Independence & product measures



We say that events A and B are independent if P(A n B) I

Motivation: Conditional probability P(A|B) := glves P(A|B) =

If A and B are independent then so are the events A and B¢ (and thus also A® and B).

Proof: Assume A and B to be independent. Then

P(A° ~B) = P(B) — P(A n B)
— P(B) — P(A)P(B) = [1— P(A)]P(B) = P(A%)P(B) [



Multiple events

For more than two events the above gives only pairwise independence. For
full independence more conditions are needed:

Definition
We say that events {A,: a € [} are independent if

V] I: Jfinite = P(ﬂAa) = [[P(Ax)

el wef

Example: Three events A;, A> and A3 are independent if
P(A1 M Az) = P(Al)P(Az)
P(Ay n A3) = P(A1)P(A3)
P(Az n A3) = P(A2)P(A3)
)=

P(A1)P(A2)P(A3)

and

(A1 N Az ﬂA3



Example & counterexample

Example: Let Q) := {0,1}" and for w = (w1, ..., w,) € Q set X;(w) := w;. Take
P to be uniform on Q). Then

1
P(Xl =ll1,...,Xn =lln) =

2n
for all (ay,...,a,) € Q. Hence the events Aj, ..., A, defined by

Ai = {Xz ZIZZ'} i= 1,...,1’1
are independent.

Counterexample: The events
By :={X1 # Xo}, By :={Xy # X3}, B3 := {X3 # X1}
are pairwise independent because P(B;) = 1/2 fori = 1,2,3, and
P(B1 nBy) =1/4 = P(B1)P(By) etc
but not independent because By n B, n B3 = (J so
P(B1 n By nB3) =0 # P(B1)P(B2)P(Bs)



Independent random variables and c-algebras

Definition

Random variables {X,: « € I}, defined over the same probability space,
with X, taking values in (X,, G, ), are independent if for all {B,},c; such that
VYa € I: B, € G, the events

{{Xy€Ba}:ael}
are independent.

Definition
o-algebras {G,: « € I} are independent if for all {A,},er such that
VaeI: Ay € G, the events {A,: a € [} are independent.

Note: In all cases, suffices to check factorization for all finite subcollections.



Sufficient conditions

Lemma

{Xu: a €I} independent < {0(X,): « € I} independent
Proof: 0(X,) = {{X, € B}: B€ G,} O
Lemma

Let {Xy: a € I} be random variables on (Q), F,P) and {F,: « € I} sub-c-algebras
of F such that Vo € I: X, is Fy-measurable. Then

{Fu: a €I} independent = {X,: a €I} independent

Proof: Va e I: 0(X,) S Fa O

Example: Suppose that {Y, s: n>1 A k=1,...,m,} be independent random

variables and, for each n > 1, let h,,: R™ — R be a Borel function. Claim:
{ha(Yn1,...,Yum,): n =1} areindependent

Need that {o (Y1, ..., Yn,mn) : n > 1} are independent. For that we show ...



Independence of generating 7-systems suffices

Lemma

Let (Q), F, P) be a probability space and, for each « € I, let A, < F be a rt-system.

Then {Ay: a eI} independent = {0(A,): « € I} independent

Proof: Suffices to prove for [ finite, I = {1,...,n}. As Q) € A, it suffices to
check factorization for n-tuples of events. For | := {2,...,n} set

.A/ = {ﬂAl (Vl 6]2 Ai € Az)}
i€]
Now, given any A € A’, check that
Ly:={Be F:P(BnA)=P(B)P(A)} isa A-system

As Ay € L4 by assumption, Dynkin’s 77/A-theorem gives (A1) < £4. Hence,
o(A;) is independent of A’. Induction: {¢(A;): i=1,...,n} independent. [

Note: £, closed under disjoint unions but not necessarily under all unions.



Let {Gup: w e A B € Ju} beindependent. Then so are {o(\Upej, Gup): & € I}

Proof: Each
Ay = {ﬂAa,ﬁ: ] < J, finite A Vae]: A,x,,g € Qa,,s}
BeJ
is a r-system with 0/(Ax) 2 0(Ugej, Gup)- U

Back to example: Since each X;, := h, (Y1, ..., Yom,) iSo(Yu1, -, Yum,)
measurable. The independence of {Y, x: n>1 A k=1,...,m,} implies that
{Xy: n > 1} are independent. O



Independence of R-valued random variables

Corollary
Let X1, ..., X, be random variables such that, for all by, ..., b, € R,

P(Xy <by,..., Xy <bs) = [ [P(X; <by)
i=1

Then X, ..., X, are independent.

Proof: Bach A; := {{X; < b;}: b; € R} is a t-system with Aj, ..., A,
independent (using monotone limits for b; = +00). Since 0(A;) = 0(X;), also
X1,..., X, are independent. ]

Note: Suffices to consider b € Q.



Consequence for distribution

By Corollary, R-valued r.v.’s are independent iff their joint CDF is the product
of individual CDFs. For their distribution we get:

Lemma

Given R-valued random variables Xy, . .., Xy, write jx,(A) := P(X; € A) for the

distribution of X; and ux(B) := P((Xy, ..., Xn) € B) for the distribution of the

random vector X := (Xy,...,Xy). Then Xy, ..., X, are independent if and only if
n

VA1, ..., Ay e BR): px(Arx - xAy) = [ [ nx(4)
i=1

Note: We want to call px with such a property a product measure
Q: For what ux, does such a measure exist? And is it unique?

Q: What o-algebra is px defined on?



Finite product space

Definition
Let {(Q);, Fi)})’_; be measureable spaces. Their product space is the
measurable space (), F) such that Q) := X[_; ); and product c-algebra

F = a<{>n< Air (Vi=1,...,n: Aie]—"i)}>
i=1

Notation: F := F1®---® F, or F := ®?=1 Fi

Note: F is the smallest c-algebra generated by “rectangles”

Note: If X; is a random variable on (();, F;), then we can realize it in the
product space as
Xi(w) = Xi(w;)

forw = (wy,...,wy).



Product measure

Theorem
Let {(Q;, Fi, pi)})i, be measure spaces (with y; possibly infinite) and set

n n
Q:=X QO and F:=)F
i=1 i=1
Then there exists a measure y on (Q), F) such that

V< l_>n<1 Ai) = lﬁﬂi(/\i)

holds for all Ay, ..., Ay withVi=1,...,n: A; € F;. Moreover, if uy, ..., U, are all
o-finite, then y is unique with this property.

Definition
In the uniqueness regime, we call such u the product measure with
notation y := 1 ® - - - @ py or Y := Q4 Ui.




Proof of existence

The set ;
= {X Ail (Vl: 1,...,1’12AZ'€.F1')}
i=1
is a semi-algebra. Define fi( X [_; A;) := [ [i_; #i(Ai). We claim that i is
countably additive on S. Indeed, foreachi=1,...,nlet A; € F; and
{Bi/j }jeN € .7-"3N be such that

n n
X A= |) X By
i=1 jeN i=1
with the union disjoint. This means that, for all (xl, ceXn) €Q,
1Al (xl 1A»1 xn Z 1B]/ xl ( )
jeEN

Integrating over x; with respect to y1 and using the Monotone Convergence
Theorem to swap the sum with the integral yields

(A1) 14, (x2) . 14, (60) = D pa(B1 )1y, (x1) - . 15, ()
jeEN



Proof of existence and uniqueness

Proceeding similarly, we thus get

#1(A1) - pn(An) = > H1(B1g) - tn(Byj)
jeEN
thus showing that i is countably additive on S. By the Hahn-Kolmogorov
theorem, ji extends to a measure on 0(S) = Q) Fi.

For uniqueness, observe that if for eachi =1, ..., n there is {Q);x}(>1 € sz
with O, 1 Q; and u;(Q;x) < oo for all k > 1, then for

n
O = X Qi
~ i=1
we have () 1 QY and i(Q)) < o for all k > 1. Hence ji is o-finite on S and so
the extension is unique by Dynkin’s 7t/A-theorem.



Summary & outlook

Take away message:

Any finite number of random variables can be realized as independent in a
suitable product space.

Next time:
@ Consequences: Fubini-Tonelli theorem
e Arbitrarily indexed product spaces
@ Infinite families of random variables

@ Infinite product measures



