
MATH275A: HW#2
Due: Mon, Oct 12

The numbering refers to online version of the textbook

Problem 1: Given sets tAnuně1 and A, we write An Ñ A if both lim supnÑ8
An :=

Ş

ně1
Ť

kąn Ak and lim infnÑ8 An :=
Ť

ně1
Ş

kąn Ak equal to A. Prove that

An Ñ A ô 1An Ñ 1A pointwise

Then show that also An Ñ A implies µ(An) Ñ µ(A) for all finite measures µ.

Problem 2: EX 9, PAGE 1.1.3

Problem 3: Given a non-empty set Ω, let S Ď P(Ω) be a semialgebra — i.e., a class of
sets that is closed under finite intersections, contains H and Ω and with A P S implying
that Ac is a finite disjoint union of sets from S . Prove that

A :=

#

n
ď

i=1

Ai : n ě 1 ^ tAiu
n
i=1 P Sn ^ tAiu

n
i=1 disjoint

+

is an algebra on Ω.

Problem 4: Continuing in the setup of the previous problem, next let us consider a
function µ0 : S Ñ [0, 8] that is
(1) finitely additive on S :

@n ě 1 @A1, . . . , An P S : tAiu
n
i=1 disjoint ^

n
ď

i=1

Ai P S ñ µ0

( n
ď

i=1

Ai

)
=

n
ÿ

i=1

µ0(Ai)

(2) countably subadditive on S :

@tAiuiPN P SN :
ď

iě1

Ai P S ñ µ0

(
ď

iPN

Ai

)
ď

ÿ

iPN

µ0(Ai)

Then prove that, for all disjoint tAiu
n
i=1 and all disjoint tBju

m
j=1,

n
ď

i=1

Ai =
m

ď

j=1

Bj ñ

n
ÿ

i=1

µ0(Ai) =
m

ÿ

j=1

µ0(Bj)

The common value then defines µ̄0 : A Ñ [0, 8] by µ̄0(
Ťn

i=1 Ai) :=
řn

i=1 µ0(Ai). Now
show that µ̄0 is finitely additive and countably subadditive on A and satisfies

@A P S : µ̄0(A) = µ0(A)

Note: This all means that µ0 extends to a premeasure on the algebra A above. The Hahn-
Kolmogorov Theorem then extends µ̄0 further to a measure on σ(S).

Problem 5: EX 1.2.4, PAGE 14

Problem 6: EX 1.3.7, PAGE 17
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Problem 7: A class of sets M Ď P(Ω) is said to be a monotone class if
(1) @tAnu P MN @A P P(Ω) : An Ò A implies A P M
(2) @tAnu P MN @A P P(Ω) : An Ó A implies A P M
Prove that if A Ď P(Ω) an algebra, then

A Ď M ñ σ(A) Ď M
(This is the Monotone Class Theorem for Sets which is similar to Dynkin’s π/λ-Theorem
except that here we ask somewhat less from M and somewhat more from A.)

Problem 8: EX A.1.1, PAGE 458


