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Independence & product measures
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Definition
We say that events A and B are independent if PpAX Bq “ PpAqPpBq.

Motivation: Conditional probability PpA|Bq :“ PpAXBq
PpBq gives PpA|Bq “ PpAq

Lemma
If A and B are independent then so are the events A and Bc (and thus also Ac and Bc).

Proof : Assume A and B to be independent. Then

PpAc X Bq “ PpBq ´ PpAX Bq
“ PpBq ´ PpAqPpBq “

“

1´ PpAq
‰

PpBq “ PpAcqPpBq



Multiple events 3

For more than two events the above gives only pairwise independence. For
full independence more conditions are needed:

Definition
We say that events tAα : α P Iu are independent if

@J Ď I : J finite ñ P
ˆ

č

αPJ

Aα

˙

“
ź

αPJ

PpAαq

Example: Three events A1, A2 and A3 are independent if

PpA1 XA2q “ PpA1qPpA2q

PpA1 XA3q “ PpA1qPpA3q

PpA2 XA3q “ PpA2qPpA3qand

PpA1 XA2 XA3q “ PpA1qPpA2qPpA3q



Example & counterexample 4

Example: Let Ω :“ t0, 1un and for ω “ pω1, . . . , ωnq P Ω set Xipωq :“ ωi. Take
P to be uniform on Ω. Then

P
`

X1 “ a1, . . . , Xn “ anq “
1
2n

for all pa1, . . . , anq P Ω. Hence the events A1, . . . , An defined by

Ai :“ tXi “ aiu i “ 1, . . . , n
are independent.

Counterexample: The events

B1 :“ tX1 ‰ X2u, B2 :“ tX2 ‰ X3u, B3 :“ tX3 ‰ X1u

are pairwise independent because PpBiq “ 1{2 for i “ 1, 2, 3, and

PpB1 X B2q “ 1{4 “ PpB1qPpB2q etc

but not independent because B1 X B2 X B3 “ H so

PpB1 X B2 X B3q “ 0 ‰ PpB1qPpB2qPpB3q



Independent random variables and σ-algebras 5

Definition
Random variables tXα : α P Iu, defined over the same probability space,
with Xα taking values in pΣα,Gαq, are independent if for all tBαuαPI such that
@α P I : Bα P Gα, the events

 

tXα P Bαu : α P I
(

are independent.

Definition
σ-algebras tGα : α P Iu are independent if for all tAαuαPI such that
@α P I : Aα P Gα the events tAα : α P Iu are independent.

Note: In all cases, suffices to check factorization for all finite subcollections.
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Lemma
tXα : α P Iu independent ô tσpXαq : α P Iu independent

Proof : σpXαq “ ttXα P Bu : B P Gαu

Lemma
Let tXα : α P Iu be random variables on pΩ,F , Pq and tFα : α P Iu sub-σ-algebras
of F such that @α P I : Xα is Fα-measurable. Then

tFα : α P Iu independent ñ tXα : α P Iu independent

Proof : @α P I : σpXαq Ď Fα

Example: Suppose that tYn,k : n ě 1 ^ k “ 1, . . . , mnu be independent random
variables and, for each n ě 1, let hn : Rmn Ñ R be a Borel function. Claim:

 

hnpYn,1, . . . , Yn,mnq : n ě 1
(

are independent

Need that tσpYn,1, . . . , Yn,mnq : n ě 1u are independent. For that we show . . .



Independence of generating π-systems suffices 7

Lemma
Let pΩ,F , Pq be a probability space and, for each α P I, let Aα Ď F be a π-system.
Then

tAα : α P Iu independent ñ tσpAαq : α P Iu independent

Proof : Suffices to prove for I finite, I “ t1, . . . , nu. As Ω P Aα, it suffices to
check factorization for n-tuples of events. For J :“ t2, . . . , nu set

A1 :“
"

č

iPJ

Ai : p@i P J : Ai P Aiq

*

Now, given any A P A1, check that

LA :“
 

B P F : PpBXAq “ PpBqPpAq
(

is a λ-system

As A1 Ď LA by assumption, Dynkin’s π{λ-theorem gives σpA1q Ď LA. Hence,
σpA1q is independent of A1. Induction: tσpAiq : i “ 1, . . . , nu independent.

Note: LA closed under disjoint unions but not necessarily under all unions.
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Corollary

Let tGα,β : α P I ^ β P Jαu be independent. Then so are tσp
Ť

βPJα
Gα,βq : α P Iu.

Proof : Each

Aα :“
"

č

βPJ

Aα,β : J Ď Jα finite ^ @α P J : Aα,β P Gα,β

*

is a π-system with σpAαq Ě σp
Ť

βPJα
Gα,βq.

Back to example: Since each Xn :“ hnpYn,1, . . . , Yn,mnq is σpYn,1, . . . , Yn,mnq

measurable. The independence of tYn,k : n ě 1 ^ k “ 1, . . . , mnu implies that
tXn : n ě 1u are independent.
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Corollary

Let X1, . . . , Xn be random variables such that, for all b1, . . . , bn P R,

P
`

X1 ď b1, . . . , Xn ď bnq “

n
ź

i“1

PpXi ď biq

Then X1, . . . , Xn are independent.

Proof : Each Ai :“ ttXi ď biu : bi P Ru is a π-system with A1, . . . ,An
independent (using monotone limits for bi “ ˘8). Since σpAiq “ σpXiq, also
X1, . . . , Xn are independent.

Note: Suffices to consider b P Q.



Consequence for distribution 10

By Corollary, R-valued r.v.’s are independent iff their joint CDF is the product
of individual CDFs. For their distribution we get:

Lemma
Given R-valued random variables X1, . . . , Xn, write µXipAq :“ PpXi P Aq for the
distribution of Xi and µXpBq :“ PppX1, . . . , Xnq P Bq for the distribution of the
random vector X :“ pX1, . . . , Xnq. Then X1, . . . , Xn are independent if and only if

@A1, . . . , An P BpRq : µXpA1 ˆ ¨ ¨ ¨ ˆAnq “

n
ź

i“1

µXipAiq

Note: We want to call µX with such a property a product measure

Q: For what µXi does such a measure exist? And is it unique?

Q: What σ-algebra is µX defined on?
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Definition
Let tpΩi,Fiquq

n
i“1 be measureable spaces. Their product space is the

measurable space pΩ,Fq such that Ω :“
Śn

i“1 Ωi and product σ-algebra

F :“ σ

ˆ

!

n
ą

i“1

Ai : p@i “ 1, . . . , n : Ai P Fiq
)

˙

Notation: F :“ F1 b ¨ ¨ ¨ bFn or F :“
Ân

i“1 Fi

Note: F is the smallest σ-algebra generated by “rectangles”

Note: If Xi is a random variable on pΩi,Fiq, then we can realize it in the
product space as

X̃ipωq :“ Xipωiq

for ω “ pω1, . . . , ωnq.



Product measure 12

Theorem
Let tpΩi,Fi, µiquq

n
i“1 be measure spaces (with µi possibly infinite) and set

Ω :“
n

ą

i“1

Ωi and F :“
n
â

i“1
Fi

Then there exists a measure µ on pΩ,Fq such that

µ

ˆ n
ą

i“1

Ai

˙

“

n
ź

i“1

µipAiq

holds for all A1, . . . , An with @i “ 1, . . . , n : Ai P Fi. Moreover, if µ1, . . . , µn are all
σ-finite, then µ is unique with this property.

Definition
In the uniqueness regime, we call such µ the product measure with
notation µ :“ µ1 b ¨ ¨ ¨ b µn or µ :“

Ân
i“1 µi.
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The set

S :“
" n
ą

i“1

Ai : p@i “ 1, . . . , n : Ai P Fiq

*

is a semi-algebra. Define µ̃p
Śn

i“1 Aiq :“
śn

i“1 µipAiq. We claim that µ̃ is
countably additive on S . Indeed, for each i “ 1, . . . , n let Ai P Fi and
tBi,jujPN P FN

i be such that
n

ą

i“1

Ai “ ¨
ď

jPN

n
ą

i“1

Bi,j

with the union disjoint. This means that, for all px1, . . . , xnq P Ω,

1A1px1q . . . 1Anpxnq “
ÿ

jPN

1B1,jpx1q . . . 1Bn,jpxnq

Integrating over x1 with respect to µ1 and using the Monotone Convergence
Theorem to swap the sum with the integral yields

µ1pA1q1A2px2q . . . 1Anpxnq “
ÿ

jPN

µ1pB1,jq1B2,jpx1q . . . 1Bn,jpxnq



Proof of existence and uniqueness 14

Proceeding similarly, we thus get

µ1pA1q . . . µnpAnq “
ÿ

jPN

µ1pB1,jq . . . µnpBn,jq

thus showing that µ̃ is countably additive on S . By the Hahn-Kolmogorov
theorem, µ̃ extends to a measure on σpSq “

Ân
i“1 Fi.

For uniqueness, observe that if for each i “ 1, . . . , n there is tΩi,kukě1 P FN
i

with Ωi,k Ò Ωi and µipΩi,kq ă 8 for all k ě 1, then for

rΩk :“
n

ą

i“1

Ωi,k

we have rΩk Ò Ω and µ̃pΩkq ă 8 for all k ě 1. Hence µ̃ is σ-finite on S and so
the extension is unique by Dynkin’s π{λ-theorem.



Summary & outlook 15

Take away message:
Any finite number of random variables can be realized as independent in a
suitable product space.

Next time:
Consequences: Fubini-Tonelli theorem
Arbitrarily indexed product spaces
Infinite families of random variables
Infinite product measures


