bound
1Xu| < |X] + |X — Xy (17.13)
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implies
E(1Xu|lyx,=k3) < E[X = Xu| + E(IX[1(x,|>K})

E|IX — Xu| + E(IX11x12k/2y) + E(IX|L(x,-x=K/2})

Now fix € > 0 and let § > 0 be such that P(A) < ¢ implies E(|X|14) < €/3. Then find
ny = 0 so large that Vn > ng: | X — X,[l; < €/3. Then use Lemma 17.3 to set

<
B (17.14)

— : 1 . ,
Ki= max inf{K' > e/6: E(|X;{1{x,2x)) < €} (17.15)
Markov’s inequality then shows P(|X, — X| > K/2) < %e/K < 6 for n > ng and so
E(IX[1(x,—x|=k/2}) < €/3. Putting these together we get that E(|X,|1{x,/>k;) < € for
all n > 0, showing that the sequence is UL 0

Proof of “<”. assume that X, — X in probability with {X,} UL Then (??) shows
sup,-, [ Xx|1 and Fatou’s lemma gives X € L'. will first prove that X € L!. For that
we note that, by choosing a subsequence {1}, we can ensure X,, — X a.s. Fatou’s
Lemma gives us

E(IX[Lxi>xy) < liminf E(|Xu[1yx, |>K)) (17.16)

and so E(| X|1yx=k}) < € for K sufficiently large. A straightforward estimate now shows

that, since {X,,} is Ul and X € L!, then also {X,, — X} is UL Hence, for any0<e <K<
we have

E|Xy — X| < e + KP(e < | Xy — X| < K) + E(|Xu — X|1qx, _x|2K}) (17.17)

The third term on the right can be made less than € by choosing K sufficiently large.
Since X;;, — X in probability, the second term actually tends to zero as n — 0. The
L!-convergence follows. O

17.2 Lévy Forward Theorem.

Our next item of business is to apply the concept of uniform integrability to martingales.
Here is a consequence of Theorem 17.8:

Corollary 17.9  For sub/supermartingales {X, }, the following are equivalent:

(1) {X,}isUI
(2) X, converges a.s. and in L'
(3) X, converges in L

Proof. We have (2) = (3) trivially and (3) = (1) by Theorem 17.8. To show (1) = (2),
note {X, } Ulimplies sup, ., EX; < . So X;, — X, a.s. by the Martingale Convergence
Theorem. Uniform integrability then yields L! convergence as well. [

Next we observe that once a martingale converges in L!, it can be represented by
conditioning from the limiting random variable.
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Lemma 17.10 Let {M,, F,,} be a martingale.
M, — Myinl' < Vn=0: M, =E(My|Fy)as. (17.18)

n—oo

Both of these are equivalent to {M,,} being UL

Proof. By L'-convergence, E(M;ls) — E(Myla) as k — o for each A € F. On the
other hand, for A € F,, we have E(My14) = E(M,1,) for each k > n. Hence

AeF, = E(M,la)=E(Mylp). (17.19)
Since M, is F,-measurable, it serves as a version of E(My|F;). That (17.18) is also
equivalent to { M, } being UI follows from Corollary 17.9. O

We now take a different perspective and prove:

Theorem 17.11 (Lévy Forward Theorem) Let X € L! and let {F,} be a filtration. Denote

Fooi= a( g ]—"n>. (17.20)

n=1
Then
E(X|Fu) — E(X|F) as.andin L! (17.21)
n—

holds for any choice of versions of the conditional expectations.

Proof. Splitting X into the positive and negative parts, we may assume X > 0. Given a
choice of versions of the conditional expectations denote X,, := E(X|F;) and set

X 1= limsup X,,. (17.22)

n—oo

Since {X,,, F,} is a Ul martingale, we have X,, — X a.s. and in L!. We thus only have
to show that X, is a version of E(X|Fy).

First X, is F-measurable because X,, is JF;,-measurable and thus F,-measurable.
To prove the other defining property of conditional expectation, define measures

vi(A) := E(E(X|F)1a) and v3(A) := E(Xo14) (17.23)

on F. We claim that v; = 1, on (5 Fu. Indeed, A € F,, implies E(X;14) = E(Xy1a)
once k > n and thus, by L! convergence X, — Xy, also 12(A) := E(Xx1a) = E(X,14).
On the other hand, E(E(X|Fx)14) = E(X,14) by the “smaller-always-wins” principle
and thus 1, (A) = 11(A).

The class {A € F: v1(A) = 12(A)} is a A-system that contains the 7r-system [, Fu.
Thus it contains F, as well. It follows that X, = E(X|Fy) a.s. O

The Lévy Forward Theorem implies a zero-one law:
Corollary 17.12 (Lévy’s Zero-One Law) For any filtration {F,} and F, given by (17.20),
VAe Fp: E(1alFn) — la as. (17.24)
n—
Along similar lines we get a very elegant proof of:
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Theorem 17.13 (Kolmogorov’s Zero-One Law)  Let { Y} }x=0 be independent and denote
Tn=0(Yus1,Yasa,...) and T :=()Ty (17.25)
n=1

Then P is trivial on T, i.e.,
VAeT: P(A)e{0,1). (17.26)

Proof. Denote F;, := c(Y1,...,Yy). Then Fo, := 0(Y1,Ys,...). Since every A € T is
independent of every B € F,, we have E(14|F,) = P(A) a.s. But Corollary 17.12 and
T < Fo gives P(A) = E(14]|Fy) — 14 as.and so P(A) € {0,1} forall Ae T. O

17.3 Lévy Backward Theorem.

Applications naturally lead us to consider the behavior of E(X|F,) for decreasing se-
quences of c-algebras as well. These are typical examples of backward martingles which
are just martingales parametrized backwards in time. Here we get:

Theorem 17.14 (Lévy Backward Theorem) Let X € L! € (Q, F, P) and let {F,} be sub-o-
algebras of F such that Yn > 0: F, 1 < F,. Abbreviate

Foo =) Fu (17.27)
n=1
Then
E(X|Fu) — E(X|Fy),  as.&in L! (17.28)

holds for any choice of versions of the conditional expectations.

Proof. Abbreviate X,, := E(X|F;,). We need to temporarily reverse time to establish
convergence. Fix an integer N > 1 and denote

gn = ]:(an)\/O (1729)

and set
Y, := E(X|Gy) (17.30)

Since {G,} is a filtration, {Y,, G,} is a martingale. In particular, if U,[a,b] denotes the

number of completed upcrossings of [a,b] by {Y3,...,Y,}, then Doob’s Upcrossing In-

equality implies

EYy + el _ E|X|+1a
b—a ~ b-a

Next and let U, [a, b] denote the number of up-crossing of [—b, —a] by {—Xy, ..., —Xy}.

Then

EU,[a,b] < (17.31)

U, [a,b] < Uy[a,b] +1 (17.32)

and so sup,,- EU, [a,b] < 0. In particular,
Uw[a,b] := lim Up[a,b] < o0 as. (17.33)

n—
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and so { Xy} crosses [a, b] only finite number of times a.s. It follows that

Xy — Xy = limsup X, a.s. (17.34)
n—o0 n—00
The convergence also occurs in L! since {X,,} is UL
Our remaining task is to show that X, is a version of E(X|Fy,). First note that, thanks
to the definition using limes superior and the fact that n — F,, is decreasing, X, is J-
measurable for each n > 1. Hence it is also F,,-measurable. Next pick A € F,. Then
A € F, for each n > 0 and so we have

E(X1a) = E(E(X|Fi)1a) — E(Xula) (17.35)

by L!-convergence X, — X... Hence Xy, = E(X|Fy). O
As a bonus, we will give an elegant proof of the SLLN:

Proof of the Strong Law of Large Numbers. Suppose {X,} are i.i.d. with X; € L!. Set
Sp:=X1+4+ -+ X, and let 7, := 0(Sy, Sy, - - - ). We claim that

Vk=1,...,n:  E(XgFn) = E(X1|Fn) (17.36)

For this pick m > 0 and By, ..., By € B(R) and set A := ;"ZO{SH]' € B;}. Denoting the
distribution of (X, ..., Xy+m) as y, we have

E(Xxla) = f

Rﬂ+m

m
Xk H 1{x1+...+xn+jegj}y(dx1, o, dXym)

=0 (17.37)

m
B Jan+m X1 H 1{X1+---+xn+j€Bj}V(dx1""’dx”+m) = E(X114)
i=0

by the fact that i (being a product measure) is invariant under relabeling of the first
and k coordinates. Noting that the above product events form a 7r-system generating F,
while {A € F: E(X114) = E(Xy1a)} is a A-system, Dynkin’s 71/ A theorem gives that
E(X114) = E(Xk1a) holds for all A € F,,. Hence we get (17.36) by uniqueness of the
conditional expectation.

Summing (17.36) over k = 1,...,n yields

E(X1|Fu) = o (17.38)
and Lévy Backward Theorem (and the fact that F;, is non-increasing) gives
Sn
prled E(X1|Fw) (17.39)

ButY :=limsup,,_, % is tail measurable and thus a.s. constant, by Kolmogorov’s Zero-

One Law. Hence E(X1|F) is equal to its expectation, E(X1|F) = E(X7) a.s. It follows
that % — EXj as.and in L. O

The Lévy Backward Theorem is a great tool whenever we need to condition a family
of random variables on the c-algebra “at infinity.” This is useful in the theory of Gibbs
measures. We will see another application of this in the next lecture when we discuss
exchangeability.
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We finish with a remark on a simple corollary of both Lévy’s theorems. Observe that
one easily adjusts the proofs of Theorem 17.11, resp., Theorem 17.14 to show that for any
sequence {X,} (not necessarily adapted)

X, — X inL' = E(Xu|F,) — E(X|Fy) inL! (17.40)
n—00 n—o
However, as is easily checked by constructing a counterexample, this does not gener-
ally extend to a.s. convergence even if X, — X a.s. and in L!. The following sufficient
condition is useful and easy to prove:

Corollary 17.15 (Dominated convergence for conditional expectations) Let {F;} be ei-
ther increasing or decreasing sequence of o-algebras and let F, be either as in (17.20) or in (17.27)
accordingly. Then for any sequence {X, },=o of random variables,

X, — X as. A sup|X,leL! (17.41)
n—ao0 n>0
imply
E(Xn|Fn) = (X|F») as.and in L! (17.42)

Proof. Denote Z, := sup;., |Xy — X| and Y := sup,_, |Xy|. From X;, — X a.s. we get
Z, < 2Y a.s. and the assumptions give Z, € L'. For each n > 0, Theorem 17.11, resp.,
Theorem 17.14 gives

n<m
sup E(| X — X|| Fn) < E(Zu|Fn) — E(Z|Fy) as. (17.43)
k=m -

But X,, — X a.s. implies Z, | 0 a.s. and, by Z, < 2Y, also Z, — 0in L. Taking n — oo

on the right thus shows

lim sup ‘E(Xn\]-"n) — E(X|F)| < limsup E(|X, — X|| F) =0 as. (17.44)
n—oo n—0o0
Since E(X,|F,) — E(X|Fu) a.s. by above theorems, we get the claim. O

Further reading: Durrett, Sections 4.6-4.7
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18. EXCHANGEABILITY

Our next task is to explore further the property (17.36) that underpinned the backward-
martingale based proof of the SLLN. This leads to the concept of exchangeability that
has many interesting applications. A key discovery in this angle of research was done
by B. de Finetti whose name is now placed (rather generously) on many analogous state-
ments throughout probability.

18.1 Analyzing Pélya’s urn.

Let us return to Polya’s urn. We will focus on the situation where, initially, there are r
red and g green balls and at each time only one additional ball is added to the urn; i.e.,
b = 1. A run of the urn is described by random variables Z;, Z,, ..., where

Zj 1= 1{k-th sampled ball is red} (18.1)
Then R, = r+ Z1 + - - - + Zi. Let us compute the probability of a given run Zj, ..., Z,.
First we examine the special case
P(Zi=1,...,7Zk=1,Z441 =0,...,Z, = 0)
r r+k—-1 g g+n—k—-1
Cr+g r+gtk—1r+g+k T r+g+n—1 (18.2)
r(r+1)...(r+k—-1)-g(g+1)...(g+n—k+1)
- (r+g)(r+g+1)...(r+g+n—1)
However, looking at the structure of the expression we easily convince ourselves that

the same expression will be arrived at for any sequence of k ones and n — k zeros. For all
ay, ..., a, € {0,1} with 337" a; = k we will thus have

P((Zy,...,Zn) = (a1,...,an)) :P((Zl,...,Zn) =(1,...,1, 0,...,0 )) (18.3)

k-times  n — k-times

It follows that (Z1,Z, .. .) obeys the conditions in the following definition:
Definition 18.1 A finite permutation 7t is a bijection 71: N — IN such that
{ie N: 7t(i) # i} is finite (18.4)
We say that the random variables (X1, Xy, . .. ) are exchangeable if
(Xr1y X)) = (X1, Xa,...) (18.5)
holds for any finite permutation 7.

A particular consequence of the zero-one nature of the variables is that the compu-
tation of probability of a given run of zero’s and one’s conditioned on the total sum
reduces to purely combinatorial argument:

n -1 n
Nz = k) - (’;) it Ma=k (18.6)
i=1 i=1
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Reduction to the joint law of a finite number of Z;’s is easily obtained as well: If 1 <7 <
ip<--+<ipy<nanday,...,ay € {0,1} are such thata :=ay + - - - + a,, <k, then

an Z; = k) = <nk__7:> (18.7)

2

Now let us consider the limit n — oo. Abbreviating S, := Z; + --- + Z, and setting
Fun = 0(Sn, Sut1, ... ), the argument in (17.37) with the required “swap” symmetry of
the underlying distribution provided by exchangeability shows that

P<Zi1 :l?ll,...,Zim =y

% = E(Z1|Fu) as. (18.8)
The Backward Lévy Theorem then gives
Sn
Pl U:=E(Zi|F%) as. (18.9)

A calculation now shows that

(i-n) (ﬁ(k‘j))<m§1(”_k_j)> o K

(}) o "

j=0

With just tiny bit of work we find out that, from Sn—" — U a.s. we get

(5.%)
an | F) = 2n =8, e qpymee (18.11)

n n—0
Sn

forallm > 1and alla = 0,...,m. But the Backward Martingale Theorem implies that
the limit of the left-hand side is the conditional probability given Fy, := (),~; F» and so

P(Zi

I

:Ell,...,Z‘

m —

P(Zi1 :al,...,Z‘

Im

=ay | Fo) =U(1-U Hua u)t- (18.12)

In short, conditional on F, or even just o(U), the random variable (Z1,7Z,,...) are
Bernoulli(U). As only exchangeability was used throughout, we have proved:

Theorem 18.2 (de Finetti 1931) Suppose Z1, Z, . .. are exchangeable with values in {0, 1}.
Then there exist a random variable U taking values in [0,1] such that, conditional on U, the
random variables {Z;} are Bernoulli(U). In particular, if u denotes the distribution of U, then

P(leal,...,Zk:ak):fO” (du) Hu”l — )l (18.13)

holds for any k > 1 and any ay, . .., ay € {0,1}.
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In order to describe the full law, one has to find the distribution y in (18.13). This of
course depends on the particulars of the problem at hand. For the Pélya urn we get:

Lemma 18.3 Consider the Pélya urn with parameters r,g¢ > 1 and b = 1. Then U has
distribution

_ 1 r—1 _\81
p(du) = 1o (u)iB(r,g) u = (1—u)d " du (18.14)
where B(r,g) 1= %. In particular, U is uniform on [0,1] forr =1 =g.
Proof. Using (18.1-18.2) we get
Z 1 (r+k-1DNg+n—k—-1)!(n
P(},_Z;Zj_k> "~ B(r,9) (r+g+n—1)! <k> (18.15)

The right-hand side is written further as

1 (r‘_i(kﬂ))(%z(n—kﬂ))

]

—

B(r,g) = (18.16)
[T (n+)
j=1
The numerator and denominator can be estimated with the help of
¢ 2
vk CeN: (k+ 1)  <J[(k+j) < (k+1+6)" < (k+1)ler (18.17)

j=1
where we used that 1 +s < e® for all real s. Noting that therearer —1+g¢—-1=r+g—2

terms in the numerator while r + ¢ — 1 in the denominator, dividing both numerator and
denominator by (1 + 1) 78! shows that

" 11 k+1\"" k+1\57!
P(}.;Zj_k>_n+18(r,g)<<n+1> (1_n+1) fnk (18.18)

(r+8)? 2, &
e” it < g < e Fr1 T itk (18.19)

Summing the result for all k with k < na and using that u — u"~!(1 —u)&~! is continuous
to approximate the resulting sum by the Riemann integral gives

where

n 1 J«u/\l
P Zi<na| — w1 —u)¢du (18.20)
< J; ] ) n— B(r,g) Jo ( )
This shows that % 27:1 Zj % U with distribution in (18.14). ]

The case r = 1 = g is much simpler to deal with because (18.16) equals n%rl and so
Z;’Zl Z; is actually uniform on {0, 1,...,n} for eachn > 1.
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18.2 General de Finetti theorem of Hewitt and Savage.

Having resolved the special case of zero-one valued random variables, we can move
to general exchangeable families. Such families (not even necessarily indexed by natu-
rals) appear in many parts of science for the simple fact that, by the laws of nature or
as a feature of the problem, the random variables of interest do not come with a canon-
ical labeling. Any family of random variables whose labeling is arbitrary (read: can be
changed without affecting the result) is necessarily exchangeable.

A formal treatment of the general case will require some notation. Let X = {Xj },>( be
a sequence of random variables on a probability space (), F, P) taking values in (S, X).
For each n € N, let

I1, := {m: finite permutation A Vi > n: 7(i) =i} (18.21)
For any finite permutation 7, denote by X the sequence {Xy ;) }x=0- Recall that, by the

Doob-Dynkin lemma, every A € o(Xj, Xp,...) can be represented as A = X 1(B) =
{X € B} for some B € £®N. The phrase “{X}i=0 is exchangeable” then means

vBe=®NVre | JTI,: P(X € B) = P(X, € B) (18.22)
n=1
Define
Ep = {X*l(B): Bex®N A Vrell,: X;'(B) = X*l(B)} (18.23)

It is readily checked that &, is a c-algebra and that I, < I, implies &£,41 < &, for
all n = 0. The intersection
£:=)é& (18.24)
n=1
is also a o-algebra which we refer to as the c-algebra of exchangeable events associated
with {Xi}r=0. A key technical tool we already used a few times above is:

Lemma 18.4 Let { Xy }x>1 be an S-valued exchangeable sequence and let f: S — IR be a Borel
measurable function such that f(Xy) € L'. Then

n—oo

%Z f(Xy) — E(f(X1)|€) as.andinL! (18.25)
k=1

where & is the o-algebra exchangeable events associated with { Xy }x=1.

Proof. Let A € £,. Then A = X~ !(B) such that X;!(B) = X~!(B) for all 7 € II,.
Given C € %, (18.22) then shows

E(1xecyla) = E(lpxecylx-1m) = E(Lx,pectlxz1s) = E(Lix,qecyla)  (18.26)

Using additivity and Dominated Convergence, this gives E(f(X1)14) = E(f(X;1)14)
for all 7t € I'l, implying

Vk=1,...,n:  E(f(Xe)| &) = E(f(X1) | &) (18.27)
Using that S, := Y}_; f(Xy) is &,-measurable, we get 5 = E(f(X1)|E,) a.s. The claim
then follows from the Backward Lévy Theorem. ]
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For this setting, we now state:

Theorem 18.5 (de Finetti theorem, expectation version) Let {X,},>0 be exchangeable and
taking values in measurable space (S,%). Then for all k = 0 and all B, ..., By € %,

k k
E(Hl{xiegi} ‘ 5) = [ EQepylé)  as. (18.28)
i=0

Proof. Pick By, ..., By € ¥ and abbreviate A;; := {X; € B;}. Our aim is to show that
k
P(Al,l MM Ak,k ’ 5) = H P(A]'J’(c/‘) a.s. (18.29)

where we ease the notation by writing conditional probability for expectation of an in-
dicator. For this we pick n > k and write

k n
E<H<71121A;>i> 5”‘) - Z P(Arjiy 0o 0 Aki | En)
j=1 \" =1

1<iy,...jx<n
K L P(A A &
—O(;>+ﬁ Y P(Ayyn Ak &) as
1Sl’1,.‘.,l‘k<l/l
distinct

(18.30)

where we noted that the number of terms when at least one pair of indices coincide is

at most 11 (S) which is in turn at most ';—2 times n¥. The key point now is that, for any
distinctiy,..., iy <n

P(Al,il [ARERNA Ak,ik | 5;1) = P(Al,l [ARERNA Ak,k | 8n) a.s. (1831)

which is proved by integrating against any event from &, and invoking exchangeability
of {X}. It thus follows

(5

But >}i"; 14, is measurable with respect to &, and so

(G5 -AE)

j=1 \" =1

:HEGZ

i=

nk (n —k)!

2 |
5,1> - o(%) n iLP(AL1 Ao Al &) (1832)

(18.33)

k
> HP Ajr| &) a
j=

1
where in the last step we used that P(A;;|,) = P(A;1|€y) a.s. for all i < n by exchange-
ability. Summarizing, we have

k2 1 n!
Hp &) = o(f) T WWP(AM A0 Ak | E) ass. (18.34)
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Taking n — oo with the help of the Backward Lévy Theorem, we get (18.29). U

Notice that the above proof makes (Xj, ..., Xi) conditioned on &, behave as i.i.d. as
long as k = o(4/n) as n — oo. This is also the best we can hope for in general because the
sequence (Xj, ..., X,) could come from conditioning an i.i.d. sequence on its total sum
which suppresses fluctuations of that sum that would normally be at least order y/n. As
can be checked, the absence of these fluctuations will start to be visible once order /7 of
random variables are revealed.

An interesting question is what happens when the random variables { Xy}~ are al-
ready i.i.d. For this case we get:

Theorem 18.6 (Hewitt-Savage Zero-One Law) If { Xy }i>1 are i.i.d. then
VAe&: P(A)e{0,1} (18.35)

Proof. There is a proof that parallels the classical proof of Kolmogorov’s Zero-One Law
but we rather plug into the argument from the proof of Theorem 18.5. Indeed, thanks to
(18.33) and the Strong Law of Large Numbers

k n k " ‘
E < 11 (,11 > 1A,-,,-> &) =11 Cl > 1A],,.> — []P(4;1) as. (18.36)
j=1 i=1 =1 i—1 i1

where A € &,. Using this in (18.32) gives
k
P( (4
j=1

Since events of the form ﬂ;‘:l A;; generate Fi := 0(Xy,..., X), it follows that £ and F

are independent each k > 1. For each A € &, the Lévy Zero-One Law then shows
14 = limy_, o E(14|F%) = P(A) a.s. implying P(A) € {0,1}. O

A standard application of the Hewitt-Savage Zero-One Law is:

k
5) =[[P(A}n) as. (18.37)
j=1

Lemma 18.7 Let {Xy}r>o be i.id. real-valued and set S, := Xy + --- + X,,. Assume that
P(X;y # 0) > 0. Then exactly one of the following alternatives hold:

(1) S, —» was.

(2) S, —» —wa.s.

(3) liminfS,;, = —o© A limsup S, = +w as.

n—ao0 n—00

Proof. All three alternatives are £-measurable and so, by Theorem 18.6, each occurs
with probability one or zero. We claim that P(liminf, ., S, € R) = 0. Indeed, if not
then this probability is one and liminf, ., S, is constant a.s. Denoting that constant
by a, we then also have that liminf, (S, — X;) = a a.s. But this is impossible because
then 2 = Xj + a a.s. which contradicts that P(X; # 0) > 0. Similarly we prove that
P(limsup, , S, € R) = 0 thus giving us (3) unless either (1) or (2) occur. O

Another, albeit much simpler, application for sums of i.i.d. random variables is that

VaeR: P(S, =aio.)e{0,1} (18.38)
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again by the fact that {S,, = ai.0.} is an exchangeable event.

18.3 Extremal decomposition.

While Theorem 18.5 along with its proof contain the main ideas entering Theorem 18.2,
its formulation lacks the clarity and beauty of (18.13). This has been addressed by E. He-
witt and L.J. Savage in 1955 who provided a version of (18.13) for exchangeable random
variables taking values in a compact Hausdorff space. We will do the same for random
variables taking values in a standard Borel space.

Recall that, given a measurable space (2, %), we use M;(Z") to denote the set of
probability measures on (27, %). We endow M (2") with the minimal c-algebra

S = a({veMl(,%): v(B)e A}: Bey, AeB(]R)) (18.39)

that makes v — v(B) measurable for all B € X. Note that the Kolmogorov Extension
Theorem asserts that the product measure v®N exists for each v € M;(S). As is then
easily checked using the 77/ A-theorem, the map v — v®N(B) is then measurable (as a
map from (M;(S),S) — (R, B(R))) for all B e Z&N,

Theorem 18.8 (Hewitt and Savage 1955) Let {X,}n>0 be exchangeable random variables
taking values in a standard Borel space (S,X). Then there exists a unique probability measure Q
on (M(S),S) such that

VBeX®N: P((Xo,Xi,...)€B) = Jy@N(B) Q(dp) (18.40)

Proof. The fact that (S,X) is standard Borel ensures that there exists a conditional dis-
tribution of Xy given £. Explicitly, there exists a map px,: Q x £ — [0, 1] which is an
&-measurable function in the first component, a probability measure in the second com-
ponent and obeys

VBeX: x,(-B) = E(lixeny|€) as. (18.41)

In particular, w — pux,(w,-) is an M;(S)-valued random variable in the above sense.
Let Q be the distribution of this map on (M;(S),S). Taking expectation in (18.28) and
invoking the change of variables formula then shows

k k
P<]Q{Xj e Bj}> - jj_l_([)yxo(w, B;) P(dw)
k
~ [T1nE) Q) (18.2)
i=0

ZJV@N(BOX...XBWxe...)Q(dﬂ)

As this is equality between two measures, the standard argument based on Dynkin’s
7t/ A-theorem extends this to (18.40).
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In order to prove uniqueness, suppose that Q is a probability measure on (M;(S),S)
and let {X,},>0 be random variables such that (18.40) holds. (We think of these as re-
alized by coordinate projections on SN, so this is a statement about their distribution
on (SN,x®N)) Since product measures are exchangeable, so is {X,},>0. Given any
A € %, denote

1 n—1
Zn(A) = . D Lixen (18.43)
k=0

Writing E e~ for expectation with respect to u®N for any Ai,...,Ar € T and any
bounded measurable f: R — R, (18.40) gives

E(f(Zn(Al),...,Zn(Ak))> — JEP,@N (f(Zn(Al),...,Zn(Ak)))Q(dy) (18.44)

by a simple application of Tonelli’s theorem. Our aim now is to take n — o0 and produce
an identity that identifies Q uniquely.
Since { X, }n>0 are exchangeable under P, Lemma 18.4 shows

Z,(A) - Z(A) := E(1{x,eal€) P-as. (18.45)
For f: RF — R bounded and continuous the Bounded Convergence Theorem then gives

E(f(Zn(A1), .. .,Zn(Ak))) — E(f(Z(A1), N .,Z(Ak))) (18.46)

On the other hand, given any y € M;(S), the Strong Law of Large Numbers is in force
under the product measure y®N and so we get

Zy(A) — u(A) u®N-as. (18.47)

n—0o0

For f as above the Bounded Convergence Theorem turns this into

EH®N(f(Zn(A1),...,Zn(Ak))> — f((A), - 1(A) (18.48)

Invoking (18.46) and (18.48) along with the Bounded Convergence Theorem for the in-
tegral with respect to Q in (18.44) then shows that

E(F(Z(A1) 1, 2(A0) ) = [ Fr(A),-. 1(A0) QL) (18.49)

holds for all bounded continuous f: RF — RR. Taking limits of f to approximate indi-
cators of open sets in RF (which form a rt-system) and invoking Dynkin’s 7t/ A-theorem
then shows that (u(A1),...,u(Ax)) under Q is equidistributed to (Z(A1),...,Z(Ax))
under P, for any choice of k > 1 and any Ay,..., Ay € £. By Dynkin’s 7t/ A-theorem
again, this determines Q on (M;(S), S) uniquely. O

Corollary 18.9 Let (S,X) be a standard Borel space. Then the set of exchangeable probability
measures on (SN, ZON) is convex with extremal points being exactly the product measures. The
formula (18.40) gives an extremal decomposition of an exchangeable law.
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Proof. The invariance of exchangeability under convex combinations is immediate, so
all we have to prove is extremality of the product laws. Let u € M;(S) and there are
two exchangeable laws py, 0 on (SN, Z®N) and & € (0, 1) such that

uN = ap; + (1—a)ps (18.50)

The representation (18.40) shows that p; = {v®NQ;(dv), i = 1,2, for some probability
measures Q1 and Q; on (M;4(S),S). Hence,

UEN() = f VEN()Q(dv) (18.51)

for Q := aQq + (1 — &) Qy. But the left hand side also equals {v®N§,(dv) and so, by the
established uniqueness, Q = J,. As a € (0,1) implies Q1, Q> « Q, both Q; and Q; are
concentrated on {y}. Since they are also probability measures, we have Q1 = §, = Q>
proving that u®N is extremal. U

In their paper, E. Hewitt and L.J. Savage call a probability law on a SN presentable if
it takes the form (18.40); their theorem then says that every exchangeable law on (prod-
uct) standard Borel space is presentable. They asked whether the same is true without a
topological assumption on S. This was settled negatively in a 1979-paper of L.E. Dubins
and D.A. Freedman (Zeit. War. v. Geb, vol. 48, pages 115-132) where they give an ex-
ample of a probability measure on (IN, B(I)®N), with I := [0, 1], which is exchangeable
but not presentable.

Extremal decompositions of the kind (18.40) appear and are useful in other parts of
probability. We will encounter one example in ergodic theory; another setting where this
shows up is the theory of Gibbs measures.
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19. LP-MARTINGALES AND SOME INEQUALITIES

We will wrap up the subject of martingales by noting some technical facts about mar-
tingales that are quite useful in applications. Specifically, we will study convergence of
martingales in L? using maximal inequalities, prove Doob’s decomposition and study
square-integrable martingales with the help of their bracket process. Finally, we prove a
very useful concentration inequality.

19.1 LP-martingales.

We start by a simple consequence of the inequality we proved in Lemma 16.2 in prepa-
ration for an maximum-inequality based proof of martingale convergence:

Corollary 19.1 (Doob’s maximal inequality) Let {X,},>0 be a non-negative submartingale
with sup,,- | Xul1 < 0. Set

X, = sup X, (19.1)
n=0
Then
1
VA>0: P(X.>A)<—sup|Xur (19.2)
A n=0

In particular, X, < o0 a.s.

Proof. Doob’s maximal inequality from Lemma 16.2 gives

AP(OIQ% X; > A) < E(an{max()sjgn x> A}) (19.3)
Bounding the expectation by | Xy, the left hand side is dominated by sup, ., | Xu |1
uniformly in n. The claim follows by taking n — oo. O

The statement (19.2) can be thought of as a version of the “weak—Ll—inequality” from
analysis. Note that we similarly have | X, | < sup,, - | Xu |« and so we have good control
of X, in L and (so called) weak-L!-space. Calling upon the Marcinkiewicz interpolation
theory, such estimates often upgrade to a strong-L?-inequality for any p € (1,0), and
this is the case here as well:

Theorem 19.2 (Doob’s LP-inequality) Let p € (1,00) and let {X,},>0 be a non-negative
submartinagle such that sup,, -, | Xu|, < co. Define X, as in (19.1). Then

Xy < (755) sup 1%l (1949)
nz

In particular, X, € LP.

Proof. Abbreviate Z,, := maXxogj<, X;. For each A > 0, (19.3) reads

P(Zy > A) < ~E(Xal(z,-0}) (19.5)

> -
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Now multiply both sides by pA?~! and integrate to get

0
E(ZD) = f pAP=IP(Z, > A)dA

0

> . B (19.6)
<] PV RE( g )an = P Bz

0 —

where the equalities are obtained by swapping the integral with respect to A with the
expectation using Tonelli’s theorem. Letting g be such that p~! + 47! = 1, next we apply
Holder’s inequality under the expectation to get

p P 9(p—1)y11/4
E(Zy) < p—1 1 Xl [E(Zn )] (19.7)
Noting that q(p — 1) = p this reduces to
4
[ max Xy |, <~ Xuly (19.8)

Bounding the right-hand side by sup, _ | X|,, we now take n — oo with the help of the
Monotone Convergence Theorem on the left to get the desired statement. O

The above has been phrased for non-negative submartingales as this is what makes
the proofs easiest to write. Noting that the absolute value of a martingale is a non-
negative submartingale, we thus get:

Corollary 19.3 Let p > 1 and let {M,} be a martingale or a non-negative submartingale such
that sup,, o | M|, < 0. Then My — My := liminf, oo My, a.s. and in LP.

Proof. The assumptions give sup, ., [Ma[1 < o and so M;, — My a.s. by Theorem 15.1.
But [M,| < M, := sup,_,|M,| with M, € L? by (19.4) (or [M.|lx < sup,-q |[|Mnlw
when p = o) and, since also |[My| < M, a.s. and thus |M,, — M| < 2M, a.s., Dominated
Convergence tells us |[M, — M|, — 0 proving M,, — My, in L?. O

Notice that the previous statement blatantly fails if p = 1 because sup, ., [ M| < oo

does not imply L!-convergence. To get M,, — M, in L! one needs that {M,,} is Ul which
is weaker than M, € L.

19.2 Square integrable martingales.

The case of LP-martingales with p = 2 is special because L? is a Hilbert space. This
allows us to state the following:

Lemma 19.4 Let {X,} be an L?>-martingale (i.e., such that X, € L? for all n > 0) with respect
to filtration {F,}. Then

Vk<tl<m<n: E((Xn—Xu)(Xe—Xx)| Fr) =0as. (19.9)
and, in particular, the increments of X are orthogonal. Moreover,
Vk<n: E(X3|F) = X;+E((Xy — Xe)?| Fr) (19.10)

and so E(X3) = E(X2) + E((Xy — Xk)?).
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Proof. The first property is immediate by inserting conditioning on ¥, and noting that
E(Xy — Xm|Fm) = 0 by the fact that X is a martingale. The second property follows by
writing
2
X2 = (X + (Xn— Xp))" = X7 +2Xe (X — Xi) + (X — Xg)? (19.11)
and taking the conditional expectation given Fj with the help of (19.9). U

The property (19.10) reflects on {X2} being a submartingale but has another interest-
ing consequence: Suppose that {M,,} is a process such that

My =M1 =Xz — Xz 1 — E((Xy — Xp—1)* | Fu1) (19.12)
Then (19.10) implies E(M,, — M;,_1|F,—1) = 0 and so {M,} is a martingale! Summing
both sides and setting M := X3 it is easy to check that

n
M, = X5 = > E((Xe = Xi1)? | Fie1) (19.13)
=1

We will introduce a special notation:

Definition 19.5 (Bracket process) Given an Lz—martingale { Xy }n>0, its bracket process
{{X)n}n>0 is a stochastic process defined by

n

(Xom =Y E((Xk = X¢-1)?| F-1) (19.14)
k=1
with (X)o := 0. (All choices of versions of conditional expectations lead to the same

random variable, modulo changes on a null set.)

The notation for the process is taken from its counterpart in stochastic analysis where
it also referred to as the quadratic variation process. The following summarizes the im-
portant properties of the bracket process:

Lemma 19.6 For any L?-martingale {X,},>0, the bracket process {{X)y}n=0 is predictable
and a.s. non-decreasing. The process { X2 — (X, )}n=0 is a martingale.

Proof. The properties follows from the fact that only J,_;-measurable and a.s. non-
negative quantities appear on the right of (19.14). That {X2 — (X,;)},>0 is a martingale
reduces to the calculation after (19.12). O

The bracket process is thus a predictable “compensator” that makes the submartin-
gale {X2} into a martingale. Such a process actually exists in large generality:

Theorem 19.7 (Doob decomposition) Let {F,} be a filtration and {X,} an adapted process
with X, € L! for every n > 0. Then there is a (a.s.) unique martingale {M,,, F,} and an (a.s.)
unique predictable process { A, } such that

Ag:=0 A Vn=0:X,=M,+ A, (19.15)

for each n. Moreover, if {X,,, Fy} is a submartingale, resp., supermartingale then {A,} is non-
decreasing, resp., nonincreasing a.s.
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Proof. We use the same argument as above. Define {A,},>0 by Ap := 0 and, recursively,
Apyr1:= An + E(Xn+1 - Xn|]:n) (19.16)

An induction argument verifies that {A,} is predictable with A, € L! for each n > 0.
Setting M,, := X,, — A, yields an adapted process with

E(MH-H - Mﬂ‘}_ﬂ) = E(Xn—i-l - Xn‘fn) - (An-H - Aﬂ) =0 (19-17)

and so {M,,, F,,} is a martingale. If {X,,} is a submartingale, then A, 11 > A, (and simi-
larly for {X,,} being a supermartingale.)

To show uniqueness, assume that {M},} is a martingale and {A},} a predictable process
such that A, = 0 and X,, = M), + A}, for eachn > 0. Then M;, := M, — M, = A}, — A,
shows that {M,, — M} is a predictable martingale. But then M, ., = E(M;, ;|F,) = M},
a.s. for each n > 0 implying M;, = Mj = 0 a.s. for each n > 0. O

For discrete-time processes, the Doob decomposition is merely a convenient rewrite.
However, its counterpart for continuous-time submartingales (called “Doob-Mayer de-
composition”) is highly non-trivial. An important consequence of the decomposition for
square integrable martingales is that

T stopping time = Vn > 0: (Mr..)n = (M)Trn (19.18)
and that
(Mo = lim (M), (19.19)
n—

always exists, albeit possibly taking an infinite value. The random variable (M), can be
used to control moments of the maximal function:

Theorem 19.8 Given an L?>-martingale {M,}., let M, be its maximal function and (M) its
bracket process. Assuming also My = 0 a.s.,

E(M2) <4sup E(M}) < 4E((M)w) (19.20)
n=0
and
Vae (0,1): E(M¥)< %E(<M>go) (19.21)

Proof. For (19.20) we observe that Doob’s inequality in the form (19.8) gives
E(max|M,|?) < 4E(M2) = 4((M)y) (19.22)
k<n
where we used that {M2 — (M), } is a martingale vanishing at n = 0. Taking n — o0 on

both sides using the Monotone Convergence Theorem yields (19.20).
For (19.21) pick A > 0 and denote

T :=inf{n > 0: (M), > A*} (19.23)
The predictability of (M) ensures that T is a stopping time. Note that then
P(T < @) = P({M)e > A?) (19.24)
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Using T to define a stopped martingale {Mr,,}, Doob’s inequality along with the fact

that {M% — (M)} is a martingale and (M)r ., < A% in turn gives
1 2

P(max|Mr .| > A) < —E(M%,,)
k<n Alz " ) (19.25)
= 2 E((M)1n) < ZE((M)os 1 A7)

Hence we get

P(M. > A) < P(T < ) + P(sup [Mr,x| > A)
k=0

1 (19.26)
< P((M)o > A%) + 2 E((M)os A A?%)

We now multiply both sides by 2aA?*~! and integrate over A € R;. On the left this
produces E(M?2%). On the right we get two integrals, the first of which is

J B 2aA* 1P ((M)os > A?)dA =5 JOO at" 'P((M)o > t)dt = E((M)%)  (19.27)
0 0

The second integral is treated as

0 1 0 A2
f 2002 S E (M 4 A?)dA = 20 f A3 f P((Mep > £)dt |dA
0 0 0

— 0 0 2a—3 (19.28)
zafo (Jw A dA) P((My > t)dt
B 2 EaZa L ta_lp(<M>oo > t)dt = %E«MX&;)

where we used Tonelli’s theorem to exchange the two integrals and then integrated us-
ing that 24 — 3 < —1. Putting (19.27-19.28) together we then get (19.21). O

We remark that the inequalities (19.20-19.21) are precursors of Burkholder-Davis-Gundy
inequalities in stochastic analysis where, for continuous-time process, one can squeeze
E(M?") by upper and lower bounds using E({(M)? ) with universal (positive and finite
constants). For discrete time processes, these bounds hold as well albeit with (M),
replaced by the quadratic variation process,

Qoo == Y (Mg — My_1)? (19.29)
k=1

which for continuous martingales (indexed by continuous time) can be related to (M)
by way of refinements of discrete-time approximations.

19.3 Some applications.

The conclusions for the maximal function in Theorem 19.8 have a number of interesting
consequences. We start with:
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Corollary 19.9 Let {M,} be a square integrable martingale and let {{(M),} denote its bracket
process. Set My, := limsup, M. Then

M| <00 A My — My as.on {{M)y, < 0} (19.30)
n—

Proof. Fix A > 0 and recall the definition (19.23). For the stopped martingale {Mr,,}
we have (Mr,.), = (M)A, < A? and so (19.20) gives (Mr,.)* € Ll It follows that
{MTAn} is Ul and so lim;,,_,oc M1, exists in R a.s. But that means that M,, — M
with |My| < o0 a.s. on {T = o0} = {{M)y, < A?}. Taking a union over A € IN, the same
holds on {{(M),, < ©0}. O

To see why Corollary 19.9 is useful, let us use it to generalize the Borel-Cantelli lem-
mas (Lemmas 2.5-2.6):

Lemma 19.10 (Lévy’s extension of Borel-Cantelli lemmas) Let {Ag}x=1 be a sequence of
events and { Fi }x=o a filtration such that Vk > 1: Ay € F. Then

o0 e}
Z 14, <0 as.on { Z P(Ax|Fr1) < oo} (19.31)
k=1 k=1
and
e} 0
Y 1a = as.on { D P(A| Fier) } (19.32)
k=1 k=1
Proof. Denote
n
M, =) [1a, — P(Al Fi1)] (19.33)
k=1

Then {M, } is a martingale with bounded increments and, in particular, is a square inte-
grable martingale. For the bracket process we get

n

(Myy = > [P(Ax|Fie1) — P(Ax| Fier)?] 2 (AxlFi1) (19.34)
k=1 =1

It follows that (M), < o on {}};5 P(Ax|Fs—1) < }. On the latter event {M,} con-
verges and so sup, ., |[My| < o0 a.s. which implies > -, 14, < o a.s., proving (19.31).
For (19.32), given any A > 0 denote

n
N, := inf{n >0: ) 1y, > A} (19.35)
k=1
Since {1,4,} is adapted to {F}, this is a stopping time. Moreover, the fact that the in-
crements of M are bounded by 1 shows My, ,» < A + 1 a.s. Theorem 15.1 then asserts
a.s.-existence and finiteness of lim, oo M, nn a.s. On {3, P(A¢|Fi) = oo} the limit
can be finite only if N) < oo. Hence we must have >}, _; 14, > A foreach A > 0 a.s. on
{> k=1 P(Ak|Fk) = o} proving (19.32). O

We can strengthen Corollary 19.9 as follows:
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Theorem 19.11 (Strong law for martingales) Let {M,} be an L?>-martingale. We then have

M
<M§n — 0Oas.on {{M)y, = 0} (19.36)
Proof. Abbreviate A, := (M), and set X := ((1+ A)~!1- M); i.e,
n
1
X, = ;1 A (Mg — Mi_1) (19.37)

Since 1 + Ay > 1, the summands on the right are in L'and Xisa martingale. Moreover,
using that A is predictable we get

1
E((Xx — Xi1)? | Fi1) = ———5E((Myx — My_1)? | Fi_
(X — Xi—1)? | Fr1) (1+Ak)2((k k1) | Fie1)
_ A= Axa _ Ax — Ar1)
(1+Ap)? ~ (1T+ A (1 + Axa)
1 1
14+ A1 1+ Ax
Summing the right-hand side on k > 1 gives 1 and so (X),, < 1. Corollary 19.9
gives X,; — 0 a.s. But then Kronecker’s lemma (Lemma 2.14) implies

(19.38)

Mn - MO .
which now readily gives the claim. U

Using the previous lemma one can show that the series on the right of (19.32) diverges
at exactly the same rate as the series on the right-diverges; namely:

Corollary 19.12  For events {By} and filtration { Fy} such that Vk = 1: By € Fy, we have
n
Z La,
k=1

n
> P(Akl Fir)
k=1

— 1 as.on { Z P(Ax|Frq) = oo} (19.40)

n—oo

Proof. Assume that };° ; P(A¢|Fx_1) = o and let M, be the martingale (19.33). On
the event {{(M),, < o} we get M, < o0 a.s. and so the two sums constituting M,
have to grow at the same rate. On {{(M),, = o} we in turn get M,,/(M), — 0 from
Theorem 19.11 and the same argument applies as well. O

We note that for independent events, convergence in probability in (19.40) is readily
shown by way of Chebyshev’ inequality.
Another consequence of Corollary 19.9 comes in:

Lemma 19.13 Consider the Galton-Watson process {Sy }n>0 with So = 1 and off-spring dis-
tribution {p(n)}n=o. Suppose that y = Y, kp(k) > 1and Y., k*p(k) < co. Then there
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exists a random variable Z € L2 with

E(Z)=1 and E(Z?) = _ < > p(k) - ;ﬂ) (19.41)
pp-D\ 5
such that
Sup™" — Z as.andin L? (19.42)

Proof. Write 0% := >}, k*p(k) — y*>. We know that M, := S,u~" is a martingale
with EMp = 1. Using that Sy conditioned on Fj_; equals the sum of Sx_; independent

random variables with variance 02, we get

E((Mg — My_1)* | Fi—1) = Var(M|Fi_1)

19.43
= y‘szar(Sk|]-"k,1) = cTZSk,ly_Zk ( )

Hence,
(Mo = 0?2 > %5, (19.44)
k=0
Since E(S;) = u* and p > 1, the Monotone Convergence Theorem gives E({(M)y) < o
and so M, € L%. Hence, M, — Z := lim sup,_,., M, a.s. and in L2. The claim follows
from E(Z) = limy_. E(My,) = E(Mp) = 1and E(M2) = E((M),) — E((M)w). g
An interesting consequence of the fractional-moment bound (19.21) comes in the fol-
lowing addition to the statements in Theorem 14.11:

Corollary 19.14 (A Wald’s-type equation) Let { Xy }x>1 be i.i.d. with X1 € L? and EX; = 0.
Set S, = X1+ -+ + X,, and denote F,, := 0 (X, ..., Xy). Then for any stopping time T for
the filtration {F,},

TelL/? = SrelL' A ESt=0 (19.45)

Proof. Under the assumptions {S,} is an L>-martingale with (S), = E(X?)n. It follows
that M, := Sr,., is an L?>-martingale with (M), = E(X%)(T A n) and, in particular,
(M), = E(X?)T. The condition E(T'/?) < o thus gives E((M)Y/?) < oo which by
(19.21) implies M, € L'. Since T < o a.s. implies S., — St and |St| < M, as., we
get St e L' and St ., — St in L!. The claim follows from E(St,,) = ESy = 0. O

19.4 Azuma-Hoeffding inequality.

The above estimates control the moments of martingales. One can do even better if the
martingale has bounded increments:

Theorem 19.15 (Azuma-Hoeffding inequality) Let {M,} be a submartingale with My = 0
such that, for some non-random sequence {cy} of non-negative numbers,

Vk=1,...,n: |Mg— Mi_1| <cgas. (19.46)
Then 5
1 A
VA=0: P(M,>A)<exps—=—=i— - (19.47)
(M, { 2% }

Preliminary version (subject to change anytime!) Typeset: April 7, 2025



137 MATH 275B notes

Proof. The proof is based on the following inequality
Vte RVye[—c,c]: e < cosh(tc)+ % sinh(tc) (19.48)

This follows from the fact that the right-hand side can be written as

y . _ tc€ €Y
cosh(tc) + . sinh(tc) = e r +e F (19.49)
Under the condition |y| < ¢, both %y and 5./ are non-negative and they add up to one.

So, by the convexity of the exponential, the right-hand side is at most the exponential of

cty ,c-y _
tc F tc T ty (19.50)
and so we get (19.48).
To see how (19.48) implies the desired claim, consider the random variable e'™" for
any t > 0. Since M,, is bounded, this is integrable and so
E(eth) _ E(eth_lg(et(Mer—l),]:k)) (19.51)
But (19.48) ensures that
1
E(et(Mk*Mkfl)‘J—'.k) < COSh(tCk) + ? sinh(tck)E(Mk — Mk—1|fk) (1952)
k

and this is equal to cosh(tcy) for martingales and > cosh(tck) for submartingales since
t > 0. Hence, using induction,

n
Vt>0: E(e™r) < Hcosh(tck) (19.53)
k=1

But x — log cosh(x) is symmetric, zero at x = 0 and with a decreasing third derivative
and so log cosh(x) < 3x%. It follows that

2 n

E(e™) < exp{% Y& t=0 (19.54)
k=1
Now use the exponential Chebyshev inequality to write
¥t>0: P(M,>A) <e "E(e™) (19.55)

Plugging the above bound and minimizing over t shows that the optimal value to use is
t := A(D_; ¢?)~L. Doing so yields the desired inequality. a
Several generalizations exists that permit relaxing the strict boundedness require-
ment. However, none is such that it would simply permit to drop the boundedness
altogether and replace Y}, c? by the expectation of M2.
For submartingales, one gets the bound on the upper tail of M,,. For martingales, the
symmetry yields two-sided control:

1 A?
P(IMa| > A) < 2exp{—2w}. (19.56)
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In particular, a typical value of M, will be at most order 4/>;_; c7. Bounds of this form
belong to the area of concentration of measure.

Further reading: Durrett, Sections 4.4 and 4.5
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