MATH275A: HW#2
Due: Mon, Oct 12

The numbering refers to online version of the textbook

Problem 1: Given sets {A;,},>1 and A, we write A, — A if both limsup, A, :=
MNp=1 Uksp Ar and iminfy, o0 Ay := 1 [ k=, Ak equal to A. Prove that

Ay —A < 1y, — 1, pointwise

Then show that also A, — A implies u(A,) — u(A) for all finite measures y.

Problem 2: EX9, PAGE1.1.3

Problem 3: Given a non-empty set (), let S < P(Q2) be a semialgebra — i.e., a class of
sets that is closed under finite intersections, contains ¢f and () and with A € S implying
that A€ is a finite disjoint union of sets from S. Prove that

n
A= {U Airn=1 A {Ai}L, € S" A{A}L disjoint}
i=1

is an algebra on Q).

Problem 4: Continuing in the setup of the previous problem, next let us consider a
function pp: S — [0, o] that is
(1) finitely additive on S:

n

n n
Vn>1VA,..., Aje S {A)L disjoint A | JAjeS = y0<U AZ-) = po(Ay)
i=1 i=1 i=1
(2) countably subadditive on S:
V{Ai}ieN e SN. UAi eSS = ;ng(U Ai> < Z ,‘Ll()(Ai)
i1 ielN ieN
Then prove that, for all disjoint {A;}! ; and all disjoint {B]-};.”:l,

m

JAi=JBj = D mo(Ai) =) m(B))
iZ1 =1 i=1 j

=1
The common value then defines jip: A — [0,0] by fio(lL Ai) := D1y Ho(A;). Now
show that fij is finitely additive and countably subadditive on .4 and satisfies
VAeS: ‘ﬂo(A) = ]/lO(A)
Note: This all means that yo extends to a premeasure on the algebra A above. The Hahn-
Kolmogorov Theorem then extends i further to a measure on o (S).

Problem 5: EX 1.2.4, PAGE 14
Problem 6: Ex 1.3.7, PAGE 17
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Problem 7: A class of sets M < P(Q) is said to be a monotone class if
(1) V{A,} e MNVA e P(Q): A, 1 Aimplies Ae M
(2) V{A,} e MNVA e P(Q): A, | Aimplies Ae M
Prove that if A < P(Q)) an algebra, then
AcM = oA M
(This is the Monotone Class Theorem for Sets which is similar to Dynkin’s 77/ A-Theorem
except that here we ask somewhat less from M and somewhat more from A.)

Problem 8: ExX A.1.1, PAGE 458




