MATH275C: HW#2
Due Mon Apr 21

This homework practices the concepts of measure-preserving transformation (m.p.t.) and ergod-
icity. Problem 3 connects to the subject via the assumption made in Problem 4.

Problem 1: Let (2°,G, 1, ¢) beam.p.s. and set . := {Ae G: ¢~ 1(A) = A}. Let (S, %)
be a measurable space. Given a measurable f: 2" — S such that f o ¢ = f p-a.e., prove
that there exists g such that f = g p-a.e. and g is .#-measurable.

Hint: First think of an argument for (S,X) := (R, B(R))

Problem 2: Let y be a finite measure on (:2°,G) and let ¢: 2" — 2" be a bimesurably
invertible map. Given A € G such that y(A) > 0, define G4 := {AnB: B € G} and
#a(B) := u(An B)andlet 94: A — A be defined by

(%) (x), ifng(x) <o
pa) o [P, i <
X, ifng(x) =00
where 114 (x) := inf{n > 1: ¢"(x) € A}. Prove the following:
(1) ¢ is G-measurable = ¢4 is G4-measurable

(2) pmp.t.on(2,G,u) = @amp.t.on (A, Ga, ua)
(3) ¢ ergodic with respect to u = ¢4 ergodic with respect to i 4

Problem 3: Let y be a finite measure on (27, G). Prove that {y(A): A € G} is a closed
subset of [0, 1£(2")]. Note that, for  non-atomic, which means that each A € G,

#(A)>0 = 3BeG: BSC A A0<pu(B) <u(A)

we have {y(A): A € G} = [0,u(Z)]. Conclude also that each non-atomic finite mea-
sure y has the property

VAeGVOe[0,1]3BeG: B A A u(B) =0u(A)

i.e., we can split A measurably into two parts with given proportions of total mass.

Problem 4: Let (2, G, i, ¢) be an ergodic m.p.s. with y(2") < oo. Assume that
{n(A): AcGy=[0,u(2)]
Prove that for each € > 0 and m > 1 there exists B € G such that
B,¢ Y(B),...,¢ ™ (B) are disjoint

and

m—1

y(,%”\ U qok(B)> <e€

k=0
Note: This is usually presented under the assumption that y is non-atomic. However,
Problem 3 is not needed in either version. It was assigned for its independent interest.




