Towards Kolmogorov’s model of probability

Origins of probability theory

Sources/motivation:
@ games of chance
@ physics of gases (statistical physics)

e statistical data analysis

Overarching goal:

Find regularity inside unpredictable or chaotic phenomena



Probability space

A probability space is a triplet (2, 7, P) where
e () is the set of possible outcomes called sample space
@ F is a set of events (technically, subsets of ()
@ Pisa function F — [0, 1] with P(A) := probability of A

P(A) quantifies the chance, likelihood, frequency, odds ...that A occurs



Examples

@ cointoss: Q) :={0,1}, F :={F, {0},{1},{0,1}} and

P(@) =0, P{0}) := 5, P({1}) == 5, P({0,1}) == 1

@ 7 coin tosses: () = {0,1}", F := P(Q)) and
Al
P(A) := T
@ rolling a die: Q) :={1,...,6}, F := P(Q) and
_ Al
6
@ rolling a die n-times: Q) := {1,...,6}", F := P(Q)) and

P(A):

P(A) := |21|



Examples

Note that in all cases:

P(A) = ) P({w})

weA
This permits more examples:
e n dice rolls but observe only 1’s: () := {0,1}", F := P(Q)) and
n—k(w) "
5 where k(w) := 2 w;j

i=1

P({w}) =

@ Bernoulli(p)/unfair coin tosses: ) := {0,1}", F := P(Q)) and

P({w}) : HPwl —p)'

where p € [0,1]



Basic assumptions

Assumptions on F:
e O,0eF
e VA, Be F: AnB,AuBe F
@ VAe F: Ae F
Any F with these properties is called an algebra of subsets of ().

Assumptions on P:
e P()=0nPQ)=1
e VA, Be F: AnB=g = P(AuB)=P(A)+P(B)

Any P with these properties is a finitely-additive set function on 7



Simple consequences

Lemma
Let P be a finitely additive set function on an algebra F. Then YA, B € F:
@ P(A°) =1—-P(A)
@ Ac B = P(A) < P(B)
@ P(AuB) =P(A)+ P(B) — P(AnB)and so
o P(AUB) < P(A) + P(B)

Proof: Firstline: Au A° = Qwith An A° = . So P(A) + P(A®) = P(Q)) = 1.
Next, A< B = B=Au (B~ A). Observe also that B\ A = Bn A® € F and

An(BNA)=.So
P(B) = P(A) +P(BNA) = P(A)

Finally, A = (ANB)u(AnB)and B= (B~ A)u (A B) and also
AUB=(ANB)uU (B~ A)u(AnB). These are disjoint unions and so
P(A)+ P(B) =P(A~B)+P(AnB)+P(B~\A)+ P(AnB)
=P(AuUB)+P(AnB) O



Generalizations

Union bound: Vn > 1VA4,...,A, € F:

P<I<L:JlAk> < ip A

k=

1

Inclusion-Exclusion formula: Vi > 1VA;4,..

A(Un) -z

k=1 1<]'1<--~<]'k€71

Related to this are Bonferonni inequalities
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Behavior under limits

Write
Al A = <Vn>1:An+1§An A ﬂAn=A>

n=1

It then seems reasonable to assume:
Downward continuity of P: For all events {A,},>1: An | & = P(A,) — 0
Note that for A, | A this gives:
P(A,) = P(An ~A) +P(A) — P(A)
because A, N A | 0, provided A € F. To avoid the proviso, we need:

A continuity assumption on F: For all events {A,},>1 and all A < ),

Ay lA = AeF



Under the above assumptions:

@ F is (an algebra that is) closed under countable unions and countable
intersections, and so is a c-algebra on (),

@ P is a countably additive set function with total mass 1 and is thus a
probability measure on (Q), F).




Proofs

F is ac-algebra: Let {Ay}r>1 be events in F. Then

ﬂAkiﬂAk

k=1
and since (;_; Ax € F forall n 2 1, we conclude (), A¢ € F. De Morgan
then gives also | J;-; Ax € F.

P is countably additive: Let {Ay};~1 be disjoint events; i.e., Vk, ¢ > 1
k# 0 = AcnAp= . Set By := gy Ax- Then |U,=1 An = By u Up_; Acand
since this is a finite disjoint union,

(UA) BH+ZPA,<

n=1 k=1

Now B, | & thanks to disjointness which gives P(B,,) — 0 while
i1 P(Ax) = X332, P(Ag) by convergence of sums. Hence we get
0

P< UAn> :;P(Ak)

as desired. n>1



Kolmogorov’s model

A probability space is thus a triple (), 7, P) where F and P obey:
Definition
F is a o-algebra on Q if F < P(Q) and

e OU,0ecF

e VAe F: Ae F

o V{Au}us1€ FN: Uz Ane F

Definition
Given a c-algebra F on (), a map P: 7 — R is a probability measure
on (Q,]-'( if V{A,}ps1 € FN:

0 ¢]
Vik=1:j#k ﬁAkﬂAg=@> - P(UAH) = > P(A)
n=1 k=1

and PIQ) =1

All probabilistic considerations will be based on this model.




Measure extension problem

This structure does not come for free. Consider this example:

@ oco-many coin tosses: Q) := {0,1}N, F is a o-algebra on Q) containing all
the sets of the form

{weQ: Vi=1,...,n:w; = 771»}
forn>1and#,...,n, € {0,1}, and P assigns this set measure 27"*?

Problem: Do such F and P exist?

This goes under the name measure extension problem.



