MATH 131BH notes 260

44. CONDITIONS FOR STIELTJES INTEGRABILITY

The aim of this section is to give reasonable sufficient conditions for Stieltjes integrability.
The material has not really been lectured on and is included for the readers interested to
delve deeper into the subject.

44.1 Sufficient conditions for Stieltjes integrability.

In our discussion of the Stieltjes integral, we have so far given only one necessary condi-
tion for integrability (namely, (43.14) in Lemma 43.6). A simple necessary and sufficient
condition is:

Lemma 44.1 (Cauchy criterion for Stieltjes integral) Let f,g: [a,b] — R. Then f €
RS(g, [a,b]) (and equivalently § € RS(f, [a, b])) if and only if for each € > 0 there isa 6 > 0
such that for all marked partitions I, IT of [a, D],

max{|IT[, [IT'[} <& = |S(f,dg,IT) — S(f,dg,IT)| <e (44.1)

Proof. This is a direct consequence of the definition of Stietljes integrability. O

A somewhat deeper sufficient criterion concerns Stieltjes integrals with respect to
functions of bounded variation:

Lemma 44.2 Let f,g: [a,b] — R be such that f is bounded and g is of bounded variation,
ie, V(g [a,b]) < co.If for each € > O there is a partition IT = {t;}}'_, of [a, b] such that

Z Lo i) V(g [t ti]) <e (44.2)

then f € RS(g, [a, b]).

Proof idea. Using that, by Jordan’s decomposition, g of bounded variation can be written
as a difference of non-decreasing functions k1 (x) := V(g, [, x]) and ha(x) := V (g, [a, x]) —
g(x), the fact that

hi(t) — ha(tizg) = V(g [tioa, ti]) (44.3)
and

ha(ti) = ha(tia) = V(g [tie1, ti]) — g(t:) — g (tim1) < V (g, [ti—1, ti]) (44.4)

the condition in the statement implies
Z OSC ti_q,t )(l’l(tl) — ]’l(ti_l)) < 2e (44.5)

for h = hy,hy. We can now proceed similarly as for the Riemann integral with some
additional care paid to discontinuities of f and h; and hy. (The assumption rules out
that these occur at the same point.) O

proof of this lemma is similar to that un derly we conclude:
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Corollary 44.3 Let f,g: [a,b] — R be such that f is continuous on [a, b] and g is of bounded
variation on [a,b]. Then f € RS(g, [a,b]) as well as g € RS(f, [a, b]) and

b
Uﬂ fdg‘ < (sup]]f(x)DV(g, [a,b]) (44.6)

x€la,b

Proof. The integrability of f with respect to g is proved using the bound Lemma 44.2
combined with the fact that, by uniform continuity of f, for each € > 0 there is § >
0 such that osc(f,[s,t]) < €/(b —a) whenever t —s < ¢. The integrability of g with
respect to f then follows from Lemma 43.9. The bound on the integral inherited from
the corresponding bound on S(f,dg,I1). O

Note that the additivity of the integral then implies that, for f, f: [a,b] — R continu-
ous and g, §: [a,b] — R bounded variation,

b b
L fdg — f fdg\s (sup |f — F) V(g [a,b]) + (sup |f) V(g — & [0,b])  (447)

This is a statement of continuity of f — SZ fdg in the supremum norm f — sup |f| and
the continuity of ¢ — Sg fdg in the total variation norm g — V/(g,[a,b]). Note that, in
light of Lemma 43.9, the same continuity applies to the integral Ss gdf.
Lemma 44.4 Let f,g: [a,b] — R be functions and assume that f is bounded and g is of
bounded variation; i.e., V(g,[a,b]) < oo. Let vg: [a,b] — R be defined by vy(t) := V (g, [a,t]).
Then

feRS(g,[a,b]) < feRS(vg,[a,b]) (44.8)
and, if both TRUE, then also |f| € RS(vy, [a, b]) and

b b

| fdg‘ < [ Ifido, (44.9)
a a

We leave the proof of this lemma, with g assumed continuous, to homework. Discon-

tinuities of ¢ are handled by a separate argument. The generalized Stieltjes integrability
fares better in this context.

44.2 Young integral.

The assumption that f is continuous and g is bounded variation, or vice versa, is the one
most commonly made in the literature on the Stieltjes integral. However, this is not the
end of the story; indeed, one can trade regularity of ¢ against regularity of f. This was
pushed by L.C. Young in the 1930s and reappeared quite usefully in stochastic analysis
over the last two decades. The starting point is an inequality that uses the notion of p-
variation of f: [a,b] — R defined, for p > 0, by

VP (f,[a,b]) :=sup sup Z|f(tl) — f(ti-n)[? (44.10)

=1 T={4), 0

We then have:
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Lemma 44.5 (Love-Young inequality) Let a < b be reals and f,g: [a,b] — R functions
such that VP(f,[a,b]) < oo and V1 (g, [a,b]) < co. Then forall p,q > 0, all natural n > 1, all
marked partition IT = ({t;}!_, {t;}/_;) of [a, b] into n intervals and all t € [a, b],

S(f,dg 1) — £(1)[3(b) - 3(@)]|
n—1
< (14 3 o) Vo)V (g 100,

where the sum over k is treated as zero when n = 1.

(44.11)

Proof. The proof (drawn vaguely from L.C. Young’s paper “An inequality of the Holder
type, connected with Stieltjes integration” in Acta Mathematica in 1938) hinges on the
following observation: Given a natural n > 1 and reals ay,...,a,,b1,...,b, € [0,0),
let k = 1,...,n be such that ayby = min;—;__,a;b;. Then the multivariate AMGM in-
equality

VX1, = 0 (‘n xi)l/ngrllei (44.12)

gives, for each p,q > 0, that

o< ({0 (1T9)* < ot (50 (S0 a9

As we will see, this opens up the possibility to prove the claim by induction.
Fix t € [a,b] and reals p, q > 0. For the base case n = 1 of partition I'T consisting of just
one interval [4, b] and a partition point ', we have

S(f,dg,IT) = f(t)[8(a) —g(b)] = [£(¥) = f(1)] [(b) - 8(a)] (44.14)

Assuming, without simplicity of notation, that #' > ¢, then

76y~ £ = (17 - Feo)
< (If)— F@P + 1)~ F@) + [f) - )T G419
< VP(f,[a,b])""

and using that, trivially, |g(b) — g(t)] < V(g, [a, b])l/q gives

S(f,dg, 1) = £(1)[g(a) — ()] < V7 (£,[a,81) """ V7(g, [a,b]) " (44.16)

thus proving the claim for n = 1.
Next suppose that the claim holds for a natural n and let IT = ({t;}/}, {t}"]') be a
partition of [a, b] into n + 1 intervals. Letk = 1,. .., n be the smallest index such that

[f(tien) = FUD]L8(8) —g(ten)] = min [£(£0) — f(D)][(8) —g(tin)]  (4417)

.....

Now let IT' be a partition obtained by removing partition point ¢; and marked point ¢}
from I1. The intervals [t;_1,t;] and [¢;, ;1] in IT are thus united into [t;_1, ;1] in TT" and
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*

the latter interval now receives marked point 7, ;. As all other intervals and marked

points remain the same, this gives

S(f,dg,I1') = S(f,dg, 1) = f(ti;1)[8(tis1) — 8(ti1)]
— ftE ) [8(tr) — g(B)] — F(E) [8(8) — 8(te—1)]  (44.18)
= [f(t0) = F(ED] [8(t) — g(tk)]
The inequality (44.10) enabled by (44.14) then gives

S(f,dgIT) - S(f, dg, I1)

n p s n /g
< e (;vam fEP) (Sl -stol) )

1 1 1
< ey VI (ol )P VI (g, [a b))

Using that
S(F,dg.11) — f()[3(b) — g (a)]|
< [S(f,dg,11) = S(f, dg, TD| + |S(, dg, 1T) — £(1)[3(b) — g(a)]|

the claim for I'T follows by combining (44.16) with the claim for IT', which is TRUE thanks
to the induction assumption and the fact that I'T" partitions [a, b] into only # intervals. [J

(44.20)

We now put the above inequality to a good use in:

Theorem 44.6 (L.C. Young) Leta < b be reals and f,g: [a,b] — R functions such that f
is a-Holder and g is B-Holder for some a, > 0 with « + p > 1. Then f € RS(g,[a,b])
and g € RS(f, [a, b]).

Proof. Let p > 1/a and q > 1/ be such that % + % > 1. (This is possible thanks to the
assumption « + B > 1.) The assumption that f is a-Holder means that there exists ¢ > 0
such that Vx,y € [a,b]: |f(x) — f(y)| < c|x —y|*. Pick any interval [s,t] < [a,b] and
let IT = {t;} , be a partition of [s, t]. Then

DFE) = flti)f < eP Y|t — tial
P i-1

: (44.21)
<cP(t—s)" ') [t —tia| = P (t—5)"P
i=1
and so
VP(f, [s, )7 < cls — t* (44.22)
Similarly we get
Vi(g, [s, )" < et —s|f (44.23)

where ¢ is the constant such that Vx,y € [a,b]: |g(x) — g(y)| < &x —y|P.
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Let {(s) := >0 % be the Riemann zeta function where we note the series converges

assoon as s > 1. Given € > 0, let § > 0 be such that
cé(b—a)[1+(1/p+1/9)]6* P! <€ (44.24)

and let IT = ({t;}7,, {t;}/_,) and IT = ({t}}[",, {t;*}[.,) be partitions of [a, b] satisfy-
ing |IT||, |[TT'| < 6. Assuming first that I obeys IT < IT', for each i = 1,...,m, let IT; be
the partition of [t;_1, f;] induced by IT". Lemma 44.5 now gives

S(f,dg, TT)—£ () [g(t:) — 8(ti1)|
< [1+50/p+ 1) VP(f, [t )7 VI, [tia, 1)) (4425)
< e[+ (Up+ Y]t — ti)™P < 55— (b~ ti-1)

where we also invoked (44.19-44.20) and used t; — t;_1 < ¢ along with (44.21). Hereby
we get

1=

S(f,dg, 1) = S(f,dg, TT)| < Y)|S(f,dg, 1) — () [g(t) — g(ti1)

Il
—_

(44.26)
€

—a

r

Il
—_

< (ti—tig) =€
When IT' is not a refinement of I, then by going to their common refinement we bound

the difference instead by 2¢. As € > 0 was arbitrary, the Cauchy criterion (cf Lemma 44.1)
now implies f € RS(g, [4,b]) and, by Lemma 44.1, also g € RS(f, [a, b]). O

A slightly more sophisticated argument shows that the finiteness of the p-variation
of f and g-variation of g for some p,q > 0 with % + 1> 1 are sufficient for integrability
of f with respect to ¢ and vice versa. Young also showed that assuming this for p,q > 0
with % + % = 1 is not enough. The Stieltjes integral derived under these conditions is
sometimes referred to as the Young integral even though what Young’s work does is to
provide a useful sufficient condition for Stieltjes integrability rather than defining a new
integration theory in its own right.
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